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Elimination Theory

Important for both algorithmic and
complexity aspects of polynomial
system solving

a
W “‘:“_‘
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The Example: Determinants

Find “the condition” on
apo, 400, 410, @11 So that the system

aooXo + apg1xy = 0
aoxo + aixy = 0

has a solution different from (0, 0)




Elimination Theory

dooXp + do1X1, d10X0 + a11X1

e Klago, ao1, a10, a11, X0, x1]

!

agoa11 — a10do1 € Klago, ao1, a0, a11]




More general

Find “the condition” for the system

)
dooXo + do1X1 + ...+ AonXn
apXg + aiiXy + ...+ aipnXn

anoXo + dniX1 + ...+ @nnXp

0
0




More general

Find “the condition” for the system
( apoXo + ap1xy + ...+ agnx, = 0
appxXo+ ayxy+...+aix, = 0

L @n0X0 +anxi+...+ammx, = 0

to have a solution different from

(0,0, ...,0)




Another more general

Let dy, d; € N. Find “the condition”
for the system of polynomials

ao()X()dO + 301X0d0_1X1 +...=0
é)l()X()d1 + 311X0d1_1X1 +...=0

to have a solution different from

0,0)




More more more general...

Let n € N, and dp, ..., d, € N, find the condition
for

( ap 0% _
Z(Mo-l—...—i—an:do a0,0Zo,..../OchO Xn noo= 0

E Qo e} _
agt...+ap=d; al.ag,....a,X0 - Xp " = 0

Qo o .
\ Zao-F...—l—a,,:dn an,ao,...,anxo oo Xy "= 0

to have a solution different from (0,0, ...,0)
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Elimination: The general problem

For a= (ai,...,an), k, n € N let
fila, x1, ...y Xn), -, f(@,xg, ..., xn) €
K[a, x1, ..., X,]. Find conditions on a such that

( fila,x,...,xp) = 0
hla,x,....,xp) = 0
L fk(a,xl,...,x,,) =0

has a solution
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Solution?

m Depends on the ground field




Solution?

m Depends on the ground field

m [here is not necessarily a “closed”
condition




Solution?

m Depends on the ground field

m [here is not necessarily a “closed”
condition

m [ he computation of the conditions
may be out of control




Easy example

(

ayxy+...+ax, = 0

< 11X+ ...+ aux, = 0

\ anX1+ ...+ akx, = 0
with kK > n
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Easy example

(

ayxy+...+ax, = 0

< 11X+ ...+ aux, = 0

\ anX1+ ...+ akx, = 0
with kK > n

Conditions: all maximal minors of (a,-j)
equal to zero
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1<i<k,1<j<n



Another “easy’ example

k=n=1,

2 d
a+ aixy+axy +...+agx; =0




Another “easy’ example

k=n=1,

2 d
a+ aixy+axy +...+agx; =0

Conditions?




V= {(a,xl,...,xn) : fi(a,Xl,---,Xn) -
0,...fk(a,X1,---;Xn) :O}
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V= {(a,xl,...,xn) : fi(a,Xl,---,Xn) -
0,...fk(a,X1,---;Xn) :O}

Vv c KNxK"

3 m lm

7Tl(\/) C KN




Geometry

1 1

7Tl(\/) C KN

The set of conditions is 71(V), not necessarily
described by zeroes of polynomials
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Elimination Theorem

V ={(a,x0,x1, ..., %) 1 f(a, X0, X1,..., %) =
0,...fk(a,Xo,X1,...,Xn) :0}
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Elimination Theorem

V ={(a,x0,x1, ..., %) 1 f(a, X0, X1,..., %) =
0,...fk(a,Xo,X1,...,Xn) :0}

vV < KN xPn

L 1

7Tl(\/) C KN
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Elimination Theorem

V ={(a,x0,x1, ..., %) 1 f(a, X0, X1,..., %) =
0,...fk(a,Xo,X1,...,Xn) :0}

vV < KN xPn




“The” Condition

V =A{(a,xg, x1,---,%,) : f(a,xo,x1,...,%,) =
0, C. fn+1(a,x0,x1, ce ,Xn) = 0}
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“The” Condition

V =A{(a,xg, x1,---,%,) : f(a,xo,x1,...,%,) =
0, C. fn+1(a,x0,x1, ce ,Xn) = 0}

vV < KN xPn
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“The” Condition

V =A{(a,xg, x1,---,%,) : f(a,xo,x1,...,%,) =
0, C. fn+1(a,x0,x1, ce ,Xn) = 0}

vV < KN xPn




)
agoXo + aoixy + ...+ agnx, = 0
apxo+ ayxy+...+ax, =0

anXo+ amx1+ ... +ammx, = 0




)
agoXo + aoixy + ...+ agnx, = 0
apxo+ ayxy+...+ax, =0

anXo+ amx1+ ... +ammx, = 0

pi(a) = det(ay)




Example 2

- d do—1 d
fo = agoXo™ + apg1xp® "xq + ...+ agd,X1"°
- d di—1 d
fi = aipxo™ + anxo® Txg + ...+ ag ™
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Example 2

_ d do—1 d
dpoXp ° + ag1Xo ? X1+ ...+ dogy X1’

fO —
A = atoxo™ + arxe®

lX1 + .ot a1 X1

di

doo 4do1
0 aono
0 0

Res(fy, f1) = det
es( 0 1) © aip a1l
0 a
0 0

aOdo 0
dody—1  d0dy

doo ... dody
aldl O

Aldy—1 91dy

dio cee dldy
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Example 3

’
_ (7]
fb - Z&o+...+(¥n:d0 ao-,CYOr’-aO‘nXO tt Xn

— «
f]‘ o Zao—l—...—l—an:dl al,ao,..,,anXO o, .. Xn

— o
\ fo = Z@o+---+an:dn dn,ag,....anX0 - - Xn
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Example 3

p
— Qo /
fb - ZaoJr...Jr(y,,:dO aO.,c!o,...,anXO Lo Xp "

— «
f]‘ o Zao—l—...—l—an:dl al,ao,..,,anXO o, .. Xn

_ o
\ f” - Z@o+--.+an:d,, dn.ag,...anX0 - - Xn "

Res(fy, fi, ..., f,)
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“Univariate” Resultant

_ d
a00Xo do + 801X0 X1 + ...+ Ao x1°

fb —
fi = aiox® + anxo®™ Ixg + ...+ 31d1X1d1
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“Univariate” Resultant

_ d
a00Xo do + 801X0 X1 + ...+ Ao x1°

fb —
fi = aiox® + anxo®™ Ixg + ...+ 31d1X1d1

What is the resultant of f; and £,?
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Algebraic Definitions
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Algebraic Definitions

Res(fy, f1) is:




Algebraic Definitions

Res(fy, f1) is:

m the “condition” such that gcd(fy, f1) =1
(Sylvester)
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Algebraic Definitions

Res(fy, f1) is:

m the “condition” such that gcd(fy, f1) =1
(Sylvester)

m The determinant of the “Sylvester” Matrix
(Sylvester)
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Algebraic Definitions

Res(fy, f1) is:
m the “condition” such that gcd(fy, f1) =1
(Sylvester)

m The determinant of the “Sylvester” Matrix
(Sylvester)

m One of the (two) generators of the ideal

<ﬂ)(X07 ]-)7 fl(X07 1)> M Z[aO7 o5 dm, b07 SR bk]




Properties
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Properties

Res(fy, f;) is:
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Properties

Res(fy, f;) is:

m irreducible in Z[aoo, - - -, d0dy, 310, - - - » 3144
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Properties

Res(fy, f;) is:
m irreducible in Z[aoo, - - -, d0dy, 310, - - - » 3144

m homogeneous of degreee dy + d;
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Properties

Res(fy, f;) is:
m irreducible in Z[aoo, - - -, d0dy, 310, - - - » 3144
m homogeneous of degreee dy + d;

m bihomogeneous of bidegree (d, dy)
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Properties

Res(fy, f1) is:
m irreducible in Z[aoo, - - -, d0dy, 310, - - - » 3144
m homogeneous of degreee dy + d;
m bihomogeneous of bidegree (d, dy)

m weighted homogeneous of degree dyd;
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Properties

Res(fy, f1) is:
m irreducible in Z[aoo, - - -, d0dy, 310, - - - » 3144
m homogeneous of degreee dy + d;
m bihomogeneous of bidegree (d, dy)
m weighted homogeneous of degree dyd;

m One of its terms is ag(l)ailg,l
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Algebra meets Geometry
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Algebra meets Geometry

Res(f, i) =0

0

Jp € P! fy(p) = fi(p) =0




Poisson’s formula and additivity

Res(fo, fi) = aOdOHfO 0 fi(§)

- :l:af(c)/l Hfl(z/):O fb(l/)




Poisson’s formula and additivity

Res(fo, fi) = aOdOHfO 0 fi(§)

- :l:af(c)/l Hfl(z/):O fb(l/)

Res(fy - fy, fi) = Res(fy, f1) - Res(fo, f1)




Determinantal Formulae
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Determinantal Formulae

doo 4do1 - - - 4od, 0
0 an ... dod—1 dody
0O 0 ... a ... a
Res(fo, ) = det % 0k
dip 411 - .- didy 0
0 aw ... aig-1 a4
0 0 . dio ..o dldy
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Determinantal Formulae

doo 4do1 - - - 4od, 0
0 an ... dod—1 dody
0O 0 ... a ... aod
Res(fy, fi) = det 00 0co
dip 411 - .- didy 0
0 aw ... aig-1 a4
0 0 . dio ..o dldy

m Bézout's formulas
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Determinantal Formulae

doo 4do1 - - - 4od, 0

0 an ... dod—1 dody

0O 0 ... a ... aod
Res(fy, fi) = det 00 0co

dip 411 - .- didy 0

0 aw ... aig-1 a4

0 0 . dio ..o dldy

m Bézout's formulas
m Hybrid formulas
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Determinantal Formulae

doo 4do1 - - - 4od, 0

0 an ... dod—1 dody

0O 0 ... a ... aod
Res(fy, fi) = det 00 0co

dip 411 - .- didy 0

0 aw ... aig-1 a4

0 0 . dio ..o dldy

m Bézout's formulas
m Hybrid formulas

P
Carlos D'Andrea
Sparse Eliminants vs Sparse resultants



General Resultants

p
— Qo /
fb - ZaoJr...Jr(y,,:dO aO.,c!o,...,anXO Lo Xp "

— «
f]‘ o Zao—l—...—l—an:dl al,ao,..,,anXO o, .. Xn

_ o
\ f” - Z@o+--.+an:d,, dn.ag,...anX0 - - Xn "
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General Resultants

p
— Qo /
fb - ZaoJr...Jr(y,,:dO aO.,c!o,...,anXO Lo Xp "

— «
f]‘ o Zao—l—...—l—an:dl al,ao,..,,anXO o, .. Xn

_ o
\ f” - Z@o+--.+an:d,, dn.ag,...anX0 - - Xn "

Res(fy, fi, ..., f,)
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Known case

If dy=d; = ... =d, =1, then
Res(fo, ..., fp) = £ det (a;)

0<i,j<n




A non trivial example

fE):aOOXQ + 301X1 -+ 302X2
ﬂ:aleo + allxl + a12x2
fr=a20xg° + a2lxgx; + a22xpx2 + a23x1° + a24x1% + a25xp°
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A non trivial example

beBOOXQ + ale1 -+ 302X2
ﬂ:aleo + allxl + a12x2
fr=a20xg° + a2lxgx; + a22xpx2 + a23x1° + a24x1% + a25xp°

Res(fy, fi, f-) = a00%al1?a25 — a00%allal2a24 + a00%a12%a23
—2a00a01al0alla25 + a00a0lalOal2a24

+a00a0lallal2a22 — a00a0lal22%a21 + a00a02al0alla24
—2a00a02a10a12a23 — a00a02a11%a22 + a00a02allal2a21
+a012%a10%a25 — a01%2al10al2a22 + a012al22a20
—a01a02a10%a24 + a01a02al0alla22 + a0la02al0al2a21
—2a01a02al11a12a20 + a02%a10%a23 — a022al0alla2l
+a022%a11%a20

Carlos D'Andrea
Sparse Eliminants vs Sparse resultants




m It is irreducible




m It is irreducible

m |t is homogeneous in each group of
dO‘d]_‘...dn

di

variables, of degree




m It is irreducible

m |t is homogeneous in each group of
dO‘d]_‘...dn

di

m It is “weighted” homogeneous with
Weight do-dy-...d,

variables, of degree




More Properties
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More Properties

mRes(fy,..., ) =0 <— ¢
such that f0(£) f(€) =

m




More Properties

mRes(fy,....f,) =0 < FE P”

such that (&) = ... =1,({) =0
m Poisson Formula:
Res(fy, ..., 1)

ReS(flo, c e ey an)dO Hsev(fll




Resolution of systems of polynomials

P(uo7 u/') — Res(UiXO— toX;, f1, . . ., fn)




Resolution of systems of polynomials

P(uo7 u/') — Res(UiXO— toX;, f1, . . ., fn)

can be used to compute the
coordinates of the (finite) roots of

the system
f=0,...,f,=0




Computation

r 0 ay as 0 o 0 0 0 ]
ap ap 0 0 0 0 0
0 a as o 0 0 o0
0 ag a 0 0 0 0
R(fo . 7(1 ,fg ) _ det —Cy —0Cs5 —Cg 0 0 0 aq 0 as 0
—Cq -3  —C7 0 0 0 a a a a
—Co —C —Cg 0 0 0 0 ap 0 ap
0 0 0 —C4 —C5 —Cg
0 0 0 —¢; - —o
L o 0 0 —cp —C —Cs ]
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A more general situation

In the “real world” systems of
equations are neither homogeneous




A more general situation

In the “real world” systems of
equations are neither homogeneous
nor all the monomials appear in the

expansion

- 2.2 3
fo = ap1 + agoxy” Xo° + ag3xy Xo
- 2 2
fl — ajp + a11Xy” + aiXxy Xo

- 3
fh = axx1” + arxy Xo




Sparse Resultants

.AO,...,A,’;CZ”
mFori=0,....n fi=) ., CiaX




Sparse Resultants

.AO,...,A,’;CZ”
mFori=0,....n fi=) ., CiaX

What is Res(fy, ..., f,)?




Sparse resultants
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Sparse resultants

m A generator of

(fo,...,fa) NZ[Cia, i =0,...,n]7




Sparse resultants

m A generator of

(fo,...,fa) NZ[Cia, i =0,...,n]7

m The defining equation of
W ={(cia,x): ;=0 c KN x(Cx)

\L i T ?
7T1(W) C KN

Carlos D'Andrea

Sparse Eliminants vs Sparse resultants



Issues
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Issues

[ | .AO -Al AQ {(070)7 (170)}




Issues

[ | .AO — -Al - AQ - {(07 0)7 (170)}

mfy = cpo+corxi, i = ciot+cixy, h = o+ cux
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Issues

u AO — -Al — AQ - {(07 0)7 (170)}
m fo = Coo+ Coix1, fi = cio+cuxy, Hh = o+ Cux
m (fy, fi, o) N Z[c;] is not principal
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Issues

u AO — -Al — AQ - {(07 0)7 (170)}
m fo = Coo+ Coix1, fi = cio+cuxy, Hh = o+ Cux
m (fy, fi, o) N Z[c;] is not principal

m (V) does not have codimension 1

Carlos D'Andrea

Sparse Eliminants vs Sparse resultants



Another issue
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u AO =A1=A = {(Ov 0)7 (270)7 (Ov 2)}




Another issue

m A=A = A, ={(0,0),(2,0),(0,2)}
m fy = coo + Corx1% + Cooxe
fi = cio0 + ciixi® + cooxo

2
2
fr = cop + Co1x1° + 2
2 20 21X1 Co2X2
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Another issue

m A, =A; = A, ={(0,0),(2,0),(0,2)}

mfy = co + o’ + cooxo
fi = c10 + ciixi® + cooxe
fr, = co0 + Ca1x1? + cooxe

m (fo, fi, &) N 7Z[c;] is generated by the
determinant of the coefficients

2
2
2
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Another issue

m A, =A; = A, ={(0,0),(2,0),(0,2)}

mfy = co + o’ + cooxo
fi = c10 + ciixi® + cooxe
fr, = co0 + Ca1x1? + cooxe

m (fo, fi, &) N 7Z[c;] is generated by the
determinant of the coefficients

2
2
2

m (V) has codimension 1
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Another issue

u -AO — Al — -A2 - {(Oa 0)7 (27 0)7 (07 2)}

mfy = co + o’ + cooxo
fi = c10 + ciixi® + cooxe
fr, = co0 + Ca1x1? + cooxe

m (fy, fi, o) N Z[c;] is generated by the
determinant of the coefficients

m (W) has codimension 1 but 7|, is not
birational anymore

2
2
2
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You get to make a decision
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You get to make a decision

With the algebraic definition (the Eliminant) you
get :
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You get to make a decision

With the algebraic definition (the Eliminant) you
get :
m lrreducibility
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You get to make a decision

With the algebraic definition (the Eliminant) you
get :
m lrreducibility

m homogeneities
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You get to make a decision

With the algebraic definition (the Eliminant) you
get :

m lrreducibility

m homogeneities

m all sort of extremal coefficients
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You get to make a decision

With the algebraic definition (the Eliminant) you
get :

m lrreducibility

m homogeneities

m all sort of extremal coefficients

m determinantal formulae
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You get to make a decision

With the algebraic definition (the Eliminant) you
get :

m lrreducibility

m homogeneities

m all sort of extremal coefficients

m determinantal formulae
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You get to make a decision

With the algebraic definition (the Eliminant) you
get :

m lrreducibility

m homogeneities

m all sort of extremal coefficients

m determinantal formulae

N

m But you do not get neither satisfactory

Poisson nor additivity formulae
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“The” Sparse Resultant
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“The” Sparse Resultant

(D-Sombra), PLMS 2015

W={(ciax): =0} C KN x(C)
) L m
7T1(W) C KN

The sparse resultant of fy, ..., f, is the defining
equation of the direct image w. W
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“The” Sparse Resultant

(D-Sombra), PLMS 2015

W ={(ciax): =0} c KV x(Cx)"

\ 1 m
7T1(W) C KN
The sparse resultant of fy, ..., f, is the defining

equation of the direct image w. W
With this definition, Poisson's formula works!
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Example
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m A=A = A, ={(0,0),(2,0),(0,2)}




Example

n AO — -’41 — -/42 — {(07 0)7 (270)7 (07 2)}
mfo = coo + C01X12 + C02X22,

fi = cro+c11x1 + cooxp? ,fh = co+onx 2+ cooxo?

Carlos D'Andrea
Sparse Eliminants vs Sparse resultants



Example

n AO — -’41 — -/42 — {(07 0)7 (270)7 (07 2)}
m fy = coo + Corxi’® + Cooxo?,

_ 2 2 ¢ _ 2
fi = cro+cuxi + X, fh = oo+ orx + Coax0°

m Classically: Res, 4, 4, = det(cj)
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Example

n AO — -’41 — -/42 — {(07 0)7 (270)7 (07 2)}
mfo = coo + C01X12 + C02X22,

fi = cro+c11x1 + cooxp? ,fh = co+onx 2+ cooxo?

m Classically: Res, 4, 4, = det(cj)
m With the new definition, Res, 4, 4, = det(c;)*
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With the new definition
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With the new definition

m Res g, . 4, 1s not irreducible anymore
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With the new definition

m Res g, .4, i1s not irreducible anymore but the
power of the eliminant (the old resultant)
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With the new definition

m Res g, .4, i1s not irreducible anymore but the
power of the eliminant (the old resultant)

lResA0+A/ A, = Res g, 4, ReSAg,...,A,,
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With the new definition

m Res g, .4, i1s not irreducible anymore but the
power of the eliminant (the old resultant)

m Resyyra,..4, = Resa,..a, - Resy . 4,
m Resay...t, = I, Res - (T H(9)™)

e V(f,....f)
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Algebra meets Geometry

(if 7(W) has codimension one)




Algebra meets Geometry

(if 7(W) has codimension one)

Res,...a,(fo, .-, fn) =0

)
dp e X4 fo(p)=...=1f(p) =0

X4 is the toric variety defined by Ay, ..., A, with
respect to (C*)"




More properties
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More properties




More properties

Carlos

m deg,  (Resy, . 4,) = MV(Q,..., Qi-ooy @)
Q; = chull(A))

m “hidden variables”:

for some d € Z

D'Andrea
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And there is more...

(D-Jeronimo-Sombra... In progress)

m Initial forms

m Vanishing coefficients

m More homogeneities

m ‘Determinantal” formulae

Of ResAo,--~,«4n




Initial forms

For w € T RY, w = (w;.)
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Initial forms

For w € T RY, w = (w;.)

init (ReSAO ..... iHReSAO ..... An\,<ﬁ)v ---afn.,v>7




Initial forms

For w € T RY, w = (w;.)

init,(Res4,... iHResAO A (fow - fan),s

the product is over all primitive v € Z""! inner
normals to a facet of the lower envelope of the
“lifted” polytopes Qou, + -+ Qno,
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Example

Ao = {(070) (173)
Az ={(1,1) (3, g}

w = (wo, w1, wr), wo = (1

(2,2)}, A1 ={(0,0), (1,2), (2,0))},

,—1,0), w3 =(0,1,-1), wp = (1,-1)

Res4 = —u1,12 U1,00 Uo,22 U§,13 Ufzo ug,ll U%,ao Ug,oo +3 U%,lz Ug,zz Uzll,zo Ug,u U§,3o
+5 U%,u U?,oo “8.13 Uop,22 U211 “2,30 U(2),00 —Tui2 “ioo u3,13 U120 U211 “3730 Uo,00
+2u1,12 “f,oo “8,13 “(2)722 ”%,20 u5’,11 “3,30 Up,00 — 2 U112 u%00 “3,22 Ui2o u52?,11 U§,30 to
+UZ,12 U211 “3,30 ”8,00 — 13 w13 tp,22 Uioo ui‘.,12 ti,20 “%,11 “3,30 Ug,00

—2 U3 13 Uo,22 U3 g U3 20 U 11 U3 30 U0,00 + U1,12 US 0o UG 20 U3 11 U3 30+

6 “3.12 Uioo “8,22 u1,20 U§,11 “3.30 Ug,oo -7 “%,12 U1,00 “3.13 Ui2o U311 “3,30 US,oo +
+u112 U(3),22 U?,2o U;n U(%,oo —5up,13 U8,22 Uioo Uf,u ug,ll Ug.so Uo,00

U 13 U 20 U 00 U120 U5 17 U3 39 + 14 U 13 U3 g U5 10 U 29 U3 11 U3 30 U3 g0

—Up,13 U§722 U%,oo “%,12 “f,zo U§,11 U%ao Ug,oo + uS’,13 Uz,zo U3 11 U2,30 Ug 00

+3 05 15 U 22 ”%,20 u3,11 U3 30 Ug 00+
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- 5 7 7
inity,(Res4) = g 13 U1 00 U230

v ReS-AO‘VpAl,w-AZv (FO,V Fl,Va F2,v)
(17 1, 2) ug730
(_47 —3, 1) u%,BO
(3 _47 5) UI;OO
(87 27 7) u8,13
(2,-3,4) 1
(—1,3,4) 1
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Changing the weight

wo = (1,0,0), w1 = (0,0,0), wp, = (0,0)

init, (Res 4)

6 4 5 3 3 2 2 3 5
U7 00 Ua 30 (U1,00 Up 13 U3 30 T Up 13 U 22 U1,20 U3 17 U2,30 + U3 17 Ug 2o U1,12)

v ‘ ResAoiv,Al,v,Az v (FO,V Fl,va F2,v)
(0,0,1) | u1,00 U8713 ”3,30 + U(?)’,13 U8,22 U1,20 ”%,11 u2,30 + “3711 ”8,22 u1,12
(17 27 6) u?,00
(07 17 2) ug,30
(1,1,4) 1
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Vanishing Coefficients

f; with support A; C A,
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Vanishing Coefficients

f; with support f&,- C A,—N
What is Res 4, . 4, (fo, ..., )7
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Vanishing Coefficients

f; with support fg,- C .A,-N
What is Res 4, . 4, (fo, ..., )7

1 otherwise

| {0 if a € A,
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Vanishing Coefficients

f; with support fg,- C .A,-N
What is Res 4, . 4, (fo, ..., )7

1 otherwise

| {0 if a € A,

Resay..a,(fo, - f) = +Resy 4
: HV;A(OJ) Res ... An (be,v, cee an)
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Moreover...

For 0 </ <n, o;: @ — R is the “floor” function
of Qj, above Q;
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Moreover...

For 0 </ <n, o;: @ — R is the “floor” function
of Qj, above Q;

A, (foy .oy F) £0 <= Mly(—0y,...,—0,) =C

If this is the case, then

Resa,....a,(fo, -, fa) = £Resz 3
’ HV#(O,].) ReSAO.Va---aAn,v
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Homogeneities

ResAoj_,_,An(ﬁ)()\lxl, e AnXn)s ey F(Aaxa, )\nx,,))

AP Resy, 4,
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More Homogeneities

ResAoj_,_,An(ﬁ)()\lxl, e AnXn)s ey F(Aaxa, )\nx,,))

with
Ai - MVn—Q—l(QO.,i; SR Qn,i)

o= Chull({(a) ai),(a,0) |ae Qj}) C RAtL
(if Qi C (R0)")




“Determinantal” formulae
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“Determinantal” formulae

Reformulation of the Macaulay style
formulae given in (D - 2002)

a as 0 o 0 0 o0
ap ap 0 0 0 0 0
0 1 a3 0 0 0 0
0 0 a, o 0 0 o0
R(fo b ) — det —c -0 —cg 0 0 0 ag 0 a 0
—c  —C —C7 0 0 0 ay a; a a
—cg -6 -—¢ O 0 0 0 a 0 a
[2 ¢ b




Thanks!

http://mate.dm.uba.ar/~ coalaga/
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