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The problem

Input: k < n, K a field and
pij(s, t) ∈ K[s, t], 1 ≤ i ≤ k, 1 ≤
j ≤ n, of degrees bounded by d

P(s, t) :=


p11(s, t) . . . p1n(s, t)
p21(s, t) . . . p2n(s, t)

... . . . ...
pk1(s, t) . . . pkn(s, t)


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Output:

A K[s, t]-basis
N1(s, t), . . . ,N`(s, t) of

Ker
(
pij(s, t)

)
⊂ K[s, t]n

Bounds on deg(Ni(s, t))
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Why is the kernel free?

Hilbert’s Syzygy Theorem

K[s, t]k
P(s,t)→ K[s, t]n → Coker→ 0
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Known cases

Univariate polynomials

P(s) =

p11(s) . . . p1n(s)
... . . .

...
pk1(s) . . . pkn(s)


Smith Normal Form

U(s) · P(s) · V (s) =

∗ . . . ∗ 0 . . . 0
... . . .

...
... . . .

...
∗ . . . ∗ 0 . . . 0



Carlos D’Andrea

Kernels of matrices of bivariate polynomials



Known cases

Univariate polynomials

P(s) =

p11(s) . . . p1n(s)
... . . .

...
pk1(s) . . . pkn(s)



Smith Normal Form

U(s) · P(s) · V (s) =

∗ . . . ∗ 0 . . . 0
... . . .

...
... . . .

...
∗ . . . ∗ 0 . . . 0



Carlos D’Andrea

Kernels of matrices of bivariate polynomials



Known cases

Univariate polynomials

P(s) =

p11(s) . . . p1n(s)
... . . .

...
pk1(s) . . . pkn(s)


Smith Normal Form

U(s) · P(s) · V (s) =

∗ . . . ∗ 0 . . . 0
... . . .

...
... . . .

...
∗ . . . ∗ 0 . . . 0



Carlos D’Andrea

Kernels of matrices of bivariate polynomials



Known cases

Univariate polynomials

P(s) =

p11(s) . . . p1n(s)
... . . .

...
pk1(s) . . . pkn(s)


Smith Normal Form

U(s) · P(s) · V (s) =

∗ . . . ∗ 0 . . . 0
... . . .

...
... . . .

...
∗ . . . ∗ 0 . . . 0


Carlos D’Andrea

Kernels of matrices of bivariate polynomials



Univariate polynomials

U(s) · P(s) · V (s) =

p1(s) . . . 0 0 . . . 0
... . . . ...

... . . .
...

0 . . . pk(s) 0 . . . 0



The last columns of V (s) are a
basis of the kernel
A K[s]-basis can be found with
degrees bounded by 4kd
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Known cases 2

Unimodular matrices

P(s, t) =

p11(s, t) . . . p1n(s, t)
... . . .

...
pk1(s, t) . . . pkn(s, t)


Quillen Suslin Theorem

A unimodular U(s, t) ∈ K[s, t]n×n can be found

with P(s, t) · U(s, t) =

1 . . . 0 0 . . . 0
... . . . ...

...
...

0 . . . 1 0 . . . 0


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Effective Quillen Suslin Theorem

(Caniglia-Cortiñas-Danon-Heinz-Krick-Solerno 93)

P(s, t) · U(s, t) =

1 . . . 0 0 . . . 0
... . . . ...

...
...

0 . . . 1 0 . . . 0


U(s, t) can be found with degrees bounded by
12(kd)4

Effective construction: uses univariate resultants
and linear changes of coordinates
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Known cases 3

Parametrizations of surfaces
P(s, t) = (p1(s, t), . . . , pn(s, t))

µ-Bases
P(s, t) = N1(s, t) ∧ . . . ∧ Nn−1(s, t)

Cid Ruiz 19: deg(N(s, t)) ∈ O(d33)

Cortadellas-D-Montoro 21:
deg(N(s, t)) ∈ O(d8) if the the base points are
a complete intersection
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Matrix Primitive Factorization

(Guiver-Bose 82)

From α(s)P(s, t) =
Ñ1(s, t) ∧ . . . ∧ Ñn−1(s, t)

go to
P(s, t) = N1(s, t) ∧ . . . ∧ Nn−1(s, t)

modifying the generators in α(s0) = 0
Degree bound: O(2d)!
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Another approach

(following Almeida-D’Alfonso-Solernó 99)

From a system of generators of
Ker(P(s, t)) of controlled degree

By applying the Euclidean
Algorithm and the Effective
Quillen Suslin, reduce to a basis

O(d30)
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From a system of generators of
Ker(P(s, t)) of controlled degree

By applying the Euclidean
Algorithm and the Effective
Quillen Suslin, reduce to a basis

O(d30)

Carlos D’Andrea

Kernels of matrices of bivariate polynomials



Another approach

(following Almeida-D’Alfonso-Solernó 99)
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And yet another approach!

Linearization of polynomial matrices

Every P(s) ∈ K[s]k×n of degree d
can be “linearized”:

U(s) ·
(
I 0
0 P(s)

)
· V (s) = A · s + B

with
U(s), V (s) unimodulars
A,B ∈ KL(kd)×L(kd)+n−k
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Linearization

U(s) ·
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· V (s) = A · s + B

π
(
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Normal forms of pencils

U · (As + B) · V =


Bk1 0 . . . 0 0
0 Bk2 . . . 0 0
...

... . . .
...

0 0 . . . Bk` 0
0 0 . . . 0 M



Bki =


s 1 0 . . . 0
0 s 1 . . . 0
...

... . . . . . . ...
0 0 0 . . . s 1

 ∈ K[s]ki×(ki+1)

M non singular
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Canonical Normal forms

U · (As + B) · V =


Bk1 0 . . . 0 0
0 Bk2 . . . 0 0
...

... . . .
...

0 0 . . . Bk` 0
0 0 . . . 0 M


The values of k1, . . . , k` are unique

=⇒ A basis of Ker(A · s + B) can be found with
minimal degrees k1, . . . , k`
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minimal degrees k1, . . . , k`
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Can you do this in 2 variables?

U(s, t) ·
(
I 0
0 P(s, t)

)
· V (s, t) =

A · s + B · t + C
“Canonical structure” of this matrix?
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Partial results

Using Gröbner bases of modules

Syzygies over the syzygies

. . .
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Thanks!
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