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Flexes of curves

Let C C K? be a graph of a function

Laurent Busé, Carlos D’Andrea, Martin Sombra, Martin Weimann

Equations for the Flex locus of a hypersur face



Flexes of curves

Let C C K? be a graph of a function

A flex or inflexion point of C is a
point p € C such that its tangent line
has contact order > 3
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In general...
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In general...

A point p € C is called a flex of C
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In general...

A point p € C is called a flex of C
if there exists a line L such that

mult,(C N L) > 3
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In general...

A point p € C is called a flex of C
if there exists a line L such that

mult,(C N L) > 3
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For algebraic curves...

we have that
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For algebraic curves...

we have that

Flex(C) = {f = Hf = 0} C P2

Laurent Busé, Carlos D’Andrea, Martin Sombra, Martin Weimann

Equations for the Flex locus of a hypersur face



For algebraic curves...

we have that
Flex(C) = {f = Hf = 0} C P?
mf = f(xp, x, x2) the homogeneous
irreducible equation of C
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For algebraic curves...

we have that
Flex(C) = {f = Hf = 0} C P?
mf = f(xp, x, x2) the homogeneous
irreducible equation of C
m Hr = the Hessian of f
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As a consequence...
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As a consequence...

It a degree d curve C does not
contain any line,
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As a consequence...

It a degree d curve C does not
contain any line, its flex locus has
d(3d — 6) points counted with
multiplicities
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Surfaces
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Surfaces

A point p € S C P?is called a flex of
S
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Surfaces

A point p € S C P?is called a flex of
S
if there exists a line L C P such that

mult,(SN L) > 4
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if there exists a line L C P such that
mult,(SN L) > 4

A point p € S C P?is called a flex of
S
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Warning

p € Flex(S) if there is a line through
p contained in S
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Questions on
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Questions on

m Dimension?
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Questions on

m Dimension?

m Degree?
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m Dimension?
m Degree?
m Equations?
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A bit of history
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A bit of history

Rev. George Salmon
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A bit of history

Rev. George Salmon

A Treatise on the analytic geometry

of three dimensions
Longmans, Green & Co., 1862
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T heorem

For a reduced f € C[xg, x1, x, x3| of
degree d
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T heorem

For a reduced f € C[xg, x1, x, x3| of
degree d there exists
Pr € Clxo, x1, X2, x3| of degree
< 11d — 24 defining Flex(V/(f))
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Corollary 1

For a general degree d algebraic
surface S C P3,
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Corollary 1

For a general degree d algebraic
surface S C P°, Flex(S) is a one
dimensional variety of degree

< d(11d — 24)
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Corollary 2

If Ps(x,y,z) vanishes in S, then it is
a ruled surface
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Corollary 3

If S of degree d contains more than
d(11d — 24) lines, then it has a ruled
component
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Back to the 21st century...
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“| get a polynomial of degree
11d — 18. Salmon claims that in fact
the degree should be 11d — 24. | have

not checked this"
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“The original proof of the
Cayley-Salmon theorem, dating back
to at least 1915, is not easily
accessible and not written in modern
language”
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"One of the motives for this lecture is
to defend Salmon’s honor and explain
his original proof”
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Why do we care more than 150 years
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A conjecture by Erdos (1946)

Given n different points in the plane,

there are at least @ ( a )

log(n)
different distances among them
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2
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Sharpest result so far

Larry Guth & Nets Katz
Annals of Mathematics (2015)
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Via Incidence Geometry..

Theorem (Guth-Katz 2015)
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Via Incidence Geometry..

Theorem (Guth-Katz 2015)

Let £ be a set of N? lines in R3, with
no more than O(N) of them lying eit-
her in the same plane or in a double-
ruled surface.
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Via Incidence Geometry..

Theorem (Guth-Katz 2015)

Let £ be a set of N? lines in R3, with
no more than O(N) of them lying eit-
her in the same plane or in a double-
ruled surface. For 2 < k < N, the
number of points lying in at least in k

lines is of order O(N>k—2)




The proof of this Theorem uses the
degree of the Salmon Polynomiall
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Our contribution

Let V' C IP" a hypersurface
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Our contribution

Let V' C IP" a hypersurface

p € Vis a flex point if there is a line
LCP"
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Our contribution

Let V' C IP" a hypersurface
p € Vis a flex point if there is a line
L C P" such that
mult,(V N L) >n+1
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Our contribution

Let V' C IP" a hypersurface
p € Vis a flex point if there is a line
L C IP" such that
mult,(V N L) >n+1
[ is called a flex line
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Our contribution

Let V' C IP" a hypersurface
p € Vis a flex point if there is a line
L C IP" such that
mult,(V N L) >n+1
[ is called a flex line
The flex locus of V' is the set of all

the flex points of V




Let fy € K[xp, ..., X,| a squarefree
homogeneous polynomial defining V/,
of degree d
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Let fy € K[xp, ..., X,| a squarefree
homogeneous polynomial defining V/,
of degree d
Set

d
fu(x + ty) = Z fu k(x, y)t"
k=0
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Theorem (Busé-D-Sombra-Weimann 18)
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Theorem (Busé-D-Sombra-Weimann 18)

There is a homogeneous py € K[xp,...,X,| with
deg(pv) = d> 41 % — (n+ 1)! defining the flex lo-
cus of V.
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Theorem (Busé-D-Sombra-Weimann 18)

There is a homogeneous py € K[xp,...,X,| with
deg(pv) = d> 41 % — (n+ 1)! defining the flex lo-
cus of V. It is uniquely determined modulo f, by the
condition

Resy(f\/,l(x, y), ceey fV,n(Xa y)7 ﬁ(y))

(" py mod fy

for any linear form ¢ € K|xo, . . ., x|
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Consequences

Corollary  (Busé-D-Sombra-Weimann

18)

It V' has no ruled irreducible compo-
nents, then Flex(V) is a complete in-
tersection subscheme of P of dimen-

sion n — 2 and degree
d*> 2 —d(n+1)
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In particular
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In particular

Flex(V/) is set-theoretically defined by
equations of degree at most

max(d,d > ;% — (n+1)!), and its

degree is at most

d*Y 1k —d(n+1)!
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Application: lines C varieties

Laurent Busé, Carlos D’Andrea, Martin Sombra, Martin Weimann

Equations for the Flex locus of a hypersurface



Application: lines C varieties

Let £/ be the union of lines
contained in V
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Application: lines C varieties

Let £/ be the union of lines
contained in V
When d = n, aflexlineatape V
has order of contact at least n + 1,
and so it is necessarily contained in V.
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Application: lines C varieties

Let £/ be the union of lines
contained in V
When d = n, aflexlineatape V
has order of contact at least n + 1,
and so it is necessarily contained in V.
In this case, L coincides with the
flex locus of V
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Corollary  (Busé-D-Sombra-Weimann
18)

If V' has degree n and no ruled com-
ponents, then Ly is a ruled subvariety
of V' of dimension n — 2 and degree at

most n®(n—1)1 S0, .
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Corollary (Busé-D-Sombra-Weimann 18)

Let V' C IP" be a generic hypersurface of degree d >
n.
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Corollary (Busé-D-Sombra-Weimann 18)
Let V' C IP" be a generic hypersurface of degree d >
n.Then
m Flex(V) is a reduced subscheme of V' of
dimension n — 2
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Corollary (Busé-D-Sombra-Weimann 18)
Let V' C IP" be a generic hypersurface of degree d >
n.Then
m Flex(V) is a reduced subscheme of V' of
dimension n — 2

m For a generic flex point p of V/, there is a unique
flex line passing through it.
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Corollary (Busé-D-Sombra-Weimann 18)
Let V' C IP" be a generic hypersurface of degree d >
n.Then
m Flex(V) is a reduced subscheme of V' of
dimension n — 2

m For a generic flex point p of V/, there is a unique
flex line passing through it.
If d = n, then this line is contained in V.
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Corollary (Busé-D-Sombra-Weimann 18)

Let V' C IP" be a generic hypersurface of degree d >
n.Then

m Flex(V) is a reduced subscheme of V' of

dimension n — 2

m For a generic flex point p of V/, there is a unique
flex line passing through it.

If d = n, then this line is contained in V.

If d > n, its order of contact with V at p is
exactly n+ 1.
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Corollary (Busé-D-Sombra-Weimann 18)
If V C IP" is a generic hypersurface of degree n
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Corollary (Busé-D-Sombra-Weimann 18)

If V C IP" is a generic hypersurface of degree n, then
Ly is a ruled subvariety of V' of dimension n — 2
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Corollary (Busé-D-Sombra-Weimann 18)

If V C IP" is a generic hypersurface of degree n, then
Ly is a ruled subvariety of V' of dimension n — 2 and
degree

7
L

x| —

n*(n—1)!

i

2

complete intersection of V' with a hypersurface of de-

gree n? (n—1)! Y751
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Explicit formulae for 7
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Explicit formulae
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Explicit formulae for 7

pv = Hy, =

n=>2

0*fy 0y Oy
15) Xg Oxp0x1  Oxp0xo
0*fy  0°fy  OPfy
Oxgdx1  Ox?  Ox10x
0*fy  Pfy 0Py
Oxp0xp  Ox10x9 15) X22
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(Salmon 1862)
py =0 —4H(® + aV)
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(Salmon 1862)
py =0 —4H(® + aV)

witha e Zy O, H, ®, U covariants
O]C f\/
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Explicit formula for
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All these and more...

arXiv.org
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All these and more...

S~ _
! @ arXiv.org
=

Busé, Laurent: D' Andrea, Carlos:
Sombra, Martin, Weimann, Martin
The geometry of the flex locus of a

hypersurface.
arXiV:1804.08025
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