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Abstract

Lunar crescent visibility is a multidisciplinary branch of astronomy from the
Islamic period, which reflects the interrelationship between astronomy and
Islam. Its importance endures today, since the Hijra Lunar Calendar is still
organized according to the rules or criteria for lunar crescent visibility in
different Muslim countries. In recent decades, several criteria for lunar
crescent visibility from medieval Islamic astronomy have been studied by
historians of astronomy, although many of these methods have not yet been
investigated. Among the unstudied materials are two interesting tables in a
valuable work entitled al-Zij al-mu‘tabar al-sanjari by the celebrated
astronomer and author of treatises on mechanics Abii al-Fath ‘Abd al-
Rahman al-Khazini (fl. 474-525 A.H./ 1081-1131 A.D.).

In this article, I will analyze these two tables for determining lunar
crescent visibility, included in al-Khazini’s Sanjari Zij. The first one is
simpler and is based on straightforward limits and computations. The second
table, briefly introduced by Prof. Kennedy in 1956, allows the examination
of lunar crescent visibility or invisibility on three levels. This more complex
table is based on several astronomical and non-astronomical parameters,
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without any explanation of the rules by which the array of numerical values
were computed. Undoubtedly al-Khazini presented this criterion under the
influence of Thabit ibn Qurra, but he endeavored to construct a new criterion
which also showed the effect of human and atmospheric conditions on lunar
crescent visibility. Al-Khazini distinguishes three levels of crescent visibility
(general, moderate and acute), thus introducing a concept of frequency.

Introduction

In the Islamic lunar calendar, each month begins with the first observation of
the lunar crescent above the western horizon. This fact led astronomers from
the Islamic period to devise tables and criteria for determining lunar crescent
visibility at the beginning of each lunar month. As modern research has
shown, the two earliest criteria for lunar crescent visibility in Islamic
astronomy probably appeared in the works of Ya‘qiib ibn Tariq and al-
Khwarizmi, which were both heavily based on Indian astronomy.'

In later centuries, there were disagreements between Islamic astronomers
on the subject of lunar crescent visibility and in fact it remains a complex
problem even for modern astronomers, because it depends on different
human, atmospheric and astronomical parameters. As far the texts from the
Islamic period are concerned, the discrepancies in the methods can be easily
recognized by studying and comparing the numerous criteria and tables in
the surviving zijes (astronomical handbooks with tables) and in books
dealing with general astronomy (hay’a). Although in recent decades
historians of astronomy have investigated some of these tables and criteria,
many of them remain unexamined.”

! For Ya‘qib ibn Tariq's criterion see Kennedy, 1968, pp. 126-132. The presence of a table for
lunar crescent visibility in al-Khwarizmi’s original zij cannot be ascertained from the
commentaries by Ibn al-Muthanna and Ibn Masrir. However, a table attributed to al-
Khwarizmi can be found in various sources (King, 1987, 189-192). This table can be shown to
be based on the Indian visibility criterion with obliquity of the ecliptic 23° 51° and
geographical latitude 33°. The different table in al-Majrit’s recension was studied by Kennedy
and Janjanian, 1965, pp.73-78; reprinted in Kennedy et al., 1983, pp. 151-156 and by King,
1987, pp. 192-197. After a systematic analysis, Hogendijk (1988 (2), pp. 32-35) concluded that
the table was based on an Indian visibility criterion and either obliquity 23° 35” and latitude 41°
35’ or obliquity 23° 51” and latitude 41° 10°. See also Van Dalen, 1996, p. 205.

% See King, “Ru’yat al-Hilal” [= lunar crescent visibility] in the Encyclopedia of Islam (EF),
see Kennedy, 1956, for significant zijes containing tables on lunar crescent visibility. For a list
of previous investigations of lunar crescent visibility in Islamic astronomy, see King, 1993, II,
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Among the unstudied material, we find two interesting tables in a valuable
work entitled al-Zij al-mu ‘tabar al-sanjari by the celebrated astronomer and
author of treatises on mechanics Abii al-Fath ‘Abd al-Rahman al-Khazini (fl.
474-525 A.H./ 1081-1131 A.D.), who lived in Merv (an important city in
ancient Khurasan of Iran, now Mary in Turkmenistan).

Al-KhazinT dedicated his work to the sultan Sanjar ibn Malikshah (sultan
of the Saljuqid empire, reign: 512-552 A.H./ 1118-1157 A.D.). The Sanjart
Zij is particularly important due to the various innovations (including a new
theory on lunar crescent visibility) that were listed by the author to show its
superiority over previous zijes. Moreover, in the introduction he states that
he had made observations during a period of thirty-five years in order to
compile this z7j.?

According to Kennedy’s research, al-Khazini was among twenty-two
individuals or groups of astronomers from the Islamic period who made
independent observations.” In spite of its importance, the text of the Sanjart
Z1j as a whole still awaits detailed study.

In his Survey of Islamic astronomical tables published in 1956, Prof. E.S.
Kennedy stated that the Samjari Zij includes the most comprehensive

p- 219, or I, p. 166, on lunar crescent visibility and the regulation of the Islamic calendar. For
analyses of the underlying parameters of some lunar crescent visibility tables, see Hogendijk,
1988 (1), pp. 95-104 and 1988 (2), pp. 29-44.

? For biographical information on al-Khazini, see the article “al-Khazini” by Robert E. Hall in
DSB, vol. 7, pp. 335-351, and for a historical source see Baihadfi, p. 131. There are three main
manuscripts of the SanjarT Zij: Vatican, Arab 761 (abbreviated as Vat), British Museum, Or.
6669 (BM) and Sh. Motahhari (formerly Sepahsalar) Library, No. 682, Tehran (MT). Al-
KhazinT also compiled an abridgement of his zij (Wajiz al-Zij) in 525 A.-H/1131A.D. (extant in
the Hamidiyye Library, no. 589, Istanbul, abbreviated as HM), See Kennedy, 1956, p. 129.
From al-Khazini’s reference to his thirty-five years of observational work in the introduction
of the Sanjart Zij (Vat. fols. 16v-17r) and his table of star positions (fol. 191v) dated 509
A.H./1115 A.D., 1 have concluded that he was an active astronomer at least from 474
A.H./1081 A.D. This conclusion is supported by the citations of some historical sources that
tell us that al-KhazinT was among the astronomers at the court of Malikshah, who revised the
Persian solar calendar in 468 or 471 A.H./1076 or 1079 A.D., which led to the Maliki or Jalalt
Calendar. See Sédillot, vol. 52, pp. 309-310 (for its French translation see vol. 53, p. 27) and
Sayili, p. 165. Further, ‘Al Shah-e BukHrt in the ‘Umdat al-flkhaniyya (ms. 781 Paris, fol. 6r)
mentions thakl-Khazini established the Maliki Calendar in Merv because of the order of
Malikshah.

* Kennedy, 1956, p. 169.
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discourse on lunar crescent visibility among all zjjes he had seen.” He also
presented a summary of this zij, with a short explanation of the astronomical
basis of the lunar crescent visibility tables of al-Khazini and Thabit ibn
Qurra.®

In 1965, Kennedy analyzed Thabit ibn Qurra's table, which is only extant
in the Sanjar? Zij, near al-Khazini’s own table.” In this article, I will analyze
two of al-Khazin1’s tables for determining lunar crescent visibility in the
Sanjart Zij. With the second table, it is possible to examine the condition of
lunar crescent visibility or invisibility on three levels; it can therefore be
considered as a developed, more sophisticated version of Thabit’s criterion.

nhorizon s

Fig. 1: The various arcs between the sun and the moon above the observer’s western horizon
(adopted from King 1991, p. 241).

3 Undoubtedly, the Sanjarf Zij is among the most extensive examples on many topics including
lunar crescent visibility. However,the recent literature on the problem of lunar crescent
visibility has not pointed to any comparably wide treatment in other zjes.

8 Kennedy, 1956, p. 160.

7 Kennedy, 1960, pp. 71-74; reprinted in Kennedy et al., 1983, pp. 140-143. See also Morelon,
pp- 113-116, 256-259. Thabit also wrote a separate treatise on lunar crescent visibility which is
similar to Thabit's material in the Sanjart Zij, see Morelon, pp. 93-112, 230-255.
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The astronomical basis of al-Khazin1’s criteria

Fig. 1 shows various relevant arcs in relation to the moon, M, and the sun, S,
above the observer’s western horizon. In this figure the symbols are as
follows: e is the angular separation between the centers of the moon and the
sun, de the depression of the sun at moonset, L the time lag between sunset
and moonset computed as degrees on the celestial equator (4™ = 1°), A1 the
arc between the sun and the perpendicular projection of the moon on the
ecliptic, and a/ the lunar altitude.

In the astronomical tradition of the Islamic period, various critical values
for some of these arcs were used in the construction of different visibility
criteria. In al-Khazin1’s criteria arc e is called the arc of light, gaws al-niir;
de the arc of the solar depression, gaws inhitat al-shams; al the arc of
altitude, gaws al-irtifa‘; and L the arc of tarrying gaws al-makth. Moreover,
he takes account of V,,, the moon’s buht (buht al-qamar), which indicates the
daily angular velocity of the moon® (which varies approximately between
11.834° at apogee and 14.716° at perigee)’, and the lunar anomaly, khdssat
al-qamar. These two latter values can be computed from each other, and
they are directly related to the lunar distance from the earth. This distance
has a noticeable effect on the visibility of the lunar crescent, but was rarely
considered by Islamic astronomers. Only three other models for crescent
visibility are known before al-Khazini’s time: the models of Thabit ibn
Qurra, al-Battant and Ibn Yinus, which also used the effect of the lunar
distance from the earth although in different ways.'’ It seems that al-Khazini
was unaware of Ibn Yiinus’ work.

¥ The concept of buht originated from Indian astronomy and was apparently transferred to the
astronomy of the Islamic period through the Zij of al-KhwarizmT; see Neugebauer, p. 57. For
the different minimal and maximal values of buht in Indian astronomy, see “History of
mathematical Indian astronomy” by Pingree, in DSB vol. 15, pp. 539, 541, 545. For another
historical explanation, see al- Birlini, al-Qaniin, pp. 875-877.

? These extreme values are for an undisturbed orbit, the true daily lunar velocity with regard to
perturbations changes to 15.301° in the case of maximum and 11.799° in the case of minimum.
See Maeyama, pp. 269-283.

!9 The astronomers from the Islamic period normally modified the critical values of visibility
according to lunar anomaly (like Thabit and al-BattanT) or lunar angular velocity (like Ibn
Yiinus) to consider lunar distance. Both parameters are derived from the lunar distance, but it
should be kept in mind that they never directly used the linear distance of the moon as a
parameter in modifying the values. For Thabit’s criterion see Kennedy, 1960. For Ibn Yanus'
criterion see King, 1988, pp. 155-168, reprinted in King, 1993, III. For al-Battani’s criterion
see Bruin, pp. 331-358.
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Al-Khazin©’s text in the Sanjari Zij''

I now present my English translations of the texts describing al-Khazini’s
criteria from ms. Arab. 761 (Vatican library), which is the most complete
and reliable manuscript. My explanatory additions to the translation are
provided in angular brackets < >, and my comments are shown in
parentheses ( ). The sentences which are related to the process of
computation have mostly been translated in the present tense. Al-Khazini
frequently uses the Arabic word fas/ (section) to separate different subjects; |
have omitted this from my translations.

Ninth essay (magala), second chapter (bab): Report on those who relied on
single simple arcs

There are four single arcs which are used to determine crescent
visibility. One of them is the “arc of light”, the second “the arc of
tarrying”, the third “the arc of depression”, and the fourth “the arc of
altitude”. A group of “people of the Book” <i.e. Christians and Jews
> said that, <if the arc of altitude (?) is comprised >'> between 10°
and 12° or more, the moon is within the limits of visibility and it
may be seen. The al-Hind wa’l-Sind” <astronomers> and
Muhammad ibn Miisa al-Khwarizmi said that if the arc of tarrying is
12° or greater, the <lunar> crescent is visible; otherwise it is not
<visible>. Ahmad ibn ‘Abd Allah Habash al-Hasib said that when
the solar depression at moonset is 10° or more, <the lunar crescent>
is visible and, otherwise, it is not <visible>.Al-Sa‘1di transmits from
him that when <the solar depression is> 8° 2/3 or more, <the lunar
crescent> will be seen, and if it is less than that, it will not. Kiishyar
said: “In my opinion”, if the arc of light is 10°, the arc of tarrying is

M Fols. 85v-91r (ms. Vat.) contain the whole discussion on lunar crescent visibility but the
second, third and sixth chapters just appear on fols. 87r-88r, 89v-90v.

12 It was impossible to recover this passage from mss., BM and MT. Here, the arc of altitude
could be replaced by the “arc of vision” used in Alfonsine Tables and derived from
Maimonides (see Chabas and Goldstein, p. 199-200). The problem, however, is that al-
Khazini did not discuss the concept of "arc of vision" in his Zij, and the origin of Maimonides'
criterion is unclear.

13 Prof. Samso6 supposed that the Arabic expression al-Hind wa’l Sin, followed by the mention
of al-Khwarizmi may be an Arabic corruption of al-Hind wa’l-Sind = the Sindhind, the
astronomical school based on Indo-Iranian methods adopted by al-Khwarizmi.
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8°, the arc of apparent altitude is 6° and the arc of <solar> depression
is comprised between 8° and 7;30°, <namely> if <all> these arcs are
in their <maximum> limits <or> more, then the crescent is in the
limit of visibility, and it may be observed. If they are less <than
those limits>, then <the lunar crescent> is not <visible>”. <Kiishyar
also> said that if the sum of the arcs of light and depression is 18° or
more, <the lunar crescent> will be seen and if two of them (i.e.,
arcs) certify the <crescent visibility> then its visibility may be
predicted.

Third chapter: On al-Khazin’s correction <based> on four single arcs

The<values of> the four mentioned arcs must be corrected
according to the position of the moon on <its> epicycle, because
when the moon is at the apogee of the epicycle their computed
values will be greater than when the moon is at the perigee of the
epicycle. The first of them is “the arc of light” <whose minimal
value> is comprised between 10° and 12°. The second is “the arc
of tarrying” <whose minimal value> is comprised between 7;30°
and 9° <and> the fourth is “<the arc of> apparent altitude”
<whose minimal value> is between 6 2/3° and 8° approximately.'*
When we want to modify them, we take, from the table of
eclipses, the “minutes of correction” (daqd’iq al-tagwim)
corresponding to the lunar anomaly. We multiply them by the
difference <between the extreme values> of each of them <i.e.,
each arc> and divide the amount obtained by 60. Then we subtract
the result from the greater one (i.e., the upper extreme of each
arc). Then the desired arc remains. We may also calculate it using
the moon’s buht. The method is <as follows>: we take it (i.e., the
moon’s buht) in minutes<of arc> and subtract 727 from it. Then
we multiply the remainder by the difference <between the
extreme values of each arc> and the result is divided by 138, and
we then subtract the quotient from the greater one (i.e., the upper

" There is a difference between extreme tabular values of the arcs (ms. Vat., fol. 88r) and the
values given in the text; for the arc of tarrying, the table gives: 8;20° < L< 10°. Moreover, here,
due to a mistake, there is no mention of the arc of depression as the third arc, but the table
includes extreme values for the arc of depression. For its translation, see Table 1.
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extreme values of each arc). The result will be the desired arc. We
keep each of them (i.e., the arcs) separate. To <determine> the
lunar crescent visibility from them, we return to the arcs obtained
according to the positions of the two luminaries (i.e., the moon
and the sun) for the thirtieth evening <of the lunar month> and
compare them with the kept <arcs>. If they are the same as or
greater than them (i.e., the kept arcs), the crescent lies in the limit
of visibility, and it may be observed; if they are less <than those>,
then <the crescent> cannot be observed. If some <arcs> indicate
visibility <and some otherwise>, the judgment has to be made
according to the majority. In this field one should rely on a
composite criterion based on the arcs of light and depression,
dismissing the other <arcs>. Because when the arc of light
exceeds 24°, the crescent will be visible <in daylight> before
sunset, even if the arcs of tarrying, depression and altitude do not
indicate visibility in some places and localities.

Sixth chapter: Mention of al-Khazin1’s considerations regarding <lunar
crescent> visibility

This chapter refers to the computation of the total “<arc of> solar
depression” as a function of the “arc of light”. Once it has been
calculated, it is called the “corrected arc of visibility”. We say: we
compute the ecliptic longitude of the two luminaries (i.e., the sun
and the moon) at the moment of moonset, for the thirtieth evening of
the Arabic month. As quoted before, we obtain from their corrected
ecliptic longitudes, the corresponding arcs of light and depression
and we keep them. In order to determine the total limits from the
table, we enter the anomaly of the moon <or the buht of the moon>
in one of the three tables of the limits of visibility (i.e., the triad
table) given by al-Khazini, whichever is more appropriate for the
season <of the year> and the locality under consideration, according
to one’s experience of the subject. We take the corresponding two
arcs as the first and the second limits and we keep each one separate.
Then we subtract the first limit from the second one, we call the
result the “arc of correction” (gaws al-ta‘dil) and we also keep it
aside. In order to establish <visibility>, we consider first the “found
arc of light” (i.e., the computed arc of light). If it is less than the arc
of the first limit, then we do not expect to observe the lunar crescent,
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because it is still under the rays <of the sun> (i.e., the moon is on the
wane), and it cannot reach the limit of visibility. And if it is equal to
or greater than the second limit, it has emerged from the <sun’s>
rays, it can be observed in daylight, before sunset, and does not
require any other consideration. In order to correct the “arc of
visibility”, (i.e., the “computed arc of light”) <we should consider>
if the “arc of visibility” is greater than the first limit and less than the
second one, and is therefore in a doubtful range. <It may be> on the
side of necessary visibility <or on the side> in which visibility is
impossible. So we need more attention and work. The method is <as
follows>: we first obtain the “arc of total visibility”, considering the
distances (ab ‘ad) <from the apogee>, by subtracting the first limit,
which resulted from the table, from the “found arc of light” (i.c., the
computed arc of light), and obtain the remainder (al-fadla). This is
multiplied by the first limit, and the result is divided by the <arc of>
correction (fa ‘dil). Then we always subtract the quotient from the
first limit and the remainder will be the “arc of visibility”. And if we
want <to compute in another way:> we subtract the remainder from
the “kept correction” and the remainder is the “portion (kissa) of the
arc of visibility”. Then we multiply it by the first limit and we divide
the result by the “<arc of> correction”: the result is the “arc of total
visibility”. In order to check <visibility> again, we return to the
“<arc of > the solar depression”. If it is equal to or greater than that
of the “arc of total visibility”, the crescent can be seen at that place,
and if it is less, the crescent will not be observed. This is the basic
<method> for <determining lunar crescent visibility at> a specific
place, as proved by experience<s> in one of the three <tables>. If
we want <to establish> a universal method and <arrive at> a rule
<valid> for all places, we apply the aforementioned procedure to
each one of the three tables. Then after finishing it, if the result
indicates visibility, we say that the visibility is “general” (sha i ‘a) if
the positive result is obtained from the first table. If it has been
obtained from the second, but not the first, <we conclude that> the
moderate (mu ‘tadila) and acute (hadda) visions will see it (i.e., the
crescent), if the atmosphere is clear but <the visibility> will not be
general (sha’i‘a). And if the positive result has been obtained from
the third table, but not from the first two <we conclude that only >
people with acute sight will see <the crescent> on rare occasions if
the atmosphere is clear enough. And when <even> the third <table>

157
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does not indicate <visibility>, there is agreement that the crescent
will not be seen anywhere due to the lack of light in its body (i.e.,
surface).

Commentary

As the text shows, al-Khazini presents two models for determining lunar
crescent visibility. The first one is simpler, and it can predict the condition
on the basis of a computation of the four arcs e, L, de, and al. This criterion
considers two extremes for each arc, and the values should be modified
according to the lunar distance from the earth. The lunar distance enters the
criteria through the lunar velocity ¥, (in minutes of arc) or the lunar
anomaly « (in degrees). Table 1 shows the extreme values for each arc."

Py Py
e 10;00° 12;00°
L 8;20 10;00
de 7;30 9,00
al 6;40 8;00

Table 1: Al-KhazinT's critical values for lunar visibility at perigee (P;) and apogee (P,), from
ms. Vat., fol. 88r.

If the moon is at the perigee, the critical value for its visibility is the smallest
one (i.e., P;) and at the apogee the largest one (i.e., P>). For lunar distances
between perigee and apogee, the critical values for visibility should be
computed by one of the following equivalent formulas:

K=P, —(f(a). A m /60) (1)

15 The ms. BM, presents the following extremes: 10° < e < 12°, 8;20° <L < 10° 7;30° < de <9°,
6;40 ° < al < 8°. Both mss., MT, fol. 18r and HM, fol. 30v, give the extremes as: 10° < e < 12°,
8° <L <12°% 8 <de <10°% 6 ° < al < 8° but in HM there is a marginal quotation from the
original copy of the Sanjari Zij, which presents the same extremes as BM, but with a
difference in the lower extreme of altitude as: 7;40 ° <al < 8°.
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Or: K=P, —(Am(V,—727)/138) ©)

In these formulas A m = P, — P; is computed for each one of the four arcs
separately, and the modified values K for the four arcs are found by means of
interpolation. In Formula 1, @) is a trigonometric interpolation coefficient
corresponding to the anomaly a, which is taken from a table in Book VI of
the Almagest'® (Table 2). In formula 2, 727 is the minimum value of ¥,, and
138 the difference between its maximum and minimum, both expressed in
minutes of arc.

Table of Correction
anomaly | anomaly sixtieths
fla)

6° 354° 021
12 348 0 42
18 342 1 42
24 336 2 42
30 330 4 01
36 324 521
42 318 7 18
48 312 915
54 306 11 37
60 300 14 00
66 294 16 48
72 288 19 36
78 282 22 36
84 276 25 36
90 270 28 42
96 264 31 48
102 258 34 54

1S In the Sanjart Zij (Vat., fol. 141v), al-Khazini uses the same values as in Table VI 8 of the
Almagest (see Table 2). Of course, Ptolemy, p. 308 applies this table to modify the obscurity of
eclipses on the basis of lunar anomaly, but here al-Khazint uses it in lunar crescent visibility.
Al-Battani, in his Zij al-Sabrt, before al-Khazini, also applies this table to modify the arcs of
lunar visibility. See Nallino, for its Latin translation part I, p. 87, for the Table, part II, p.89,
231, for its Arabic edition, part III, p. 131. For some explanations of al-Battani’s criterion, see
Bruin, pp. 331-358.
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108 252 38 00
114 246 41 00
120 240 44 00
126 234 46 45
132 228 49 30
138 222 51 39
144 216 53 48
150 210 55 32
156 204 57 15
162 198 58 18
168 192 59 21
174 186 59 41
180 180 60 00

Table 2: From the Almagest Book VI 8, p. 308.

Al-Khazini states that if some arcs indicate visibility and some others do not,
the visibility should be decided on the basis of the arcs e and de, because
when e > 24° the crescent is visible in daylight, and there is no need to
compute the other arcs as well.'” This shows that al-Khazini considered L
and al as supplementary arcs for the determination of visibility. Formulas 1
and 2 imply that al-KhazinT considered a mathematical relation between V,,
and f'(a). This relation is easily obtained, if one compares formulas 1 and 2
as follows:

@)=V, —T727)2.3 3)

17 There is no doubt that al-Khazin considered that a reliable prediction should be based
on the four arcs. Thus, if all four arcs are greater than the critical values, the crescent will
definitely be visible. On the other hand, it can be shown that normally al/ < e, so that it is
possible having e >10° and de > 7;30° but a/ < 6;40° and L< 8;20°. Of course, in these
cases the values of al/ and L cannot be much lower than the critical (tabular) values
particularly in mid-geographical latitudes.

It should be noticed that in the reverse situation (where both a/ and L are greater than
their critical values and e, de are smaller), the lunar visibility is not reliable. The best
naked eye observations show that the minimum obtained limit of e is near 10°. Since these
cases could cause problems for calendar organizers in the prediction of crescent visibility,
it seems that al-Khazini tried to solve the problem by emphasizing the two mentioned arcs
(e and de). However, this prediction (based on two arcs) bears a degree of uncertainty
compared with a four-arc prediction.
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The second criterion consists of a computational procedure appended by a
table which has different extreme values in the two groups of mss.Vat., BM
and MT, HM (Tables 3 and 4)."® Both tables deal with visibility on three
levels: general (sha’i’, i.e., easily visible), moderate (mu ‘tadil, i.e.,
moderately visible) and acute (nadir, i.e., the lunar visibility is acute and it is
rarely visible). Obviously one first checks the visibility at the “general” level
and if the crescent is not observable there, it should be checked respectively
at the two other levels.

The variables V,, and a reappear as corresponding parameters in the
second criterion.” The values of ¥, in Tables 3 and 4, begin from 12;06°,
thus 727" in formula 2, should be changed to 726' (=12;06°) and the greatest
value of V, reaches 14;27° (= 867') therefore the difference between
minimum and maximum is 141' and this value is applied instead of 138' in
formula 2.*° Because of these modifications, formula 3 (with regard to the
values of V,, in Tables 3 and 4) should be changed as follows:

f(a)=(V,,—726)/2.35 @)

According to formula 4 the recomputed values of ¥, deviate over 8' in some
cases (see Table 3).

The deviations of the values recomputed from tabular values cannot be
considered as normal errors in computation. The main question is whether
formula 4 basically yields correct values for ¥, (in a limit of a minute of arc)
or not. Since Tables 3 and 4 are not specialized enough to show the relation
between a and V,,, one cannot have confidence in the values given. There is
a table in ms. Vat. fol. 135 v entitled: “Table of the lunar path (velocity) and

'8 There are some negligible differences between the values of each group of manuscripts,
which may be due to copyists’ errors.

1% The values of Thabit’s table correspond to a and, because al-Khazini’s table is next to
Thabit’s, each value of V), in al-Khazini’s table may correspond to a value of a as well (See the
plate in the appendix). Indeed the recomputed values of V,, by means of formulas 4 and 5 and
the values of /() confirm this conjecture.

2 1t is very likely that the range: 12; 6° < V,, <14; 27° in al-KhazinT’s table is based on
Ptolemy’s method for computing lunar velocity according to his first lunar model in the
Almagest (p. 282). This lunar model leads to the lunar true daily motion with extreme values:
12;7° < V,, < 14;26°, which are near al-Khazini’s values in Tables 3 and 4; see also Goldstein,
pp- 5.7. It seems that al-KhazinT extends the extremes of V), in Tables 3 and 4 to cover some
rare cases in lunar visibility.
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its diameter and the diameter of the shadow” (Jadwal masir al-qamar wa
qutri-hi wa qutr al-zill). This table tabulates the values of a corresponding to
V.., the angular diameter of the moon and the angular diameter of the earth’s
shadow respectively.

In this table, the values for V,, are given with a precision of a second of
arc, and so obviously the table is more accurate than Tables 3 and 4, rounded
to the nearest minute. I have just dealt with the two columns concerning a
and V,, (see Table 5). First of all we should mention that the extreme values
of V,, in it are 12;6,7° and 14;28,35° compared with Tables 4 and 5 with
values between 12;6° and 14;27°.

The values of V,, in Table 5 are accurate to less than one minute of arc by
formula 4, which (unlike Tables 3 and 4) does not produce differences in
accuracy.

But the problem is that the extreme values of V,, in Table 5 differ slightly
from those appearing in Tables 3 and 4, so formula 4 needs the following
slight modification:

fa)=(V,,—726.116)/2.374 (5)

The latter equation agrees better with the values given in Table 5. It is clear
that the differences between the recomputed and the original values do not
reach a minute of arc in any of the cases (see Table 5). Since the increment
of anomaly in Table 5 is 4°, just the values of f{a) of the arguments in bold
are accessible from Table 2. In the Almagest, Table V 18 (col. 7) gives the
values of fla) for the increment of 4°.*' Thus, recalculations have been done
for the rest of arguments based on the latter Table. Finally it can be said that
formula 4 is correct and that the values of V,, corresponding to a in Tables 3
and 4, because of the mistakes, do not agree exactly with the corresponding
values of a as computation shows.

2! The interpolation function in the Almagest V 18 (col. 7) is the same as the one in Almagest
VL. 8 (col. 3). The difference goes back to the fact that the arguments of V 18 are between 0-
90° while those of VI 8 are between 0-180°. Thus if each argument of V 18 is multiplied by 2,
this gives its corresponding value in VI 8, if it is a multiple of 6°. In fact multiplication of the
arguments of V 18 by 2 gives us a table of argument with 4° interval. For Table V 18 see
Ptolemy, Almagest p. 265; al-Khazini (Vat., fol. 138 v) presents Table V18, with the same
tabular values.
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General moderate acute
(easily visible) (moderately visible) (rarely visible)
a Vin
€l € el € €l €

0° 12;06°(0) 11;50°(0) 26;55°0) 10;45°(0) | 25;25°0) 9;40°(0) 23;55%0)

6 12;07(0) 11;49(0) 26;55(+1) | 10;45(+1) | 25;25(+1) | 9;40 (+1) | 23;55(+1)
12 12;09(+1) 11;48(0) 26;54(+2) | 10;44(+1) | 25:24(+2) | 939 (+1) | 23;54(F2)
18 12;12(+2) 11;47(+1) 26;52(+3) | 10;42(+1) | 25;22(+3) | 9;38 (+2) | 23;53(+3)
24 12;15(+3) 11;45(+2) 26;50(+4) | 10;40(+1) | 25;20(+3) | 937 (+3) | 23;52(+4)
30 12;18(+3) 11;42(+1) 26;47(+4) | 10;38(+1) | 25;18(+4) | 9;34(+2) | 23;49(+3)
36 12;22(+3) 11;40(+2) 26;44(+4) | 10;36(+2) | 25;15(+4) | 9;32(+2) | 23;47(+4)
42 12;26(+3) 11;37(+3) 26;41(+5) | 10;33(+2) | 25;12(+4) | 9:30(+3) | 23;45(+5)
48 12;30(+2) 11;34(+3) 26;36(+3) | 10;29(+2) | 25;08(+4) | 9;27(+3) | 23;42(+5)
54 12;34(+1) 11;30(+3) 26;31(+2) | 10;25(+1) | 25;05(+4) | 9;23(+2) | 23;39(+4)
60 12;38(-1) 11;25(+2) 26;26(0) 10;21(+1) | 25;01(+2) | 9;19(+1) | 23;34(+2)
66 12;42(-3) 11;20(+1) 26;23(0) 10;16(0) 24;58(+2) | 9;15(+1) | 23;31(+1)
72 12;47(-5) 11;15(+1) 26;19(0) 10;11(-1) | 24;53(+1) | 9:;10(0) 23;28(+1)
78 12;54(-5) 11;10(+2) 26;14(+1) | 10;05(-2) | 24;48(+1) | 9;06(0) 23;22(-1)
84 13;02(-4) 11;04(+2) 26;09(+3) | 10;00(-2) | 24;42(+2) | 9;01(0) 23;18(+1)
90 13;10(-3) 10;58(+2) 26;03(+4) | 9;56(0) 24:36(+2) | 857(+1) | 23;14(+2)
96 13;18(-3) 10;53(+3) 25;58(+5) | 9;52(+1) 24;30(+2) | 8;52(+1) | 23;10(+4)
102 13;24(-4) 10;47(+2) 25;52(+4) | 9;:47(+1) 24;26(+2) | 8;48(+1) | 23;05(+2)
108 13;30(-5) 10;41(+1) 25:47(+3) | 9;42(+1) 24;22(+2) | 8;43(0) 23;01(+1)
114 13;37(-5) 10;35(+0) 25;42(+4) | 9;37(0) 24;18(+3) | 8:39(+1) | 22;58(+3)
120 13;43(-6) 10;29(-1) 25;37(+3) | 9;32(0) 24;14(+3) | 8;34(0) 22;54(+2)
126 13;50(-6) 10;24(-1) 25;32(+4) | 9;27(-1) 24;09(+3) | 8;30(0) 22;49(+1)
132 13;56(-6) 10;19(-1) 25:27(+3) | 9;24(+1) 24;05(+3) | 8;26(0) 22;46(+2)
138 14;01(-6) 10;15(-1) 25;22(+2) | 9;20(0) 24;02(+4) | 8;22(-1) 22;42(+1)
144 14;05(-7) 10;12(-1) 25;17(0) 9;16(-1) 23;58(+2) | 8;19(-2) 22;38(-1)
150 14;09(-8) 10;09(-1) 25;13(-1) | 9;12(-2) 23;53(0) 8;16(-2) 22;35(-2)
156 14;13(-8) 10;08(+1) 25;10(-1) | 9;10(-2) 23;50(-1) 8;14(-2) 22;32(-3)
162 14;17(-6) 10;05(0) 25;07(-1) | 9;08(-1) 23;47(-1) 8;13(-1) 22;30(-2)
168 14;21(-4) 10;04(+1) 25;05(0) 9;,07(+1) 23;44(-1) 8;12(0) 22;28(-1)
174 14;25(-1) 10;02(+1) 25;02(0) 9,06(0) 23:;42(0) 8;11(0) 22;26(0)
180 14;27(0) 10;00(0) 25;00(0) 9,05(0) 23;40(0) 8;10(0) 22;25(0)

Table 3: The parameters of Al-Khazini’s second criterion in three levels from ms. Vat., fol.

143r.




164

H.R. Giahi Yazdi

general
(easily visible)

moderate
(moderately visible)

acute
(rarely visible)

€l €

€l €

€1 €

12;06°
12;07
12;09
12;12
12;15

12;18
12;22
12;26
12;30
12;34

12;38
12;42
12;47
12;54
13;02

13;10
13;18
13;24
13;30
13;37

13;43
13;50
13;56
1401
14;05

14,09
14;13
14;17
14;21
14;25
14;27

11;50°0) | 26;00°(0)
11;50(0) | 26;00(+1)
11;50(+1) | 25;59(+2)
11;49(+1) | 25;58(+3)
1148(+]) | 25;57(+4)

LLAT(H) | 25;55(+4)
11;46(+2) | 25;53(+5)
11:45(+2) | 25;50(+5)
11;44(+2) | 25:47(+4)
1142(+1) | 25:44(+3)

11;400) | 25:40(+1)
11;38(-1) | 25:36(-1)
11;36(-2) | 25:32(:3)
11;35(-1) | 25:28(-2)
11;330) | 25:24(-1)

11;310) | 25:20(0)
11;290) | 25;16(+1)
11;2700) | 25:12(0)

1125(-1) | 25:07(-2)
11;22(-2) | 25:02(-3)

11;20(:2) | 24;58(-4)
11;18(:2) | 24;54(-4)
11;16(:3) | 24;51(-4)
11;15(2) | 24:48(-4)
11;14(:3) | 24:45(-5)

1;13(:3) | 24:42(-6)
11;12(:3) | 24;40(-6)
111(2) | 24;39(-4)
1511¢-1) | 24:38(:3)
11;10¢-1) | 24;37(0)
11;1000) | 24;36(0)

10;40°0) | 23;28°(0)
10;400) | 23;28(0)

10:40(+1) | 23;27(+1)
10;39(+1) | 23;26(+3)
10;38(+1) | 23;24(+3)

10,37(+1) | 23;22(+3)
10;36(+2) | 23;20(+4)
10:35(+2) | 23;18(+4)
10;34(+2) | 23;15(+4)
10;32(+1) | 23;11(+2)

10;300) | 23;07(+1)
10.28(-1) | 23;03(-1)
10,26(-2) | 22;59(-2)
10.25(-1) | 22;54(-3)
10,230) | 22:49(-3)

10210) | 22:44(-2)
10;19+1) | 22;39(-2)
10;16(-1) | 22;35(-3)
10;14(-1) | 22;31(-4)
10;12(-1) | 22:28(-2)

10;10(:2) | 22;23(-4)
10;08(:2) | 22;19(4)
10;07¢-1) | 22;15(-5)
10;05(:2) | 22;11(-6)
10;04(2) | 22;07(-8)

10;03(:2) | 22;04(-9)
10;02(:2) | 22;03(-7)
10;01(2) | 22;02(-6)
10;01¢-1) | 22;01(-4)
10;010) | 22;01(-1)
10;0000) | 22:01(0)

9:30°0) | 20;55°0)
9;30(0) 20;54(0)
9;30(+1) | 20;53(0)
920(+1) | 20;52(+2)
9.28(+1) | 20;50(+2)

9.27(+1) | 20;49(+3)
9.26(+1) | 20;47(+4)
9.25(+2) | 20;45(+5)
9.24(+2) | 20;42(+5)
9.22(+1) | 20;38(+3)

9;20(0) 2034(+2)
9;18(-1) | 20:29(-1)
916(-1) | 20;25(-2)
9;15(0) 20;20(-2)
9;13(0) 20;16(-1)

9;11(0) 20;12(+1)
9,00+1) | 20;07(+1)
9,06(-1) | 20;03(0)

9,04(-1) | 19;58(-1)
9,02(-1) | 19;54(-1)

9,00(2) | 19:49(-2)
8:58(-2) | 19:45(-2)
857(-1) | 19:41(-2)
8:55(-2) | 19:38(-3)
8:54(-2) | 19:34(4)

8:53(-2) | 19:31(-5)
8:52(-2) | 19:29(-5)
8:51(-2) | 1927(4)
8S1(-1) | 19:26(-3)
8:51(0) 19:25(-1)
8:50(0) 19;25(0)

Table 4: The parameters of Al-Khazint’s second criterion from ms. MT, fol. 49v.
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a Vin Rec. a Vin Rec.

0° 12;6,7° 0 92 13;16,27° -0;0,15

4 12;6,8 -0;0,32 96 13;21,22 -0,0,15

8 12;6,13 -0;0,31 100 13;26,13 -0,0,18
12 12;7,45 -0;0,2 104 13;31,4 -0;0,21
16 12;8,47 -0;0,35 108 13;36,5 -0,0,15
20 12;10,24 -0;0,33 112 13;40,55 -0,0,10
24 12;12,1 -0;0,31 116 13;45,41 -0;0,9
28 12;14,7 -0;0,30 120 13;50,27 -0;0,7
32 12;16,13 -0;0,30 124 13;54,47 -0,0,8
36 12;18,50 +0:0,1 128 13;59,2 -0;0,14
40 12;21,27 -0;0,27 132 14;3,0 -0,0,38
44 12;24,21 -0;0,38 136 14;6,48 -0,0,12
48 12;27,35 -0;0,30 140 14;10,23 -0;0,3
52 12;31,43 -0;0,7 144 14;13,43 -0,0,7
56 12;35,10 -0;0,26 148 14;16,33 -0;0,1
60 12;39,3 -0;0,18 152 14;19,17 -0;0,1
64 12;43,25 -0;0,22 156 14;21,24 -0,0,38
68 12;47,11 -0;0,24 160 14;23,31 -0;0,10
72 12;52,18 -0;0,21 164 14;25,17 -0;0,4
76 12;57.4 -0;0,20 168 14;26,12 -0,0,49
80 13;1,50 -0;0,19 172 14;27,33 +0;0,1
84 13;6,11 -0;0,42 176 14;28.4 +0;0,1
88 13;11,31 -0;0,17 180 14;28,35 0

Table 5: The values of ¢ and V,, from ms. Vat., fol. 135v. The bolded entries are common in
both Tables 2 and 5.

After computing ¥, (in degrees) and e for the moment of sunset, one can
find the condition of visibility at the three levels from Table 3 or 4. At a
given level, each value of V,, corresponds to two extreme values, ¢; and e;.
The limit e, is the least critical value of visibility; namely, if e < e;, according
to the text, the moon will never be visible at that level. The upper limit e,
indicates the value from which the moon will positively be visible in
daylight before sunset, therefore if e > e, there is no need for more
computations.”> Of course, if the moon is closer to the perigee (and hence 7,
is larger), the crescent can be more easily sighted and it will be visible for the
lower limits of e at all three levels. If the value of e lies between the two
extremes at a certain level, the visibility should be checked by further
computations for that level.

22 Ms. BM, is corrupted and the text of the second criterion is unrecoverable, but among the
tables there is a table corresponding to the second criterion next to Thabit’s one, with similar
values compared to Vat.
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The modern formula for al-Khazini’s computational method for each level
is as follows:

D=e —((e—e)). e/ (ex—e)) (6)

The moon will be visible only if de > D.

It is interesting that if e = ey, then, according to formula 6, D = ey, so that
the sighting of the crescent is possible only if de > e;. Obviously this
situation requires that e; = al, which rarely occurs since normally e;> a/, and
it causes e;> de. Therefore, in practice it is almost impossible to observe a
crescent near the lower limits in al-Khazini’s second criterion. If the value of
e increases, the critical value of D decreases because the observational
condition of the crescent improves, then it reaches zero (i.e., there is no need
for the sun to be below the horizon at moonset, so the crescent is visible in
daylight).

The validity of formula 6 may be justified by considering the concept of
linear interpolation. The linear interpolation method had been known from
Babylonian astronomy;> Ptolemy applied it in the Almagest for different
computations.**

In accordance with formula 6, I have computed the different values of D
at the “general” level, from ms. Vat., with regard to variations of e, e;, ¢; and
V... The results are shown in the three-dimensional diagram in Fig. 2. As can
be seen from Table 3, at none of the three levels of visibility will the lunar
crescent ever be visible in the evening sky even under the best conditions
when e < §;10° and in daylight when e < 22;25°. Obviously from Table 4,
Visibili‘?sl is completely impossible when e < 8;50° and in daylight when e <
19;25°.

2 See Meijering, pp. 319-342.

* Ptolemy, pp. 99, 264. For interpolation methods underlying some of the tables of the
Almagest, see Van Brummelen, pp. 297-311.

%3 For modern observations, the lunar crescent with 9.95° of angular separation from the sun is
the least separation ever observed with the naked eye; moreover, the Council of the Calendar
at the University of Tehran, responsible for organizing the formal calendar of Iran, is carrying
out a project on the visibility of lunar crescent in daylight with the naked eye and telescopes.
On 29 April 2006 (12:50 LT) the lunar crescent with 21.16° of angular separation from the sun
was the best record observed with naked eye in daylight (observer’s geographical position: A =
53.57° E and ¢ =29.22° N) by Mr. M. Sharifi. This shows that the tables of MT and HM
probably have a better accordance with modern observations of lunar crescent visibility.
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Fig. 2: The three-dimensional diagram with regard to the lunar parameters in the “general”
level, on the basis of ms. Vat. The crescent is visible only if lying above the extended surface.

As we have seen, the second criterion deals ambiguously with crescent
visibility in daylight. According to al-Khazini’s description, the crescent is
observable in daylight if e > e,, but there is no discussion about the exact
moment of visibility. However, this part of the criterion needs more
investigation with regard to modern naked eye observations, in order to be
able to say at what moment in daylight the lunar crescent is observable.

An important question is whether al-Khazini was aware of the exact effect
of the lunar distance on the visibility of the crescent. The values in Tables 3
and 4 may shed light on this point.

Now we are able to compare the observational condition of different
crescents by computing their angular thicknesses (which varies with the
lunar distance from the earth) by the following modern formula:*®

TH=SD (1-cos e) (7)

Here SD is the angular radius of the moon (at perigee 0;16,46° and at apogee
0;14,41° corresponding to the respective values of V,,) and TH is the greatest
angular thickness of the illuminated part of the crescent. In accordance with

Interestingly Pingree, 1999, pp. 105-113 also supposed that MT and HM might have come
down to us from an earlier manuscript of the Sanjari Zij than BM and Vat.
26 The formula was concluded from Smart, pp. 166-168.
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the above formula, I have computed 7H for the extreme values of ¢; from
Tables 3 and 4, and the results are shown in Table 6.

moderate
general (moderately acute
% (easily visible) visible) (rarely visible)
€ TH € TH € TH
Ms. Vat.
12;06° 11;50° 03127 | 10;45° | 0.257° 9;40° 0.208"
14;27 10;00 0.255 9;05 0.210 8;10 0.170
Ms.MT
12;06° 11;50° 0.312" | 10;40° | 0.254° 9;30° 0.201°
14;27 11;10 0.317 | 10;00 0.255 8;50 0.199

Table 6: The greatest angular thickness of the illuminated part of the crescents with regard to
the extreme values of e; from mss. Vat., and MT.

As Table 6 shows, in ms. Vat., the angular thicknesses of crescents at
different levels decrease from top to bottom, namely the observational
condition of crescents declines at each level. But the critical value e, at the
“general” level, is 10;0° for V,, = 14;27° (i.e., at perigee), preceding the next,
moderate level, where e; is 10;45° for V,, = 12;6° (i.e., at apogee), both
resulting in close angular thicknesses (i.e., 0.255° and 0.257’ respectively).
This pattern is repeated between “moderate” and “acute” levels as well.
Thus it seems that those cases are observationally similar. On the other hand,
in ms. MT, the values ¢, lead to similar angular thicknesses at each level,
which is as expected. This shows that al-Khazini could only observe some
crescents with specific values of e¢; and then would reproduce other values of
e; with equal angular thicknesses to those crescents observed by means of a
formula similar to formula 7. Interestingly, extreme values of e, in both mss.
Vat. and MT separately yield close results of angular thicknesses in their
own levels (see Table 7).

Although it seems that the values of MT and HM have a better agreement
with modern observations on lunar crescent visibility (see note 25), there are
clear gaps regarding the values of each level with the succeeding ones;
namely the value 11;10° in the “general” is followed by 10;40° in the
“moderate”, and the situation of intermediate crescents such as 10;40° < ¢; <
11;10° seems to be unclear. This problem is repeated for e,. Even though



Al-Khazint on Lunar Visibility 169

both Vat. and BM appear to have been copied earlier than MT and HM, it is
now impossible to verify the authenticity of each of them, and all of the
manuscripts are disordered and incomplete.

general moderate acute
- (moderately (rarely visible)
v (easily visible) visible)
€y TH (%) TH (%) TH
Ms.Vat.
12;06° 26;55° 1.591° 25;25° 1.421° 23;55° 1.261°
14;27 25;00 1.571 23;40 1.410 22;25 1.267
Ms.MT
12;06° 26;00° 1.486° 23;28° 1.214° 20;55° 0.968"
14;27 24;36 1.522 22;01 1.223 19;25 0.954

Table 7: The greatest angular thickness of the illuminated part of the crescents with regard to
the extreme values of e, from mss. Vat., and MT.

Recalculation of Tables

There is no concrete explanation in al-Khazini’s Zij that would show which
trigonometric functions were used to compute the values of Tables for lunar
crescent visibility. The aim of this section is to show a possible procedure
which might have been used by al-Khazini to calculate his tables, although,
obviously, the results obtained are not conclusive. In ms. Vat. fols. 63r-63v
there is a rule relating angular diameter of the moon, d,, with ¥, (in minutes
of arc) as follows:*’

=V, .392)/9487 (8)

By considering SD = (d,,)/2, the above formula may be changed to the
following one:

SD = 0.02066. V, )

27 This formula was previously used by al-Khwarizmi in his zij. See Neugebauer, pp. 58-59.
Of course, he applies 10/247 instead of 392/9487, which yields a close result.
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Now, in formula 7, replacing SD by (.02066. V) leads to:
TH = 0.02066. V,, (1-cos e) (10)

For the Vat. Table, at the “general” level, the extreme values of ¢; (=11;50°),
V.. (512;06°) at apogee and e; (=10;00°), V,, (=14;27°) at perigee may be
applied in formula (10), with results of 7H ,,x= 0.3188 and TH ,;,=0.2721
respectively.

Levels V,, e TH vox | TH win A e THyox | TH min A

Ms. Vat.

general 12;06° | 11;50° | .3188 .0467 26;55° 1.6249 | .0533
14;27 10;00 2721 25;00 1.6782

moderate | 12;06° | 10;45° | .2632 .0386 25;25° 1.4518 | .0547
14;27 9;05 2246 23;40 1.5065

acute 12;06° | 9;40° 2130 .0314 23;55° 1.2879 | .0656
14;27 8;10 1816 22;25 1.3535

Ms. MT

general 12;06° | 11;50° 3188 .0203 26;00° 1.518 1078
14;27 11510 3391 24;36 1.6258

moderate | 12;06° | 10;40° 2592 .0129 23;28° 1.241 .0653
14;27 10;00 2721 22;01 1.3063

acute 12;06° | 9;30° 2057 .0068 20;55° .9884 .0303
14;27 8;50 2125 19;25 1.0187

Table 8: Values used in equations 11-13 for repcod) @ and @in mss. Vat and MT.

The value of TH varies from top to bottom at the “general” level in this
range. The difference between 0.3188 and 0.2721 is A =0.0467. The same
calculation may be made for the other columns (see Table 8). By
considering variations of 7H and f{a), for re-computing e), the following
functions are proposed:

e1 Vat.: (0.02066.7,, (1- cos e1)) — (TH max— (A. l@)/60)) = 0 (11)
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The calculated values of TH for e,, unlike e;, increase from top to bottom
for each level. Therefore, to re-compute e,, the following functions are
considered:

e, Vat.: (0.02066.V,, (1 cos €3)) — (TH win+ (Afa)/60)) = 0 (12)

The analysis of Table MT shows that a recomputation of both e; and e, is
possible using the following function:

(0.02066.7,, (1 cos e1)) — (TH min+ (Af@)/60)) = 0 (13)

To compute the values of e,, cos e; should be changed to cos e; in formula
13.

The results of the computations of e; and e, obtained by using the
aforementioned functions are shown in parentheses in Tables 3 and 4. It
seems that Table MT would have been better organized than Table Vat.,
because the pattern of differences is approximately similar for all columns
of e;. This is as expected, because the values derived from formula 7 also
showed a better agreement for MT.

It is also important to establish whether some functions could relate e,
and e, or not. It is clear that each function for e;, on a certain level, is
equivalent to another one for e,, because both functions are equal to zero.
Thus merging the functions 11,12 and 13 (e;and e,) lead to the following
functions for re-computing e, from e; for each level (for recomputed
values see Tables 9 and 10):

Ms. Vat. :

e, = arc cos [1/(002066 Vm) ((7 A ©€2)— A (81)). (f(a)/60) — (TH min (€2) -TH max
@n)) t cos ei]

“general”: e, = arc cos [ 1/(0.02066. V). (— (f{a)/600) —1.3061) + cos ;] (14)

“moderate”: e, = arccos [ 1/(0.02066. V). (— (fla)/643 ) —1.1886) +cos e;]  (15)

“acute”: e;=arc cos [ 1/(0.02066. V,,). (— (f(a)/619 ) —1.0749)+cos e/] (16)

Ms. MT :

e, = arc Cos [1/(002066 Vm) ((— A ©€2) +A (61)). (f(a)/60) — (TH min (€2) — TH min
@n)) + cos e]

“general”: e, = arc cos [ 1/(0.02066. V). (— (f(a)/686) —1.1992) + cos /] (17)

“moderate”: e, = arccos[1/(0.02066.V,,).(— (fla)/1145) — 0.9818)+ cos ¢;] (18)

“acute”: e,= arccos[1/(0.02066.V,,).(— (fa)/2553) — 0.7827) +cos ;] (19)



172 H.R. Giahi Yazdi

Interestingly, using formula 7 and comparing the ratio of angular
thickness of crescents between e; and e, in different levels leads to a very
approximate function for reproducing the values e, from e; for the Table
MT in all of these levels:

TH (ey) = 4.8 TH (e))
SD (1-cos e;) = 4.8 SD (1-cos ¢e;)
e, = arc cos ((4.8 cos e;) — 3.8) (20)

The results reproduced by the above simple equation (20) are shown in
Table 11. This equation raises the hypothesis that the Table MT might have
been computed using a single equation such as 20, rather than a group of
equations.

Concluding remarks

In his Zjj, al-Khazini first explains the critical values of lunar crescent
visibility provided by his Muslim predecessors, with whom I have not dealt
in this article. This section is historically very important because al-Khazini
tried to present a complete sketch of the achievements up to his time, based
on what he knew and on the importance of the methods. The text and
structure of the Sanjart Zij shows that al-Khazini presents his first criterion
as the culmination of a group of criteria (based either on one or on several
arcs) that were originally presented by al-Khwarizmi and, in the same
century, by Habash al-Hasib and, later, by Kiishyar Gilant™® (according to al-
Khazini). Of course, al-Khazint also considers the effect of the lunar distance
on the above arcs, which was ignored by the astronomers mentioned above.
The text continues with the details of another group of criteria used by
al-Battant and Thabit ibn Qurra (Chapters 4 and 5 of Essay 9: the chapter
on al-Battani has not been edited).”” These criteria consist of
computational procedures and they are appended by separate tables. Al-
Khazini ends this chapter with his second, more sophisticated criterion,
and we can consider it as the culmination of the second group. The tabular

8 For Kashyar’s criterion, see Bagheri, pp. 57-58 (for its Arabic text), pp. 83-84 (English
translation) and p. 91 (commentary).
2 Morelon, pp. 114-115, has edited the text of Thabit’s criterion.
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part of al-Khazin1’s second criterion appears next to Thabit’s table. These
two criteria have basic similarities, because both apply the lunar distance
from the earth and distinguish two extremes for lunar crescent visibility.*’
Undoubtedly al-Khazini presented this criterion under the influence of
Thabit ibn Qurra, but he endeavored to construct a new criterion showing,
furthermore, the effect of human and atmospheric conditions on lunar
crescent visibility.”! Al-Khazini distinguishes three levels of visibility
(general, moderate and acute), and thus introduces a concept of frequency
in crescent visibility. Since we may assume that the introduction of these
three levels was based on the study of successful and unsuccessful
sightings of the crescent over a long observational period, it may be
considered as a first step on the way to achieving a notion of “probability”
in lunar crescent visibility. Unfortunately, we have no information either
on al-KhazinT’s observations or on the procedure that led him to his
second criterion. In any case, judging from the investigations carried out
to date, this criterion is unprecedented in the history of astronomy before
al-Khazini.

Overall, we can conclude that al-KhazinT’s first criterion was
apparently intended for approximate, rapid determinations of Iunar
crescent visibility, and the second was developed for exact judgments. As
far as I know, in later centuries only the first criterion of al-Khazint was
applied by an Indian (?) astronomer, Mahmiid ibn ‘Umar in his Zij-e
Nasert (compiled in Persian in Delhi, ca. 643 A.H/1245A.D.) with some
small modifications.”®> An important historical question is why al-
Khazint’s criteria did not gain prevalence in later zijes, while in the next
century a simpler and less exact criterion proposed by Nagir al-Din al-Ts1

30 See ms. Vat., fol. 143r, and note 6.

3! According to al-Birani’s citation in the al-Qdaniin, p. 945, the famous Persian astronomer al-
Nayrizi (d. 310 A.H./ 922 A.D.), was probably the first to discuss in general terms the effect of
the lunar distance from the earth and the effect of atmospheric conditions, in different seasons
of the year, on lunar crescent visibility.

32 In the Zjj-e Nager?, Mar‘ashi library (Qom), ms. No. 9176, fol. 2r, Mahmid ibn ‘Umar
mentions the names of several astronomers including al-Khazin1 who inspired him in
composing his zjj. The table of mean motions of planets in the Zij-e Naseri (fol. 135v) is dated
615 Yazdgerdi (643 A.H/1245 A.D.) and the author dedicated his work to Naser al-Din
Mahmud (reign: 644-664A.H/ 1246-1265A.D.), the seventh sultan of the shamsiyya sultans in
India. See also fol. 101v. for two tables on lunar crescent visibility. The lower table yields
values of al-Khazini’s first criterion which are very similar to those of BM. For further
explanation of the Zij-e Naseri, see Van Dalen, 2004, pp. 825-862.
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(597-672 A.H./1201-1274 A.D.) was included in the Ilkhani Zij and
gained wide acceptance and was frequently used by later Islamic
astronomers.” In answering this question, both scientific and social
developments should be considered. From the scientific viewpoint,
Muslim astronomers found both of al-Khazini’s criteria difficult to use,
especially the second one. It was not as easy for them to compute the
different mentioned arcs and V,, as it is today. On the other hand, the
second criterion would have been confusing for astronomers and,
especially for those persons with a modest knowledge of astronomy who
organized the civil lunar calendar in that period.”* They probably preferred
to use a simple though inexact criterion with straightforward extremes
rather than a complex one based on limits without a conclusive result.
From the social point of view, the outrage of the Mongol attack on
central Asia and Iran heavily disrupted the diffusion of earlier
astronomical traditions and one finds few traces of earlier criteria for lunar
crescent visibility (including al-Khazini’s criteria) in the zijes of the
Mongol period or, consequently, in later centuries. Moreover, the
prevalence of astronomical methods (including lunar crescent visibility
theories) was quite possible under the influence of schools as promoters of
certain scientific methods in different periods. In the case of al-Khazini,
no astronomical school has yet been associated with him, whereas Nasir
al-Din al-TiisT and his colleagues at the Maragha observatory made up a
research circle that had a profound effect on later astronomers. Needless
to say, the political role of al-TiisT also increased the fame of that circle.”
This is confirmed by the numerous manuscripts that have survived of the
Ilkhant Zij, whereas of the SanjarT Zij only a few remain.’® This latter
subject is related to the social and cultural aspects of science in the

33 The criterion of al-TiisT was simply based on A/ and L. See Giahi Yazdi, pp. 231-243.

3* In Vat., fol. 143r (see plate in appendix) and in HM, fol. 31v, there is a warning to the effect
that the lunar calendar should be organized on the basis of the lunar visibility <up to> the
“moderate” level nor “acute” level, and if there is a possibility in “acute” level, it should only
be marked in the margin of calendar.

35 For general characteristics of the Maragha school, see Saliba, 1987, pp.361-373 and 1991,
pp. 67-99 and for the Maragha observatory and its relation with al-TTsT see, Sayili , pp. 189-
223.

38 For the list of manuscripts of the Jlkhani Zij only in the libraries of Iran see Monzavi, p. 300,
whereas only four manuscripts have survived from the Sanjari Zij, see note 3.
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Islamic Middle Ages, which have not been thoroughly investigated to

date.
general moderate acute
sixtieths (easily visible) (moderately visible) (rarely visible)
Aa)
€] € €] € €] €
00 11;50° | 26;55%0) 10;45° | 25;25%0) 9;40° | 23;55%0)
021 11;49 | 26;55(+1) 1045 | 25:25(+1) 9;40 23;55 (+1)
0 42 11;48 | 26;54(+2) 1044 | 25;24(+1) 9;39 23;54 (+1)
142 1147 | 26;52(+2) 10,42 | 25;22(+2) 9;38 23;53 (+2)
2 42 1145 | 26;50(+3) 10;40 | 25;20(+3) 9;37 23;52 (+3)
4 01 11;42 | 26;47(+3) 10;38 | 25;18(+3) 9;34 23;49(+3)
521 11;40 | 26;44(+3) 10;36 | 25;15(+3) 9;32 23:47(+4)
7 18 11;37 | 26;41(+4) 10;33 | 25;12(+3) 9;30 23;45(+4)
915 11;34 | 26;36(+2) 1029 | 25;08(+3) 9;27 23;42(+4)
11 37 11;30 | 26531 (0) 1025 | 25;05(+3) 9;23 23;39(+3)
14 00 11;25 | 26;26(-1) 10;21 25;01(+2) 9;19 23;34(+1)
16 48 11;20 | 26;23(-1) 10;16 | 24;58(+2) 9;15 23;31(0)
19 36 11;15 26;19(0) 10;11 24;53(+1) 9;10 23;28(+1)
22 36 11;10 | 26;14(0) 10,05 | 24:48(+2) 9;06 23;22(-1)
25 36 11;04 | 26;09(+2) 10;00 | 24:42(+2) 9;01 23;18(+1)
28 42 10;58 | 26;03(+3) 9;56 24;36(+2) 8,57 23;14(+2)
31 48 10;53 | 25;58(+4) 9;52 24;30(+1) 8;52 23;10(+3)
34 54 10,47 | 25;52(+3) 9:47 24;26(+2) 8;48 23;05(+2)
38 00 10;41 25:47(+3) 9:42 24;22(+2) 8;43 23;01(+1)
41 00 10;35 25:42(+4) 9;37 24;18(+3) 8;39 22:58(+3)
44 00 1029 | 25;37(+4) 9;32 24;14(+3) 8;34 22;54(+2)
46 45 1024 | 25;32(+4) 9;27 24;09(+3) 8;30 22;49(+2)
49 30 10;19 | 25;27(+4) 9;24 24;05(+3) 8;26 22;46(+2)
51 39 10;15 | 25;22(+3) 9;20 24;02(+4) 8;22 22;42(+1)
53 48 10;12 | 25;17(0) 9;16 23;58(+2) 8;19 22;38(0)
55 32 10,09 | 25;13(-1) 9;12 23;53(+1) 8;16 22;35(-1)
57 15 10;08 | 25;10(-2) 9;10 23;50(0) 8;14 22;32(-2)
58 18 10;05 25;07(-1) 9;08 23;47(0) ;13 22;30(-2)
59 21 10;04 | 25;05(-1) 9,07 23;44(-1) ;12 22;28(-1)
59 41 10,02 | 25;02(0) 9,06 23;42(0) 8;11 22;26(0)
60 00 10,00 | 25;00(0) 9,05 23;40(0) 8;10 22;25(0)

Table 9: The recomputed values of e, based on e; and f'(a) for ms. Vat.
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general moderate Acute
sixtieths (easily visible) (moderately visible) (rarely visible)
a
f@ € € € € € €

00 | 11;50° | 26;00°0) 10;40° | 23;28°(0) 9:30° | 20;55°0)
021 11;50 | 26;00(+1) | 10;40 | 23:28 (0) 9:30 | 20;54(0)
042 | 11;50 | 2559(+1) | 1040 | 23;27(+1) 9:30 | 20;53(0)
142 | 11:49 | 25:58(+2) | 1039 | 2326(+2) 9:29 | 20;52(+1)
242 | 1148 | 2557(+4) | 1038 | 2324(+2) 9:28 | 20;50(+1)
4 01 11:47 25;55(+4) 10,37 | 23;22(+2) 9,27 20;49(+3)
521 11;46 25;53(+4) 10;36 | 23;20(+3) 9,26 20;47(+3)
7 18 11;45 25;50(+4) 10;35 | 23;18(+4) 9,25 20;45(+4)
915 | 11:44 | 2547(+3) | 1034 | 23;15(+3) 9:24 | 20;42(+4)
1137 | 1142 | 2544(+3) | 1032 | 23:11(+2) 9:22 | 20;38(+3)
1400 | 11:40 | 25:40(+3) | 1030 | 23;07(+1) 9:20 | 20;34(+2)
16 48 11;38 25;36(-1) 1028 | 23;03(-1) 9;18 20;29(-1)
19 36 11;36 25;32(-2) 1026 | 22;59(-2) 9;16 20;25(-1)
22 36 11;35 25;28(-2) 1025 | 22;54(-3) 9;15 20;20(-2)
25 36 11;33 25;24(-1) 1023 | 22:49(-2) 9,13 20;16(-1)
28 42 | 1131 25;20(0) 1021 | 22;44(-2) 911 | 20;12(0)
3148 | 1129 | 2516(+1) | 10;19 | 22;39(-2) 9:09 | 20;07(0)
34 54 | 1127 | 2512(0) 10;16 | 22;35(-2) 9,06 | 20;03(+1)
38 00 11;25 25,07(-2) 10;14 | 22:31(-3) 9,04 19;58(0)
41 00 11;22 25;02(-2) 10;12 | 22;28(-2) 9,02 19;54(0)
44 00 11;20 24:58(-3) 10;10 | 22;23(-3) 9,00 19;49(-1)
46 45 | 1118 | 24:54(-3) 10,08 | 22;19(-:3) 8:58 | 19:45(-1)
49 30 | 11:16 | 24:51(-2) 10,07 | 22;15(-4) 857 | 19:41(-2)
5139 | 1115 | 24:48(:3) 10,05 | 22;11(-5) 855 | 19:38(-2)
5348 | 1114 | 24:45(-4) 10,04 | 22;07(-7) 8:54 | 19;34(-3)
55 32 11;13 24:42(-5) 10,03 | 22;04(-8) 8;53 19;31(-4)
57 15 11;12 24:;40(-5) 10,02 | 22;03(-6) 8;52 19;29(-4)
58 18 11;11 24;39(-3) 10,01 22;02(-5) 8;51 19;27(-3)
59 21 | 11511 24;38(-2) 10,01 | 22;01(-4) 851 | 19:26(-3)
5941 | 11;10 | 24;37(0) 10,01 | 22;01(-2) 851 | 19:25(-1)
60 00 | 11;10 | 24;36(0) 10,00 | 22;01(0) 8:50 | 19;25(0)

Table 10: The recomputed values of e, based on e; and f'(a) for ms. MT.
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general moderate acute

(easily visible) (moderately visible) (rarely visible)

€ € € € € €
11;50° 26;00°(-6) | 10;40° 23;28°(-2) | 9;30° 20;55°(0)
11;50 26;00(-6) 10;40 23;28(-2) 9;30 20;54(0)
11;50 25;59(-7) 10;40 23;27(-3) 9;30 20;53(-1)
11;49 25;58(-6) 10;39 23;26(-2) 9;29 20;52(0)
11;48 25;57(-5) 10;38 23;24(-2) 9;28 20;50(0)
11;47 25;55(-5) 10;37 23;22(-1) 9;27 20;49(+1)
11;46 25;53(-4) 10;36 23;20(-1) 9;26 20;47(+1)
11;45 25;50(-5) 10;35 23;18(-1) 9;25 20;45(+2)
11;44 25;47(-6) 10;34 23;15(-2) 9;24 20;42(+1)
11;42 25;44(-4) 10;32 23;11(-1) 9;22 20;38(+1)
11;40 25;40(-4) 10;30 23;07(-1) 9;20 20;34(+2)
11;38 25;36(-3) 10;28 23;03(0) 9;18 20;29(+1)
11;36 25;32(-3) 10;26 22;59(0) 9;16 20;25(+2)
11;35 25;28(-5) 10;25 22;54(-3) 9;15 20;20(-1)
11;33 25;24(-4) 10;23 22;49(-3) 9;13 20;16(0)
11;31 25;20(-4) 10;21 22;44(-4) 9;11 20;12(0)
11;29 25;16(-3) 10;19 22;39(-4) 9;09 20;07(-1)
11;27 25;12(-3) 10;16 22;35(-2) 9;06 20;03(+2)
11;25 25;07(-3) 10;14 22;31(-1) 9,04 19;58(+1)
11;22 25;02(-2) 10;12 22;28(0) 9;02 19;54(+2)
11;20 24;58(-1) 10;10 22;23(0) 9;00 19;49(+1)
11;18 24;54(-1) 10,08 22;19(0) 8;58 19;45(+1)
11516 24;51(+1) | 10,07 22;15(-2) 8;57 19;41(0)
11;15 24;48(0) 10,05 22;11(-1) 8:;55 19;38(+1)
11;14 24;45(-1) 10;04 22;07(-3) 8;54 19;34(0)
11;13 24;42(-2) 10;03 22;04(-4) 8;53 19;31(-1)
11;12 24;40(-1) 10,02 22;03(-2) 8:52 19;29(-1)
11;11 24;39(0) 10;01 22;02(-1) 8;51 19;27(-1)
11;11 24;38(-1) 10;01 22;01(-2) 8;51 19;26(-2)
11;10 24;37(0) 10;01 22;01(-2) 8;51 19;25(-3)
11;10 24;36(-1) 10;00 22;01(0) 8;50 19;25(-1)

Table 11: The recomputed values of e, based on e; for ms. MT (simple equation).
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Appendix
The text of al-Khazini’s criteria from ms. Vatican, Arab, 761. The
manuscript errors are corrected in footnotes and some Arabic words have

been rewritten according to modern spelling. My explanatory additions to
the text are provided in brackets [ ].

Uagual) 53yl ) e adic] o S5 a ;S )
Al s el e s lalaal Taa ol OO A5 A8 jee Jee b Alexiusall 53 el ol
Jal (e Aile 8 Juab g 1a Y1 G g Aagd i) 5 LalasdV) (pu g AN 5 Sl pa b
duad s O (S Al 3 el L Lab 3 e i) ) 2 e (e i)

) Sl (o 8 S 13 a3 A s s (g Sema s Saiadl g gl [0 AiL] clld
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Al 13 ) aa ) de (g dea) JU s Jead DY) 5 DNl (5 50 Lol s Lad 5 jie
) 555 5 S YN 550 g8 Lad ol Jal B de el Capa die el Lllas
BcilS () 5 s ledsh e e 3 A 5o jad Al [uandil) alaail] Pl 13) Ll aie
oo 5ol Byde )l el O3 ) e iaall s Ll S J8 g Juab DU g Bl
S [opa] Do) s g el ja) Al el gl ,Y) (a5 ol Jal Al Sl
Lyl i 8 Dlla SIS0 [6f] Lagan (& il a2 S ol a5 o) ol dapas I
e Aplad alasi¥) g ) 5ill G g same S O JB 5 208 T8 <ilS ) 5 50 O (S

Ayl e oSl Lia ) 3¢l )5 s LB 8 Lad

Al B gl Ta VI asll - )
Lo Byall 31y oaill (818 8 el () o€ Cumemy il () iy 5y sl B Y1 sl
@5 sl e s L (SN apaall (8 palll 5 )35 Al (e aae) 3500 G il
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Gl g el ) A (el a g el gl Y G Al N g o) ) daad ) G
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Uasd 5 o i) (& Lol jom cdliadl) 2358 (727 Lgia Liali 5 (383 Lelani () 45
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Al-Khazint’s table for lunar crescent visibility (second criterion), next to Thabit’s one (ms.

Vat. fol. 143r).



