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Elimination Theory

In the problem of elimination, one seeks the
relationship that must exist between the coefficients

of a function or system of functions in order that
some particular circumstance (or singularity) can

occur.
Cayley, 1864 Nouvelles recherches sur l’élimination et la

théorie des courbes
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Elimination Theory 2

A system of arbitrarily many algebraic equations for
z0, z ′, z ′′, ..., z (n−1), in which the coefficients belong

to the rationality domain (R ,R ′,R ′′, . . . .), define
the algebraic relations between z and R , whose

knowledge and representation are the purpose of the
theory of elimination.

Kronecker, 1882 Grundzüge einer arithmetischen Theorie der

algebraischen Grössen
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The baby example in elimination

Find “the conditions” on
a10, a11, a20, a21 so that the system{

a10x0 + a11x1 = 0
a20x0 + a21x1 = 0

has a solution different from (0, 0)
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“Elimination”

a10x0 + a11x1, a20x0 + a21x1

∈ K[a10, a11, a20, a21, x0, x1]

↓
a10a21 − a20a11 ∈ K[a10, a11, a20, a21]

(K any field)
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More general

Find “the conditions” for the system
a10x0 + a11x1 + . . . + a1nxn = 0
a20x0 + a21x1 + . . . + a2nxn = 0

...
...

...
a(n+1)0x0 + a(n+1)1x1 + . . . + a(n+1)nxn = 0

to have a solution different from
(0, 0, . . . , 0)
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Another more general

Let d1, d2 ∈ N. Find “the conditions”
for the system of polynomials{
a10x0

d1 + a11x0
d1−1x1 + . . . = 0

a20x0
d2 + a21x0

d2−1x1 + . . . = 0

to have a solution different from
(0, 0)
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More more more general...

Let n ∈ N, and d1, . . . , dn+1 ∈ N, find the condition
for

∑
α0+...+αn=d1

a1,α0,...,αn
x0
α0. . . xn

αn = 0∑
α0+...+αn=d2

a2,α0,...,αn
x0
α0. . . xn

αn = 0

...
...

...∑
α0+...+αn=dn+1

an+1,α0,...,αn
x0
α0. . . xn

αn = 0

to have a solution different from (0, 0, . . . , 0)
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Elimination: The general problem

For a = (a1, . . . , aN), k , n ∈ N let
f1(a, x1, . . . , xn), . . . , fk(a, x1, . . . , xn) ∈

K[a, x1, . . . , xn]. Find conditions on a such that
f1(a, x1, . . . , xn) = 0
f2(a, x1, . . . , xn) = 0

...
...

...
fk(a, x1, . . . , xn) = 0

has a solution
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Solution?

Depends on the ground field

There is not necessarily a “closed”
condition

Algorithms??
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Easy example


a11x1 + . . . + a1nxn = 0
a21x1 + . . . + a2nxn = 0

...
...

...
aknx1 + . . . + aknxn = 0

with k ≥ n

Conditions: all maximal minors of
(
aij
)

1≤i≤k, 1≤j≤n
equal to zero
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Another “easy” example

k = n = 1,

a0 + a1x1 + a2x1
2 + . . . + adx1

d = 0

Conditions?
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Geometry

V = {(a, x1, . . . , xn) : f1(a, x1, . . . , xn) =
0, . . . fk(a, x1, . . . , xn) = 0}

V ⊂ KN ×Kn

π1|V ↓ ↓ π1

π1(V ) ⊂ KN

The set of conditions is π1(V ) is not necessarily
described by zeroes of polynomials

Carlos D’Andrea

Determinants and Resultants in Elimination Theory



Geometry

V = {(a, x1, . . . , xn) : f1(a, x1, . . . , xn) =
0, . . . fk(a, x1, . . . , xn) = 0}

V ⊂ KN ×Kn

π1|V ↓ ↓ π1

π1(V ) ⊂ KN

The set of conditions is π1(V ) is not necessarily
described by zeroes of polynomials

Carlos D’Andrea

Determinants and Resultants in Elimination Theory



Geometry

V = {(a, x1, . . . , xn) : f1(a, x1, . . . , xn) =
0, . . . fk(a, x1, . . . , xn) = 0}

V ⊂ KN ×Kn

π1|V ↓ ↓ π1

π1(V ) ⊂ KN

The set of conditions is π1(V ) is not necessarily
described by zeroes of polynomials

Carlos D’Andrea

Determinants and Resultants in Elimination Theory



Projective Elimination

(homogeneous polynomials in an algebraically closed field)

V = {(a, x0, x1, . . . , xn) : f1(a, x0, x1, . . . , xn) =
0, . . . fk(a, x0, x1, . . . , xn) = 0}

V ⊂ KN × Pn

π1|V ↓ ↓ π1

π1(V ) ⊂ KN

π1(V ) = {p1(a) = 0, . . . , p`(a) = 0}
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Homogeneous vs non homogeneous

Analogy with Linear Algebra...
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Homogeneous vs non homogeneous

Analogy with Linear Algebra...
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Generalization of the determinant?

V = {(a, x0, x1, . . . , xn) : f1(a, x0, x1, . . . , xn) =
0, . . . , fn+1(a, x0, x1, . . . , xn) = 0}

V ⊂ KN × Pn

π1|V ↓ ↓ π1

π1(V ) ⊂ KN

π1(V ) = {p1(a) = 0}
One hopes!
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Example 1


a00x0 + a01x1 + . . . + a0nxn = 0
a10x0 + a11x1 + . . . + a1nxn = 0

... ... ...
an0x0 + an1x1 + . . . + annxn = 0

p1(a) = det(aij)
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Example 2

{
f1 = a10x0

d1 + a11x0
d1−1x1 + . . . + a1d1x1

d1

f2 = a20x0
d2 + a21x0

d2−1x1 + . . . + a2d2x1
d2

Res(f1, f2) = det



a10 a11 . . . a1d1 0 . . . 0
0 a10 . . . a1d1−1 a1d1 . . . 0
...

...
. . . . . . . . .

. . .
...

0 0 . . . a10 . . . . . . a1d1
a20 a21 . . . a2d2 0 . . . 0
0 a20 . . . a2d2−1 a2d2 . . . 0
...

...
. . . . . . . . .

. . .
...

0 0 . . . a20 . . . . . . a2d2


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Example 3


f1 =

∑
α0+...+αn=d1

a1,α0,...,αn
x0
α0. . . xn

αn

f2 =
∑

α0+...+αn=d2
a2,α0,...,αn

x0
α0. . . xn

αn

...
fn+1 =

∑
α0+...+αn=dn+1

an+1,α0,...,αn
x0
α0. . . xn

αn

Resd1,...,dn(f1, f2, . . . , fn+1)
Macaulay/dense/classical resultant
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No-example


a00x0

4 + a01x
2
0x1x2 + a02x

2
1x2

2 = 0
a10x0

4 + a11x
2
0x1x2 + a12x

2
1x2

2 = 0
a20x0

4 + a21x
2
0x1x2 + a22x

2
1x2

2 = 0

p1(a) 6= det(aij)

p1(a) = a200a
2
12 − a00a01a11a12 − 2a00a02a10a12 + a00a02a

2
11 +

a201a10a12 − a01a02a10a11 + a202a
2
10

p2(a) = a200a
2
22 − a00a01a21a22 − 2a00a02a20a22 + a00a02a

2
21 +

a201a20a22 − a01a02a20a21 + a202a
2
20

p3(a) = a220a
2
12 − a20a21a11a12 − 2a20a22a10a12 + a20a22a

2
11 +

a221a10a12 − a21a22a10a11 + a222a
2
10
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The dictionary of elimination

Linear Polynomial

Gauss elimination Gröbner Bases
Triangulation Triangular sets
Determinants Resultants
Cramer’s rule u-resultants
. . . . . .
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Elimination via “triangulation”

Two ways:
Gröbner Bases (w.r.t. “lex”)
Triangular Decomposition

Both use some kind of division of
polynomials
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Resultants

{
f1 = a10x0

d1 + a11x0
d1−1x1 + . . . + a1d1x1

d1

f2 = a20x0
d2 + a21x0

d2−1x1 + . . . + a2d2x1
d2

Res(f1, f2) = det



a10 a11 . . . a1d1 0 . . . 0
0 a10 . . . a1d1−1 a1d1 . . . 0
...

...
. . . . . . . . .

. . .
...

0 0 . . . a10 . . . . . . a1d1
a20 a21 . . . a2d2 0 . . . 0
0 a20 . . . a2d2−1 a2d2 . . . 0
...

...
. . . . . . . . .

. . .
...

0 0 . . . a20 . . . . . . a2d2


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Properties

Res(f1, f2) is:

bi-homogeneous of bidegree (d2, d1)

irreducible

vanishes on f̃1, f̃2 ∈ K[x0, x1]
⇐⇒ deg(gcd(f̃1, f̃2)) > 0

⇐⇒ ∃ξ ∈ P1
K : f̃1(ξ) = f̃2(ξ) = 0
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Geometry

V = {(α10, ..., α2d2 ; p0 : p1) : f1(α, p0, p1) = f2(α, p0, p1) = 0}

V ⊂ Kd1+d2+2 × P1
K

π1|V ↓ ↓ π1

π1(V ) ⊂ Kd1+d2+2

Res(f1, f2) is the equation defining π1(V )

Poisson: Res(f1, f2) = a2d2
d1
∏

f2(ξ,1)=0 f1(ξ, 1)

Multiplicativity:
Res(f1 · f ′1 , f2) = Res(f1, f2) · Res(f ′1 , f2)
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Multivariate Resultants


f1 =

∑
|α|=d1

a1,αx0
α0. . . xn

αn

f2 =
∑
|α|=d2

a2,αx0
α0. . . xn

αn

...
fn+1 =

∑
|α|=dn+1

an+1,αx0
α0. . . xn

αn

What is Res(f1, . . . , fn+1) = Resd1,...,dn+1 ?
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A determinant?

The defining equation of

V = {(ui ,α, ξ) : fi(ui ,α, ξ) = 0} ⊂ KN × Pn

↓ ↓ π1

π1(V ) ⊂ KN

?

A condition for the fi ’s to have a common
factor? A common zero?

Can we compute it?
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Known cases

If d1 = d2 = . . . = dn+1 = 1, then

Res1,1,...,1 = det
(
aij
)

1≤i≤n+1, 0≤j≤n
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Example 2
f1=a10x0 + a11x1 + a12x2
f2=a20x0 + a21x1 + a22x2
f3=a30x0

2 + a31x0x1 + a32x0x2 + a33x1
2 + a34x1x2 + a35x2

2

Res1,1,2 = a210a221a35 − a210a21a22a34 + a210a222a33
−2a10a11a20a21a35 + a10a11a20a22a34
+a10a11a21a22a32 − a10a11a222a31 + a10a12a20a21a34
−2a10a12a20a22a33 − a10a12a221a32 + a10a12a21a22a31
+a211a220a35 − a211a20a22a32 + a211a222a30
−a11a12a220a34 + a11a12a20a21a32 + a11a12a20a22a31
−2a11a12a21a22a30 + a212a220a33 − a212a20a21a31
+a212a221a30
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Geometry

V = {
(
(ui ,α)1≤i≤n+1, ξ

)
: fi(ui ,α, ξ) = 0} ⊂ KN × Pn

↓ ↓ π1

π1(V ) ⊂ KN

π1(V ) is an irreducible hypersurface, and π1|V is
birational

Resd1,...,dn+1
= irreducible equation of π1(V )
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Determinantal Formulae?

∀d ∈ N the linear map

K[x ]d−d1 ⊕ . . .⊕K[x ]d−dn+1

φd→ K[x ]d
(g1, . . . , gn+1) 7→

∑n+1
j=1 gi f̃i

fails to be onto if the f̃i ’s have a common zero
(Proof: If ξ ∈ Pn is such a root,
ξ0 6= 0 =⇒ x0

d /∈ Im(φd))
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Problems

φd may not be necessarily
“square” for all d ∈ N
φd may not be onto even if there
are no common roots
( n = 2 = d1 = d2 = d3 = d )
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Macaulay Matrices

Macaulay (1902)
For d ≥ d1 + . . .+dn+1−n, φd is sur-
jective as a linear map over K(ai ,α).

Resd1,...,dn+1 = gcd{max minors φd}
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Even Better

Macaulay (1902)

Resd1,...,dn+1 =
det(φMd )

det(φEd )

with φEd being a “submatrix” of φMd
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Example f1 = a0x0
2 + a1x0x1 + a2x1

2 + a3x0x2 + a4 x1x2 + a5 x2
2

f2 = b0x0
2 + b1x0x1 + b2x1

2 + b3x0x2 + b4 x1x2 + b5x2
2

f3 = c0x0 + c1x1 + c2x2



x0
3 x0

2x1 x0
2x2 x0x1x2 x0x1

2
x1

3 x1
2x2 x0x2

2
x1x2

2 x2
3

x0f1 a0 a1 a3 a4 a2 0 0 a5 0 0

x1 f1 0 a0 0 a3 a1 a2 a4 0 a5 0
x2 f1 0 0 a0 a1 0 0 a2 a3 a4 a5
x0f2 b0 b1 b3 b4 b2 0 0 b5 0 0

x1 f2 0 b0 0 b3 b1 b2 b4 0 b5 0
x2 f2 0 0 b0 b1 0 0 b2 b3 b4 b5
x0

2f3 c0 c1 c2 0 0 0 0 0 0 0
x0x1 f3 0 c0 0 c2 c1 0 0 0 0 0
x0x2 f3 0 0 c0 c1 0 0 0 c2 0 0
x1 x2 f3 0 0 0 c0 0 0 c1 0 c2 0


.
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x0x1 f3 0 c0 0 c2 c1 0 0 0 0 0
x0x2 f3 0 0 c0 c1 0 0 0 c2 0 0
x1 x2 f3 0 0 0 c0 0 0 c1 0 c2 0


.
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Another “determinantal” formula

For d ∈ N consider the Koszul Complex of
K := K(ai ,α)-e.v.

· · · → ⊕i<jK[x ]d−di−dj → ⊕iK[x ]d−di
φd→ K[x ]d → 0

Gelfand-Kapranov-Zelevinsky (1994)

For d ≥
∑n+1

i=1 di − n, the complex is exact.

Resd1,...,dn = det(complex)
w.r.t. the monomial bases
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What is det(complex)?

0→ VB1

f1→ VB0
→ 0

det(complex) = det
(
MB1,B0

(f1)
)

0→ VB2

f2→ VB1

f1→ VB0
→ 0

det(complex) =
det
(
MB0

1 ,B0
(f1)
)

det
(
MB2,B1

1
(f2)
) , B0

1 t B1
1 = B1
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In our case....

· · · → ⊕i<jK[x ]d−di−dj
φ′d→ ⊕iK[x ]d−di

φd→ K[x ]d → 0

Pick a non-zero maximal minor M1 of φd

Choose the “complementary minor” of M2 of φ′d
. . .

det(complex) =
M1

M2

M3

M4
. . .
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Other formulae

Bezoutians (Mourrain)

“Hybrid” (Jouanolou;
Gelfand-Kapranov-Zelevinsky;-D-
Dickenstein,...)

Straight-Line-Programs
(Jeronimo-Krick-Sabia-Sombra)

. . .
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Hybrid example

 f1 = a0x0
2 + a1x0x1 + a2x1

2 + a3x0x2 + a4 x1x2 + a5 x2
2

f2 = b0x0
2 + b1x0x1 + b2x1

2 + b3x0x2 + b4x1x2 + b5x2
2

f3 = c0x0 + c1x1 + c2x2

Jf := det( ∂fi∂xj
) = j0x0

2 + j1x0x1 + j2x1
2 + j3x0x2 + j4x0x2 + j5x2

2



x0
2 x0x1 x1

2 x0x2 x1x2 x2
2

f1 a0 a1 a2 a3 a4 a5
f2 b0 b1 b2 b3 b4 b5
Jf j0 j1 j2 j3 j4 j5
x0f3 c0 c1 0 c2 0 0
x1f3 0 c0 c1 0 c2 0
x2f3 0 0 0 c0 c1 c2

.
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Application: systems solving

Cramer’s rule revisited
a11x1 + . . . + a1nxn = b1

a21x1 + . . . + a2nxn = b2
... ... ...

an1x1 + . . . + annxn = bn
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U-Cramer

Compute

det


a11 . . . a1n b1

a21 . . . a2n b2
... . . .

...
...

an1 . . . ann bn
U1 0 . . . 0 Un+1

 = A1U1 + An+1Un+1

det(·) = 0 =⇒ U1ξ1 + Un+1 · 1 = 0

=⇒ −Un+1

U1
= ξ1 = A1

An+1
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U-resultant


F1(x1, . . . , xn) = 0

...
...

...
Fn(x1, . . . , xn) = 0

f1 = F h
1 (x0, x1, . . . , xn) = 0

...
...

...
fn = F h

n (x0, x1, . . . , xn) = 0
U0x0 + . . . + Unxn = 0

Res(f1, . . . , fn,U) =
c ·
∏

Fi (ξ)=0, 1≤i≤n(U0ξ0 + . . . + Unξn)mξ

(c ∈ K)
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Hidden Cramer

From
a11x1 + . . . + a1nxn = b1
a21x1 + . . . + a2nxn = b2

...
...

...
an1x1 + . . . + annxn = bn

Compute

det


a11 . . . a1nxn − b1
a21 . . . a2nxn − b2

... . . .
...

an1 . . . annxn − bn

 = Axn + B .

xn = −B
A
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Hidden variables - resultant


F1(x1, . . . , xn) = 0

...
...

...
Fn(x1, . . . , xn) = 0

f1 = F h
1 (x0, x1, . . . , xn−1, xn) = 0

...
...

...
fn = F h

n (x0, x1, . . . , xn−1, xn) = 0

Res(f1, . . . , fn) = c ·
∏

Fi (ξ)=0(ξ0xn − ξn)mξ

(c ∈ K)
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Sparse Resultants

In the “real world” systems of
equations are neither homogeneous

nor all the monomials appear in the
expansion F1 = c10 + c11x1

2 x2
2 + c12x1 x2

3

F2 = c20 + c21x1
2 + c22x1 x2

2

F3 = c30x1
3 + c31x1 x2
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Sparse Resultants

A1, . . . ,An+1 ⊂ Zn

Fi =
∑

a∈Ai
ci ,axa, i = 1, . . . , n+ 1

What is
Res(F1, . . . , Fn+1) = ResA1,...,An+1?
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Geometric definition

(D-Sombra), PLMS 2015

V = {(ui ,a, ξ) : Fi(u, ξ) = 0 ∀i} ⊂ KN × (K×)n

↓ ↓ π1

π1(V ) ⊂ KN

ResA is the defining equation of π1∗(V )
(could be identically 1)
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Example

A1 = A2 = A3 = {(0, 0), (2, 0), (0, 2)}
F1 = c10 + c11x1

2 + c12x2
2

F2 = c20 + c21x1
2 + c22x2

2

F3 = c30 + c31x1
2 + c32x2

2

Classically: ResA1,A2,A3
= det(ci ,a)

With the new definition, ResA1,A2,A3
= det(ci ,a)4
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With the new definition

(D-Sombra), PLMS 2015

ResA is not irreducible anymore but the power
of the irreducible “eliminant” (the old resultant)

ResA1+A′
1,A2...,An+1

= ResA1,...,An+1
· ResA′

1,...,An+1

Poisson Formula:

ResA = c1,...,n ·
∏

Fi (ξ)=0, 1≤i≤n Fn+1(ξ)mξ

Vanishing (essential)

ResA(F̃1, . . . , F̃n+1) = 0 ⇐⇒ ∃ξ ∈ XA ⊃ (K×)n :

F̃i(ξ) = 0 ∀i
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And there is more...

(D-Jeronimo-Sombra), JFoCM 2023

Initial forms & order of ResA
Vanishing coefficients

Macaulay formulae

det(MA,ρ)

det(EA,ρ)
= ±ResA
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Even More!

(D-Jeronimo 2024)

ResA can be computed as the
determinant of a Koszul complex

Applications to the Sparse
Nullstellensatz
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Beyond sparse resultants

Reduced Resultants (Zariski,
Jouanolou,...)

Weighted Resultants (Jouanolou)

Parametric Resultants
(Busé-Elkadi-Mourrain)

Residual Resultants (Busé)

. . .
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. . .
Carlos D’Andrea

Determinants and Resultants in Elimination Theory



Software available

Several codes in C, Maple and Matlab for manipulating
polynomials in several variables and computing resultant matrices:

http://www-sop.inria.fr/galaad/logiciels/emiris/softalg.html

Author: Ioannis Emiris

Resultant of n-zonotopes and multihomogeneous systems with type
functions

https://github.com/carleschecanualart/CannyEmiris

Author: Carles Checa

Multires: a Maple package for the manipulation of multivariate
polynomials, containing several
tools for resultants, residues and the resolution of polynomial systems:
https://www-sop.inria.fr/teams/galaad/software/multires/

Authors: Laurent Busé and Bernard Mourrain
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Software available

EliminationMatrices: a package for computing resultants in
Macaulay2:

http://www.math.uiuc.edu/Macaulay2/doc/Macaulay2-1.7/share/doc/Macaulay2/EliminationMatrices/html/

Authors: Nicolás Botbol, Laurent Busé, and Manuel Dubinski

Java package for computing modular determinants and
constructing Macaulay matrices:
http://works.bepress.com/minimair/30/

Authors: Manfred Minimair, Sarah Smith, Jonathan Curran,
and Julio Macavilca

Resultants: a package
for computation with resultants, discriminants, and Chow forms
https://faculty.math.illinois.edu/Macaulay2/doc/Macaulay2-1.12/share/doc/Macaulay2/Resultants/html/index.html

Author: Giovanni Staglianò
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Thanks!

cdandrea@ub.edu
http://www.ub.edu/arcades/cdandrea.html
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