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Convex Geometry

The mixed volume of a family of
compact bodies Q1, . . . ,Qn ⊂ Rn is

MV(Q1, . . . ,Qn) :=
n∑

j=1

(−1)n−j
∑

1≤i1<···<ij≤n

vol(Qi1 + · · ·+ Qij )
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Properties

MV(Q1, . . . ,Qn) ≥ 0

If Pi ⊂ Qi , MV(Pj) ≤ MV(Qj)

MV (Qj) = 0 ⇐⇒ ∃i1 < ... < i` :
dim(Qi1 + . . . + Qi`) < `

If Qi is integral ∀i , MV(Qj) ∈ Z≥0
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Algebraic Geometry

A1, . . . ,An ⊂ Zn finite

fi =
∑
a∈Ai

ui ,ata ∈ C[t±1
1 , . . . , t±1

n ]

∆i := conv(Ai) ⊂ Rn

deg
(
V(C×)n(f1, . . . , fn)0

)
≤ MV(∆j)

Bernstein-Kushnirenko
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Consequences

If V := V(C×)n(f1, . . . , fn) is finite and
each Pi n-dimensional:

dimC

(
C[t±11 , . . . , t±1n ]/〈f1, . . . , fn〉

)
≤ MV(∆j)

If =, there is a basis of the quotient
made with monomials supported in

∆ :=
∑

j ∆j or ∆◦ and JTf1,...,fn
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Moreover

The reduction modulo 〈f1, . . . , fn〉
can be done “a la Macaulay”:

⊕n
i=1〈(∆̃−∆i) ∩ Zn〉 → 〈∆̃ ∩ Zn〉

(g1, . . . , gn) 7→
∑

i gi fi

⊕n
i=1〈(∆̃−∆i)

◦ ∩ Zn〉 → 〈∆̃ ∩ Zn〉
(g1, . . . , gn) 7→

∑
i gi fi + λJTf1,...,fn
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The residue in the torus

h =
∑
i

gi fi+λ J
T
f1,...,fn

mod 〈f1, . . . , fn〉

λ =
ResTf1,...,fn(h)

MV(∆1,...,∆n)

ResTf1,...,fn(h) :=
∑
p∈V

h(p)

JTf1,...,fn(p)
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Questions

What if V is finite but

deg(V ) < MV(∆1, . . . ,∆n)?

dim(Pi) < n for some i?
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dim(Pi) < n

⊕n
i=1〈(∆̃−∆i) ∩ Zn〉 → 〈∆̃ ∩ Zn〉

(g1, . . . , gn) 7→
∑

i gi fi
(Tuitman 2011) k ≥ n

⊕n
i=1〈(∆̃−∆i)

◦ ∩ Zn〉 → 〈∆̃ ∩ Zn〉
(g1, . . . , gn) 7→

∑
i gi fi +

∑
j λj∆j

(Cox-Dickenstein 2005)
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deg(V ) < MV(∆1, . . . ,∆n)

Even better!

⊕n
i=1〈(∆̃−∆i) ∩ Zn〉 → 〈∆̃◦ ∩ Zn〉

(g1, . . . , gn) 7→
∑

i gi fi

if all Pi ’s are n-dimensional
(D-Dickenstein 2023)
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Sparse Resultants

A0, . . . ,An ⊂ Zn finite
∆i := conv(Ai) ⊂ Rn

fi =
∑
a∈Ai

ui ,ata ∈ C[t±1
1 , . . . , t±1

n ]

with ui ,a indeterminates
ElimA0,...,An ∈ Z[ui ,a] irreducible

defining the systems with solutions

Carlos D’Andrea

Mixed volumes, sparse resultants and residues in the torus



Sparse Resultants

A0, . . . ,An ⊂ Zn finite

∆i := conv(Ai) ⊂ Rn

fi =
∑
a∈Ai

ui ,ata ∈ C[t±1
1 , . . . , t±1

n ]

with ui ,a indeterminates
ElimA0,...,An ∈ Z[ui ,a] irreducible

defining the systems with solutions

Carlos D’Andrea

Mixed volumes, sparse resultants and residues in the torus



Sparse Resultants

A0, . . . ,An ⊂ Zn finite
∆i := conv(Ai) ⊂ Rn

fi =
∑
a∈Ai

ui ,ata ∈ C[t±1
1 , . . . , t±1

n ]

with ui ,a indeterminates
ElimA0,...,An ∈ Z[ui ,a] irreducible

defining the systems with solutions

Carlos D’Andrea

Mixed volumes, sparse resultants and residues in the torus



Sparse Resultants

A0, . . . ,An ⊂ Zn finite
∆i := conv(Ai) ⊂ Rn

fi =
∑
a∈Ai

ui ,ata ∈ C[t±1
1 , . . . , t±1

n ]

with ui ,a indeterminates
ElimA0,...,An ∈ Z[ui ,a] irreducible

defining the systems with solutions

Carlos D’Andrea

Mixed volumes, sparse resultants and residues in the torus



Sparse Resultants

A0, . . . ,An ⊂ Zn finite
∆i := conv(Ai) ⊂ Rn

fi =
∑
a∈Ai

ui ,ata ∈ C[t±1
1 , . . . , t±1

n ]

with ui ,a indeterminates

ElimA0,...,An ∈ Z[ui ,a] irreducible
defining the systems with solutions

Carlos D’Andrea

Mixed volumes, sparse resultants and residues in the torus



Sparse Resultants

A0, . . . ,An ⊂ Zn finite
∆i := conv(Ai) ⊂ Rn

fi =
∑
a∈Ai

ui ,ata ∈ C[t±1
1 , . . . , t±1

n ]

with ui ,a indeterminates
ElimA0,...,An ∈ Z[ui ,a] irreducible

defining the systems with solutions
Carlos D’Andrea

Mixed volumes, sparse resultants and residues in the torus



Sparse Resultants

ResA0,...,An := ElimdA
A0,...,An

(D-Sombra 2015)

degui ,a
(

ResA0,...,An

)
= MV(∆j , j 6= i)

More homogeneities?

Carlos D’Andrea

Mixed volumes, sparse resultants and residues in the torus



Sparse Resultants

ResA0,...,An := ElimdA
A0,...,An

(D-Sombra 2015)

degui ,a
(

ResA0,...,An

)
= MV(∆j , j 6= i)

More homogeneities?

Carlos D’Andrea

Mixed volumes, sparse resultants and residues in the torus



Sparse Resultants

ResA0,...,An := ElimdA
A0,...,An

(D-Sombra 2015)

degui ,a
(

ResA0,...,An

)
= MV(∆j , j 6= i)

More homogeneities?

Carlos D’Andrea

Mixed volumes, sparse resultants and residues in the torus



Sparse Resultants

ResA0,...,An := ElimdA
A0,...,An

(D-Sombra 2015)

degui ,a
(

ResA0,...,An

)
= MV(∆j , j 6= i)

More homogeneities?
Carlos D’Andrea

Mixed volumes, sparse resultants and residues in the torus



Isobarism

f0 = α0 + α1t1

f1 = β0 + β1t1 + β2t
2
1

ResA0,A1 = β0α
2
1 + β1α0α1 + β2α

2
0

ω = (0, 1; 0, 1, 2)
degω(ResA0,A1) = 2
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Mixed Integrals

ρi : ∆i → R, i = 0, . . . , n convex
piecewise affine functions

MI(ρ0, . . . , ρn) :=
n∑

j=0

(−1)n−j
∑

0≤i0<...<ij≤n

∫
∆i0

+...+∆ij

ρi0�...�ρijd vol

� is the inf-convolution
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Sparse isobarism

ResA is homogeneous with respect to
ui ,a 7→ a and

degZn(ResA) = (µ1, . . . , µn)

µi = MI(xi |∆0, . . . , xi |∆n)
(D-Jeronimo-Sombra 2023)
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Vanishing coefficients

Ãi ⊂ Ai , ρi : ∆i → R 0 in Ãi and 1
in Ai \ Ãi TFAE:

ResA(f̃0, . . . , f̃n) 6= 0
MI(ρ0, . . . , ρn) = 0

If this is the case
ResA(f̃ ) = ±

∏
D∈Πρ

ResAD

(D-Jeronimo-Sombra 2023)
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in Ai \ Ãi TFAE:

ResA(f̃0, . . . , f̃n) 6= 0

MI(ρ0, . . . , ρn) = 0

If this is the case
ResA(f̃ ) = ±

∏
D∈Πρ

ResAD

(D-Jeronimo-Sombra 2023)

Carlos D’Andrea

Mixed volumes, sparse resultants and residues in the torus



Vanishing coefficients
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