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ABSTRACT. The authors used a Monte Carlo simulation to examine how the viola-
tion of the exchangeability assumption affects empirical Type I error rates of the
LMH randomization test (J. R. Levin, L. A. Marascuilo, & L. J. Hubert, 1978).
Simulation results showed that the LMH test is not always an appropriate technique
for analyzing systematic designs when data are autocorrelated. The use of both con-
ditional and unconditional randomization distributions is proposed as a way of syn-
thesizing the literature.

Key words: LMH randomization test, permutation tests, random assignment, sys-
tematic single-case designs

RANDOMIZATION TESTS have been proposed for analyzing single-case
data when random sampling is not required and the treatment effect is deter-
mined only for the experimental data at hand. Investigators consider randomiza-
tion tests to be permutation tests based on random rearrangements (permutations)
to test a null hypothesis about treatment effects in a randomized experiment
(Edgington, 1995). Fisher (1926, 1935) proposed that permutation tests could be
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applied inductively to the larger populations from which the samples are drawn
(see Alf & Abrahams, 1972). However, according to Good (1994), a distinction
must be drawn between Fisher’s view of permutation tests and that of Pitman
(1937a, 1937b), who advocated the use of permutation tests for analyzing sam-
ples when inference to a population is not admissible. Edgington’s concept of
randomization tests seems to be related to Pitman’s. Revusky (1967) also pro-
posed a randomization test similar to Edgington’s but for multiple-baseline de-
signs.

There are five steps in carrying out a randomization test. First, an aspect of the
design must be randomized by randomly selecting one rearrangement among all
theoretically possible permutations. Second, a statistic that is relevant and sensi-
tive to the purpose of the research is defined and calculated for the observed data.
The value of this statistic is known as the outcome. Third, the test statistic is com-
puted for all possible permutations obtained by the appropriate randomization
procedure. It is important to note that if there is a large amount of data, per-
forming all possible permutations may not be feasible, in which case, a random
sample of permutations is usually obtained. Fourth, statistic values are sorted in
ascending order, achieving either an exact or an approximate randomization dis-
tribution under the null hypothesis assumption, depending on whether all possi-
ble permutations or only a random sample are carried out. Fifth, the statistical
significance of the outcome is obtained by locating it in the randomization dis-
tribution. 

Randomization tests do not rely on assumptions about density or mass proba-
bility functions and, in this sense, are distribution-free (Marascuilo & Busk,
1988). Furthermore, they do not require random sampling from a population to
guarantee the statistical validity of the procedure, and they may also be applied
to rank scores (Edgington, 1995). However, to carry out a randomization test,
two conditions must be met: Treatments must be assigned to measurement units
randomly, and data must be exchangeable. The former is necessary if a random-
ization test is performed to test the null hypothesis. The latter is a sufficient con-
dition for a permutation test to be exact when using a randomization distribution
to obtain valid statistical significance (Good, 1994). The exchangeability as-
sumption establishes that all possible data permutations must be equally likely
under the null hypothesis.

It has been argued that the rationale underlying the use of randomization tests
in single-case designs permits application of such tests even when data points are
autocorrelated and treatments are adequately randomized (Kratochwill & Levin,
1980). It has also been argued that the main problem in applying randomization
tests to single-case data is autocorrelation, because the tests require the assump-
tion of independence among data (Marascuilo & Busk, 1988). Although some
authors find the problem of autocorrelation in applied behavioral data to be in-
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consequential (Huitema, 1985), others feel a solution must be found (Busk &
Marascuilo, 1988; Suen, 1987; Suen & Ary, 1987).

Robustness is a desirable feature of any statistical test. It has been argued that
when summary measures are obtained, autocorrelated data do not affect the sta-
tistical validity of randomization tests if the amount of data per phase is suffi-
ciently large (Levin, Marascuilo, & Hubert, 1978; Marascuilo & Busk, 1988).
Levin et al. and Marascuilo and Busk stated that summary phase statistics are au-
tocorrelated only to a negligible degree. Reasoning that autocorrelation is a de-
creasing function of the distance between observations, they concluded that au-
tocorrelation among phase means is negligible when autocorrelation among
original scores is moderate. Although autocorrelation among phase means is usu-
ally smaller than autocorrelation among original scores, it has implications for
the validity of randomization tests. Suppose that the process being observed con-
sists of a short series of data points identically distributed and with a moderate
autocorrelation parameter (e.g., |ρ| ≤ .3). Even if the autocorrelation parameter
takes a moderate value, in many cases, the process may show high levels of au-
tocorrelation, as its standard error is an inverse function of series length (Bartlett,
1946). As a consequence, the exchangeability condition required by permutation
tests will be violated, and the empirical randomization distribution will not be an
adequate reference for assessing the statistical significance of the outcome. Au-
tocorrelation does not seem to be compatible with the exchangeability condition,
contrary to what Wampold and Worsham (1986) and Crosbie (1987) have sug-
gested, respectively, that autocorrelation equally affects all the permuted data in
the randomization distribution and that randomization tests overcome autocorre-
lation problems in a novel way. In conclusion, the statistical validity of random-
ization tests is compromised both by the original scores and by the summary
measures obtained from them.

Following from the above statistical arguments, the purpose of this article was
to investigate some of the problems involving Type I empirical error rates in ran-
domization tests when the data from a single-case design are autocorrelated and
phase means are the statistic of interest for evaluating the effect of the treatment.
If the exchangeability condition is not satisfied, then we expect that randomiza-
tion tests will fail to reach statistical validity. We addressed this problem by using
Monte Carlo simulation to find evidence as to whether randomization tests are
always appropriate.

LMH Randomization Test for Extensions and Systematic ABAB Designs

Levin et al. (1978) proposed a specific randomization test for systematic
ABAB designs and their extensions, thereafter abbreviated as the LMH test, fol-
lowing Onghena (1992). Systematic ABAB designs consist of a set of designs in
which several repeated measurements are taken in each phase for a single unit or



4 The Journal of Experimental Education

individual under two different conditions. Control and experimental conditions
are alternated sequentially a certain number of times, with an initial baseline
phase or treatment, followed by a treatment or baseline phase, and so on. When
the number of phases is greater than four, we call the designs extensions or vari-
ations of the systematic ABAB designs.

To illustrate how the LMH test is carried out, suppose data are obtained by ap-
plying an ABABAB design. First, a mean is computed for each phase, and the
sums of the means for identical conditions are then calculated. Either the sum for
one condition (e.g., condition B) or the difference between sums or means for the
two conditions can then be used as the test statistic. Here, we suppose that a dif-
ference between sums or means has been computed. In what follows, the statis-
tic is represented by θ, and θ0 denotes the outcome. Second, to obtain a signifi-
cance level for the outcome, the LMH test requires that a randomization
distribution of the statistic under the null hypothesis assumption be generated.
We denote the randomization distribution by RD(θ(i), k), where θ(i) represents the
order statistic, and k is the number of phases. Only the number of phases is need-
ed to obtain the possible values of the randomization distribution because the
LMH test permutes phases, not individual observations. In other words, in this
test, the phase means are taken as fixed, and all phase data are considered as per-
taining to the same block of observations; blocks are then permuted so that all
possible assignments of experimental conditions are performed to obtain the ran-
domization distribution. The number of possible different rearrangements of
summary statistics for conditions in an ABAB and its extensions equals the num-
ber of permutations without repetitions; thus,

The LMH randomization test was proposed for three reasons: (a) Systematic
ABAB designs and their extensions are common in behavioral research; (b)
means provide more stable and precise estimations of performance; and (c) al-
though it cannot be concluded that phase means are statistically independent,
they are approximately so (Levin et al. 1978; Marascuilo & Busk, 1988). When
means are used as a way of controlling the effect of autocorrelation on random-
ization tests, the LMH test seems to be the test of choice. However, statistical
tests are statistically either valid or invalid, not approximately valid.

The randomization distribution is symmetrical. As a consequence of this sym-
metry, the expectancy of the statistic is
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And its variance is

Assuming the null hypothesis to be true and considering an independent series of
data, the expectancy and the variance of the rank for the outcome in the ran-
domization distribution of the LMH test are

where r0 represents the outcome rank. The distribution function of outcome ranks
may be obtained by

Because the randomization distribution in the LMH test is discrete uniform when
data are independent, symmetry and skewness are, respectively,

It can also be demonstrated that the randomization distribution of the LMH test
is always symmetrical (see Appendix).

A major limitation of the one-tailed LMH test is that, for ABAB designs, it has
zero power at α = .16. Six phases are needed to reach at least a nonzero power
at α = .05. Statistical tests are valid if the empirical level of Type I error is not
greater than α, given that the null hypothesis is true for all α (Edgington, 1980).
If data are autocorrelated and, as a consequence, the exchangeability assumption
is violated, then the statistical validity of randomization tests is doubtful. When
the null hypothesis is true and the exchangeability assumption is violated, ran-
domization distributions do not seem to be adequate for obtaining statistical sig-
nificance for outcomes. 

Consider an AB design with positive autocorrelation in the data. In this case,
runs of increasing or decreasing consecutive data points are expected. As a con-
sequence, if the null hypothesis is true, then the expected rate of null hypothesis
rejections will be greater than α when outcomes are compared with the random-
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ization distribution, and the overestimation of Type I error will be a nonlinear in-
creasing function of the autocorrelation. A similar reasoning may be used for
negative autocorrelated series of data. When series are negatively autocorrelated,
alternating high and low data points are frequent, minimizing the difference be-
tween phase means. As a consequence, a rate of null hypothesis rejections of less
than α is expected, and the underestimation of Type I error is an increasing non-
linear function of the autocorrelation. Similar results, but not for ABAB designs,
have been obtained in several studies in which violation of the independence as-
sumption has been investigated (Crosbie, 1986, 1987).

Ferron and Ware (1995) investigated randomization tests applied to three de-
sign types (AB with a random intervention point, ABAB with random assign-
ment of three intervention points, and multiple-baseline AB designs). Although
Ferron and Ware focused on the power of randomization tests, they also consid-
ered their statistical validity. Given that the empirical Type I error rates were rel-
atively controlled, it cannot be concluded that randomization tests are statistical-
ly invalid; in fact, some discrepancies between nominal and empirical Type I
errors were clearly apparent. Another example of the disagreement between
nominal and empirical Type I errors arising from violation of the exchangeabili-
ty assumption was found in connection with Revusky’s Rn statistic (Sierra,
Quera, & Solanas, 2000). Other simulation studies have shown that several ran-
domization tests for multiple-baseline designs (Wampold-Worsham, Marascuilo-
Busk, and Koehler-Levin randomization tests) can control Type I error rates (Fer-
ron & Sentovich, 2002). With respect to the LMH test, it has also been shown
that Type I error rates are controlled when the independence assumption is vio-
lated (Ferron & Onghena, 1996), but other results indicate that randomization
tests are not always appropriate (Ferron, Foster-Johnson, & Kromrey, 2003).

Now, the main question that needs to be addressed is why those simulation
studies conclude that randomization tests are statistically valid when the ex-
changeability assumption is violated. We think it is necessary to distinguish be-
tween two methods for performing simulation studies of randomization tests. In
the literature, random assignment of experimental conditions is usually an im-
portant part of the procedure (Ferron & Onghena, 1996; Ferron & Sentovich,
2002; Ferron & Ware, 1995). There is no problem when a simulation is carried
out in this way, as this is consistent with how the randomization distribution is
obtained. However, simulations can also be performed by stratifying all equally
probable arrangements and carrying out an identical number of iterations within
each stratum. One advantage of the second method is that it guarantees that all
theoretically possible assignments are equally represented in the simulation. In
fact, if the former procedure includes a large number of iterations in the simula-
tion study, an approximately identical number of uniformly probable arrange-
ments will be obtained. It, therefore, seems that both methods are admissible and
lead to similar results. Another advantage of the latter method is that simulation
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studies are structured so as to allow all arrangements to be independently ana-
lyzed. If autocorrelation effects vary across different arrangements, then they can
be identified easily. There is no doubt that the same results could be detected
when a random assignment of conditions is used in the simulation study.

A more important question related to how a simulation of randomization tests
is carried out concerns the way in which exact Type I error rates are estimated.
Randomization tests are based on the idea that there are no differences between
experimental conditions. The distribution is obtained by computing the statistic
for all theoretically possible assignments of conditions. It should be noted that
the outcome is obtained for a specified arrangement that is usually determined by
random assignment. Note that after randomization has been performed, the out-
come will be conditional on a specific arrangement and its corresponding ran-
domization distribution. Regarding the LMH test, Onghena (1992) pointed out,

The null hypothesis that there is no difference between the A and B condition is as-
sessed by referring to the conditional sampling distribution of a test statistic associ-
ated with all theoretically possible assignments of these means to the conditions. (p.
154)

As a consequence, the statistical significance of the outcome should be associat-
ed with the specific arrangement and not with all theoretically possible arrange-
ments that could have been chosen at random. This distinction is not necessary
when data are exchangeable because, if the null hypothesis is true, then all pos-
sible test statistic values will follow equal distributions, whether or not the sta-
tistical significance is conditional on a specific arrangement. However, that is not
necessarily true when the data exchangeability assumption is violated. In that
case, there is no guarantee that possible values of the test statistic are equally
probable for each arrangement, and the distinction between unconditional and
conditional randomization distributions of the outcome becomes crucial. On this
point, earlier research did not distinguish between unconditional and conditional
distributions, and the results led to the conclusion that the LMH test is always
statistically valid (Ferron & Onghena, 1996); however, the authors specified dif-
ferent autocorrelation values for which the exchangeability assumption was vio-
lated. We believe that these results could be explained by the way in which the
results were analyzed; specifically, by how empirical Type I error rates were ob-
tained. As conditional distributions were not considered, and empirical Type I
error rates were estimated by mixing all possible random assignments of condi-
tions, the effect of autocorrelation over Type I error rates might have been sup-
pressed.

Ferron et al. (2003) have recently emphasized the importance of the ex-
changeability assumption in randomization tests:

When a design involves random assignment, exchangeability can be established if
the permutation method mirrors the assignment methods, thus control over Type I
error rate can be demonstrated (Edgington, 1980). If randomization tests are applied
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in situations where there is no random assignment, it is no longer possible to ensure
exchangeability. This, however, does not prove a lack of exchangeability, nor does
it demonstrate the consequences of proceeding without exchangeability. To date
there is little work examining the degree to which randomization is a prerequisite for
the use of randomization tests. (pp. 270–271)

Although we recognize the importance of assignment methods in carrying out
permutation tests, it should be noted that we use the concept of exchangeability
assumption as given by Good (1994):

A sufficient condition for a permutation test to be exact and unbiased against shifts
in the direction of higher values is the exchangeability of the observations in the
combined sample. The observations {X, Y, . . . , Z} are exchangeable if the proba-
bility of any particular joint outcome, X + Y + Z = 6, for example, is the same re-
gardless of the order in which the observations are considered [Lehmann, 1986, p.
231]. (p. 18)

Therefore, under Lehmann’s definition, the exchangeability assumption concerns
data. That explains why the present Monte Carlo simulation focuses on how the
autocorrelation affects empirical Type I error rates of the LMH test.

MONTE CARLO SIMULATION

We conducted a Monte Carlo simulation to determine the effect of autocorre-
lation levels on statistical decision when the LMH test is used for analyzing data
sets from any six-phase systematic design in which an equal number of baseline
and treatment phases are planned (e.g., BABABA). The number of possible sys-
tematic designs is 20, although this does not imply that all designs are logical.
For example, an ABAABB design can be simplified or reduced to ABAB.

We investigated the effect of several autocorrelation levels on empirical Type
I error rates under the null hypothesis assumption. The main objective of this ex-
periment was to study whether the LMH test is statistically valid when data are
autocorrelated. We chose phase means as the test statistic because they have al-
ready been proposed as being more appropriate when data are autocorrelated
(Levin et al., 1978). Computing phase means does not solve the problem of au-
tocorrelated data, although it may be useful when autocorrelation is moderate.
For this reason, it can be expected that nominal Type I error is underestimated or
overestimated when randomization tests are applied to autocorrelated data. We
were interested in statistical validity, which is a prior assumption to carrying out
a power analysis (Onghena, 1992).

We chose 12 data points per phase for the following reasons: (a) It has been
shown that if the number of data points per phase equals 12 and the autocorrela-
tion does not exceed .30, then the expected autocorrelation between adjacent
phase means is less than .03 (Levin et al., 1978): The autocorrelation between ad-
jacent phase means will decrease if the number of data points per phase is greater
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than 12 and will increase if it is less than 12. (b) If the number of data points per
phase is equal to or greater than 12, then permutation tests seem to be appropri-
ate as long as the autocorrelation between adjacent data points does not exceed
.60 (Marascuilo & Busk). (c) At least 10 to 15 data points per phase are neces-
sary to yield a stable estimate for the mean (Marascuilo & Busk, 1988). In short,
we used 12 data points per phase because this seemed to provide favorable con-
ditions for the LMH test.

We explored a wide range of autocorrelation values when analyzing the sta-
tistical validity of the LMH test, not only the values usually found in behavioral
data (Huitema, 1985; Marascuilo & Busk, 1988). In addition, we included both
positive and negative autocorrelation values in investigating the effect of auto-
correlation on empirical Type I error rates for a variety of possible empirical con-
ditions, including those typically employed in behavioral experiments.

Method

Data Generation

A FORTRAN 77 modular program, running on a HP-UX system, was created
to generate six-phase data sets with 12 data points each and autocorrelations (ρ)
of –.9, –.6, –.3, .0, .3, .6, and .9. Those values are common in randomization tests
simulations (e.g., Ferron et al., 2003; Ferron & Onghena, 1996; Ferron & Ware,
1995). The program then computed values of the statistic and its randomization
distribution. In the data-generation process, we used NAG Mark-15 libraries
G05FDF and G05CCF to generate normal random values for the error term of
the autoregressive model and to set initial seeds for data simulation, respective-
ly. Data were generated according to the following formula:

(1)

where xt and xt+1 are data points corresponding to times t and t + 1, ρ is the au-
toregressive parameter, and εt are N(0,1) random variables. For each call to the
NAG libraries, 1,172 data (εt) were generated, and the first 1,100 were discard-
ed to reduce artificial effects (Greenwood & Matyas, 1990), that is, to attenuate
as far as possible the effect of anomalous initial values or seeds of the pseudo-
random generator and to stabilize the series. We used the remaining 72 data
points in the analysis. Each series corresponds to one of all the possible system-
atic designs, consisting of three baselines (A phases) and three treatment phases
(B phases). Phase length was 12 for all six phases.

Simulation

The steps in the simulation are as follows: (a) Data points are generated ac-

x xt t t+ += +1 1ρ ε ,
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cording to Equation (1) for a given ρ; (b) the outcome is computed for the data
series; (c) phases are permuted, and the statistic is computed for each; (d) values
of the statistic are sorted to obtain the exact randomization distribution; (e) the
outcome is located in the randomization distribution; (f) Steps (a) to (e) are re-
peated 40,000 times; (g) ρ is increased by .3; and (h) Steps (a) to (g) are repeat-
ed until ρ = .9. Those steps are repeated for each possible systematic design. In
total, we investigated 140 experimental conditions, the combination of 20 sys-
tematic designs and 7 autocorrelation values. According to Robey and Bar-
cikowski (1992), the number of iterations in a simulation needed for detecting
deviations from the exact Type I error rates under the strong criterion α ± 1/10
α, a Type I error rate ω = .01, and a prior power 1 – β = .9, is 29,600. Forty thou-
sand iterations amply satisfy those criteria.

Data Analysis

We assessed goodness of fit between theoretical frequencies and data obtained
via simulation by means of Pearson’s coefficient of mean square contingency
(ϕ2), which can be estimated by dividing the chi-square statistic by the number
of trials in each condition of the simulation. We also used the chi-square test of
goodness of fit to decide whether a conditional distribution was discrete uniform:
Under the null hypothesis, the outcome is located with identical probability at
any position in the randomization distribution. To discover whether the empiri-
cal Type I error rate matches the exact value, we obtained confidence interval
ranges for Type I error rates using the strong criterion α ± 1/10 α (where α rep-
resents the exact Type I error rate described above). We set the exact Type I error,
α, to .05 because 1/20 = .05, and 20 is the number of phase permutations. The
exact Type I error value was set to .05 because this is the minimum in a system-
atic design with six phases.

Results

As expected, when data series were not autocorrelated (ρ = .0), all empirical
randomization distributions followed a discrete uniform distribution. Exact and
empirical Type I error rates matched in both conditional and unconditional ran-
domization distributions (Table 1).

When exchangeability was violated, exact Type I error rates were underesti-
mated or overestimated, and the shapes of the conditional distributions depend-
ed on a complex interaction between the autocorrelation values and the structure
of the systematic design. In fact, all conditional distributions obtained in this ex-
periment fit into one of these shapes: discrete uniform (which we call Type 1 dis-
tribution), U-shaped (Type 2), inverted U-shaped (Type 3), and bimodal (Type 4)
(see Figure 1). An index of statistical lack of fit was obtained for each distribu-
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tion (Table 2).
Regarding the discrepancy between empirical and exact Type I error (Tables 3

and 4), the effect of autocorrelation on statistical decision may be summarized as
follows: (a) Designs that are reducible to ABABAB, BABABA, ABABA, and
BABAB underestimate and overestimate the exact Type I error rates when auto-
correlation is positive and negative, respectively; (b) designs that are reducible
to ABA, BAB, AB, and BA overestimate and underestimate the exact Type I
error rates when autocorrelation is positive and negative, respectively; and (c)
designs that are reducible to ABAB or BABA underestimate the exact Type I
error rates.

The only designs for which no discrepancy exists between empirical and ex-
pected results when autocorrelation is moderate (either positive or negative) are
those that are reducible to either ABAB or BABA. When data are highly auto-
correlated, conditional distributions are usually Type 4.

One very important result is that the conditional distributions for ABABAB
and BABABA designs do not match expectations under the null hypothesis.
Their empirical distributions are Type 3 if autocorrelation is positive and Type 2
if it is negative. Similar results are obtained for designs that are reducible to
ABABA or BABAB.

Two of the designs we explored are reducible to AB or BA, with 36 data points
per phase. As the estimation of ϕ2 shows for these cases, the conditional distrib-
utions are not discrete uniform when data are autocorrelated. They are Type 2 or
3 when autocorrelation is positive or negative, respectively. Empirical Type I
error rates increase monotonically as autocorrelation increases from high nega-
tive to high positive. When autocorrelation is negative, the exact Type I error rate
is underestimated, and when it is positive, the error rate is overestimated, a result
also reported by Crosbie (1986).

Regarding unconditional distributions, empirical Type I error rates match ex-
pected values (Tables 5 and 6). In other words, if empirical Type I error rates are
computed for all theoretically possible permutations, the effect of the autocorre-
lation is suppressed, and exact and empirical Type I error rates match indepen-
dent of the sign and value of the autocorrelation. It must be noted that empirical
Type I error rates have an appreciable variability in the unconditional distribu-
tions. We grouped the designs according to their logical structure to show how
autocorrelation effects can be suppressed when unconditional distributions are
considered. Two results are evident: (a) Variability values of empirical Type I
error rates are lower than those found in unconditional distribution, and (b) pos-
itive and negative autocorrelations have opposite effects on the distribution.

Discussion

In the present study, we investigated the appropriateness of the LMH test
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(Levin et al., 1978) for analyzing data obtained by an extension of systematic
ABAB designs. The results of the simulations showed that there is no reason to
suppose that empirical Type I error rates of the LMH test are overestimated or
underestimated when data are not autocorrelated. However, when the exchange-
ability assumption is violated, the statistical validity of the LMH test is not sup-
ported by our results. These results seem to contradict a previous study (Ferron
& Onghena, 1996). The main difference lies in how the simulations were carried
out in the two studies. Whereas Ferron and Onghena assigned treatments to phas-
es randomly and obtained an unconditional distribution, we carried out a sepa-
rate simulation for each systematic design and estimated its conditional distribu-
tion. If the empirical Type I error rates corresponding to all systematic designs
are averaged, then our results replicate those of Ferron and Onghena. Therefore,
whereas their unconditional randomization procedure led them to conclude that
the LMH test is valid, our procedure indicates that it is not always so.

The aforementioned distinction can be extended to another problem. If the
LMH test is performed with random assignment of treatments to phases or
blocks of data, is unconditional distribution the appropriate reference for obtain-
ing the statistical significance of the test statistic? When the exchangeability as-
sumption holds, no distinction is necessary, because both unconditional and con-
ditional distributions lead to identical empirical Type I error rates. However,
when data are autocorrelated, conditional and unconditional distributions are dif-
ferent, as the results from our study show. Thus, the problem is not only concep-
tual but also statistical. We think that, of the two, the conditional distribution
should always be used when empirical Type I error rates are investigated in ran-
domization tests. This is because, once a random assignment of treatments to
phases has been performed, the data at hand are conditional to one specific as-
signment among all theoretically possible rearrangements. Moreover, when the
exchangeability assumption is violated, it cannot be assumed that statistical va-
lidity is equally controlled in any possible random assignment.

Suppose the following series of phase means for an ABABAB design, in
which autocorrelation equals unity: 1, 2, 4, 8, 16, and 32. The LMH test assumes
all arrangements are possible, disregarding the fact that the means are autocorre-
lated; one such arrangement could be 1, 32, 4, 2, 16, and 8, for which autocorre-
lation equals –.55. In fact, a huge number of possible permutations violate the
exchangeability condition. If observations are to be exchangeable, they must be
independent and identically distributed (Good, 1994). Given that the LMH test
takes any possible permutations into account, it implies liberal Type I error rates.
However, our simulation demonstrates that some systematic designs are affected
less by autocorrelation than are others. The reason may be that serial dependen-
cy is more easily altered by permutations in some designs than in others. There-
fore, not all systematic designs are identical with regard to their statistical prop-
erties; thus, a conditional approach seems more appropriate when computing
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statistical significance. Conditional distribution could then be more appropriate
than unconditional distribution. It should be noted that unconditional distribution
suppresses the effects of autocorrelation on statistical significance. However, the
experiment is carried out on a specific design, and statistical properties are not
always the same—an important aspect that is omitted if unconditional distribu-
tion is used. It should also be noted that the proposition of taking into account
conditional distributions is not novel, as it has already been recognized that non-
parametric randomization tests are founded on conditional distributions and that
any randomization distribution is obtained by conditioning on the magnitudes of
the scores (Basu, 1980; Lehmann, 1975; Weerahandi, 1995). Finally, we must
add that even if the design had been chosen at random, the problem would still
have remained as outlined.

Because ABABAB and BABABA designs are consistent with the sequence for
the alternating treatments design, it could be argued that our results are particu-
larly relevant here. Our conclusion is that the LMH test is not valid when applied
to data obtained using these two designs when data are autocorrelated. The mag-
nitude of the discrepancies between theoretical and empirical Type I error rates
is not very large in ABABAB and BABABA designs if autocorrelation is mod-
erate. However, this does not imply that the LMH test is appropriate when the
autocorrelation is less than .60. It could be argued that using more data points per
phase could be a solution, but it is unusual to find more than 72 data points in
clinical behavioral research. If the number of data points per phase had been less
than 12, then the underestimation and overestimation of exact Type I error rates
would have been more evident, as previous studies have shown (Levin et al.,
1978).

When other permutations of an equal number of A and B treatments in a six-
phase design are considered, it is clear that some of these can be reduced to a
simpler structure. The reducible designs were investigated in our study because,
as the number of observations per phase increases, less dependency between ad-
jacent phase means is expected (Levin et al., 1978). Type I error rates of the
LMH test for all designs reducible to ABAB or BABA match the theoretical val-
ues, and the empirical randomization distributions are discrete uniform when au-
tocorrelation is moderate. The LMH test is, therefore, statistically valid for six-
phase designs that are reducible to ABAB or BABA in those conditions. The
reason why the autocorrelation effect is attenuated may be related to arguments
by Levin et al., although we do not believe that a behavioral researcher would
use the LMH test on an ABBAAB design. Our results show that the effect of au-
tocorrelation on empirical Type I error rates is mitigated when the number of
phases with a different number of data points increases. This explains why de-
signs reducible to ABAB or BABA show a better control of empirical Type I
error rates than do those reducible to ABABA, BABAB, ABA, and BAB. Con-
trol is better in the last four designs than in those reducible to ABABAB,
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BABABA, AB, and BA. Although reducible designs could represent any behav-
ioral experiment in which the phase length changes after ensuring data stability
in each phase, our simulations were not concerned with this problem. Ferron et
al. (2003) published a simulation study in which data stability was taken into ac-
count. They concluded that the critical point in applying randomization tests to
control Type I error rates consists of replicating the assignment method with per-
mutations. This is not so when the LMH test is applied (Onghena, 1992).

It has already been demonstrated that permutation tests must fulfill several re-
quirements when testing the hypothesis that a population correlation equals zero
(Hayes, 1996) and that they tend to have overly liberal error rates with compos-
ite-bivariate distributions consisting of two dependent bivariate normal distribu-
tions (Rasmussen, 1989). When systematic designs are considered, it has been
demonstrated that, for certain permutation procedures, Type I error rates are not
well controlled across several autocorrelation levels (Ferron et al., 2003). Our re-
sults also show that randomization tests are not unrestricted statistical tests and,
consequently, we cannot always assume that they are condition-free techniques.
The robustness of the LMH test is questionable for intermediate and high auto-
correlation values (ρ < –.3 and ρ > .3), as significant discrepancies exist between
the theoretical randomization distribution under the exchangeability assumption
(that is, when data series are independent) and the conditional distribution ob-
tained when data are autocorrelated. Although some regularity has been detect-
ed, the shapes of these randomization distributions are complexly dependent on
both the sign of the autocorrelation and the order of the phases. It should be re-
membered that the number of data points included in our simulation is greater
than usual in empirical studies (Huitema, 1985). We would, therefore, expect the
test be more affected by the violation of exchangeability condition if the number
of data points per phase were smaller (Levin et al., 1978).

The present study was restricted by the experimental conditions explored, and
its generalization to another set of experimental conditions or other randomiza-
tion tests for analyzing single-case data is not suggested. For example, we con-
sidered six-phase designs because 20 permutations are needed to reach a mini-
mum statistical significance value of .05. Different results could have been
obtained if the number of phases had been varied or other parameters had been
specified in the statistical model used to simulate the data (e.g., a maturational
parameter). That being so, what recommendations can be made to applied be-
havioral researchers? First, although the LMH test is not always robust when the
exchangeability assumption is violated, it can be used with confidence for some
systematic designs when –.3 < ρ < +.3 or even –.6 < ρ < +.6 (see Tables 3 and
4). The main difficulty would be imaging a set of circumstances in which applied
researchers would carry out any of those designs (e.g., AABABB design). Sec-
ond, we think that applied behavioral researchers should use other ways of ob-
taining randomization distributions than the LMH test. For instance, Onghena
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(1992) proposed an alternative procedure for obtaining randomization distribu-
tions in which the structure of the design is preserved.

In summary, Ferron et al. (2003) showed how randomization tests based on
permutations that mirror the randomization assignment do, in fact, control Type
I error rates when unconditional distributions are considered, but the tests failed
if the permutation did not mirror the assignment method. Our results concur, as
the LMH test does not mirror the randomization assignment. Simulations should
also lead to the analysis of conditional randomization distributions to investigate
how autocorrelation may affect statistical decision-making processes when ran-
domization tests are applied to different kinds of single-case experimental de-
signs.
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APPENDIX

When variance is other than zero, the symmetry of the randomization distribution in a
LMH test may be computed by

Because the following equality is true in the LMH test randomization distribution,

the numerator of the previous expression is equal to zero. Therefore, the randomization
distribution of the LMH test is symmetrical.
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TABLE 1. One-Tailed Empirical Type I Error Rate 
for the LMH Test When the Nominal Value = .05, 
for Each Systematic Design Studied by Monte Carlo
Simulation 

ρ = .0

Systematic design Rank 1 Rank 20

AAABBB .0510 .0495
AABABB .0503 .0504
ABAABB .0495 .0503
BAAABB .0496 .0504
BAABAB .0494 .0499
BABAAB .0498 .0527
BBAAAB .0504 .0500
BBAABA .0495 .0509
BBABAA .0492 .0509
BBBAAA .0507 .0506
ABABAB .0503 .0493
BABABA .0509 .0495
AABBAB .0492 .0502
AABBBA .0502 .0503
ABBBAA .0512 .0486
BABBAA .0495 .0512
ABBAAB .0497 .0495
ABBABA .0489 .0505
BAABBA .0505 .0497
ABABBA .0504 .0498

M .0500 .0502
SD .0006 .0008

Note. When data are averaged, error rates correspond to uncondi-
tional distributions; otherwise, they correspond to conditional dis-
tributions.



TABLE 2. Types of Empirical Randomization Distribution and Estimated Pearson’s u2s for the LMH Test for Each
Systematic Design Studied by Monte Carlo Simulation

ρ = .9 ρ = .6 ρ = .3 ρ = –.3 ρ = –.6 ρ = –.9

Systematic Estimated Estimated Estimated Estimated Estimated Estimated
design Type ϕ2 Type ϕ2 Type ϕ2 Type ϕ2 Type ϕ2 Type ϕ2

AAABBB 2 .5824 2 .0493 2 .0046 3 .0025 3 .0176 3 .1461
AABABB 4 .0721 4 .0008 1 .0004 1 .0005 1 .0003 4 .0157
ABAABB 4 .0183 1 .0006 1 .0007 1 .0004 1 .0001 4 .0121
BAAABB 2 .0602 2 .0116 2 .0014 3 .0010 3 .0043 3 .0593
BAABAB 3 .0950 3 .0118 3 .0018 2 .0011 2 .0042 2 .0491
BABAAB 3 .0961 3 .0116 3 .0013 2 .0013 2 .0051 2 .0509
BBAAAB 2 .0611 2 .0122 2 .0016 3 .0009 3 .0055 3 .0600
BBAABA 4 .0187 1 .0005 1 .0007 1 .0003 1 .0004 4 .0126
BBABAA 4 .0697 1 .0007 1 .0005 1 .0003 1 .0004 4 .0180
BBBAAA 2 .5810 2 .0495 2 .0038 3 .0030 3 .0174 3 .1522
ABABAB 3 .2734 3 .0511 3 .0045 2 .0025 2 .0193 2 .6982
BABABA 3 .2742 3 .0475 3 .0054 2 .0027 2 .0104 2 .6888
AABBAB 4 .0185 1 .0005 1 .0007 1 .0004 1 .0004 4 .0122
AABBBA 2 .0610 2 .0132 2 .0013 3 .0011 3 .0046 3 .0561
ABBBAA 2 .0592 2 .0132 2 .0013 3 .0012 3 .0041 3 .0572
BABBAA 4 .0164 1 .0006 1 .0001 1 .0005 1 .0003 4 .0122
ABBAAB 3 .0374 1 .0005 1 .0003 1 .0005 1 .0005 3 .0296
ABBABA 3 .0938 3 .0127 3 .0015 2 .0011 2 .0042 2 .0676
BAABBA 3 .0378 1 .0004 1 .0002 1 .0004 1 .0005 3 .0299
ABABBA 3 .0940 3 .0120 3 .0011 2 .0009 2 .0049 2 .0505

Note. Conditional distributions are categorized as Type 1 only if the statistical significance for the goodness-of-fit chi-square is greater than .05.



TABLE 3. One-Tailed Empirical Type I Error Rates for the LMH Test
When the Nominal Value = .05, for Each Systematic Design Studied by
Monte Carlo Simulation

ρ = .3 ρ = .6 ρ = .9

Systematic design Rank 1 Rank 20 Rank 1 Rank 20 Rank 1 Rank 20

AAABBB .0565v .0572v .0773v .0770v .1541v .1547v

AABABB .0516 .0489 .0478 .0497 .0421u .0414u

ABAABB .0504 .0499 .0473 .0489 .0381u .0372u

BAAABB .0536 .0547 .0603v .0614v .0762v .0747v

BAABAB .0449u .0453 .0390u .0385u .0174u .0179u

BABAAB .0475 .0469 .0382u .0386u .0187u .0179u

BBAAAB .0534 .0538 .0625v .0628v .0755v .0780v

BBAABA .0506 .0500 .0484 .0485 .0378u .0377u

BBABAA .0501 .0485 .0491 .0487 .0417u .0420u

BBBAAA .0577v .0562v .0765v .0771v .1533v .1546v

ABABAB .0438u .0424u .0288u .0274u .0106u .0088u

BABABA .0431u .0427u .0287u .0288u .0095u .0086u

AABBAB .0490 .0506 .0489 .0477 .0371u .0361u

AABBBA .0530 .0543 .0629v .0624v .0763v .0762v

ABBBAA .0551v .0529 .0624v .0623v .0760v .0755v

BABBAA .0510 .0502 .0477 .0487 .0377u .0365u

ABBAAB .0498 .0507 .0496 .0517 .0342u .0322u

ABBABA .0459 .0463 .0387u .0371u .0193u .0195u

BAABBA .0493 .0500 .0484 .0508 .0339u .0310u

ABABBA .0470 .0461 .0378u .0393u .0187u .0181u

Note. According to the strong criterion α ± 1/10 α, superscripts u and v denote underestima-
tion and overestimation, respectively.



TABLE 4. One-Tailed Empirical Type I Error Rates for the LMH Test
When the Nominal Value = .05, for Each Systematic Design Studied by
Monte Carlo Simulation

ρ = –.3 ρ = –.6 ρ = –.9

Systematic design Rank 1 Rank 20 Rank 1 Rank 20 Rank 1 Rank 20

AAABBB .0444u .0455 .0365u .0350u .0117u .0117u

AABABB .0506 .0504 .0497 .0497 .0356u .0360u

ABAABB .0504 .0497 .0499 .0510 .0350u .0330u

BAAABB .0479 .0464 .0447u .0427u .0208u .0197u

BAABAB .0537 .0534 .0561v .0588v .0707v .0740v

BABAAB .0542 .0534 .0559v .0580v .0709v .0733v

BBAAAB .0471 .0470 .0418u .0409u .0195u .0191u

BBAABA .0503 .0492 .0498 .0502 .0342u .0330u

BBABAA .0502 .0507 .0493 .0498 .0354u .0346u

BBBAAA .0453 .0452 .0355u .0363u .0109u .0106u

ABABAB .0548 .0560v .0667v .0655v .1679v .1684v

BABABA .0556v .0553v .0684v .0656v .1675v .1665v

AABBAB .0509 .0497 .0480 .0484 .0345u .0336u

AABBBA .0469 .0459 .0428u .0415u .0201u .0198u

ABBBAA .0462 .0461 .0427u .0431u .0212u .0193u

BABBAA .0488 .0505 .0499 .0505 .0345u .0339u

ABBAAB .0499 .0515 .0499 .0498 .0311u .0315u

ABBABA .0527 .0530 .0580v .0563v .0715v .0741v

BAABBA .0509 .0487 .0495 .0492 .0309u .0315u

ABABBA .0533 .0532 .0580v .0582v .0721v .0725v

Note. According to the strong criterion α ± 1/10 α, superscripts u and v denote underestima-
tion and overestimation, respectively.



TABLE 5. Averages and Standard Deviations of the One-Tailed Empirical
Type I Error Rates for the LMH Test When the Designs Are Grouped
According to Their Logical Structure 

ρ = .3 ρ = .6 ρ = .9

Systematic design Rank 1 Rank 20 Rank 1 Rank 20 Rank 1 Rank 20

All designs
Average .0502 .0499 .0500 .0504 .0504 .0499
SD .0040 .0042 .0136 .0137 .0414 .0420

ABABAB/BABABA
Average .0434 .0425 .0287 .0281 .0100 .0087
SD .0005 .0002 .0001 .0010 .0008 .0001

ABABA/BABAB
Average .0463 .0461 .0384 .0384 .0185 .0183
SD .0012 .0007 .0005 .0009 .0008 .0008

ABAB/BABA
Average .0502 .0498 .0484 .0493 .0378 .0368
SD .0009 .0008 .0008 .0013 .0030 .0039

ABA/BAB
Average .0538 .0539 .0620 .0622 .0760 .0761
SD .0009 .0008 .0012 .0006 .0004 .0014

AB/BA
Average .0571 .0567 .0769 .0770 .1537 .1546
SD .0008 .0007 .0006 .0001 .0006 .0001

Note. When data are averaged for all designs, they correspond to unconditional distributions;
otherwise, they correspond to grouped conditional distributions.



TABLE 6. Averages and Standard Deviations of the One-Tailed Empirical
Type I Error Rates for the LMH Test When the Designs Are Grouped
According to Their Logical Structure 

ρ = –.3 ρ = –.6 ρ = –.9

Systematic design Rank 1 Rank 20 Rank 1 Rank 20 Rank 1 Rank 20

All designs
Average .0502 .0500 .0502 .0500 .0498 .0498
SD .0032 .0033 .0086 .0086 .0448 .0452

ABABAB/BABABA
Average .0552 .0556 .0675 .0655 .1677 .1674
SD .0006 .0005 .0012 .0001 .0003 .0013

ABABA/BABAB
Average .0535 .0532 .0570 .0578 .0713 .0735
SD .0006 .0002 .0012 .0011 .0006 .0007

ABAB/BABA
Average .0502 .0500 .0495 .0498 .0339 .0334
SD .0007 .0009 .0006 .0008 .0019 .0015

ABA/BAB
Average .0470 .0463 .0430 .0420 .0204 .0195
SD .0007 .0005 .0012 .0010 .0008 .0003

AB/BA
Average .0448 .0453 .0360 .0356 .0113 .0111
SD .0006 .0002 .0007 .0009 .0006 .0008

Note. When data are averaged for all designs, they correspond to unconditional distributions;
otherwise, they correspond to grouped conditional distributions.
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