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1. Introduction





	Measurement is the assignment of numbers to objects in order to represent some of their properties, those specific properties capable of "more or less" instantiation, i.e. of instantiation degree. We call these properties magnitudes or quantities.� 


	Measurement can be derived or fundamental. In derived measurement, by far the most common in scientific practice, we obtain the desired value of a magnitude for an object with the help of other values we already have (of the same magnitude for other objects and/or of other magnitudes for the same object) which are linked with the first in a certain way expressed by some connection formula. For example, we can measure the mass of a heavenly body using the mass of a rocket, its change in trajectory when it travels near the body and certain mechanical laws which relate all these values; or we can measure a non-accessible distance by triangulation from other distances and some angles already known; or we can determine the density of a homogeneous body by means of its known mass and volume.� In all these cases we obtain the desired value by "calculating" from previous values and using some connection formula.


	But measurement cannot always be derived, for derived measurement makes use of already known, i.e. measured, values and we must begin somewhere. This place is provided by fundamental measurement, not as common in practice but absolutely essential because it is "where everything begins". In fundamental, or direct, measurement we obtain the desired values with no previous values at all, directly from qualitative empirical data (e.g. the measurement of mass by an arm balance, of length by the comparison of rigid rods, or of thermometric temperature by a thermometer).


	Measurement procedures, derived or fundamental, are possible because in the system in which we assign a value to an object certain facts happen, i.e. because the system satisfies certain empirical conditions, certain "laws of nature".� These empirical facts or laws are the possibility conditions of measurement practice and they are the object of theoretical investigation. We shall use 'metrization'� to refer to this theoretical activity which studies mensurability conditions, i.e. possibility conditions for measurement. In derived measurement these conditions are quantitative laws of nature (or, in some cases, definitions; see foot notes 4 and 6). But because these laws are (some of) the laws studied by common empirical quantitative theories, properly speaking the theory of derived mensurability has no autonomous subject, its task is already done by these common quantitative theories. This is the reason why there is no autonomous theory devoted to the foundations of derived measurement.�


	In fundamental measurement the systems and the conditions-laws are qualitative (remember that numerical values "begin" only after it). But these qualitative conditions are not the subject of any particular empirical qualitative theory devoted to the study of (the qualitative aspects of) a specific magnitude, for the same set of qualitative mensurability conditions may correspond to qualitative systems of a very different physical nature, i.e. it may provide the same foundations for the fundamental measurement of very different magnitudes. The possibility conditions of fundamental measurement are the subject of a specific, and as we shall see somehow special, empirical qualitative theory. This theory, which provides the foundations for fundamental measurement, studies the (different groups of) qualitative laws that make an empirical system, of whatever physical nature, mensurable, i.e. numerically representable. This theory is the theory of fundamental mensurability, usually called 'Theory of Fundamental Measurement' or, in short (and because of the absence of a specific theory of derived mensurability), 'Measurement Theory' (MT).� 








2. Historical remarks





	MT does not have a very long history, only about one hundred years since its beginning in the works of the German scientist and philosopher H. V. Helmholtz. Our theory has two clearly different periods, the formation period and the mature theory, nicely separated by the publication in 1951 of Suppes' foundational work 'A set of independent axioms for extensive quantities'.� In this paper two previous research traditions on the foundations of measurement, developed during the formation period, come together in the appropriate way. These traditions correspond, on the one hand, to Helmholtz's, Campbell's and Hφlder's studies on axiomatics and real morphisms and, on the other, to the work undertaken by Stevens and his school on scale types and transformations. These two lines of research were complementary in the sense that neither of them was complete in itself, but together they contained all that was necessary to develop the theory.


	Helmholtz, Hφlder and Campbell analyze the conditions that an empirical system must satisfy in order to be numerically representable, but they do not say anything about the relations between different possible representations of the same empirical system. Stevens studies the different formal relations which exist between different representations-scales of a magnitude, but he does not say anything about why the representations which show this relation, i.e. admissible transformations, are representations of the same magnitude. To give an appropriate answer to this question it is necessary to refer to the empirical conditions the system satisfies. If a transformation of a scale for a magnitude m is admissible, it is because the function which results from the transformation is also a representation-morphism of the empirical system. This is the link that is lacking between the two approaches, the bridge which unifies these two lines of research of the formation period of our theory. This bridge is provided in Suppes 1951, where these complementary approaches converge and all the elements of the theory are appropriately integrated for the first time. With Suppes' work, then, begins what may be called the mature theory, which developed rapidly, especially since the sixties, and culminate in the opus magnum Foundations of Measurement.


	From its beginnings in Helmholtz to its standardization in Suppes 1951, MT deals only with systems that include a combination operation. Measurement systems consist at least of a domain A of objects and a comparison relation _ which expresses the qualitative relational aspect of the magnitude (the intended reading of "a_b" is that a is greater than or equal to b with respect to the property under consideration, i.e. a exemplifies the property in a greater or equal extent than b; _ is the corresponding strict order, i.e. a_b=defa_b and not b_a; and ~ is the corresponding equivalence relation, i.e. a~b=defa_b and b_a). But generally, besides the ordenation under _ additional structural facts are necessary for the representation to be possible. The qualitative systems studied during the formation period have, in addition to the comparison relation, a concatenation or, more generally, a combination operation (.� We can call these systems 'combinatorial measurement systems' and Combinatorial Measurement Theory (CMT) the part of MT which deals with them. So MT was focused from the outset on combinatorial systems of the kind <A,_,(>; more precisely, not on general combinatorial systems but on a specific sub-kind of combinatorial systems, namely, combinatorial extensive systems. The representation of a combinatorial system is a function f:A(Re such that (1) a_b iff f(a)(f(b), and (2) f(a(b) = F(f(a),f(b)), for a specific F which is the quantitative representation of the qualitative operation (. Extensive combinatorial systems are characterized by the fact that they have additive representation, i.e. for them F is +; these are precisely the measurement systems to which the foundational work Suppes 1951 is devoted. Although the existence of a combination operation, with certain interesting properties, was the first motivation for the theory, it is not necessary for a system to include a combination operation in order to be numerically representable. Representation (not merely by means of ordinal scales, which cannot be properly regarded as numerical representations) is also possible if the system has certain other interesting structural facts and, after Suppes 1951, MT extends its original scope to deal with non-combinatorial measurement systems.


	The first extension of the theory, made a few years later by Suppes himself in collaboration with Winet, had to do with interval systems.� In some magnitudes (e.g. thermometric temperature) direct procedures of comparison between two objects which display the magnitude give rise to merely ordinal scales. The main reason for this limitation is that, in these magnitudes, there is no empirical procedure of concatenation that corresponds to addition (or to some other interesting mathematical function). As we have pointed out, this does not preclude interesting (i.e. not merely ordinal) representations if certain other conditions are satisfied. What allows such representations in this case is the existence, and certain properties, of a direct procedure of comparison between pairs of objects. One object is not compared with another but a pair of objects with a different pair. The pairs represent qualitative intervals or differences of the magnitude instantiated in the objects of the domain. So, the primitive order relation is not a binary relation on A but a tetradic relation on A (or binary on AxA). The intended interpretation of (ab)_(cd) is that a exceeds b in magnitude to the same or a greater extent than c exceeds d (for instance, in the foundational Suppes-Winet 1955 the magnitude was utility and the entities under comparison were pairs of commodities); and, of course, this comparison is direct, it is not induced by a previous comparison between a and b on the one hand and c and d on the other. We shall call these systems 'interval measurement systems' and Interval Measurement Theory the part of MT which deals with them.


	Representation for interval systems, as in combinatorial ones, also has a general form with different specific versions for different types of interval systems. We have seen that pairs (ab) express the difference in magnitude between objects a and b, but this qualitative difference can be expressed numerically in several different ways depending on the properties the empirical system satisfies. Each pair (ab) is represented by a number G(f(a),f(b)), where f assigns mathematical entities to objects and G is a mathematical function of measure of differences. The representation establishes, then, that there are f and G such that (ab)_(cd) iff G(f(a),f(b)) ( G(f(c),f(d)). Different interval systems allow different G functions; in the simplest case G is the subtraction x-y, but in other cases it may be the absolute value of the subtraction |x-y|, or even something more complicated, such as ((x2-y2).


	Interval systems were not the only extension of the original MT. There were at least two other extensions, conjoint systems and the so-called probability systems.� So MT deals with at least four different kinds of measurement system and it is an open question whether it has to be regarded as one single macrotheory or as a family of related theories. Both alternatives can be defended and favoring one against the other is partially a matter of aesthetic  preference. We shall make some comments on this topic later.








3. Standard expositions and nature of MT





	MT is canonically presented in several text books from the sixties. Among the most important, we can mention Pfanzagl 1968, Roberts 1979, Narens 1985 (where the mathematical apparatus of the theory is substantially enriched) and particularly the three volumes of the "summa"  Foundations of Measurement, Suppes et. al. 1971, 1989 and 1990. Minor differences aside all these expositions of MT share a common scheme which exhibit the following main traits.





(a)	Because magnitudes are properties capable of "more or less" instantiation, they are "expressed" in empirical qualitative systems by a comparison-relation _ over the domain of objects that exhibit the magnitude. Whether this relation is "the extensional counterpart" of the magnitude or "the magnitude itself" is a metaphysical issue we are not going to deal with here. Empirical systems studied by MT are, then, qualitative-comparison-systems of the form <A,_,...>. We shall call these systems 'metrics'.�





(b)	MT studies what properties metrics must satisfy in order to be numerically representable; here, 'numerically representable' means, generally, "homomorphic to a mathematical system <Re,(,...>" (but see below for the inessentiality of this homomorphic version).





(c)	The systems <A,_,...> may have additional components, or special features, that "help" the representation. E.g.: in combinatorial metrics, the system has a qualitative operation of combination (; in interval metrics, the domain A is made up of pairs of objects; etc.





(d)	There are many kinds and many groups of conditions which make the representation possible. That one particular group φ of conditions is sufficient for the representation of a specific system is established by the Representation Theorem:


RT:	If φ(<A,_,...>) then there exists an homomorphism f of <A,_,...> into 	<Re,(,...>.


Every specific such f is a scale for the magnitude (e.g., for mass, gr, kg or Tm or ... scales).





(e)	For each system, under conditions φ there exist usually many functions that satisfy RT. The degree of uniqueness of these different scales is established by the Uniqueness Theorem:


UT:	If φ(<A,_,...>) then any two homomorphism f, g of <A,_,...> into 	<Re,(,...> are such that, for every x(A: g(x) = T(f(x)).


T is the transformation-type of the scale group, the kind of admissible transformations for the scale (e.g. similarity transformations ax (a(Re+), linear transformations ax+b (a(Re+, b(Re), etc.) and defines the scale-type (e.g., respectively, proportional scales, interval scales, etc.).





(f) We can join these two theorems in a single Representation-Uniqueness Theorem of the following form:


RUT:	If φ(<A,_,...>) then (f (g:


	g is a homomorphism of <A,_,...> into <Re,(,...> iff g = T(f)).





(g)	Different metrics have more or less "strong" representations depending on the "strongness" of the transformation-type T. The interest, "usefulness" or "meaningfulness" of the representation depends on how strong its transformation-type is: the stronger the transformation type, the more meaningful the representation. The idea is that an assertion α involving or using a scale f is meaningful when the assertion does not depend on conventional aspects of the measurement, that is, it depends only on "what happens" with the objects exhibiting the magnitude. So, an assertion α(f) is meaningful when it preserves its truth-value under admissible transformations. Given that T is an admissible transformation of a scale f, "α(f)" is meaningful iff for every admissible transformation T for f: α(f) iff α(T(f)) (e.g.: "the mass of a is two times the mass of b" is meaningful because it is true, or false, under every scale for mass; "the thermometric temperature of a is two times the thermometer temperature of b" is not meaningful because it can be true on some scales but false on others).





	These are, very schematically, the central traits and contents of MT as they appear in the standard expositions. Before dealing with the reconstruction, I shall make some general remarks on the nature of MT which will provide grounds for some controversial aspects of the reconstruction. The first remark has to do with its representational character, the second with its empirical character.


	First representationalism. MT is a representational theory which deals with the conditions one thing must satisfy in order to be represented by a certain other thing. But it is not a General Representation Theory for it is not interested in whatever representation but only in some of them. In measurement representations the "represented object" is an empirical qualitative system, the "representing object" is a numerical or quantitative system and the representation is by means of homomorphism. But even this is too wide, for MT is not interested in every empirical qualitative systems representable by numerical systems through homomorphism but, again, only in some of them. Which ones? The core idea, stated above, is that MT deals with the possibility conditions for (fundamental) measurement, i.e. for numerical representation of quantities or magnitudes, properties capable of "more or less" instantiation. Hence, MT is interested only in those empirical qualitative systems which exhibit those special kinds of properties capable of more or less instantiation, of instantiation degree. These special properties, quantities or magnitudes, become apparent in qualitative systems by means of a qualitative comparison relation; the presence of such a relation is, prima facie, evidence of the presence of a quantity instantiated in the objects of the domain. The comparison relation is the qualitative expression of the quantity.� If this is so, then Measurement Theory is interested only in empirical qualitative comparison systems representable by numerical homomorphism, for only these systems are involved in (fundamental) measurement, in the strict, and proper, use of the word 'measurement'.


	It is worth noting that not all measurement theorists agree with this view. In Foundations  the authors say: "Historically, the earliest example of numerical representation was the invention of analytic geometry, which provides coordinate-vector representations for qualitative geometrical structures [...] The unidimensional representations of Volume I were, in fact, a later development, in which foundational work was extended from geometry to other domains, first the physical sciences and then the social sciences" (vol. 2, p. 1-2). As an explicit assertion about numerical representation in general, I agree; but as an implicit claim about measurement in particular (and I think it is implicitly so because of the space devoted to geometrical representations in a work on foundations of measurement) I strongly disagree. Not every numerical representation is measurement, and analytic representations of synthetic geometries are certainly not. Or to put it in another more sympathetic way, there seem to be two uses of the label 'measurement theory'. In one, extremely wide sense, it deals with the possibility conditions for numerical representation of whatever qualitative system. In another, more restricted sense, it concerns only the representation of systems which exhibit properties capable of instantiation degree. In the first sense the works of Helmholtz and Campbell can be considered an extension of that of Descartes; in the second sense, this is by no means the case. I think that the second strict sense is the one that corresponds to the common use of words, and that the first is extremely and unacceptably wide. But I don't want to argue about words. For the moment it is enough to point out these two senses and to establish from the very beginning that our reconstruction of MT is of a measurement theory in the second sense.�


	Second, empiricity. Contrary to what current expositions of the theory may suggest, I defend that MT is an empirical theory in the following minimum sense.� MT is empirical in the sense that the main motivation for its formal development has been the application of its apparatus to different qualitative empirical situations, such as facts about rods, balances, observed frequencies, body stimulations, preference judgements, etc. The history of the theory shows that the first formal systems were developed for a certain kind of empirical situation; after the first stage, theorists try to apply the same formal conditions to other empirical facts, and if they don't succeed they try to develop new conditions corresponding to the empirical properties of these new facts; when they succeed, the new systems extend the formal part of the theory, and so on. Although in recent years there have been some purely mathematical motivations (but note that this is also the case in other common empirical theories), the evolution of MT's formal apparatus is essentially linked to its application to empirical, physically implemented systems whose properties this apparatus tries to capture. Nevertheless, once I have emphasized the empirical character of MT, I am not going to pay more attention to it in the reconstruction. Having an empirical theory as an object, the structuralist reconstruction should include in each theory element, together with the formal core K, the set I of its intended applications, or at least something like a list of paradigmatic applications. Although it is possible to do so in every specialization line of the net, I will not do it here, I will just mention some examples. This leaves the reconstruction partially incomplete. For this reason, what follows does not deal with a net of theory-elements <K,I> stricto sensu, but only with a net of theory cores K (but this is not because of the peculiarities of the theory, this procedure is common to many structuralist reconstructions, which in general are mainly interested in the "most difficult part", i.e. the structure of the net of formal cores).








4. New structuralist approach and strategy of the reconstruction





	In a paper entitled 'Quantities as theoretical with respect to qualities' (1979), J. Sneed proposes a way of reconstructing MT within a structuralist framework that we are not going to follow. Actually, the proposal is very schematic and not for the whole MT but only for one part of it, the combinatorial subtheory, and even in the combinatorial part, it deals only with one kind of combinatorial systems, the extensive ones. These restrictions aside, there is enough material to develop a full structuralist reconstruction of our theory. The main traits of this approach are the following. We present the proposal, and our criticisms, only for combinatorial systems but the generalization of both the proposal and the criticisms are quite obvious.


	The main idea of the Sneedian approach, which motivates the tittle of the paper, is that representing functions, i.e. the scales, are T-theoretical components of the actual models of MT. That is, our systems of data, and so the partial models, are purely qualitative structures of the form <A,_,(> and the potential models are partial models which are extended by introducing of a numerical function f of A into Re. Actual models are those potential models in which f is a homomorphism of <A,_,(> into <Re,(,+>. That is, actual models include quantitative scales f of the magnitude. In this sense "quantities are theoretical with respect to qualities". The way Sneed presents this idea is somehow peculiar. He states that partial models are qualitative structures of the form <A,_,(> and that potential models are systems of the kind <A,_,(,Σ,f>, where f is a function of A into Re and Σ=<Re,(,+>. The basic law of (extensive) combinatorial MT is: "f is a homomorphism of <A,_,(> into Σ". So, actual models are those potential models <A,_,(,Σ,f> such that f is a homomorphism of <A,_,(> into Σ.


	Though it seems very persuasive at a first sight, I think that a close inspection shows that this approach is misguiding. The reason has to do with the well known fact that, if a combinatorial metrics has additive representations over <Re,(,+> (unique up to similarity transformations) then it also has multiplicative representations over <Re,(,(> (unique up to exponential transformations) as well as many other kinds of representations (unique up to a specific transformation), actually as infinitely many as systems <Re,(,?> isomorphic to <Re,(,+> we are ready to accept (an analogous act is true of each other kind of metrics). I have tried to show how this fact makes Sneed's approach implausible elsewhere (cf. Dνez 1992) but I can not go into the criticisms here. The natural consequence of these criticisms is that representations f are superfluous as components of actual, and hence potential, models. This is the start point of our new, antisneedian, approach.


	This new approach is characterized by the following two facts: (i) potential models include only qualitative components, e.g. in the case of combinatorial-MT, they include only A, _ and (; and (ii) MT-laws are conditions φ of RU theorems. What about RU theorems themselves? Well, they are just that, theorems pursued by MT-theorists. RU theorems are essential in the sense that theorists cannot be considered MT-theorists unless they search for empirical conditions φ that makes possible the proof of a RU theorem; but this does not mean, as Sneed proposed, that we must take them as the laws of MT.	In this new approach, then, we have, in the case e.g. of combinatorial- MT, that partial models are of the form <A,_,(>, that potential models are also of the form <A,_,(>, and that actual models are those potentials models <A,_,(> such that φ(A,_,(), φ being a suitable set of usual RU-conditions of standard expositions.


	Before some remarks about the strategy of the reconstruction, we must briefly comment the nature of MT due the fact that partial and potential models are of the same type. This fact has a deep philosophical consequence concerning the nature of MT. If partial and potential models are of the same type, MT is, even if empirical, a very peculiar empirical theory. The reason is obvious: if MT-potential models have no specific theoretical apparatus, then MT is not an explanatory theory in the usual sense. The explanatory import of a common empirical theory T relies on the T-theoretical apparatus that expand partial models to potential and actual models. So, the absence of MT-theoretical apparatus amounts to the absence of explanatory import. MT is, so to say, a purely descriptive theory.


	What, then, explains the behavior of MT-empirical applications? Who answers questions like "why does this particular arm balance behave in this specific way?", "why does this particular preference decision makers behave in this specific way?". We cannot pursue this issue here but the core idea is the following: what explains the behavior of each particular MT-empirical application is the quantitative theory that studies the particular quantitative magnitude "involved in", or "that is behind", such qualitative application. For instance, for the explanation of the qualitative behavior of this particular arm balance we must go to Classical Mechanics (or at least Rigid Body Mechanics). How does this explanation appear in the reconstruction of MT? It does appear in the reconstruction of intertheoretical links, in the structuralist sense, between MT and Classical Mechanics and, in general, between MT and common quantitative theories (see Dνez 1995 for details of these intertheoretical links). 


	Under this approach, then, as soon as we have a qualitative empirical application of MT we have implicitly identified "a magnitude". Of course we do not have a metrical concept, for the existence of the metrical concept depends on the existence of a quantitative theory that studies such magnitude. When we have a quantitative concept (function) in the frame of a quantitative theory, then we have an explanation of the behavior of the qualitative system that "qualitatively shows" the magnitude. But even if we still do not have the quantitative concept, because we do not have a quantitative theory yet, we do have a magnitude "behind" the qualitative system. Think about the alleged existence of a Greek super-Suppes who worked on MT two thousand years ago and who proved a representation theorem for combinatorial systems exemplified by qualitative arm balances. I take it that before the birth of quantitative mechanics we do not have the metrical concept mass, but we do "have" the magnitude mass. What happens is that while we do not have the quantitative theory, the behavior of such qualitative empirical systems remains unexplained. For this picture to be coherent, it must be supplemented with a "pure relational" account of magnitudes: magnitudes are nothing over and above specific qualitative comparative relations with certain powerful algebraic features, features that enable us to build a quantitative conceptualization- representation of such comparative relations. Magnitudes are qualitative relational properties for which we may have qualitative as well as quantitative concepts. 


	This account must be substantiated but we cannot do so here. Let's go to the strategy of the reconstruction, which shows MT as a typical tree-like structuralist theory net. In the structuralist framework, every theory core K is made up of the sets Mp of potential models, M of actual models, Mpp of partial models and the constraints C.� The set of theory cores makes up a net via the specialization relation. All cores of the net share Mp, Mpp and (almost always, and in fact in our case) C. So, giving the net of theory cores consists, basically, of giving Mp, Mpp, C and the net of sets M of actual models, i.e. the net of the laws of the theory. As in any other theory, MT laws take the form of conditions on the components of the models. Before beginning the reconstruction, some comments are in order.


	First, kindsof laws. We have said that laws must be of the kind of conditions φ of RU theorems. But we still have two options for these conditions: usual algebraic conditions, e.g. monotonicity, positivity, etc.; or "Narensian" conditions, n-homogeneity and n-uniqueness (see Narens 1985). We shall take here the common, first ones. The reason is that, although Narensian conditions are in some sense better for purely mathematical aims, common algebraic ones are more significant from an empirical point of view. There are systems wich have very different empirical behavior but which share Narensian conditions. Because we want to stress the empirical import of the theory, it will be better to use, as common expositions do, the first conditions. 


	Second, stratification levels. Different kinds of systems are characterized by different groups of conditions or laws which give rise to different representational possibilities (representation theorems) of different mathematical force (uniqueness theorems). Some of the properties are shared by all systems, other properties are shared only by some systems and still others are specific to each system. The ordination or stratification of the properties is not an automatic endeavor and some choices must be made. If, for instance, systems S1 and S2 share property P1, S1 and S3 property P2 and S2 and S3 property P3, we cannot build the net grouping by common factor; we must choose among the properties in order to stratify the systems. The choice is not arbitrary and reasons must be given in every occasion on conceptual grounds that enable us to consider some properties as more basic, more central to the systems than others. 


	Third, apparent redundancies. An important fact of the reconstruction has to do with apparent redundancies. Each final type of system will be defined by "collecting", putting together, the properties that appear at different levels of each branch of the tree. So we are adding properties from top to bottom. But sometimes higher properties may seem redundant in view of their specializations, i.e. some property in some level is implied by one of the properties in each specialization in the next level. For instance, level Li may have a property of the type "α or ί or γ" and, at the same time, three specializations on level Li+1, one with the property α, another with ί and the third with γ; so the property in Li seems redundant. When, in such cases, we maintain the "redundant" property in Li, it is because there are conceptual reasons that show that these specializations are the only possible ones and the maintenance of the property is the way we express this fact. The goal of a reconstruction is not only to reorder what already exists in the literature, but also to canonize it; if we drop the property in Li we cannot distinguish the case where only de facto there are these three specializations from the case in which there are three and there can be no more. I think that a reconstruction must show this difference, when it exists, and the only way of doing so is this apparent redundancy. 


	Fourth, apparent "miscompactness". Sometimes one level Li of the net has only one specialization at the next level Li+1, specialization which in turn has one or more other specializations on the following level Li+2. One may think that in such a case we should compactify the first two levels to make one single system. When, in such cases, we keep the two levels separated, it is because there are conceptual reasons that show that the first level can have other specializations and maintaining such differentiation is the way we express this fact. Because the reconstruction must not only reorder but also canonize, if we join the two levels we close the door to putative new specializations and, hence, unjustifiably limit future developments of the theory.


	Finally, representation theorems. MT studies the different groups of conditions that empirical qualitative comparison systems must satisfy in order to be numerically representable. This numerical representation is established in Representation and Uniqueness theorems, one such theorem for each measurement system. But this does not imply that, in the reconstruction, we should find one representation theorem in each node of the net, in each defined system. Remember that "final" measurement systems are defined by the sum of properties in different levels of the net, i.e. by putting together the properties appearing throughout one branch or specialization line. So, what matters is that each branch or specialization line has (at least) one representation and uniqueness theorem, i.e that we have such a theorem for (at least) these final systems. A node has representational "significance" only in the sense that it, or some node under it, has a representation theorem. Of course we are talking here of interesting, not merely ordinal, representation theorems. It is possible to prove a representation theorem for the basic theory core, and hence at least one representation for every node of the net. But this representation gives rise to merely ordinal scales, i.e. representations unique up to monotone transformations (e.g. Mohs' scale for hardness of metals). Because these scales have the same logical properties of qualitative comparative concepts, it is hard to regard them as really numerical or quantitative in a strong sense.








5. One macro-net or many micro-nets. General constraint.





	In section 2 we said that there are four main types of qualitative measurement systems or metrics, combinatorial, interval, conjoint and the (so called) probabilistic, and asked whether a unified treatment as one single macro theory is possible. Because our reconstruction, for reasons of space, will be confined to combinatorial systems, this issue does not affect uor task. We shall make only a very brief comment on it.


	The possibility of a unified treatment of all these kinds as one single macro theory depends on the possibility of unifying the prima facie different potential models: combinatorial potential models are of the form x=<A,_,(>, with _ ( AxA and ( ( <AxA> x A is a function; interval potential models are of the form x=<A,_>, with _ ( <AxA> x <AxA>; conjoint potential models are of the form x=<A,B,_>, with _ ( <AxB> x <AxB>; and probabilistic or, better, algebraic set-theoretical� potential models are of the form x=<A,_> with _ ( AxA, being A an algebra of sets. In all these cases we have different groups φ of conditions that make different types of representations possible, representations that have a specific form ψ with a characteristic uniqueness T. That is, in all these cases we have RU-theorems of the following form (remember that, even when possible, to give ψ in a "homomorphism-version" is always inessential and almost always very unnatural):


	If φ(x)   then:	(R) (f ψ(f,A,_,...,Re,(,...>


				(U) (f,g such that (R): g=T(f).


	In Dνez 1992 I defended that it is possible to join the four main nets by building up one single macro-theory net. Interval, conjoint and algebraic cases are easy to deal with. In all these cases we have a relation _ over a domain A, and different specializations specify the kind of factorial or algebraic structure that characterizes the set A in each specific metric, so that potential models are always of the form <A,_>. The main problem concerns combinatorial metrics, for here potential models seem to include a new component (. One strategy is to allow the specialization relation to include a new component. I think this heterodox strategy does not work and that, in spite of unification, another "relativization" strategy is better. The idea, for combinatorial cases, is "to relativize" potential models <A,_> to a combination operation (. This strategy is not merely nominal and not wholly ad hoc. The main reason is the following (for a full defense see Dνez 1992 ch. 4): "the" magnitude behind the measurement system "is" in the order relation _. There are cases of the same magnitude with different modes of combination, some of which have the same algebraic properties (e.g. linear and orthogonal combination of distances), while others have different properties (e.g. series and parallel combination of resistances). To confine the system to <A,_> and to relativize it to one combination or another is a way of stressing this idea.


	If this strategy works, then we would have one macro tree-like net with a basic theory element common to all kinds of metrics and specialized in four main directions. Potential models would be of the form <A,_>, and actual models of the basic theory element would be defined by two general laws: _ is transitive and strongly A-connected.� This basic theory element would also contain the following general coherence constraint:


GC	(x,x'(Mp(MT): (a,b(A(A' (a_b ( a_'b).


This general constraint expresses the fact that _ must be coherent "across" different models. The order relation of different models of the same magnitude must be coherent: if two such models have common objects, then they are equally related by both orders.


	As I mentioned above, we are going to leave general measurement theory now and, because of space limitations, limit the reconstruction to combinatorial measurement theory (CMT). Because I shall deal with CMT in isolation, I shall not use "the relativization strategy" but the standard presentation, i.e. taking potential models as being of the form <A,_,(>.�


 





6. Combinatorial Measurement Theory. Basic theory element





	We begin here with the basic theory element of CMT. As stated above, potential models are of the form <A,_,(>, where A is a non empty set of objects and _ and (, respectively, a relation and a function on A. Because neither _ nor ( are CMT-Theoretical, partial models coincide with potential models (see section 5 for philosophical consequences). Remember that a representation of combinatorial metrics is a function f: A(Re such that (1) a_b iff f(a)(f(b) and (2) f(a(b)=F(f(a),f(b)), for a certain concrete F which is the quantitative representation of the qualitative operation (, and that the representation is more or less strong, or unique, depending on certain conditions the structure satisfies.


	For the sake of simplicity, I shall take ( as being closed over A; that is, the combination of every two objects of A does exist and belongs to A. This is a very strong and empirically implausible assumption, for usually it is not possible to combine some (many) pairs of objects. We should, then, require ( to be defined only on a subset of A x A. Although this is not difficult, the reconstruction would be much more cumbersome for the form of some axioms become much more complicated. So, I shall take the domain of ( as being A x A. From a metatheoretical point of view nothing essential is lost.� We have then the following definitions (hereafter, free variables must be read as universally quantified).





DEFINITION 1. x=<A,_,(> is a potential combinatorial metric, x(Mp[COM], iff:


(1) A((


(2) _ ( A x A


(3) (: A x A ( A





DEFINITION 2. Mpp[COM] =defMp[COM]





DEFINITION 3. x=<A,_,(> is an actual combinatorial metric, x(M[COM], iff x(Mp[COM] and:


(1) _ is strongly connected and transitive


(2) (a~b ( a(c~b(c) ( (a~b ( c(a~c(b)	





	As I have mentioned above, transitivity in (1) confines us to classical CMT. Condition (2) is (a weak form of) substitutivity. We cannot demand on this general level _ instead of ~ (monotonicity) because of cyclic metrics (see below). Even as a substitutivity condition, this condition is weak because it holds only left-to-right and not in the other direction. The reason is the possible existence of limit objects: objects that "are not modified in quantity" when combined to any other (for instance, the speed of light). If c is limit, it is obvious that the right-to-left direction of condition (2) is false. Limits are special objects in combinatorial metrics, but not the only ones. Other special objects are null objects: those that "do not modify in quantity" any other object when combined with it (for instance, photons are null mass-objects). We can define these properties and establish as theorems� some special features about them:





DEFINITION 4. Let x(M[COM]:


(1) N(a) iff a(b~b~b(a


(2) L(a) iff a(b~a~b(a





THEOREM 1.


(1) N(a) ( N(b) ( a~b 


(2) L(a) ( L(b) ( a~b 


(3) N(a) ( a~b ( N(b)


(4) L(a) ( a~b ( L(b)


(5) N(c) ( (a_b ( a(c_b(c) ( (a_b ( c(a_c(b)


(6) (a,b a_b ( ¬(c (Nc ( Lc)





(1)-(4) are obvious: nulls are equivalent and limits too; objects equivalent to nulls are nulls and objects equivalent to limits are limits. (5) states that we have strong monotonicity when combination is made with nulls, which is obvious for nulls "don't make any difference". We have implicitly presupposed that nulls and limits are different, but this happens only if there are non equivalent objects, otherwise every object is null and limit. Because systems where all objects are equivalent are of null empirical interest, we shall assume hereafter the antecedent of (6). 


	Although the notions of null and limit objects are general, their exemplification makes sense only in one branch of the net. There are two main lines of specialization, or branches, in CMT. The idea is to distinguish these two general kinds of combinatorial metrics depending on the way _ behaves after combination: ( may be "extern" with respect to _ or "intern". In this second case, the combination a(b always lies "between" a and b, i.e. is greater than one of them and smaller than the other (e.g. mixtures of temperatures, "bisection" perceptual judgements, ...). In the external case a(b is always greater or smaller than both components (e.g. mass combinations, parallel combinations of resistances, angle combination, ...). This difference is basic in the sense that many other representational properties of combinatorial metrics depend on it. In the first level of specialization we shall distinguish, then, two main theory elements that open the two main branches of the net: external (combinatorial) metrics and internal (combinatorial) metrics. We continue the reconstruction by developing first the external branch. This is the branch where the existence of nulls and limits makes sense; in internal metrics their existence makes sense only in empirically non interesting systems where all objects are equivalent (which, remember, we decided to exclude).








7. External combinatorial metrics





DEFINITION 5. x=<A,_,(> is an external combinatorial metric, x(M[EXT], iff x(M[COM] and:


(1) a(b_a,b ( a,b_a(b


(2) a(b~a ( Nb ( La 





	The "essence" of external metrics is condition (1), i.e. the combination is always greater or smaller than both components. This general external property should be expected to go together with general extremal properties for nulls and limits. But this is not the case. The extremal properties of nulls and limits depend, as we shall see, on specific features of specific external metrics. At this level the only general property for nulls and limits is (2): if we find that after some combination the magnitude of an object has not been modified, we can conclude either that this object is limit or that the other is null.


	Note that (1) says that the combination is always greater or smaller than both components, but only that. That is, (1) does not imply that the combination is always greater or always smaller than both components, for the universal quantifier has the wider scope. According to (1), it is possible that for some a,b a(b is greater than a and than b, but for some other a,b in the same domain A a(b is smaller than a and than b. This is the next key-feature with respect to which we specialize external metrics. If an external metric is such that the combination is always greater or always smaller than both components, we shall call the external metric linear. If the combination is greater than both components for some pair of components and smaller for some other pair, we shall say that the external metric is cyclic. Examples of linear metrics are mass combinations or parallel combinations of resistances; examples of cyclic metrics are angle combination or clock-time combination. A natural way of specializing linear metrics will be, of course, to distinguish between metrics where the combination is always greater than the components, positive metrics, and metrics where the combination is always smaller than the components, negative metrics.


	First we are to develop the linear sub-branch. We do not define directly positive and negative metrics because "linearity" does not live alone, it goes with a general monotonicity condition shared by both positive and negative metrics. 





DEFINITION 6. x=<A,_,(> is a linear combinatorial metric, x(M[LIN], iff x(M[EXT] and:


(1) (a,b a(b_a,b ( (a,b a,b_a(b


(2) ¬Lc (  (a_b ( a(c_b(c) ( (a_b ( c(a_c(b)





In linear (i.e. non-cyclic) metrics we have strict monotonicity except for the presence of limits; leaving limits aside, strong monotonicity applies. Because linear metrics are not cyclic, we have _ instead of merely ~, and because c is not limit, we have both directions and not only the left-to-right one.


	As stated above, linear metrics specialize depending on whether the combination is always greater than the compounds or always smaller, that is whether they are positive or negative. We first deal with positive specializations. Although extensive positive metrics are the only known specialization of positive metrics, following the strategy announced above, we do not collapse them but present them in two steps. The reason, remember, is that the existence of (as yet unknown) non-extensive positive metrics is, at least, conceptually possible and this fact must be shown in the reconstruction. 





DEFINITION 7. x=<A,_,(> is a positive combinatorial metric, x(M[POS], iff x(M[LIN] and:


(1) a(b_a,b


(2) a_b ( (c (¬Nc ( a_b(c)





DEFINITION 8. x=<A,_,(> is an extensive positive combinatorial metric, x(M[EXPOS], iff x(M[POS] and:


(1) a(b~b(a 


(2) (a(b)(c~a((b(c)


(3) Every standard sequence is finite, where a sequence <ai> (i(N) is standard iff (i) ¬Na1, (ii) for every ai (i(2) ai~ai-1(a1 and (iii) there exists a non limit b s.t. for every ai b_ai.





Def. 7 (1) is positivity. Def. 7 (2) is solvability, which applies to all positive metrics (whether extensive or not): if a is strictly greater than b, by further compositions over b we can get b to a as close as we want. Extensive specializations are characterized by commutativity� and associativity, Def. 8 (1) and (2), and the corresponding specific form of the Archimedean axiom. Archimedeanity expresses the idea that there are no elements "infinitely greater" than others. Of course we must restrict this condition to non-limit objects. So, if (a non-limit) b is no matter how greater, but not infinitely greater, than (a non-null) a, we can "overpass" b by a finite recombination of equivalents of a. Def. 8 (3) is the common standard-sequence version of Archimedeanity, slightly modified for the possible presence of limits and nulls.


	Extensive positive metrics are the standard "extensive measurement systems" of the literature (enriched with limits and nulls), the ones with which MT began and which were for decades the theoretical paradigm in measurement research. Empirical applications of EXPOS are, for instance, the combination of bodies compared by an arm balance, the linear combination of rods, and also their orthogonal combination, the linear combination of resistances, and so on. For these magnitudes and modes of comparison-plus-combination, the existence of additive representation, unique up to similarity transformations, can be proved. This is what the following RU theorem states.





THEOREM 2. Let x(M[EXPOS]:


(1) There exists f: A ( [0,(] such that


	(a) a_b ( f(a)(f(b)


	(b) f(a(b) = f(a)+f(b)


	(c) (N(a) ( f(a)=0) (  (L(a) ( f(a)=()


(2) If f and f' satisfy (1) then there exist r(Re+ such that for every a(A:


	f'(a)=r(f(a)





	Remember that this is only one kind of representation, and is in fact the one chosed for pragmatic reasons in the scales used in scientific practice. As we said above, these systems have many other kinds of representation: multiplicative, exponential and infinitely many others. Here, and hereafter, we present only one of them, the "main pragmatic" one (but remember that from a theoretical point of view they all have the same value). We close this branch with a further specialization for strictly positive systems.





DEFINITION 9. x=<A,_,(> is a strictly positive extensive combinatorial metric, x(M[STEXPOS], iff x(M[EXPOS] and:


	a(b_a,b





The next theorem states that these systems have additive representations but over (0,(); the proof, which is obvious, uses the fact that in strict positive systems there are neither nulls nor limits (actually, we could use this fact to define them).





THEOREM 3. Let x(M[STEXPOS]:


(1) There exists f: A ( (0,() such that


	(a) a_b ( f(a)(f(b)


	(b) f(a(b) = f(a)+f(b)


(2) If f and f' satisfy (1) then there exist r(Re+ such that for every a(A:


	f'(a)=r(f(a)





	Though positive metrics are the most outstanding case of combinatorial measurement systems, they are not the only ones; CMT theory net has many other branches. There are not only non-external systems, there are also non-linear and, even in the linear sub-net, non-positive systems. These are negative metrics, systems in which the magnitude decreases after combinations. This branch has been ignored in the literature. Here we present the corresponding definitions where, like the positive cases, we distinguish negative and extensive negative metrics.





DEFINITION 10. x=<A,_,(> is a negative combinatorial metric, x(M[NEG], iff x(M[LIN] and:


(1) a,b_a(b


(2) a_b ( (c (¬Nc ( a(c_b)





DEFINITION 11. x=<A,_,(> is an extensive negative combinatorial metric, x(M[EXNEG], iff x(M[NEG] and:


(1) a(b~b(a


(2) (a(b)(c~a((b(c)


(3) Every standard sequence is finite, where a sequence <ai> (i(N) is standard iff (i) ¬Na1, (ii) for every ai (i(2) ai~ai-1(a1 and (iii) there exists a non limit b s.t. for every ai ai_b.





	I want to emphasize that this is not merely a (mathematically not very interesting) "style exercise". There do exist negative magnitudes, or better, magnitudes that are negative-with-respect-to-some-mode-of-combination. Parallel combination of electrical resistances, or series combination of condenser-capacitances, are physical examples. These extensive negative metrics do have representation over positive reals too, but now the representation is essentially non-additive. For notational convenience, let us introduce the following mathematical operation * which expresses a form of representation of ( in extensive negative systems:





DEFINITION 12. For every r,s ( [0,(]:


(1) r*s = (r(s) / (r+s), if r,s ( (0,()


(2) r*s = r, if s=(


(3) r*s = s, if r=(


(4) r*s = 0, if r=0 or s=0





The corresponding RU theorem is, then, the following:





THEOREM 4. Let x(M[EXNEG]:


(1) There exists f: A ( [0,(] such that


	(a) a_b ( f(a)(f(b)


	(b) f(a(b) = f(a)*f(b)


	(c) (N(a) ( f(a)=() (  (L(a) ( f(a)=0)


(2) If f and f' satisfy (1) then there exist r(Re+ such that for every a(A:


	f'(a)=r(f(a)





Note that now nulls are maximal and limits are minimal, just the opposite to positive cases. We close the negative branch of the net with strictly negative metrics:





DEFINITION 13. x=<A,_,(> is a strictly negative extensive combinatorial metric, x(M[STEXNEG], iff x(M[EXNEG] and:


	a,b_a(b





THEOREM 5. Let x(M[STEXNEG]:


(1) There exists f: A ( (0,() such that


	(a) a_b ( f(a)(f(b)


	(b) f(a(b) = f(a)*f(b)


(2) If f and f' satisfy (1) then there exist r(Re+ such that for every a(A:


	f'(a)=r(f(a)





	With negative metrics we end the non-positive part of the linear subnet. But the linear subnet is only one part of the external subnet. There are also non-linear combinatorial metrics. These are, as we have announced, cyclic metrics, systems where the magnitude "goes round in cycles" after (some) combinations, e.g. angles or clock-time. What characterizes these metrics is that, though external, they are "variable": for some combinations the result is greater than the compounds and for others it is smaller. This general cyclic property goes together with a weak form of monotonocity, which takes stronger forms in specializations.





DEFINITION 14. x=<A,_,(> is a cyclic combinatorial metric, x(M[CYC], iff x(M[EXT] and:


(1) (a,b a(b_a,b ( (a,b a,b_a(b 


(2) a_b ( c_a(c ( b(c_c





In cyclic metrics, only nulls make sense, limits don't. But nulls have two possible interpretations: nulls may be the "null cycle" or the "complete cycle". This distinguishes two different kinds of cyclic metrics: down cyclic metrics, where nulls are minimal, and up cyclic metrics, where nulls are maximal. And this, in turn, has to do with monotonicity. (2) is a very partial and weak form of monotonicity and the reason is that stronger forms depend on whether the cyclic metric is up or down. Monotonicity establishes what happens when two objects a and b are combined with a same third object c. If a_b, and because the metric is cyclic, what cannot happen is that the combination with the smaller object completes the cycle and the combination with the bigger one does not. That is, one of the following three things happens: both a(c and b(c complete the cycle; neither does; or a(c does but b(c doesn't (in this third case is when standard monotonocity fails). But these three alternatives correspond to different formal properties depending on whether the cyclic metric is up or down (the only fact common to both cases is Def. 14 (2)), so it is natural to use these specific versions to characterize up and down specializations. As in positive and negative linear metrics, we must present extensive systems in two steps in order to leave open the possibility of non-extensive specializations. Extensive specializations of up and down cyclic metrics will be characterized by  commutativity, associativity and a specific form of Archimedeanity.





DEFINITION 15. x=<A,_,(> is a down cyclic combinatorial metric, x(M[DOWN], iff x(M[CYC] and:


	a_b ( a(c_b(c_c ( c_a(c_b(c ( b(c_c_a(c





DEFINITION 16. x=<A,_,(> is an up cyclic combinatorial metric, x(M[UP], iff x(M[CYC] and:


	a_b ( a(c_b(c_c ( c_a(c_b(c ( b(c_c_a(c





DEFINITION 17. x=<A,_,(> is an extensive down cyclic combinatorial metrics, x(M[EXDOWN], iff x(M[DOWN] and:


(1) a(b~b(a


(2) (a(b)(c~a((b(c)


(3) For any n(N+, let na=a when n=1 and na=a((n-1)a when n>1. Then:


	a_b ( (n (a_na ( nb_b)





DEFINITION 18. x=<A,_,(> is an extensive up cyclic combinatorial metrics, x(M[EXUP], iff x(M[UP] and:


(1) a(b~b(a


(2) (a(b)(c~a((b(c)


(3) For any n(N+, let na=a when n=1 and na=a((n-1)a when n>1. Then:


a_b ( (n (a_na ( nb_b)





	Up and down extensive cyclic metrics have a specific representation over an interval of positive reals. The idea is that the representation is between 0 and some specific positive real k assigned to the complete cycle, so that in down cases the function ranges over [0,k) and in up cases over (0,k]. Here the mathematical representation of ( is not plain addition, but "addition modulo k". For notational convenience, let us define the operations +k,U and +k,D for a given k(Re+ ('U' and 'D' stand for "up" and "down"). The idea is that the addition modulo k of r and s is the rest of the quotient (r+s)/k. When (r+s) is not a multiple of k, +k,U and +k,D coincide; when it is, the first assigns k and the second 0.





DEFINITION 19. For every k(Re+ and r,s ( Re+({0}:


(1) nk(r) = the greatest integer such that n(k(r


(2) r+k,Ds = (r+s) - k(nk(r+s)


(3) r+k,Us = r+k,Ds if r+k,Ds(0, and = k if r+k,Ds=0 





	Now we can set the kind of representation for these metrics (better, one kind of representation, for here we also have other kinds, e.g. multiplication modulo k, etc.). Note that these representations are unique, but this is only because each representation is linked to a specific k. Because it does not matter which specific k is in action the result amounts to uniqueness up to similarity transformations, i.e. proportional scales as in positive and negative linear metrics.





THEOREM 6. Let x(M[EXDOWN]. Then, for every k(Re+:


	There exists a unique f: A ( [0,k) such that


	(a) a_b ( f(a)(f(b)


	(b) f(a(b) = f(a) +k,D f(b)


	(c) N(a) ( f(a)=0





THEOREM 7. Let x(M[EXUP]. Then, for every k(Re+:


	There exists a unique f: A ( (0,k] such that


	(a) a_b ( f(a)(f(b)


	(b) f(a(b) = f(a) +k,U f(b)


	(c) N(a) ( f(a)=k





	The assignation of "the whole cycle" distinguishes up and down cyclic metrics from each other: in down cases nulls are minimal, the null cycle; in up cases nulls are maximal, the complete cycle. This means that up and down metrics are "almost the same", in fact the are the same but for the behavior of nulls. This does not mean that both behaviors can exist in the same system. That the same object is maximal and minimal at the same time does not make sense. It is true that the difference between up and down cases is small, but this does not imply that we can regard them as exactly the same. The way in which we can express this similarity is showing that they behave alike but for the nulls, i.e. the do coincide if there are no nulls. And this happens just when the metric is strict. So, in strict cyclic metrics the distinction between up and down cases collapses. The representation in strict cases is obvious (+k is the common part of r+k,Us and r+k,Ds).





THEOREM 8. (x(M[CYC]:  (a,b a(b_a,b ( (x(M[EXDOWN] ( x(M[EXUP])





DEFINITION 20. x=<A,_,(> is a strict extensive cyclic combinatorial metric, x(M[STCYC], iff x(M[EXDOWN] or x(M[EXUP], and:


	a(b_a,b





THEOREM 9. Let x(M[STCYC]. Then, for every k(Re+:


	There exists a unique f: A ( (0,k) such that


	(a) a_b ( f(a)(f(b)


	(b) f(a(b) = f(a) +k f(b)








8. Internal combinatorial metrics





	So far we have discussed external metrics, those in which the combination is always greater or smaller than both components. But as we have announced above, this is not always the case. For some magnitudes and modes of combinations, the combination lies, relative to the order _, "between" the compounds (e.g. mixture of temperatures, halfing perceptual judgements, ...). We call these systems internal. We define the most general internal metrics by the following two properties.


 


DEFINITION 21. x=<A,_,(> is an internal combinatorial metric, x(M[INT], iff x(M[COM] and:


(1) a_a(b_c ( b_a(b_a


(2) a(b~a ( a~b





(1) is the key property  of these metrics: internality. They also satisfy idempotency, a(b~a iff a~b, but since the right-to-left direction follows from internality it suffices to demand in (2) the left-to-right direction. Although all known internal metrics satisfy, monotonicity and bisimetry as well as internality and idempotency, we do not include them in the general internal theory element in order to allow the possibility of "non-proportional" internal metrics. It is easy to see that internality implies that, if the system has any representation f, then (*) for every a, b, there is r((0,1) such that f(a(b) = rf(a) + (1-r)f(b); that is, in internal metrics the representation assigns to the compound a number between the numbers assigned to the components. But this does not imply that r is the same for every pair of objects, i.e. that a(b lies always at the same distance from the extremes. We call these internal systems proportional in order to connote that in them the combination maintains always the same proportion: their representation not only satisfies (*) but also (**): there is r((0,1) such that for every a, b  f(a(b) = rf(a) + (1-r)f(b). Monotonicity and bisymetry imply that the representation, if it exists, satisfies (**). So we must separate these specific properties that imply a specific, proportional, internal representation in order to make room for possible internal non-proportional systems.�





DEFINITION 22. x=<A,_,(> is a proportional combinatorial metric, x(M[PROP], iff x(M[INT] and:


(1) a_b ( a(c_b(c


(2) (a(b)((c(d)~(a(c)((b(d)





	There are two known specialization lines for proportional internal metrics. One is the finite case, the other is the "closed" case. Because we have imposed closure of ( from the very beginning, this second kind will be characterized here only by solvability and Archimedeanity conditions.





DEFINITION 23. x=<A,_,(> is a closed proportional combinatorial metric, x(M[CLOPROP], iff x(M[PROP] and:


(1) (a) c(b_a_d(b ( (e (e(b~a)


    (b) b(c_a_b(d ( (e (b(e~a)


(2) Every standard sequence is finite, where a sequence <ai> (i(N) is standard iff (i) there exist c,d such that c_d and (ai(c~ai+1(d ( c(ai~d(ai+1), and (ii) 


there exists b such that for every ai b_ai.





The next RU theorem establishes the existence of a proportional representation unique up to linear transformations.





THEOREM 10. Let x(M[CLOPROP]:


(1) There exists f: A ( Re and r((0,1) such that


	(a) a_b ( f(a)(f(b)


	(b) f(a(b) = (1-r)(f(a) + r(f(b)


(2) If f and f' satisfy (1) then there are s(Re+ and t(Re s. t. for every a(A:


	(a) f'(a) = s(f(a) + t


	(b) r' = r





It is easy to see that by adding commutativity we obtain "mean" representation. Following the literature, we call these commutative systems bisection metrics.





DEFINITION 24. x=<A,_,(> is a closed combinatorial bisection metric, x(M[CLOBIS], iff x(M[CLOPROP] and:


	a(b~b(a





THEOREM 11. Let x(M[CLOBIS]:


(1) There exists f: A ( Re such that


	(a) a_b ( f(a)(f(b)


	(b) f(a(b) = [f(a) + f(b)] / 2


(2) If f and f' satisfy (1) then there are s(Re+ and t(Re s. t. for every a(A:


	(a) f'(a) = s(f(a) + t


	(b) r' = r





	Finite internal systems constitute the last branch of the net. Since A is finite it is well ordered by the linear order generated by _ on the ~-equivalence classes. This allows for a natural notion of "distance" between two objects as the number of objects between them. Though a general representation analogous to that of Th. 10 is possible (see Dνez 1998), the definition of the corresponding FINPROP systems is cumbersome, so we refer here only to the bisymmetric case (here 'a 1-follows b' means "a_b and there is no c such that a_c_b").


 


DEFINITION 25. x=<A,_,(> is a finite combinatorial bisection metrics, x(M[FINBIS], iff x(M[PROP] and:


(1) A is finite


(2) If a 1-follows b and c 1-follows c then a(d~b(c


(3) a(b~b(a





THEOREM 12. Let x(M[FINBIS]:


(1) There exists f: A ( Re such that


	(a) a_b ( f(a)(f(b)


	(b) f(a(b) = [f(a) + f(b)] / 2


(2) If f and f' satisfy (1) then there are s(Re+ and t(Re s. t. for every a(A:


	(a) f'(a) = s(f(a) + t


	(b) r' = r





The following graph summarizes the structure of the Combinatorial Measurement Theory Net so reconstrued.
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	Abstract





The aim of this paper is to apply the structuralist apparatus for the analysis of empirical theories to (one part of) the so-called Theory of Measurement. First, I begin with a conceptual introduction where the content of some relevant concepts, specially those of measurement and metrization, is established. Second, some brief historical remarks are made in order to identify our object. Third, I give a schematic overview of the standard expositions of MT in text-books. Fourth, after a brief comment on a previous sneedian approach, I present a new approach and the strategy of the reconstruction. Finally, after a discussion about the possibility of a unified treatment for the whole MT, I go to the detailed structuralist reconstruction of its combinatorial part. 


   �  Research for this work has been supported by the DGICYT Research Programs PB95-0125-C06-05 and PB96-1091-C03-03, Spanish Ministry of Education. I am indebted to C. U. Moulines, W. Balzer, Th. Mormann, and the members of the Seminar on Structuralist Reconstructions for comments and criticisms on previous versions of this paper.


   �  Terminological note. The words 'magnitude' and 'quantity' are ambiguous. Sometimes they are used to refer to the property we are measuring in the object, other times to refer to the specific "quantity" of the property the object has, i.e. the value of the measurement. There is no standard usage in measurement literature to be followed. I use them as synonyms, but when it is necessary to refer to both meanings, I tend to use 'magnitude' for the first, i.e. the property itself, and 'quantity' for the second.


   �  For a structuralist account of indirect measurement, see Balzer 1985, Theorie und Messung, Springer).


   �  This statement must be qualified in the case of indirect measurement based on definitions (e.g. the case for the density mentioned above), for definitions can not be regarded as expressing empirical facts stricto sensu; definitional "facts" are not empirical facts stricto sensu.





   �  When the term 'metrization' (and  'to metrize') is used in measurement literature, and it is used very rarely, it usually means the "introduction" or "constitution" of a new quantitative, metric concept (cf. Hempel 1952 §12, Berka 1983 ch. 6 §3; cf. also Stegmόller 1970 ch. 1 §4). In the case of fundamental metrization, this introduction consists of specifying of a procedure which enables a qualitative order to be represented numerically. This task has two parts. The first one is the theoretical investigation of the conditions that a qualitative empirical system must satisfy for the representation to be possible. The second one is to determine a concrete empirical procedure for qualitative comparison of the specific property involved, and to choose the standard with which the assignment begins. These tasks are essentially different. The way we use '(fundamental) metrization' only corresponds to the first, since the second is part of what we call '(fundamental) measuring procedures'. It is essential to distinguish both things; once we do so, the words we use for each one are not so important.


   �  An autonomous theoretical activity (which is not merely a "formal theory of definitions") which provides the theoretical foundations for a very special kind of derived measurement, that in which the quantity we measure is introduced by definition in terms of others (cf. e.g. Suppes- Zinnes 1963).


   �  Terminological note. To be consistent with our use of 'metrization' for the theoretical activity which gives rise to the theory, I would prefer 'mensurability' or 'metrization' instead of 'measurement' for labeling the theory, but in order to follow common practice in measurement literature, and when I do not use the abbreviation 'MT', I also shall use the standard 'Measurement Theory'.


   �  What follows is only a sketch; for details of the history, see Dνez 1997a and 1997b.


   �  I am referring now only to Helmholtz's tradition. It is true that Stevens deals with interval scales but, as we pointed out above, he makes no reference to qualitative systems, which are what interest us now.


   �  Cf. Suppes-Winet 1955; other early works on interval systems are Davidson-Suppes 1956, Suppes 1957 (chapter 12) and Scott-Suppes 1958.


   �  The first study of conjoint measurement in the framework of representational measurement theory is Luce-Tukey 1964, subsequently modified in some respects in Krantz 1964, Luce 1966 and Tversky 1967; for probability systems, cf. pioneer works Luce 1967, for unconditioned probability, and Luce 1968, for the conditioned case; see also Luce-Suppes 1965 and Suppes 1969. We shall come back to these systems below.


   �  Of course this sense of 'metric' has nothing to do with the well-established use of the word in geometry and topology.


   �  In a relational view of quantities, which I tend to favor, the quantity is itself the comparative relation, quantities (metrical concepts) are comparative concepts of a certain kind, with powerful formal properties which enable us to represent the truths about them by numbers. But I am not going to pursue this issue here; I think that nothing in what follows depends on favoring one or other of the alternatives.


   �  Of course this is a stipulation, but partly supported, I believe, by conceptual, historical and metatheoretical considerations; I can not defend this assertion in detail here (for a full defense, see Dνez 1992).


   �  The following does not intend to suggest that MT is at the same empirical level as "common" empirical theories. Actually, I believe that MT is a very peculiar empirical theory contrasted with common ones. The main difference has to do with the non-explanatory character of MT (see the remarks below concerning the absence of T-theoretical concepts in MT).


   �  Contrary to what is established in the structuralist Bible, An Architectonic for Science, and because of the scope of this paper, I do not include here intertheoretical links in theory cores; for the philosophical implications of these links, the brief comments of previous paragraphs will suffice.


   �  I prefer this second label, and I shall use it, for the name of the systems should not be linked to a specific magnitude.


   �  The transitivity condition confines us to "classical" measurement theory. There are non-classical measurement systems in which _ is not perfectly transitive, e.g. judgment-preference systems; in these systems _ is essentially non-transitive, i.e. it is not perfectly transitive "because of the magnitude itself" (not because of practical or technical limitations, like limits of discrimination-sensitivity in an arm balance, which need another, idealization treatment). When _ is essentially non-transitive, representation is also possible if the system is, instead of a weak order, a quasi order (cf. Luce 1956); this gives rise to what I call non-classical measurement theories. "A-(strong)connexion" means means, as usually, that every two (different or not) elements of A are comparable under _.


 


   �  For a formal reconstruction of interval measurement theory, see Dνez 1997; conjoint and algebraic set-theoretical measurement theories are informally reconstrued in Dνez 1992, ch. 7.


   �  See Dνez 1992 ch. 6 for a full reconstruction of CMT without this closure assumption.


   �  In this paper I present theorems without proof. Theorems here are the same, or quite similar, to those of Moulines and Dνez 1994, where the reader can find the proofs.


   �  Actually, it can be proved that commutativity follows from the rest of conditions of EXPOS under the assumption that ( is closed. I include it in order to allow for an immediate generalization to not necessarily closed CMT.  


   �  There might be physical internal magnitudes with non-proportional modes of combination. A possible example is the "mixture" of some phenotypic traits, e.g. color of eyes (I owe this example to M. Casanueva).
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