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Abstract: Enzymatic reactions have been deeply studied but usually in an ideal environment
conditions. To understand more deeply how such reactions evolves in more realistic media as celllike environments those reactions have to be studied in crowded media. Experimentally, we still
do not have the adequate tools to monitor it but with computational tools crowded environments
can be easily generated. Furthermore, the reaction can be tracked without difficulties. To perform
the crowded simulations the system is described by an off-lattice reaction-diffusion system with
Brownian Dynamics. That code is good enough to perform simulations with fast kinetic constants
(k1 =109 M−1 s−1 ) but not when they are realistic. This work is focused to solve this setback through
a sum of small simulations and the complementary extrapolation to get concentrations profiles of all
the species involved on such reactions. Any realistic reaction profile is get but the method is tested
rebuilding a fast kinetics system. The simulated data is fitted to the Michaelis-Menten kinetics with
the Levenberg-Marquardt method. To ensure until where the extrapolation of the simulated data
should be accepted an extension of the Levenberg-Marquardt method is used. It is based in Monte
Carlo procedure to generate extra simulated data. This extra data is compared statistically to
obtain the degree of maximum extrapolation without affecting significantly the final results. It was
considered that 100 extra sets are enough to ensure it. The results show that is possible to get the
concentration profiles of enzymatic reactions reducing the simulation time at least two magnitude
orders and no more than two simulations are need it. This method gives also the opportunity to
have good approximations for systems with fast kinetic constants given the possibility to spend the
saved time simulating more replicas to get more accurate results.

I.

INTRODUCTION

Enzymatic reactions have a particular interest in the
biochemical field. Understand better how they are performed can give us light about one of the most important biological reaction mechanism. They are involved
in almost all biological organisms regulating many vital
functions.
Enzymatic reactions have been studied for many years.
The complexity of the real systems with those reactions,
as inside the cells, has made that important approaches
has been made in order to face the problem. The cell
environment is crowded with a huge number of macromolecules, these but, are present in a tiny concentration.
When a reaction is occurring inside a cell the media will
be non homogeneously mixed and crowded, and due to
that facts, the reaction agents (will not have a behaviour
as an ideal model). We can say then, that a reaction
produced in a cell-like media will involve a considerably
amount of non interaction particles and the diffusion will
play an important role in the kinetics. To recreate the
cell-like environment experimentally and study the enzymatic reaction-diffusion processes it has not been possible
to due to technical limitations that, currently, does not
permit to perform it. Due to all this inconveniences all
the research focused on the enzymatic reaction-diffusion
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processes have supposed an ideal homogeneous and dilute
system. That is far from the real systems and to get deep
into that issue an have a more realistic overview the computational sources can help as to simulate the behaviour
of the reaction agents in a cell-like environment.
The model used to simulate the enzymatic reactions is
the Michaelis-Menten kinetics mechanism, (as the
model is well-known, we will not explain it deeply):


dS
dt
dC
dt

= −k1 ·S(t)·(E0 -C(t)) + km1 ·C(t)
= k1 ·S(t)·(E0 -C(t)) − km1 ·C(t) − k2 ·C(t)

(1)

The original model of Michaelis-Menten kinetics can be
reduced to those final differential equations Eq. (1) and
the concentration of the enzyme and the concentration
of the product can be obtained from them.
Computational tools give us an advantage to study
such systems but, as in the experimental case, there are
many technical limitations. To simulate a system big
enough to be representative with real values of concentration of the reaction agents and kinetic constants the
computational power required is extremely huge so to get
the final profile curve of concentrations an extrapolation
will be need it.
II.

COMPUTATIONAL METHOD

The code used (RK3D) [1] to perform the simulations
has been done for Mireia Vı́a as her Master’s thesis in the
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tions: Adjustment and Extrapolation Code’ (ERAEC)
has been performed. The code uses a sort of fortran and
octave codes to analyze statistically the simulation outputs and get finally the profiles.
To be able to get a realistic reaction profile this method
is based on simulating a short time of the reaction,
and from that fit the obtained data upon the MichaelisMenten kinetics and extrapolate the adjustment to get a
bit longer simulation data. After, the reaction is simulated again but starting forward, using the final concentrations of the extrapolation as the initial ones for the
next simulation. The data is again fitted to MichaelisMenten kinetics and extrapolated to move forward on
the reaction profile. Repeating such process we will get
the reaction profile of a system with extremely slow kinetic parameters just with few short simulations instead
of spending huge amount of sources and time to complete
one full simulation. The theoretical background and the
sub-codes are explained deeply in the following sections.

FIG. 1: Visual model of the inside of a crowded cell.

group of BioPhysicalChemistry. Then the exact mechanism of the program will not be extensively explained.
However, a few relevant details will be discussed.
The system follows the Brownian Dynamics motion
(BD) to simulate the diffusion of the the particles. Thinking in the cellular environment, an small confined space
with many species that usually some reactant ones has
a population not many orders of magnitude larger than
the others, the stochastic methods become more appropriated to describe it. Between all the stochastic simulation algorithms, we need one who takes into consideration
the effect of diffusion upon reactivity and the effect of
macromolecular crowding onto diffusion itself. The BD
accomplishes those requirements and is the most used
stochastic algorithm to simulate such biochemical networks.
The Langevin equation is implemented. The deterministic force corresponds to the non specific interaction
potentials:

V(x,y,z) =

1
2 kpair (dij

0

− rij )2 dij < rij
dij > rij

A.

The main idea behind the method to get those realistic
reaction profiles is the possibility to get parts of that
profiles extrapolating small simulations. In order to use
the RK3D few adaptations have been done.
To validate this step, the method is tested with the
well described system with accelerated constants (k1 =109
M−1 s−1 ). Using the ODE from the complete simulated
set of data the profile curve is constructed. The objective
then is to rebuild the ODE using the purposed method.
In order to demonstrate the utility of the method a simulation of 104 ns of the first system, it will be referred
as fast system since now, will be re-simulated with 50
ns simulation reducing the magnitude order of time per
three.
The previous RK3D simulated systems that starts with
only substrate and enzyme in it. To be able to initialize
the program when a reaction is already started and modifying briefly the program to avoid non direct mismatches,
the initializing function, inicialitzacio sistema, has been
adapted. Initial quantities of complex and product particles have to be introduced. In the first step they will be
set to 0 but at the rest of them, these amounts have to be
upload according to the extrapolations. The amounts of
initial enzyme and substrate even they will change along
the process they will remain constant in the input file.
As the program was not initially designed to be initialized with a reaction in progress, the variables containing
the initial amounts of substrate and enzyme have to be
included in other functions or subroutines. Due to that
the real initial amount of those reaction agents are set using basic arithmetic with the initial amounts of product
and complex and the amount of enzyme and substrate at
the beginning of the reaction.

(2)

The potential is a quadratic, harmonic potential by

1/2
pairs where dij = (xi − xj )2 + (yi − yj )2 + (zi − zj )2
is the pairwise distance between two particles and rij =
(ri + rj ) is the sum of the radius. The kpair is the interparticle repulsion force constant. In the RK3D it is set
to 10 KJ mol−1 nm−2 . [2]
The stochastic term of the Langevin equation Eq. (2)
needs a random Gaussian distribution number to be calculated. As the program has a random uniform distribution generator the Box-Muller transformation [3] permits
us to get the set of variables normally distributed. The
polar form of the Box-Muller transformation is widely
implemented in stochastic modelling due to its velocity
and robuster. The algorithm can be found in the numerical recipes. [4]
In order to get the profiles of reaction with realistic
constants a main code in bash called ’Enzymatic ReacTreball de Fi de Màster.

RK3D adjustments
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variance σ 2 . The Monte Carlo simulation method for
non linear regressions:
[E] = [E initial] − [C]
[S] = [S initial] − [C] − [P]

(3)

To complete the adjust, all the complex particles must
have a pair associated to permit their decay into E plus S
or E plus P. For all C particles then, another one is added
without coordinates and set as type 0 (fake particle) to
be reintroduced in the system as S in case of decay.
The last correction is to link by pairs, as the original
RK3D does, every C particle with a fake particle to set
all the initial particles as they are when the program is
already on progress to be sure the new system will be
properly recognized by the code.

B.

(4)

z = (−2 ln(p1 ))1/2 cos 2π(p2 )

(5)

where

z is a normally distributed variable with mean=0 and
variance=1 and p1 and p2 are uniformly distributed random numbers between 0 and 1.
Michaelis-Menten has different reaction agents, and
consequently, different reaction profiles for each. The
chosen one to perform this research was the Complex
concentration. In Eq. (4) the x become the complex
concentration. µ is the complex concentration from the
adjusted differential equation and σ = χ. The adjust program use the fitted data obtained during the adjustment
to calculate reduced χ by:

Data adjustment

As is explained at the beginning of the section the main
part of the method is the fitting. As better and more
reliable is the adjust, more fast is the whole method. The
process will be explained deeply in the current section.
The simulated data is fitted to the Michaelis-Menten
kinetics Eq. (1) using the octave function lsode from the
odepkg package to solve the differential equations Eq.
(1) and the leasqr function from the optim package to fit
the differential equation solution. [5] Leasqr function is
based in the Levenberg-Marquardt nonlinear regression
method.
Even the function already has a default values for all
the inputs required apart from the data to adjust, our
code include all of them to give to the user the capability
to approach the fitting for any individual case as the
importance that this step has for the whole process. The
independent variable and the dependent variable have
chosen to be the time and the complex concentration
respectively. Additionally, the dependent variable can
be changed to any other one to test if the adjustment fits
better.
This is also the problematic step of the method, depending on the initial data, the system cannot be able to
do the adjust as the convergence of lsode function has a
failure. The main reasons usually are a bad Jacobian, a
wrong integration method or a non adequate tolerance.
However, if the inputs are chosen carefully the performance of the function must be good enough.
Once the fitting is done, the extrapolation can be as
long as wanted but longer simulations can be too heavy
and will generate a considerably amount of data that will
be wasted.
From the fitted ordinary differential equation obtained
from the simulated data, new profiles are generated. To
get those data a Monte Carlo calculation of confidence
intervals is used. This is an extension of the LevenbergMarquardt method [6] that permits to generate a new set
of data as the simulated one. The set of concentration
values has to be a Gaussian-distributed variable µ and
Treball de Fi de Màster.

x = zσ + µ

pP
χ=

− xi )2
dof

i (µi

(6)

where dof means the degrees of freedom of the system,
in our case will be the number of points evaluated less
the independent variables. With the reduced χ we avoid
the dependence between the number of points evaluated
and χ value in order to do robust the method.

FIG. 2: Example of the data generated by the extension
of the Levenberg-Marquardt method. In red is plotted
the base function from the new simulated data comes
from.
Following the process, a sort of 100 sets of Monte Carlo
simulations is generated and adjusted with and adaptation of the adjustment octave code. An ODE is calculated for each set of data and the σ of the sort of profile
curves is calculated each 25 time steps. The cut off to
3
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accept the extrapolation is the reduced χ from the fast
system.
Once using the extended Levenberg-Marquardt
method an extrapolation of data non-simulated can
be accepted, the RK3D is run again using those final
data as the initial conditions. The new simulated data
is treated using the same method but now this data
is added to the previous simulated one (non including
the data accepted by extending the simulation). Due
to that, the new extrapolation could be more longer as
more simulated data is used and successively each new
step will accelerate the process.
As, in each step, the whole profile curves are readjusted, the final results will not show the simulation steps.
III.

RESULTS

All the comparisons are done it varying k1 because the
other two constants (k−1 , k2 ) depend strongly from it.[7]
The Fig.(3). shows the extrapolations have done it in
each step for the µ±3σ acceptance case. The simulations
were 50 ns long and at third step, the new extrapolation
was already worst that the second one. The first simulation was done between 0-50 ns and the extrapolation
could be done until 260 ns. From there another 50 ns
simulation was launch and the new extrapolation could
be done until 530 ns. Here appears the main problem
of the procedure. The next extrapolation only could be
done until 420 ns.
The rebuild of that reaction profile has been performed
using the semiautomatic ERFAC code. One important
limitation of the actual version of the RK3D is that is not
possible to start it with a non integer amount of particles.
This seems to be obvious as a BD simulation code cannot
simulate half particles or similar. The problem is that it
is required usually, if the extrapolation will finish when
the amount of the reaction agents are not integer. At
Fig.(3) is shown how sharply is this effect.
In the Table I is shown how change the accepted extrapolation depending on the initial simulation. In particular, how different behaves when the initial simulation
is 50 ns longer (from 100 to 150 ns). Looking at µ ± 2σ
case for the 0-150 ns simulation it is already accepting all
the extrapolation but only 400 ns for the 0-100 ns simulation. Does can give us an idea that how many magnitude
orders the simulation time can be reduced if the code is
adapted to start statistically with real initial amount of
particles.

FIG. 3: Representation of the extrapolations from the
three first steps. The k1 are respectively 0.142, 0.169
and 0.171 (nm3 ns−1 ). The k1 of the complete
simulation is 0.159nm3 ns−1 . The third step is the
visualization of the lack of the program, when the
concentration of the product at the profile reaction
grows enough that if its set to 0 again for the next step,
the following fitting become worst.

k1 (nm3 ns−1 ) µ ± σ µ ± 2σ µ ± 3σ µ ± 4σ
0-100 ns
0.151
165 ns 400 ns 840 ns 10000 ns
0-150 ns
0.155
325 ns 10000 ns 10000 ns 10000 ns

TABLE I: Extrapolation accepted depending on
precision.
As this is not developed yet at ERFAC, to follow the
Treball de Fi de Màster.
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rebuild of the reaction profile the extrapolation has to
reach, at least, the presence of the first product particle. This moment, but, is further on the reaction. As
it shown on Table I adding few simulation time the fitting becomes better fast so, to get an extrapolation that
reaches the presence of the first product particle to launch
the next extrapolation but does not reach the whole reaction profile does not appear easily. Due to this issue
the magnitude order or the time it has been reduced only
by two.
One way to solve it is using statistics. To setback that
issue is not necessary to modify the RK3D code itself.
If the RK3D is run several times starting at the same
reaction time, the initial amount of enzyme, substrate,
complex and product of each simulation must be set different to fit the average of each concentration at the end
of the previous extrapolation. For instance, if the product present a final concentration of 0.25 particles, the
RK3D can be run 100 times, 25 times with the initial
amount of 1 product particles and the 75 remaining with
initial amount of 0 product particles.
The procedure is illustrated at Eq. (??)
It is suggested to write that update to the code in order
to get the final objective of generate the reaction profile
of an enzymatic reaction with realistic kinetic constants.

ERFAC a seed code to get reaction profiles with
realistic constants.
• To improve the procedure two steps should modified. The fitting with the leasqr and lsode functions
present often failures if the function parameters are
not accurately introduced. The other one is how
the simulation are initialized after the first step.
The extrapolations are strongly affected by the approximations with the initial amounts of reaction
agents.
• The ERFAC code can be accelerated if it is redesigned to be all in octave language.
V.

APPENDIX

FIG. 4: The procedure is exemplified. In red the first
step, in blue the second one and in green, the third one.

FIG. 5: Diagram of the ERFAC code.
IV.

CONCLUSIONS

The method used to rebuild the profiles of enzymatic
reactions has been correctly implemented and the results
agree with the objective.
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