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Abstract We present a new procedure to detect extreme observations which can be
applied to low or high-dimensional data sets. Continuous features, a known under-
lying distribution or parameter estimations are not required. The procedure offers a
ranking by assigning a value to each observation that reflects its degree of outlying-
ness. A short computation time is needed.

1 Introduction

In current biomedical research, genetic studies are extensively used to identify the
causes of human diseases and they provide insights for the eventual development of
therapeutic strategies. Integration of different types of data sets, such as gene expres-
sion data, genotype data or clinical information is needed to capture information that
may otherwise be lost in separate analyses. Furthermore, it is crucial to be able to
detect extreme observations, since an extreme valuemay indicate an individual with a
wrong diagnosis or presenting particular clinical features or classified in the extreme
spectrum of the disease. Moreover, the usual scenario with current data is the lack of
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information about the underlying distribution. Thus, no parametric extreme observa-
tion detection algorithms for any type of features and for any size/dimensional data
sets are desirable. We present a new procedure to detect extreme observations which
can be applied to low or high-dimensional data sets. Continuous features, a known
underlying distribution or parameter estimations are not required. The procedure
offers, using a short computation time, a ranking by assigning to each observation a
value that reflects its degree of outlyingness. The proposedmethod takes into account
all distances between observations, not only distances between neighbours, in such
a way that the relation of any observation with respect to all the other observations in
the data set and the dispersion of all data are considered. To illustrate our procedure,
we analyzed the data of rare genetic variants from 10 autism multiplex families and
twenty-six high-dimensional class-imbalanced cancer data sets. The results showed
the good performance of the procedure.

2 Methods

The starting point is an n × p data matrix (p can be much larger than the size of the
sample n) where the rows correspond to observations (individuals, samples...) and the
columns correspond to any kind of features to be measured which can be continuous,
binary or multiattribute data (genes, clinical/pathological features,…). Let G be a
group that is represented by a p-random vector Y = (Y1, . . . ,Yp), with values in a
metric space S ⊂ Rp and a probability density f with respect to a suitable measure
λ. Let δ be a distance function between any pair of observations, δi j = δ(yi , y j ).

Definition 1 The geometric variability of G with respect to δ, a general measure of
dispersion of G, is defined by

V (G) = 1
2

!

S×S
δ2(yi , y j ) f (yi ) f (y j )λ(dyi )λ(dy j );

see [1]. When δ is the Euclidean distance, V (G) = tr(!) with ! = cov(Y). The
geometric variability is as a variant of Rao’s diversity coefficient; see [2].

Definition 2 The proximity function of an observation y to G is defined by

φ2(y,G) =
!

S
δ2(y, y j ) f (y j )λ(dy j ) − V (G);

see [1].

As in applied problems, the probability distribution for Y is usually unknown,
estimators are needed. Given a sample of size n, y1, . . . , yn , natural estimators for
the geometric variability and the proximity function are
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V̂ (G) = 1
2n2

!

i, j

δ2(yi , y j ),

and
φ̂2(y,G) = 1

n

!

i

δ2(y, yi ) − V̂ (G),

respectively. See [3] for a review of these concepts, and for applications see [4, 5]
and references therein.

Definition 3 For each observation yi , the depth function I (yi ,G) is defined by

I (yi ,G) =
"
1+ φ2(yi ,G)

V (G)

#−1

; (1)

see [6].

Proposition 4 Function I takes values in [0, 1] and, according to [7], it is a type
C depth function. Furthermore, it verifies the following desirable properties: (i)
maximality at center; (ii) monotonicity relative to the deepest observation; (iii) van-
ishing at infinity; and (iv) depending on the data and the selected distance, it is
affine-invariant.

As I is a depth function, it assigns to any observation a degree of centrality, thus a
small value of I , or equivalently a largevalueofO = 1/I , suggests a possible extreme
observation. Note that, by (1), Ô(yi ,G) = n

$
j δ

2(yi , y j )/
$

j,k δ2(y j , yk).
However, with only one observation taking a very large value, Ô already gives

aberrant values. For this reason, we propose the following version for Ô(yi ,G)

where, due to robustness consideration, the mean is replaced by the median.

Definition 5 For each observation yi a new statistic OR(yi ,G) is defined by

OR(yi ,G) = medδ,i

medδ
, (2)

where medδ = median j,k(δ2jk) and medδ,i = median j (δ2i j ).

Proposition 6 Let S = {y1, . . . , yn} be a sample, and let y0 be an outlier. For a
fixed observation, say y1, the sensitivity curve of OR(y1, S) at point y0, SC(y0) =
OR(y1, S′) − OR(y1, S), where S′ = {y1, . . . , yn, y0}, is bounded, which implies the
robustness of OR.

Proposition 7 Let δ be a distance function such that δ(yi , y j ) → ∞ when yi or y j

takes arbitrarily large values. The breakdown point of OR (the proportion of arbi-
trarily large observations that OR can handle before giving arbitrarily large values)
is n − 1/2 −

√
2n2 − 6n + 1/2, with n the sample size. Note that the breakdown

point of OR is always greater than 25%.
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Note that the distribution of OR is not symmetric.

Definition 8 FollowingKimber criterion (see [8]), an observation yi will be consider
as an extreme observation if

OR(yi ) > λ = Q3 + 1.5(Q3 − M), (3)

where Q3 and M are the 3-th quartile and the median of all the OR values.

Our simulation studies show that the procedure is robust in front of masking effect
and it can properly identify most of the outliers when mixed data are analyzed.

3 Application to Data in Autism Multiplex Families

Now consider the following study [9] in which 10 autism multiplex families were
analyzed (nine with two affected sibs and one with three affected sibs). First, in
a clinical study, five features were measured in 21 affected individuals: two were
continuous (age and non-verbal intelligence quotient(NVIQ)), and three were cate-
gorical (gender, language delay and autism spectrum category). Using (3) and the
Gower distance [10], the threshold value was λ = 1.519, and four individuals could
be considered as extreme observations. Three of themweremale (13, 17 and 20years
old) with autism and language delay, and they presented NVIQ values indicative of
mental retardation. The most emblematic extreme value, corresponded to another
man (25years old) also with an autism diagnosis and language delay, and presenting
the smallest NVIQ value. Thus, our method highlighted the four individuals from our
study that had the most severe clinical presentation of the disorder. In a second study,
a genetic analysis was performed in the 21 affected individuals and in their parents.
The full exome sequence (the fraction of the genome that encodes proteins, approx-
imately 3.4 × 107 nucleotide positions from 20,000 genes) of all family members
was determined. We selected those rare genetic variants (infrequent in the general
population) leading to an amino acid change in the encoded protein that were trans-
mitted from one parent to the two (or three) affected sibs. The identified mutations,
an average of 36.3 per family, were ranked according to their predicted damaging
effect using the SIFT and PolyPhen-2 tools. In this case, no extreme observations
were detected. This result is consistent with the fact that this type of mutation may
not have a major role in the aetiology of the disorder (as compared to mutations lead-
ing to truncated proteins, not considered here) in the sample of multiplex families
reported previously in [9].
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4 Application to Gene Expression Data in Cancer

In biomedical studies, an important task is to select informative genes that present
altered expression levels in the diseases under study. Selecting adequate marker
genes should may be useful in classifying new samples. We considered 26 public
microarray cancer data sets (http://bioinformatics.rutgers.edu/Static/Supplements/
CompCancer/datasets.htm), which are high size/dimensional class-unbalanced data
sets. We compared the results of a linear discriminant analysis using the original
set of genes and the extreme genes identified under criterion (3). As an evaluation
criteria, we considered the rate of correct classification obtained by the leave-one-out
method.Using only the extreme genes detected by (3) the rate of correct classification
was, in general, maintained or even improved (see Table1). It is important to note
that the reduction in the number of marker genes facilitates the interpretation of their
biological meaning with regard to the disease.

Table 1 Columns: Cancer data sets; classes (k); samples (n); original genes (p); extreme genes
selected by our criterion (NG); total leave-one-out classification rate, in percentage, using all genes
(CRall ) and using the reduced list of genes (CRsel )
Data set k n p NG CRall C Rsel Data set k n p NG CRall C Rsel

Alizadeh-2000-v1 2 42 1095 118 90.48 92.86 Laiho-2007 2 37 2202 414 81.08 86.49

Alizadeh-2000-v2 3 62 2093 306 98.39 98.39 Lapointe-
2004-v1

3 69 1625 170 81.16 72.46

Armstrong-2002-v1 2 72 1081 193 91.67 98.61 Lapointe-
2004-v2

4 110 2496 249 80.91 70.00

Armstrong-2002-v2 3 72 2194 391 88.89 91.67 Liang-2005 3 37 1411 179 94.59 100.00

Bittner-2000-V1 2 38 2201 279 76.32 84.21 Nutt-2003-v1 4 50 1377 320 72.00 70.00

Bittner-2000-V2 3 38 2201 279 63.16 65.79 Nutt-2003-v2 2 28 1070 173 89.29 100.00

Bredel-2005 3 50 1739 238 84.00 84.00 Nutt-2003-v3 2 22 1152 246 100.00 90.91

Dyrskjot-2003 3 40 1203 217 75.00 82.50 Pomeroy-
2002-v1

2 34 857 126 76.47 79.41

Garber-2001 4 66 4553 391 81.82 83.33 Risinger-2003 4 42 1771 255 71.43 71.43

Golub-1999-v1 2 72 1877 321 88.89 90.28 Shipp-2002-v1 2 77 798 137 85.71 75.32

Golub-1999-v2 3 72 1877 321 84.72 88.89 Tomlins-2006-
v2

4 92 1288 129 83.70 84.78

Gordon-2002 2 181 1626 290 100.00 96.69 West-2001 2 49 1198 180 75.51 75.51

Khan-2001 4 83 1069 165 53.01 65.06 Yeoh-2002-v1 2 248 2526 315 87.90 95.97
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