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Abstract: Macromolecular crowding must be accounted for in the description of diffusion-
reaction processes in intracellular environments. A lattice-based Monte Carlo algorithm has been
generalized from previous diffusion and reaction Monte Carlo algorithms by our group. The pro-
gram simulates processes of enzymatic catalysis by combination of a random walk and a stochastic
sampling of the reactive events. Addition of inert obstacles in the system enabled us to simulate
macromolecular crowding and observe its effects. Even though this model is not as accurate as
Brownian Dynamics, it allows us to simulate longer timescales. The results show a hindrance of
diffusion and a significant enhancement of the bimolecular rate constants with increasing excluded
volume, but no effect on the equilibrium of reversible reactions.

I. INTRODUCTION

The cellular cytosol and the cellular membrane are
highly structured environments with a large number of
biomacromolecules. Even though the concentration of
each species is often very low, the total concentration
of macromolecules is very high and may represent 20-
30% of the cell volume [1] –that is, 200-300 g L−1 (Fig.
1). Furthermore, the extracellular milieux also have
non-negligible macromolecule concentrations, as is the
case of blood plasma, which contains ∼ 80 g L−1 of
protein [2].

In this context, macromolecular crowding refers
to macromolecular cosolutes that are nominally inert
with respect to the reaction of interest [4]. Through
nonspecific interactions, these macromolecules signif-
icantly affect both the thermodynamic and kinetic
properties of biomacromolecules, ultimately having an
effect on protein folding, enzyme catalysis and diffu-
sion processes occurring within the cell [4–6].

Figure 1: Representation of the approximate numbers,
shapes and density of packing of macromolecules

inside a cell of Escherichia coli [3].

However, experimental in vitro results are most of-
ten obtained in dilute conditions, which does not accu-
rately reproduce the intracellular environment. More
information is required in order to characterise the
thermodynamic and kinetic properties of biomacro-
molecules in the cytosol.

Various approaches have been proposed and used,
which give us an insight of the effects of macromolec-
ular crowding. Experimentally, high concentrations
of inert crowding agents –e.g dextran, ficoll–, which
are assumed to interact only by means of excluded
volume effects, have been used [7, 8]. This so-called
in-vivo-like approach is currently the best attempt at
mimicking in-vivo environments.

Computationally, numerous studies have been per-
formed that attempt to probe the effects of crowd-
ing in diffusion and reaction processes. On-lattice ap-
proaches using Monte Carlo procedures for simulating
random walks in confined environments were first pro-
posed by Saxton [9, 10] and then adapted and used
by our group [11, 12]. Furthermore, the Monte Carlo
approach had already been used by Kopelman in his
introduction of fractal-like kinetics [13, 14] and it has
been used extensively in reactivity studies since then
[15–20]. Off-lattice approaches based on Brownian dy-
namics simulations have also been used in diffusion-
reaction models [21–23]. This work focuses on the
Monte Carlo approach.

Macromolecular crowding has been shown to hinder
diffusion of biomacromolecules. In dilute solution, the
mean square displacement, 〈r2〉, is linear with respect
of time and follows the Einstein-Smoluchowski equa-
tion:

〈r2〉 = (2d)Dt, (1)

where D is the diffusion coefficient of the tracer par-
ticle and d is the dimensionality of the system.

On the other hand, diffusion in confined media is
anomalous: the diffusion coefficient of tracer particles
in crowding has three regimes over time (Fig. 2).
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Figure 2: log(t) versus log
(
〈r2〉/t

)
obtained using our

Monte Carlo code with an excluded volume
fraction of φ = 40%. The solid line represents the
anomalous behaviour and it has slope α− 1. The
dotted and dashed lines represent the initial and
long-time constant regimes, respectively.

At short times, the particles have not collided yet
and the diffusion coefficient remains constant. As they
start to hit each other, the diffusion becomes anoma-
lous and the mean square displacement ceases to be
linear over time: 〈

r2
〉

= (2d)Γtα, (2)

while the diffusion coefficient ceases to be constant
over time:

D(t) =
Γtα−1

2d
, (3)

where α is the anomalous coefficient and Γ is a gen-
eralized transport coefficient (also known as anoma-
lous diffusion coefficient).

Finally, at long times the system reaches equilib-
rium and the long-time diffusion coefficient D∞ be-
comes constant over time again. This has been ob-
served in experimental studies [7], on-lattice Monte
Carlo simulations [11, 12], and off-lattice Brownian
Dynamics simulations [23].

Macromolecular crowding has also been shown to
have an effect on the thermodynamic and kinetic prop-
erties of enzymes. The typical model for enzyme catal-
ysis is the one proposed by Michaelis and Menten [24]:

E + S
k1−−⇀↽−−−
k−1

C
k2−−→ P, (4)

where E is a free enzyme, S is a substrate molecule,
C is an enzyme-substrate complex, and P is a product
molecule.

Previous studies point out that the main effect of
crowding on enzyme kinetics is an increase in the rate

of bimolecular reactions [6], possibly due to the in-
crease in effective concentration and the so-called cage
effect [20].

Classical theoretical models ascribe to arithmetic
solutions –i.e. Michaelis-Menten kinetics– to describe
the kinetics of enzymes with such mechanisms. More
general solutions can be obtained when using networks
of ordinary differential equations obtained from the
law of mass-action, and it can be shown that the clas-
sical models are in fact zeroth-order and first-order
approximations of these ODE systems [25]. However,
the law of mass-action is also restricted to the assump-
tions of diluted, well-mixed systems; and therefore,
it fails to account for the effects of macromolecular
crowding. Fractal-like kinetics and other generaliza-
tions of the law of mass-action have been used before
in various attempts to model the kinetics in confined
environments [18–20, 26].

In this work, a previously existing on-lattice Monte
Carlo algorithm by our group has been further de-
veloped and tested for use in simulation of reaction-
diffusion processes at long timescales. A new model
is proposed to parametrize the variables used in our
simulations, which would allow us to collate the on-
lattice results with off-lattice Brownian Dynamics and
experimental data. Finally, the effects of crowder size,
mobility and density on macromolecule diffusion and
enzyme catalysis are studied.

II. THEORETICAL BACKGROUND

All-atom Molecular Dynamics simulations of
macromolecule solutions are computationally imprac-
ticable. Brownian Dynamics allows simulation of such
systems, but it still has a high computational cost.
On-lattice Monte Carlo algorithms allow us to gen-
erate a large number of configurations and simulate
longer timescales than possible using BD.

Let us have a three-dimensional cubic simulation
box of lattice length λ, such that the box has a total
length Nλ and there are N3 lattice sites in the box.
A particle moves from its site to any of six nearest-
neighbour sites. By Einstein-Smoluchowski, since the
box has a well-defined lattice length λ and the tracer
particle has a well-defined diffusion coefficient D, the
duration of one time step τ can be calculated:〈

r2
〉

= 6Dt =⇒ λ2 = 6Dτ. (5)

Complex systems with more than one species will
have to account for the different diffusion coefficients.
The fastest-moving particle will have the highest diffu-
sion coefficient Dfast, which corresponds to the small-
est time step. This time step is used in the simulation,
while any other particle of species i will move with a
probability

ηi = p(particle imoves) =
Di

Dfast
(6)
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It can be assumed that unimolecular reactive events
will remain unaffected by diffusion processes, and
therefore they may be sampled from their distribu-
tion in dilute conditions. The probability that a de-
composition event of a complex particle will occur in
either direction is given by the corresponding Poisson
distribution with its kinetic constant:

P (decomposition ioccurs in τ) = 1− e−kiτ ' kiτ (7)

which holds true for kiτ � 1.
On the other hand, bimolecular reactive events may

occur when two compatible particles collide – that is,
when they move into the same lattice site. Each lattice
site is assumed to be well-mixed, so that the reaction
can be sampled from their distribution in dilute condi-
tions as well. The probability that a reactive collision
event will occur is given by the corresponding Poisson
distribution adjusted to the volume of the lattice site:

P (reactive collision i occurs in τ) = 1− e−
kiτ

v ' kiτ

λ3
(8)

Then, we can propose a Markov chain for our
Michaelis-Menten model:

E + S
f−−⇀↽−−
r

C
g−−→ P (9)

where f (forward), r (reverse) and g (catalytic) are
probabilities that the corresponding reaction will oc-
cur. Then, from Eq. 7-8 and considering the relation
in Eq. 5:

f = p(E + S −−→ C) =
k1τ

λ3
=

k1
6Dsλ

(10)

r = p(C −−→ E + S) = k−1τ =
k−1λ

2

6Ds
(11)

g = p(C −−→ E + P) = k2τ =
k2λ

2

6Ds
. (12)

We can also propose a Markov chain for a similar
mechanism that also allows backwards catalytic reac-
tions E + P −−→ C:

E + S
f−−⇀↽−−
r

C
g−−⇀↽−−
fp

E + P (13)

where f , r and g are defined as shown in Eq. 10-12,
and, if the constant for the backwards catalytic step
is k−2:

fp = p(E + P −−→ C) =
k−2τ

λ3
=

k−2
6Dsλ

(14)

Beyond the stochastic algorithm, the irreversible
Michaelis-Menten mechanism (Eq. 4) can be modelled
in terms of a system of ordinary differential equations
[25],

dS(t)

dt
= −k1E0S(t) + (k1S(t) + k−1)C(t), (15)

dC(t)

dt
= k1E0S(t)− (k1s+ k−1 + k2)C(t), (16)

with initial conditions:

S(0) = S0,

C(0) = 0, (17)

where S0 and E0 are the total concentration of sub-
strate and enzyme –free or complexed–, respectively.
The contour conditions:

S0 = S(t) + C(t) + P (t),

E0 = E(t) + C(t) (18)

allow us to calculate the concentration of product
and free enzyme at any time.

Since experimental data shows that a vast major-
ity of enzymes are subject to kinetic rates far slower
than the diffusion limit [27], we may assume that the
effect of crowding on reactivity can be well modelled
by considering an apparent rate constant for the bi-
molecular reactions. In the Michaelis-Menten mech-
anism, this implies that we may model the kinetics
in crowding conditions with an apparent bimolecular
rate constant kapp1 . This kind of generalization of the
law of mass-action has been used before in fractal-like
kinetics and related models [18, 26]. Most recently,
it was proposed by our group that the main effect of
macromolecular crowding on the kinetics of bimolecu-
lar reactions arises from the so-called cage effect [20].
Under this hypothesis, the effective k1 depends on the
radius of the confined volume formed by the surround-
ing obstacles:

k1 = k∞1

(
rcv

rcv − rmin

)
(19)

where k∞1 is the kinetic constant in unobstructed,
infinitely dilute conditions, rcv is the radius of the
confined volume and rmin = rE + rS is the dis-
tance of maximum approach between the two reacting
molecules.

The apparent kapp1 of a confined Michaelis-Menten
kinetics model can be obtained by a non-linear least-
squares fit of the system of ODEs to the concentra-
tions obtained by simulation. If the effect on k1 is
small enough, we may assume that its enhancement
depends linearly on the excluded volume φ:

kapp1 = k∞1 (1 + κφ) (20)

where κ is a proportionality factor that depends of
the crowder size and mobility.

III. METHODOLOGY

The algorithm proposed simulates particles of all
five species involved, including the crowders. It is ini-
tialized randomly, avoiding any overlaps: no cell con-
tains more than one particle at the beginning of the
simulation.
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Figure 3: Representation of the simulation system with obstacles of size 5× 5× 5R and excluded volume φ = 0.4.

In order to simulate enzyme catalysis, all four
species implicated in the Michaelis-Menten model
need to be included in the simulation. Enzyme (E)
and complex (C) macromolecules are represented as
single particles occupying one lattice site, whereas
substrate (S) and product (P) are assumed to be small
organic molecules and are therefore treated as point
particles.

We consider excluded volume interactions among
diffusing particles, so any site in the lattice may not be
occupied by two particles at a time, with the exception
of S and P particles, which are allowed to share a
lattice site. Crowder particles (O) are used to simulate
macromolecular crowding. In this work, four different
crowder sizes have been considered: 1 site, 27 sites
(a 3 × 3 × 3 cube), 81 sites (a 5 × 5 × 5 cube with
truncated edge and vertex sites) and 179 sites (a 7×
7 × 7 cube with truncated edge and vertex sites), as
shown in Fig. 4. The total fraction of sites occupied
by crowder is defined as the excluded volume due to
macromolecular crowding (φ). In all simulations, the
fraction of excluded volume considered takes values
0.1, 0.2, 0.3 or 0.4. Figure 3 shows a system with
excluded volume φ = 0.4.

Figure 4: Representation of the available crowder sizes

The rules for the movement and reaction depend on
the type of particle selected:

1. If the selected particle is S, a destination nearest
neighbour is randomly chosen. If it is empty or oc-
cupied by other S or P, the molecule moves there. If
occupied by an incompatible species (C or O), the
molecule stays in the old position. If occupied by
E, they react with probability f and the destination
site is occupied by the resulting C particle.

2. If the selected particle is E, it moves with probability
ηE into a randomly chosen nearest neighbour. If
occupied by S, they react with probability f and the
origin site is occupied by the resulting C particle. If
occupied by any other species, it stays in the old
position.

3. If the selected particle is C, a destination nearest
neighbour is randomly chosen and it decomposes to
E+S with probability r, or to E+P with probability
g. The E particle stays in the origin site, whereas the
S/P particle moves to the destination site. If neither
reaction occurs, C moves with probability ηC into a
randomly chosen nearest neighbour, if unoccupied.

4. If the selected particle is P, a destination nearest
neighbour is randomly chosen. If empty or occu-
pied by other S or P, the molecule moves there. If
occupied by E, C or O, it stays in the old position.

5. If the selected particle is O, it moves with probabil-
ity ηO into a randomly chosen nearest neighbour. If
none of the sites to be occupied by this movement
are occupied beforehand, the movement proceeds.
Otherwise, the obstacle stays in the old position.

One iteration is defined as Ntot(iter) repeats of this
Monte Carlo sequence, where Ntot(iter) is the number
of particles in the lattice at the iteration. At the end of
the iteration, measurements of the number of particles
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and the number of reactive events are taken. One
standard simulation consists of 106 iterations.

Each simulation is averaged over 120 replicas in or-
der to obtain statistically significant results. This is
efficiently achieved by a parallelization of the code,
which runs full calculations sequentially on each node,
and recovers the results when all calculations are com-
plete. Due to the independent nature of each calcu-
lation, most of the program runs in parallel and only
a small part of the code must be run serially. This
allows the program to scale very efficiently with the
number of processors (Fig. 5-6).

Various additional capabilities are implemented as
well. The standard mode performs the calculation
silently and only outputs the averaged results at the
end. A verbose mode (-v) is also available, which out-
puts detailed information about the startup and run-
ning of the program. A trajectory mode (-t) can be
requested, such that the position of all particles in the
system are printed periodically. Finally, a diffusion-
only mode (-d) allows the user to run a simulation
without reactive events, so that the mean square dis-
placement can be calculated.

Figure 5: Speedup of the
parallelized algorithm

Figure 6: Efficiency of the
parallelized algorithm

In this work, we parametrized the system according
to the physical properties of α-chymotrypsin, which
has an experimental radius of gyration rg = 2.33 nm
and a diffusion coefficient DE = 0.114 nm2 ns−1. Fur-
thermore, the substrate is assumed to be the size of
a small peptide, which would have a diffusion coeffi-
cient DS = 0.436 nm2 ns−1 so as to match previous
results of our group. The initial concentrations of en-
zyme and substrate were also chosen to match previ-
ous works by our group [22], at [E] = 13.3 µM and
[S] = 50× [E] = 665 µM.

Thus, we defined λ = 2×rg = 4.66nm and used the
diffusion coefficient to calculate the time step length
corresponding to one iteration (Eq. 5):

τ =
λ2

6Ds
' 8.3031 ns, (21)

which means that, with 106 iterations, the total sim-
ulation time of one full calculation is 8.3 milliseconds.
This, together with the efficiency of the parallelized
program, means that a statistically significant result
(N ∼ 100) for a trajectory of a full second can be ob-
tained in approximately 3 days, using 32 processors.

This is four to six orders of magnitude higher than
those obtained with the Brownian Dynamics equiva-
lent by our group [22].

The kinetic constants of an enzyme can be approx-
imately obtained from the Michaelis-Menten param-
eters kcat and KM . Bar-Even et al [27] showed that
most enzymes are reaction-controlled and far from be-
ing maximally efficient.

For an average kcat ∈ [10−1, 103]s−1 and an average
kcat/KM ∈ [104, 107] M−1 s−1, where kcat ≡ k2 and
KM ≡ (k2 + k−1)/k1, if k−1 ≤ k2 we can define the
range of possibilities for each constant:

k1 ∈ [104, 107] M−1 s−1 (22)

k−1 ∈ [10−1, 102] s−1 (23)

k2 ∈ [100, 103] s−1. (24)

Additionally, an enzyme with a reversible mecha-
nism would have a kinetic constant k−2 of the same
order of its k1:

k−2 ∈ [104, 107] M−1 s−1 (25)

.
Calculating the value of k1 allows us to replicate the

trend from previously published articles, which used
the ratio f/g/r = 1/0.04/0.02. Let us set k1 = 105:

k1 = 105 M−1 s−1 ⇒ f = 1.362 · 10−5. (26)

Then, we can force the values of r and g, and make
the backwards calculation of the values of k−1 and k2

r = 0.02× f = 2.723 · 10−7 ⇒ k−1 = 32.8 s−1, (27)

g = 0.04× f = 5.447 · 10−7 ⇒ k2 = 65.6 s−1. (28)

This procedure is repeated for all three values of
k1 used in this work: 105, 107, 109 M−1 s−1. The
other parameters of the simulation are the excluded
volume (φ) and the crowder size. Table 1 summarizes
the experimental design template.

φ 0.0 0.1 0.2 0.3 0.4
Crowder size 1 3 5R 7R
k1 (M−1s−1) 105 107 109

Table 1: Possible values for excluded volume, obstacle
size and kinetics used in the simulations.

IV. RESULTS

The versatility of our code allowed us to study the
effect of macromolecular crowding on diffusive pro-
cesses and reactive processes. Beforehand, the code
was tested in dilute conditions in order to ensure the
validity of the results obtained. Then, macromolec-
ular crowding was implemented in simulations with
both fixed and mobile obstacles.
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A. Validation

Diffusion in dilute environments follows the
Einstein-Smoluchowski equation (Eq. 1). The equiv-
alent simulation in diffusion-only mode was run with-
out obstacles. The results in Table 2 show that the
system behaves as expected. Small differences be-
tween the expected values and the simulation results
for the enzyme diffusion coefficient DE are due to au-
tocrowding effects.

Expected Observed Error

Substrate 0.436 0.4354 0.138%

Enzyme 0.114 0.1088 4.55%

Table 2: Diffusion coefficients in dilute conditions.

The results of a standard mode simulation are pre-
sented as the evolution of the concentration of each
species with respect of time, averaged over all calcu-
lations. The set of ODEs (Eq. 15-16) with the con-
stants as parameters were fitted by a non-linear least
squares method to the data, in order to obtain the
apparent kapp1 of the simulation. A series of tests were
run in dilute conditions, for which the value of kapp1

is expected to remain unchanged with respect to the
analytical result.

k1
(
M−1 s−1

)
105 107 109

[S
]:
[E

] 20:1 25.5 26.2 20.6

50:1 25.4 25.3 21.5

70:1 26.5 29.1 24.4

Table 3: Percent bias of the observed results in each
setting of kinetic and concentration parameters.

Figure 7: Percent bias of the observed value of k1 in each
setting of kinetic and concentration parameters.

The model is shown to have a positive accuracy bias
of∼20−25% in all scenarios (Table 3 and Fig. 7), with
a precision to ∼5%. This implies that two equivalent
simulations will produce results with a deviation of no
more than 5%, but both will overestimate the value
of the kinetic constant k1 by approximately 25%.

Various hypotheses have been suggested as respon-
sible for the accuracy bias of the model. There seems
to be a small effect of the substrate concentration in
the system, which increases the bias. Furthermore,
the bias of systems near the kinetic diffusion limit is
lower than those observed for reaction-limited kinet-
ics. However, neither parameter justifies the extent of
this bias, which is possibly due to the geometry of the
network.

It must be noted that this bias is still within the
same order of magnitude of the expected result, which
is remarkable considering that k1 ranges five orders of
magnitude.

B. Diffusion

Two parameters are used to describe the effect of
macromolecular crowding on diffusion in previously
published papers by our group and others: the anoma-
lous coefficient α and the long-time diffusion coeffi-
cient D∞. As explained before, diffusion in confined
environments has three distinct regimes over time
(Fig. 2). The parameter α is the main descriptor of
the anomalous diffusion regime, whereas the param-
eter D∞ is the descriptor of the long-time effects of
crowding.

The long-time diffusion coefficient D∞ is nor-
malised with the diffusion coefficient in dilute condi-
tions of the corresponding tracer particle. The anoma-
lous coefficient α can be calculated using a linearisa-
tion of Eq. 2:

log

(〈
r2
〉
t

)
= (α− 1) log(t) + log(6Γ), (29)

such that α can be obtained from the slope of the
second regime in the log(〈r2〉/t) vs. log(t) representa-
tion.

The results show a significant decrease of D∞ with
increasing excluded volume, regardless of their mobil-
ity (Figs. 8a,8c). Small crowders (1 × 1 × 1) exhibit
a more significant effect than that of large obstacles
(3 × 3 × 3 and larger). Lower D∞ indicates that dif-
fusion at long times is hindered by macromolecular
crowding and mainly depends on the number of par-
ticles rather than the size of the crowders.

For fixed crowder particles, a significant drop in α
with excluded volume is observed. Similarly to the
observations made about D∞, small obstacles have
a huge effect compared to the big crowders, which
suggests that the effect mainly depends on the number
of obstacle particles.

On the other hand, when the crowders are mobile
the small obstacles have much less of an effect and the
decrease of α is shown to go with the size of the ob-
stacles. This suggests that the effect mainly depends
on the size of the obstacles.
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(a) D∞, fixed crowders. (b) α, fixed crowders.

(c) D∞, mobile crowders. (d) α, mobile crowders.

Figure 8: Diffusion parameters in crowding conditions of
increasing excluded volume φ, for various crowder sizes.

The on-lattice simulations with fixed obstacles do
not have an experimental equivalent, and it would be
akin to a highly structured environment –e.g. centri-
oles, cytoskeleton. On the other hand, the simulations
with mobile obstacles are equivalent to those obtained
by BD simulation and in-vivo-like experiments with
Dextrans.

C. Irreversible mechanism kinetics

When subjected to a confined environment, an en-
zyme with an irreversible mechanism will only suffer
changes in the apparent value of the bimolecular rate
constant, kapp1 due to the hindrance in the diffusion
of the species involved and the reduced mean distance
between reactive species due to macromolecular con-
finement. These two effects markedly oppose one an-
other and may or may not balance out.

The fitting procedure consists of a non-linear least-
squares fit of the system of ODEs (Eq. 15-16) to the
concentration data, using only k1 as the variable pa-
rameter. This fitting is shown to work well (Fig. 9).

Figures 12a-12f show that the effect on k1 depends
only very faintly on the kinetic parameters, and is in-
dependent of the mobility of the crowders. The value
of kapp1 is seemingly unaffected when the crowders are
small; in fact, in the diffusion-limited kinetics case,
there is a slight decrease in k1. This indicates that the
hindrance in diffusion and the enhancement by con-
finement generally balance out. Otherwise, crowding
with big obstacles (3× 3× 3 and larger) enhance the
bimolecular rate constant linearly with the excluded
volume φ.

(a) Substrate (red) and
product (gold)

(b) Enzyme (blue) and
complex (green)

Figure 9: Particle concentration (solid) and resulting
fitted ODEs (dashed) with respect of time

From Eq. 20 and considering the general expression
for KM:

KM =
k2 + k−1
kapp1

=
k2 + k−1
k∞1 (1 + κφ)

, (30)

if the effect is small enough, kapp1 will increase very
slowly with φ and we will see a linear decrease in KM .

Furthermore, in the steady state approximation for
Michaelis-Menten, KM can be calculated as:

KM =
[S][E]

[C]
, (31)

which can be obtained from the time evolution of
the concentration of each species. Figure 10 shows
that two regimes for KM can be observed in the simu-
lation: an initial period during which the steady state
has not been reached, and a constant regime after-
wards, when the steady state is reached but there is
still a significant amount of substrate left.

If we calculate the KM of all simulations, we ob-
tain similar results to those for k1. The value of
the Michaelis constant decreases linearly with φ as
shown in Fig 11, for simulations run with an initial
k1 = 107 M−1 s−1 and large fixed obstacles. Small
obstacles seem to have no effect on the kinetics of the
enzyme in our model.

The Michaelis constants obtained in our simulations
are within one order of magnitude of the average val-
ues shown by Bar-Even et al [27]. Furthermore, the

Figure 10: KM calculated
with Eq. 31.

Figure 11: KM vs φ
calculated by Eq. 30

(black) and Eq. 31 (red).
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(a) k∗1 = 105, with fixed crowders (b) k∗1 = 107, with fixed crowders (c) k∗1 = 109, with fixed crowders

(d) k∗1 = 105, with mobile crowders (e) k∗1 = 105, with mobile crowders (f) k∗1 = 109, with mobile crowders

Figure 12: kapp1 /k∞1 with increasing excluded volume, for various crowder sizes.

change in KM is more readily visualized and allows us
to realize that the effect of crowding on reaction kinet-
ics is relevant in our current understanding of enzyme
catalysis and control.

D. Reversible mechanism kinetics

An enzyme with a reversible mechanism more accu-
rately describes the actual workings of enzyme catal-
ysis. Most of the so-called irreversible reactions are
actually driven by a significant difference in the con-
centration of substrate and product (i.e. if the latter
is subsequently removed) or a large energy difference
(i.e. if either the substrate or the product are signifi-
cantly more stable).

The main parameter used to describe catalysis by a
reversible mechanism should be the equilibrium con-
stant Keq. This can be calculated from the substrate
and product concentrations:

Keq =
[P]

[S]
(32)

as well as from the apparent kinetic constants:

Keq =
k1 × k2
k−1 × k−2

(33)

We have used both expressions in Eq. 32-33 to cal-
culate the equilibrium constant of an enzyme with a
reversible mechanism. In order to obtain the values of

kapp1 and kapp−2 , the same OCTAVE script used to cal-
culate the value of kapp1 in the irreversible mechanism
kinetics was used.

The results show that Keq remains unaffected by
the macromolecular crowding (Fig. 13-14).

Figure 13: Keq calculated
with Eq. 32.

Figure 14: Keq vs φ
calculated by Eq. 32 (red)

and Eq. 33 (black).

Our prior study with irreversible mechanism kinet-
ics suggest that the effect of macromolecular crowding
on the kinetics will affect k−2 by the same magnitude
it will affect k1, regardless of their difference in mag-
nitude. Ultimately, this suggests that the value of
the equilibrium constant should remain unchanged,
as shown by our results. However, our model assumes
substrate and the product particles are equal in size
and diffusion behaviour, and therefore equally affected
by macromolecular crowding. Ellucidating of the na-
ture of κ in Eq. 20 would allow us to more precisely
describe complex systems.
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V. CONCLUSIONS

A working program was achieved, which is capable
of simulating diffusion-reaction processes in crowded
environments. Various options implemented with the
program allow the user to run diffusion-only simula-
tions, as well as producing snapshots of the system for
visualization.

Furthermore, the program was parallelized using
OpenMPI, which allows us to obtain statistically sig-
nificant results in reasonable computational times. Ul-
timately, this implies that simulations in the range of
the millisecond and up to the second are possible. In
comparison, current Brownian dynamics works by our
group are achieving timescales in the order of 10−5

seconds.
The diffusion-only studies show the same issues

found in Brownian dynamics studies regarding the du-
ration of the time step: that is, for larger time step
τ , the calculation of the diffusion constant is impre-
cise at the beginning of the simulation. Otherwise,
our program accurately and precisely reproduces the
results expected in dilute environments.

However, the reactivity studies performed with the
on-lattice model are not as accurate as those obtained
with the Brownian dynamics model. Various hypothe-
ses are proposed regarding this accuracy bias. The
kinetic parameters of the system and the concentra-
tion seem to have little effect on the results. The
geometry of the network and finite-size effects may be
held accountable, but neither has been tested for in
this work. One reasonable solution would be to incor-
porate a correction factor into the calculation of the
bimolecular reaction probability f .

Qualitatively, the results obtained with our pro-
gram reproduce the observed hindrance on diffusion
caused by macromolecular crowding. Our study indi-
cates that the size of the crowders is a relevant variable
in the description of the diffusion in confined environ-
ments.

Furthermore, the increase in excluded volume frac-
tion is shown to linearly enhance the bimolecular rate
constants, as reported in the literature. This effect is
not observed for small crowders, which don’t seem to
have any effect on the kinetics of enzymes. Our cur-
rent hypothesis relies on the description by Pitulice et

al. [20], which proposes that the main driver of this
enhancement is the macromolecular confinement –i.e.
cage effect.

This increase of the bimolecular rate constants is re-
flected on the value of the Michaelis constant of the en-
zyme, which decreases linearly for small enough vari-
ations of k1. Our results demonstrate that the effect
of macromolecular crowding on enzyme catalysis and
kinetics is relevant and a more accurate description
of the phenomenon is required for precise enzymology
and pharmacokinetics studies.

Finally, no effect on the equilibrium of a reversible
reaction is observed in our model. This contradicts
the mainstream opinion in the literature, which argues
that high values of macromolecular crowding have a
significant effect on the thermodynamics of protein
structure and function. We hypothesize that this dis-
agreement arises from the crudeness of our model,
which doesn’t allow the degree of fine-tuning that is
ultimately responsible for this effect.

On a more personal note, the bulk of this work con-
sisted of the adaptation and translation of the original
FORTRAN77 code by our group, into a more efficient
and versatile FORTRAN90 program. The program
was then debugged extensively and parallelized using
OpenMPI. Finally, it was executed with various set-
ting profiles and input values, in order to produce the
results presented here.
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