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Starting example

In C[x1, x2] set

f = x21 − x2 − 1, g = x21 + x1x2 − 2

A lex Gröbner basis of 〈f , g〉 with
x2 ≺ x1 is {x32 +2x2− 1, x1− x22 +1}
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Shape Lemma

A zero-dimensional ideal I ⊂ C[x1, x2]
has a Shape Lemma if

I = 〈p(x2), x1 − q(x2)〉

One generator depending only on
x2
One generator of degree one in x1
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Resultants and Subresultants

I = 〈f , g〉 = 〈x32+2x2−1, x1−x22−1〉

x32 + 2x2 − 1 = Res(f , g , x1)

x1 − x22 − 1
?
= Sres1(f , g , x1)
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Resultants

f (x1) = fmx
m
1 + . . . + f1x1 + f0

g(x1) = gnx
n
1 + . . . + g1x1 + g0

Res(f , g , x1) = det
(
Sylv(f , g)

)
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Subresultants

For 0 ≤ t < min{m, n},
Srest(f , g , x1)

=

det

m+n−2t

fm · · · · · · ft+1−(n−t−1) xn−t−11 f (x1)
. . . ...

... n−t

fm · · · ft+1 x01 f (x1)
gn · · · · · · gt+1−(m−t−1) xm−t−11 g(x1)

. . . ...
... m−t

gn · · · gt+1 x01g(x1)
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In our case...

Sres1(f , g , x1) = x2x1 + x2 − 1 6=
x1 − x22 − 1

But

〈f , g〉 = 〈Res(f , g , x1), Sres1(f , g , x1)〉

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



In our case...

Sres1(f , g , x1) = x2x1 + x2 − 1

6=
x1 − x22 − 1

But

〈f , g〉 = 〈Res(f , g , x1), Sres1(f , g , x1)〉

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



In our case...

Sres1(f , g , x1) = x2x1 + x2 − 1 6=
x1 − x22 − 1

But

〈f , g〉 = 〈Res(f , g , x1), Sres1(f , g , x1)〉

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



In our case...

Sres1(f , g , x1) = x2x1 + x2 − 1 6=
x1 − x22 − 1

But

〈f , g〉 = 〈Res(f , g , x1), Sres1(f , g , x1)〉

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



Questions

Suppose I = 〈f (x1, x2), g(x1, x2)〉
When has I a Shape Lemma?
When is
I ∩ C[x2] = 〈Res(f , g , x1)〉?
I = 〈Res(f , g , x1), Sres1(f , g , x1)〉?
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Warning!

f = x2x
2
1 + x1+ x22 + x2, g = x2x1+1

Res(f , g , x1) = x32 (x2 + 1)
Sres1(f , g , x1) = x2x1 + 1

I = 〈x32 (x2 + 1), x2x1 + 1〉 =
〈x2 + 1, x1 − 1〉

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



Warning!

f = x2x
2
1 + x1+ x22 + x2, g = x2x1+1

Res(f , g , x1) = x32 (x2 + 1)
Sres1(f , g , x1) = x2x1 + 1

I = 〈x32 (x2 + 1), x2x1 + 1〉 =
〈x2 + 1, x1 − 1〉

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



Warning!

f = x2x
2
1 + x1+ x22 + x2, g = x2x1+1

Res(f , g , x1) = x32 (x2 + 1)

Sres1(f , g , x1) = x2x1 + 1
I = 〈x32 (x2 + 1), x2x1 + 1〉 =

〈x2 + 1, x1 − 1〉

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



Warning!

f = x2x
2
1 + x1+ x22 + x2, g = x2x1+1

Res(f , g , x1) = x32 (x2 + 1)
Sres1(f , g , x1) = x2x1 + 1

I = 〈x32 (x2 + 1), x2x1 + 1〉 =
〈x2 + 1, x1 − 1〉

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



Warning!

f = x2x
2
1 + x1+ x22 + x2, g = x2x1+1

Res(f , g , x1) = x32 (x2 + 1)
Sres1(f , g , x1) = x2x1 + 1

I = 〈x32 (x2 + 1), x2x1 + 1〉

=
〈x2 + 1, x1 − 1〉

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



Warning!

f = x2x
2
1 + x1+ x22 + x2, g = x2x1+1

Res(f , g , x1) = x32 (x2 + 1)
Sres1(f , g , x1) = x2x1 + 1

I = 〈x32 (x2 + 1), x2x1 + 1〉 =
〈x2 + 1, x1 − 1〉

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



Geometry of the Shape Lemma

I = 〈p(x2), x1 − q(x2)〉

Projection onto the x2 axis should
be injective
How about multiplicities?
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Equivalences

If I ∩ C[x2] = 〈r(x2)〉 and the
projection V (I )→ C onto the x2-axis

injective, TFAE:

I has a Shape Lemma
∀ξ = (ξ1, ξ2) ∈ V (I ), mV (ξ) =
mr(ξ2)

∀ξ ∈ V (I ),Tξ(V (I ))
'→ Tξ2(V (r))
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Geometry of Resultants

Poisson formula:

Res(f , g , x1) = c∗·
∏

(ξ1,ξ2)∈V (I )

(x2−ξ2)mξ
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Resultants and Shape Lemma

(Cox-D)

If the projection V (I )→ C onto the
x2-axis is injective, any two of the

following conditions imply the third:

I has a Shape Lemma

I ∩ C[x2] = 〈Res(f , g , x1)〉
gcd(lcx1(f ), lcx1(g)) = 1
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Example

f = x2x
2
1 + x1+ x22 + x2, g = x2x1+1
lcx1(f ) = lcx1(g) = x2

I = 〈f , g〉 = 〈x2 + 1, x1 − 1〉
Res(f , g , x1) = x32 (x2 + 1)
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Subresultants and Shape Lemma

(Cox-D) TFAE:

I has a Shape Lemma and
gcd(lcx1(f ), lcx1(g)) = 1

I ∩ C[x2] = 〈Res(f , g)〉 and
gcd(Res(f , g), Sres1(f , g)) = 1

I = 〈Res(f , g), Sres1(f , g))〉 and
I ∩ C[x2] = 〈Res(f , g)〉
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Works in several variables!

Same results for zero-dim ideals
I = 〈f1, . . . , fn〉 ⊂ K[x1, . . . , xn]

using multivariate resultants and
subresultants
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Multivariate Resultants

A an integral domain

g1, . . . , gn homogeneous
polynomials in A[x0, . . . , xn−1] of
degrees d1, . . . , dn
Resd1,...,dn(g1, . . . , gn) ∈ A the
multivariate resultant
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Multivariate Resultants

f1, . . . , fn ∈ K[xn][x1, . . . , xn−1]

f h1 , . . . , f
h
n ∈ K[xn][x0, . . . , xn−1]

their homogenizations

di = degx1,...,xn−1(fi), i = 1, . . . , n

Resxnd1,...,dn(f1, . . . , fn) :=

Resd1,...,dn(f
h
1 , . . . , f

h
n ) ∈ K[xn]
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Resultants and Shape Lemma

(Cox-D)

Any two of the following three
conditions imply the third:

1 〈f1, . . . , fn〉 has a Shape Lemma
2 f1, . . . , fn have no solutions at ∞
3 〈f1, . . . , fn〉 ∩K[xn] =
〈Resxnd1,...,dn(f1, . . . , fn)〉
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Multivariate Subresultants

ρ = d1 + · · · + dn − n

Generically
dimK(xn)

(
K(xn)[x0, . . . , xn−1]/〈f h1 , . . . , f hn 〉

)
ρ
= 1

For xα in x0, . . . , xn−1 of degree ρ
the scalar subresultant
sα(xn) ∈ K[xn] measures whether
this monomial is nonzero above
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First Subresultant Polynomials

xα(i) = xρ−10 xi for i = 0, . . . , n − 1

si(xn) := sα(i)(xn)

pi(xi , xn) := s0(xn)xi−si(xn) ∈ K[xi , xn]

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



First Subresultant Polynomials

xα(i) = xρ−10 xi for i = 0, . . . , n − 1

si(xn) := sα(i)(xn)

pi(xi , xn) := s0(xn)xi−si(xn) ∈ K[xi , xn]

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



First Subresultant Polynomials

xα(i) = xρ−10 xi for i = 0, . . . , n − 1

si(xn) := sα(i)(xn)

pi(xi , xn) := s0(xn)xi−si(xn) ∈ K[xi , xn]

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



First Subresultant Polynomials

xα(i) = xρ−10 xi for i = 0, . . . , n − 1

si(xn) := sα(i)(xn)

pi(xi , xn) := s0(xn)xi−si(xn) ∈ K[xi , xn]

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



Subresultants and Shape Lemma

(Cox-D)

If I = 〈f1, . . . , fn〉 is zero-dimensional TFAE:

I has a Shape Lemma and no solutions at ∞
I ∩K[xn] = 〈Resxnd1,...,dn(f1, . . . , fn)〉 and
gcd(Resxnd1,...,dn(f1, . . . , fn), s0(xn)) = 1

I =
〈Resxnd1,...,dn(f1, . . . , fn), p1(x1, xn), . . . , pn−1(xn−1, xn)〉
and I ∩K[xn] = 〈Resxnd1,...,dn(f1, . . . , fn)〉
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Thanks!
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