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Two Futures: Pattern and Chaos

Peter Koellner

Harvard University

Set theory is presently at a cross roads, where one is faced with two radically different possible
futures. This is first indicated by Woodin’s HOD Dichotomy Theorem, an analogue of Jensen’s
Covering Lemma with HOD in place of L. The HOD Dichotomy Theorem states that if there is
an extendible cardinal δ, then either HOD is ‘‘close’’ to V (in the sense that it correctly computes
successors of singular cardinals greater than δ) or HOD is ‘‘far’’ from V (in the sense that all regular
cardinals greater than or equal to δ are measurable in HOD). The question is whether the future will
lead to the first or the second side of the dichotomy. Is HOD ‘‘close’’ to V or ‘‘far’’ from V ?

There are two opposing research programs leading to opposite sides of the dichotomy. The first
program is the program of inner model theory. In recent years Woodin has shown that if inner
model theory can reach one supercompact cardinal then it ‘‘goes all the way’’, and he has formulated
a precise conjecture — the Ultimate-L Conjecture — which, if true, would lead to a fine-structural
inner model that can accomodate all of the standard large cardinals. This is the future where pattern
prevails.

The second program is the program of large cardinals beyond choice. Kunen famously showed
that if AC holds then there cannot be a Reinhardt cardinal. It has remained open whether Reinhardt
cardinals are consistent in ZF alone. In recent work — joint with Bagaria and Woodin — the hierarchy
of large cardinals beyond choice has been investigated. It turns out that there is an entire hierarchy of
choiceless large cardinals of which Reinhardt cardinals are only the beginning, and, surprisingly, this
hierarchy appears to be highly ordered and amenable to systematic investigation. Perhaps it is even
consistent... The point is that if these choiceless large cardinals are consistent then the Ultimate-L
Conjecture must fail. This is the future where there can be no fine-structural understanding of the
standard large cardinals. This is the future where chaos prevails.

Balanced forcing extensions

Paul Larson

Miami University

We will introduce the notion of balanced virtual conditions in suitably definable partial orders, and
apply it to forcing extensions of the Solovay model. We will present a variety of independence
results, and some ZF implications, for weak forms of the Axiom of Choice, and discuss related issues
concerning the preservation of cardinals and chromatic numbers. Some of these results can be
stated more generally using a natural classification of definable partial orders.
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Patterns of reflections

Menachem Magidor

The Hebrew University of Jerusalem

The problems we shall discuss are examples of compactness (or dually reflection) problems. A typical
compactness property is a statement that a given structure has a certain property, provided that
all smaller substructures have this property. Reflection property is a dual statement; namely if a
structure has the property then there is a smaller substructure having the property. The notion of
‘‘smaller substructure’’ may depend on the domain we talk about. Thus for an algebraic structure
‘‘smaller substructure’’ typically means a subalgebra having smaller cardinality. For topological
spaces ‘‘smaller substructure’’ may mean a continuous image of the space of smaller weight.

Reflection problems tend to form clusters, which share the same pattern. For instance, sharing
the same cardinals which consistently can be reflection cardinals for the given property. In this talk
we shall survey some of these patterns. But we shall concentrate on one example, which presents a
pattern which is somewhat different than the more common clusters.

The problem is the problem for a topological space to be Corson compact. A compact space is a
Corson compact space if it can be embedded into Σ(Rκ) where Σ(Rκ) is the subspace of Rκ (with the
product topology) of those sequences which are nonzero only on countably many coordinates. The
compactness problem for Corson compacta is whether a space is Corson compact if compact and
given that all its continuous images of small weight are Corson. We shall report on some ongoing
work about this problem which is a joint work with I. Farah. The problem leads to the formulation
of a reflection principle, generalizing the nonexistence of a Kurepa tree.

Set theory and model theory: a symbiosis

Jouko Väänänen

University of Helsinki & University of Amsterdam

So-called strong or extended logics, such as infinitary logics, logics with generalized quantifiers,
and higher order logics have a close connection to set theory. Their satisfaction relation, decision
problem, Loewenheim number, Hanf number, etc depend in general heavily on set theory. On the
other hand, set theoretical principles, such as reflection principles and large cardinal properties, can
be seen as, and be inspired by, properties of certain strong logics. I call this mutual relationship
between set theory and model theory ‘‘symbiosis’’. In my talk I will give an overview of the current
state of symbiosis and present some joint results with Joan.

Iteration hypotheses and the strong sealing of universally Baire sets

W. Hugh Woodin

Harvard University

We survey a number of problems centered on the problem of Martin’s Maximum versus the Pmax
Axiom (∗). A natural unifying conjecture emerges and this conjecture also connects the Ω-Conjecture
with semiproper forcing.
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Contributed Talks

Maximal objects in the projective hierarchy

Jörg Brendle

Kobe University

We’ll give a survey on results concerning existence and non-existence of maximal objects, like max-
imal almost disjoint families or maximal independent families, on different levels of the projective
hierarchy.

On connections between set theory and category theory

Andrew Brooke-Taylor

University of Leeds

Joan was very influential in encouraging me to pursue my interest in connections between set theory
and category theory. In this talk I will talk about some more recent work connecting the two.

Reflection principles formulated as Löwenheim-Skolem theorems

Sakae Fuchino

Kobe University

We consider reflection principles formulated as downward Löwenheim-Skolem theorems of a variation
of stationary logic and their relations to other known reflection principles. The strongest among such
downward Löwenheim-Skolem statements with the reflection cardinal < ℵ2 imply CH while some
other Löwenheim-Skolem statements with the reflection cardinal < 2ℵ0 imply that the continuum is
very large.

The stable core

Victoria Gitman

The City University of New York

Sy Friedman introduced an inner model, which he called the stable core, in order to study under
what circumstances the universe V is a class forcing extension of HOD. He showed there is a
definable predicate S, amenable to HOD, such that V is a class forcing extension of the structure
〈HOD,∈, S〉. Namely, there is an ORD-cc class partial order P definable in 〈HOD,∈, S〉 and a generic
filter G ⊆ P such that HOD[G] = V , however the filter G itself is not definable over V . The predicate
S, consisting of triples (α, β, n) for α and β strong limit cardinals and n ≥ 1 such that Hα ≺Σn Hβ

and Σn-collection holds inHβ, codes elementarity relations between nice enough initial segmentsHα

of V . Friedman’s argument showed that the information necessary to define P is already contained
in S so that V is already a class forcing extension of the stable core 〈L[S],∈, S〉.

In a joint work with Friedman and Sandra Müller, we investigated the properties of the stable
core. We were interested to see whether the stable core is in any sense a canonical inner model,
whether it has regularity properties, whether it is consistent with large cardinals, and whether we
can code information into it using forcing. We showed that the stable core of L[µ], the canonical
model for a single measurable cardinal, is L[µ] and therefore measurable cardinals are consistent

3



with the stable core. By coding generic sets into the stable core over L or L[µ], we showed that there
is a generic extension of L in which the GCH fails at every regular cardinal in the stable core and
there is a generic extension of L[µ] in which there is a measurable cardinal which is not even weakly
compact in the stable core. Our work leaves numerous open questions about the structure of the
stable core in the presence of large cardinals beyond a measurable cardinal.

Set theoretical aspects of proof theory via Turing progressions

Joost Joosten

Universitat de Barcelona

In this talk we will exhibit the basics of proof-theoretical analysis via iterated reflection as introduced
by Ulf Schmerl and streamlined by Lev Beklemishev. The objective of this method is to measure the
strength of some target theory U relative to some weak base theory T. Thus, a proof theoretical ordinal
will measure ‘how often’ one should iterate adding consistency to T as to maximally approximate the
target theory U. Since the audience consists of experts in set theory, we will try to keep the proof
theoretical content of the talk self-contained highlighting interactions with and applications to set
theory.

C(n)-cardinals with forcing

Alejandro Poveda

Universitat de Barcelona

The notion of reflection plays a central role in modern Set Theory since the discovering of the Reflec-
tion principle. For any n, let C(n) denote the club class of all ordinals κ which correctly interpret the
Σn-statements of the universe, with parametes in Vκ.

In [Bag12], Bagaria introduced the C(n)-hierarchy of large cardinals aiming to understand general
forms of structural reflection principles arising from Vopěnka’s Principle (VP). The main notion
introduced in the aforementioned paper is the next generalization of the concept of extendibility:

Definition. A cardinal κ is C(n)-extendible if for every λ > κ there is some θ ∈ ON and some
elementary embedding j : Vλ −→ Vθ with cp(j) = κ, j(κ) > λ and j(κ) ∈ C(n).

As discovered by Bagaria, these cardinals play a crucial role to understand strong forms of re-
flection principles. To be more concrete, the main result of [Bag12] reveals a level-by-level corre-
spondence between VP and the existence of C(n)-extendible cardinals. Morally this means that
C(n)-extendible cardinals are the canonical representatives of the large cardinal hierarchy between
supercompactness and Vopěnka’s Principle. This is in some sense a higher strength analogue of
Magidor’s theorems of the region between the first measurable and the first supercompact cardinal
[Mag76].

Related study on this aspect has also been done by Tsaprounis in a nice series of papers [Tsa14],
[Tsa13], [Tsa] where many of the questions posed by Bagaria have been settled.

In this talk we will present some results obtained jointly with Joan concerning the preservation of
C(n)-extendible cardinals by class forcing iterations. From these results we obtain new proofs for the
consistency of C(n)-extendible cardinals with GCH (Tsaprounis [Tsa]) and for the indestructibility
of VP by (nice) class forcing iterations (Brooke-Taylor [BT11]). Furthermore, we will also present
some related results obtained with Hayut and Magidor where we explore the connections between
supercompactness and C(n)-supercompactness.
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Large cardinals and category theory

Jiřı́ Rosický

Masaryk University

We will present some results and open problems in category theory related to large cardinals.

On generalized notion of higher stationarity

Hiroshi Sakai

Kobe University

The generalized notion of higher stationarity in a regular uncountable cardinal is closely related
to topological semantics of the generalized provability logic, and Bagaria and Magidor lead the set
theoretical study on this notion. In this talk, we present our recent results on this notion. More
precisely, we discuss the preservation of higher stationary sets under forcing and the notion of higher
stationarity in Pκ(λ). We also present several open problems on this topic.

This is a joint work with Sakaé Fuchino and Hazel Brickhill.

Burstin bases and well-ordering the reals

Ralf Schindler

Universität Münster

By a Hamel basis we mean a basis for the reals R, construed as a vector space over the field of
rationals. In 1905, G. Hamel constructed such a basis from a well-ordering of R. In fact, in ZFC

there are Hamel bases which contain a perfect set. On the other hand, a Burstin basis (constructed
in 1916 by C. Burstin from a well-ordering of R) is a Hamel basis which is also a Bernstein set.

In 1975, D. Pincus and K. Prikry asked ‘‘whether a Hamel basis exists in any model in which
R cannot be well ordered’’. About two years ago, we answered this positively in a joint paper with
M. Beriashvili, L. Wu, and L. Yu. In more recent joint work, additionally with J. Brendle and
F. Castiblanco, we constructed a model of ZF plus DC with a Luzin set, a Sierpiński set, a Burstin
basis, and a Mazurkiewicz set (a set in the plane meeting every straight line in exactly 2 points), but
with no well-ordering of R.
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ω1-strongly compact cardinals and cardinal functions in topology

Toshimichi Usuba

Waseda University

The notion of ω1-strongly compact cardinals was introduced by Bagaria and Magidor. It corresponds
to a classical compactness cardinal in infinitary logic, and it also has many characterizations in many
fields. In this talk, we study more characterizations of ω1-strongly compact cardinals by cardinal
functions in topology.

Long chains of special guessing models

Boban Veličković

Université Paris Diderot

The notion of a guessing model was isolated by Viale following his work with Weiss on various
versions of the two cardinal tree property. The existence of such models is a natural principle that
encapsulates many important applications of PFA. We formulate and show the consistency of an
extension of this principle that captures some desired consequences of higher forcing axioms such
as: the tree property at ℵ2 and ℵ3, the Singular Cardinal Hypothesis, and the approachability ideal
on ω2 being the non stationary ideal on the set of ordinals of cofinality ω1.

This is joint work with my PhD student R. Mohammadpour.

Infinitary logic, large cardinals and AECs: some reflections

Andrés Villaveces

Universidad Nacional de Colombia - Bogotá

The interaction between infinitary logic and the model theory of abstract elementary classes has
had a serious imprint of large cardinals since the inception of AECs. Although later developments
in AECs have emphasized a more purely model theoretic treatment, capturing independence-like
relations, there are various fundamental questions on the relation between various logics and AECs
— and, in some of these, large cardinals are central.

I will discuss some work by Boney on these connections, as well as some recent joint work by
Väänänen and myself.

Stable measurability and Σ1-definability phenomena

Philip Welch

University of Bristol

The direction for this talk comes from some recent papers ([1], [2]) using weak iterability assumptions
to characterize objects that are Σ1(Hκ ∪ {κ})-definable. For example the Σ1-cub property asserts
that every Σ1(Hκ ∪ {κ}) definable subset A ⊆ κ contains or is disjoint from a cub set.

Whilst ostensibly about subsets of κ we maintain this property (and related such) is really about
bounded subsets of κ when the necessary iterability is assumed.

We isolate a weak notion, stable measurability, that is the exact consistency strength of the above
property. In L[E] models, this can also be seen to be a statement about the length of the mouse
order restricted to H(κ). This turns out to be equal to the height of such a set stable in H(κ+),
which is then the second uniform indiscernible, again with respect to bounded subsets of κ.

[1] P. Lücke, R.-D. Schindler, P. Schlicht, Σ1(κ)-definable subsets of H(κ+), JSL, Sept. 2017.
[2] P. Lücke, Partition properties for simply definable colourings. ArXiv preprint 2018.
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