
Resultants and Subresultants: Univariate vs.

Multivariate Case

Carlos D’Andrea
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1 Univariate resultants and subresultants

1.1 Univariate Resultants

Consider the following homogeneous system of two linear equations in two un-
knowns: {

Ax1 + Bx2 = 0
Cx1 + Dx2 = 0 . (1)

It is very well-known that this system has a non-trivial solution if and only if
AD −BC equals to zero.

One can generalize the previous situation in two different directions. The
most classical one is the notion of determinant, which is the condition under
which a system of n homogeneous equations in n unknowns





A11x1 + A12x2 + . . . + A1nxn = 0
A21x1 + A22x2 + . . . + A2nxn = 0

...
...

...
An1x1 + An2x2 + . . . + Annxn = 0

has a non-trivial solution. The other generalization is to consider two homoge-
neous forms of higher degrees:

{
f(x1,x2) := A0xn

1 + A1xn−1
1 x2 + . . . + Anxn

2 = 0
g(x1,x2) := B0xm

1 + B1xm−1
1 x2 + . . . + Bmxm

2 = 0
. (2)

Which is the condition under which (2) has a non-trivial solution?

Note that in this case, the answer to this question depends on where we
allow the solutions to live. Let us assume for a while that the Ai, Bj ’s live in
an algebraically closed field K. Then
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Proposition 1.1. The following are equivalent

1. There exists (x0 : y0) ∈ P1
K such that f(x0, y0) = g(x0, y0) = 0.

2. There exists h(x1,x2) ∈ K[x1,x2]≥1 such that h(x1,x2) divides f(x1,x2)
and g(x1,x2).

3. Let K be any field that contains the coefficients of f(x1,x2) and g(x1,x2).
There exists h(x1,x2) ∈ K[x1,x2]≥1 such that h(x1,x2) divides f(x1,x2)
and g(x1,x2) in K[x1,x2].

Note that the last condition can be translated into linear algebra in the
coefficient field. The existence of such and h(x1,x2) can be checked by testing
if the linear map

φ : K[x1,x2]m−1 ⊕K[x1,x2]n−1 → K[x1,x2]m+n−1

(a(x1,x2), b(x1,x2)) 7→ a(x1,x2)f(x1,x2) + b(x1,x2)g(x1,x2)
(3)

is bijective or not. Indeed, if we have

f(x1,x2) = l(x1,x2) F (x1,x2)
g(x1,x2) = l(x1,x2)G(x1,x2)

for a linear form l(x1,x2) then the vector (G(x1,x2),−F (x1,x2)) lies in the
kernel of φ. Reciprocally, one can show that if there is a non-trivial element in
the kernel of φ, then the gcd of f(x1,x2) and g(x1,x2) has positive degree.

Definition 1.2. The resultant of f(x1,x2) and g(x1,x2) is the determinant of
the matrix of φ in the monomial bases.

Ordering conveniently the monomial bases, we have that the resultant of
f(x1,x2) and g(x1,x2) (Res(f, g) for short) equals

Res(f, g) := det

m + n
An · · · A0

. . . . . .
An · · · A0

m

Bm · · · B0

. . . . . .
Bm · · · B0

n

(4)

Corollary 1.3.

deg (gcd(f(x1,x2), g(x1,x2))) = 0 ⇐⇒ Res(f, g) 6= 0.
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1.2 Univariate Subresultants

Now we will focus in a more general problem. Let k ≤ min{m,n}. We want to
answer the following question:

deg gcd (f(x1,x2), g(x1,x2)) = k ⇐⇒ ????

The solution is related with the rank of the matrix of φ above. Also, one can
study simpler linear transformations like the following:

φk : K[x1,x2]m−1−k ⊕K[x1,x2]n−1−k → K[x1,x2]m+n−1−k

(a(x1,x2), b(x1,x2)) 7→ a(x1,x2)f(x1,x2) + b(x1,x2)g(x1,x2)
(5)

The scalar subresultant S
(j)
k of f(x1,x2) and g(x1,x2) is defined for 0 ≤ j ≤

k ≤ min{m,n} as the following determinant:

S
(j)
k := det

m + n− 2k
An · · · · · · Ak+1−(m−k−1) Aj−(m−k−1)

. . .
...

...
An · · · Ak+1 Aj

m− k

Bm · · · · · · Bk+1−(n−k−1) Bj−(n−k−1)

. . .
...

...
Bm · · · Bk+1 Bj

n− k

(6)
where A` = B` = 0 for ` < 0.

The subresultant polynomial Sresk(f, g) is defined for 0 ≤ k ≤ min{m,n} as

Sresk(f, g) :=
k∑

j=0

S
(j)
k xj

1x
k−j
2 .

When k = 0, Sres0(f, g) = S
(0)
0 coincides with Res(f, g).

Scalar subresultants satisfy the following property:

Proposition 1.4.

deg gcd(f, g) = k ⇐⇒ S
(`)
` = 0 for 0 ≤ ` < k and S

(k)
k 6= 0.

Moreover, the polynomial subresultants Sresk(f, g) are determinant expres-
sions for modified remainders in the Euclidean algorithm. In particular, for the
first k such that S

(k)
k 6= 0,

gcd(f, g) = Sresk(f, g).

The theory of resultants and subresultants of two univariate polynomials go
back to Leibniz, Euler, Bézout and Jacobi. In their modern form, subresultants
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were introduced by Sylvester in [27]. They have been used to give an efficient
and parallelable algorithm for computing the greatest common divisor of two
polynomials [4, 3, 12, 8, 16, 17, 26]. More recently they were also applied in
symbolic-numeric computation [9, 31, 23, 30].

2 Multivariate Resultants

Now we would like to generalize the case of two homogeneous polynomials in
two homogeneous variables to a more general setting. We will also generalize
the situation of the n× n determinant.

Let d1, . . . , dn be a set of positive integers. Consider the following system of
homogeneous equations:





∑
|α|=d1

A1αXα = 0∑
|α|=d2

A2αXα = 0
...

...
...∑

|α|=dn
AnαXα = 0

(7)

where α ∈ Nn, Xα = x1
α1x2

α2 . . .xn
αn . We want to answer the following ques-

tion:

Which is the condition under which (7) has a non-trivial solution?

Denote with 



f1(X) :=
∑
|α|=d1

A1αXα

f2(X) :=
∑
|α|=d2

A2αXα

...
...

...
f3(X) :=

∑
|α|=dn

AnαXα

(8)

We have the following

Theorem 2.1. There exists an irreducible polynomial Res in Z[Ai,α] such that
it vanishes after a specialization of the Aiα’s in a field K if and only if the
specialized system (7) has a solution in Pn−1

K .

The polynomial Res is called the multivariate resultant of f1, . . . , fn. Multi-
variate resultants were mainly introduced by Macaulay in [25], after earlier work
by Euler, Sylvester and Cayley. The can be computed by manipulating the max-
imal minors of the following map which should be regarded as a generalization
of (2):

⊕n
i=1K[X]t−di 7→ K[X]t

(A1(X), . . . , An(X)) 7→ ∑n
i=1 Ai(X)fi(X) (9)

for t big enough, namely for t > (d1 − 1) + . . . + (dn − 1). Here, K is any field
that contains all the coefficients of the fi’s.
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3 Multivariate Subresultants

What do we get if we check the maximal minors of the map (9) for small values
of t? The answer will be given by multivariate subresultants, which we will see
generalize very well the S

(j)
k defined before. First we have the following

Proposition 3.1. If the Ai, Bj have been specialized in a field K then S
(j)
k = 0

if and only if the set of monomials

{xm+n−k−1
1 ,xm+n−k−2

1 x2, . . . ,x
m+n−k−j
1 xj−1

2 ,xm+n−k−j−2
1 xj+1

2 , . . . ,xm+n−2k−1
1 xk

2}

is linearly dependent in K[x1,x2]/〈f(x1,x2), g(x1,x2)〉.
We will generalize this as follows: let s ≤ n and set

S(T ) :=
∏s

i=1(1− T di)
(1− T )n

= s0 + s1T + . . .

and S = {Xα1 , . . . ,Xαst} be a set of st monomials in n variables of degree t.

Theorem 3.2. There exists a polynomial ∆S in Z[Ai,α] such that it vanishes
after a specialization of the Aiα’s in a field K if and only if the set S fails to be
a linearly independent in K[X]/〈f1(X), . . . , fs(X)〉.

The polynomial ∆S is called the S-subresultant associated to the system
(f1, . . . , fs). Subresultants can also be computed by manipulations on the max-
imal minors of the matrix of (9). They were first defined by Gonzalez-Vega in
[10, 11], generalizing Habicht’s method [13].

4 General framework

From a more algebraic point of view, resultants and subresultants are elements
of what is called an Elimination Ideal of a system of homogeneous polynomials.
The following formalism is borrowed from the foundational work of Jouanolou
[20, 21, 22] (see also [1]).

Let A be a commutative ring. For us, A is going to be the ring of coefficients
of the input polynomials. Consider the graded polynomial ring A[x1, . . . ,xn]
with deg(xi) = 1. LetM be its irrelevant homogeneous idealM := 〈x1, . . . ,xn〉.

Given a finitely generated homogeneous ideal I := 〈f1, . . . , fs〉 ⊂ M, we
set B := A[X]/I which is naturally a graded A[X]-module (the grading is with
respect to the variables x1, . . . ,xn).

We consider the incidence scheme

Proj(B) ⊂ Pn−1
A := Proj (A[X])

(this A-schemes inclusion is induced by the surjective map A[X] → B) and
want to “compute” the image of its canonical projection on Spec(A). This
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corresponds to eliminating the variables x1, . . . ,xn. It turns out that this image
is closed and has a natural scheme structure. Its definition ideal is

U := Ker
(
A = Γ

(
Spec(A),OSpec(A)

) can→ Γ
(
Proj(B),OProj(B)

)) ⊂ A

(I :A[x] M∞) = H0
M(B)0.

Recall that

H0
M(B) :=

⋃

k∈N

(
0 :B Mk

)
= {p ∈ B : ∃k ∈ N such thatMkp = 0}.

In a more algebraic language, we have the following well-known Elimination
Theorem

Theorem 4.1. Let K be any field, and suppose that we have a morphism ρ :
A → K (a specialization map). Then the following are equivalent:

1. ρ(U) = 0.

2. There exists an extension L of K and a non-trivial zero of I in Ln.

3. I has a non-trivial zero in Kn
.

This is a very classical result. For a modern proof of it, see for instance
[14, 15].

One can regard resultants and subresultants as elements of this elimination
ideal U . There are standard techniques for computing these elements that gen-
eralize the determinant Res(f, g) (see [1] for a detailed exposition of this topic).

5 Some Recent and ongoing work in the area

This section reports some active areas of research that involve subresultants.
Recall that resultants are particular cases of subresultants.

5.1 Complexity aspects Euclid’s algorithm

As mentioned before, univariate subresultants were applied for computing the
gcd of two univariate polynomials. The formalism of subresultants allows to
treat this subject in a somehow “general” framework. As explained in Proposi-
tion 1.4, by testing if some determinats are zero one can compute the degree of
the gcd of two polynomials. Moreover, one can get the gcd without performing
the whole polynomial remainder sequence. This allows to perform a parallelable
Euclid’s algorithm, and also one bound the size of the output in a nice way. For
more details, see [4, 3, 12, 8, 16, 17, 26].
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5.2 Formal integration of rational functions

Resultants and subresultants can be used for solving the following problem: how
to solve “formally” (i.e. without having to compute roots) the following formal
integral

∫ P (t)
Q(t)dt,where P (t) and Q(t) are polynomials in K[t] (K any field). In

[24], the following is proven:

Theorem 5.1. Let P (t), Q(t) as before, with gcd(P, Q) = 1 and Q(t) square-
free. Then ∫

P (t)
Q(t)

dt =
∑

b: S(b)=0

b log(Ri(t, b))

• S(y) := Rest(P (t)− yQ′(t), Q(t))

• Ri(x, t) :=the i-th subresultant polynomial.

5.3 Resolution of over-determined systems

“In general”, n polynomials in n− 1 variables do not have common zeroes, and
when they have a common solution, their resultant vanishes so will not give us
any useful information. This is the so called over-determined case.

Even when the resultant vanishes, subresultants can still be used for recov-
ering information about the solutions. By using relations of the form

∆{Xβ}X
α ±∆{Xα}Xβ ∈ 〈f1, . . . , fn〉

One can deal with this case. This approach has been explored in [10, 11, 29]

5.4 Computation of residues

Let f := (f1, . . . , fn) be a sequence of polynomials with finite zeroes in Cn. The
residue associated to f of the monomial Xα is by definition

Residue f (Xα) :=
(

1
2πi

)n ∫

|f1(X)|=ε

. . .

∫

|fn(X)|=ε

Xα

f1(X) . . . fn(X)
dx1∧. . .∧dxn

This integral is actually a rational expression on the coefficients of the fi’s. We
can explicit the residue by means of resultants and subresultants.

Theorem 5.2. [19, 6]

Residue f (Xα) =
∆{Xα}

Res(f1, . . . , fn)
.
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5.5 Singularities of the Resultant

The irreducible hypersurface {Res = 0} has a lot of interesting properties.
For instance, we saw before that the points in this surface correspond to over-
determined systems, and by manipulating subresultants (or partial derivatives
of the resultant, see [18, 28]) one can get information about them. It is of natu-
ral interest then to study the geometry of this hypersurface. In [19], Jouanolou
made a precise description of the locus of rational singularities of the resultant
hypersurface. This turns out to be the zero locus of all subresultants in critical
degree:

Rational Singularities of {Res = 0} = {∆{Xα} = 0, |α| = d1 + . . . + dn − n}.

5.6 Formulas in roots

In the bivariate case, if we set
{

f(x1, 1) = A0xn
1 + A1xn−1

1 + . . . + An = A0

∏n
i=1(x1 − αi)

g(x1, 1) = B0xm
1 + B1xm−1

1 + . . . + Bm = B0

∏m
j=1(x1 − βj),

then it is well-known that

Res(f, g) = A0
m

n∏

i=1

g(αi, 1) = A0
mB0

n
∏

i,j

(αi − βj), (10)

and similar results hold for subresultants. In the multivariate case, there is an
analogue of the first equality of (10) for resultants (formulas “a la Poison”, see
[20]), and we recently extended this kind of formulas for subresultants (see [7]).
Currently, we are working in a generalization of the symmetric formula given in
the second equality of (10) for the multivariate case. This is an ongoing work
with Teresa Krick, Hoon Hong and Agnes Szanto.

6 Some open questions

So far we have introduced multivariate resultants and subresultants, and show
some of their properties and applications. The theory is an active and interesting
area of research. There are lots of things that are still to be found about
subresultants. For instance, it would be interesting to have a more geometrical
explanation of them: in contrast with resultants which are the equation of an
irreducible hypersurface (hence they are irreducible), subresultants do factorize,
and sometimes they are identically zero.

We present here a list of problems related to that. All of them combine
Algebra with Geometry and Combinatorics.

• Characterize all S such that ∆S is identically zero.
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For instance, if n = 4 and f1, f2, f3 are generic homogenous polynomials
of degree two. Then it is easy to check that the set

S := {x3
4,x1x2

4,x2x2
4,x3x2

4,x
2
1x4,x2

2x4,x2
3x4,x1x2x4}

satisfies ∆S = 0. An explanation for this particular case can be found in
[5]. It would be interesting to have a characterization of all the sets that
have this condition.

• Which ∆S ’s are irreducible in Q[Aij ]? Which in Z[Aij ]?

Some partial answers were given [2], but a whole characterization is still
open. For instance, if n = 2 and f1 = ax1 + bx2 + cx2, then for S :=
{x2

1,x
2
2,x

2
3} we have that ∆S = ±2abc. The explanation is given by the

fact that f2
1 equals a linear combination of elements of S times 2 times a

combination of x1x2, x1x3, x2x3.

• If ∆S factorizes, is it true that it factors as a product of subresultants?
How does the factorization work and how are these factors related with
S?
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