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Abstract

In this note we offer an explanation for the common observation that, in contrast
to theoretical predictions, the local power of panel unit root tests does not seem to be

determined completely by the mean of the drift parameter.

JEL Classification: C22; C23.

Keywords: Panel unit root test; Local power function.

1 Motivation

Except for the case with unit-specific deterministic trends that needs to be estimated, most
results available regarding the local power of panel unit root tests consider a neighborhood
of unity that shrink towards the null hypothesis at the rate ﬁ, where N and T denote the
cross-section and time series dimensions, respectively. In this setting it has been shown that
the local power of most existing tests depends on the mean of the drift parameter, c; say,
where i = 1, ..., N, but not on the heterogeneity. This means that one can just as well treat c;
as being equal across i; there are no additional insights to be gained by allowing c; to vary,
at least not from a power point of view.

The fact that according to theory power should only depend on the mean drift is some-

what of an anomaly, because in small samples there is also a dependence on higher moments.
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Indeed, as Moon and Perron (2008, page 91) conclude from their simulations, “Despite our
theoretical results, there is somewhat of a power loss against a heterogeneous alternative in
finite samples.”! Let us illustrate this point using the Levin and Lin (1992) pooled t-test for
an unit root. This test is one of the most widely researched, and we are going to use it in
this note as a canonical example. In Figure 1 we plot the 5% power as a function of var(c;)
when ¢; is drawn from a uniform distribution with mean E(c;) = —5. The data generating

process of the observed data, y;; say, is the simplest possible; a first-order autoregression

with standard normal errors.?
Figure 1: Power as a function of var(c;) when ¢; is uniformly distributed with E(¢;) = —5.
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There are four lines representing the empirical and asymptotic power when N is 10 and
when it is 50. In both cases T = 500. Since the asymptotic power only depends on the mean
of c;, these lines are flat. We see that when N = 10 the empirical power function is way
off the theoretical prediction. It starts at about 10% below and then the difference just gets

larger as the variance increases. Of course, this is not completely unexpected, as N is rather

IThere is also evidence suggesting that it is not only the variance of ¢; that matters for power, but also higher
moments, see for example Moon et al. (2007).

2We make 3,000 replications with the first 100 time series observations discarded in order to reduce the effect
of the initial value, which is set to zero.



small in this case. However, the same pattern is observed also when N = 50, although the
vertical distance to the asymptotic line is not as large as before. In other words, there seem
to be a variance effect at work here that cannot be explained by theory, and that seems to go
away, although rather slowly, as N increases.

This example suggests that the asymptotic framework commonly used for analyzing the
local power of panel unit root tests may not be sharp enough to capture actual behavior. It
is therefore necessary to consider alternative frameworks that are sensible also for panels
in which N is moderately large, and this note can be seen as a step in this direction. The
approach we take is to derive a finite-N expansion of the test statistic that retains not only
the mean of ¢; but also higher moments, which are shown to exert a second-order effect. This
enables us to analyze what happens for heterogeneous alternatives that are local-to-unity in
T but not necessarily in N. The results go a long way towards explaining the variance effect

seen in Figure 1.

2 Model and assumptions
Consider the following very simple data generating process:

Yie = PiVie—1 + €t ey
where €;; ~ iid(0,0?) with E(e},) < oo and y;y = 0. As for the autoregressive coefficient p;,
the following local-to-unity model is used:

C; C;
p= op(m) = 1+ T o), @

where the drift parameter c; is assumed to be iid and independent €;;. All moments of c;
exist, and in what follows it will be convenient to denote these as y,, = E(c;-”) form >0
with po = 1. For simplicity, to rule out explosive outcomes, we will further assume that the
support of ¢; is of the form (—oo,0].

It should be pointed out here that none of these assumptions are really necessary, and
that they can be relaxed at the expense of added technical complexity, which is unnecessary
given our purpose to illustrate. In fact, as we shall see, the above model is able to deliver
significant insights, despite its simplicity.

The null hypothesis of a unit root can be written as Hy : ¢; = 0 for all i, while the

alternative hypothesis of stationarity can be written as Hy : ¢; < 0 for at least some i. The

3



exact nature of the alternative dependsonn and 6. If y = J = 0, thenp; = 1+¢; < 1,in
which case the alternative is fixed in the sense that the degree of mean reversion does not
depend on N or T. However, with such a specification we only learn if the test is consistent
and, if so, at what rate. Therefore, to be able to evaluate the power analytically, in this
paper we consider alternatives in which p; is local-to-unity as N, T — oo, which means that
1, 6 > 0. However, as we will demonstrate later, the rate at which p; approaches one cannot
be meaningfully interpreted unless one is precise about the relative expansion rate of N and

T, and we are therefore going to assume that T = N? with 6 > 0.

3 Main result

The pooled least squares t-statistic for a unit root in (1) is given by
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where 62 is any consistent estimator of ¢2. This is the Levin and Lin (1992) test statistic in

the simple case with no deterministic terms, no serial correlation and homoskedastic errors.
Consider Ant, and let us introduce « = %7,5 such that p; = exp(c;/NTT%) = exp(ac;/T) =

1+ % 4+ 0,(1). This, together with the fact that Ay;y = (o; — 1)yit—1 + €it, suggests

Ant = VNaAint + Aont +0p(1), 3)
where
1 N T )
AT = NT2 Zciyit—lf
i=1t=2
1 N T
ANT = —F—2 Yit-1€it-
\/NT;; S
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as T — oo, where —, signifies weak convergence and

Ji(r) = /Orexp(lxci(r—u))dwi(u).



Moreover, by Taylor expansion around c; = 0,

> (2
exp(2ac;) Z occl

suggesting that, since J;(r)|c; ~ N(O, (exp(chi) —1)/2ac;),

E(a [ n02ar) = [ E@nopar = ['p(SREROZT) o

exp(2ac;) —2ac; — 1\ & (2a) -
E< (2002 > o Z (]+2) ,u]+1 = ]Z(:)¢]}l]+1

j=0
Thus, since the conditions for the law of large numbers given in Phillips and Moon (1999,
Corollary 1) are satisfied,
1 N T o
AINT = 512 ; ; CiYi_1 —p O Jg Pittj+1 4)
as N, T — oo, where —, signifies convergence in probability.
Next, consider Aynt. Clearly, E(Aynt) = 0. Therefore, since dW;(r) is independent

across both i and r,

4 1 al 1 ’ 4 1 N 1 2 4 -
var(Asr) — o*E <\/ﬁ§/o ]i(r)dWi(r)> = ¢ N;/O E(Ji(r))dr = o ]gwj

as T — oo. The conditions for the central limit theorem of Phillips and Moon (1999, Theorem

2) are satisfied. Hence, letting —; denote convergence in distribution,

Aont —a N (0, oty 4’jVj) ®)
j=0
as N, T — co, and by another application of Corollary 1 of Phillips and Moon (1999),
Byt = NT2 Z%;%t 1 —7p O Z‘P}V} (6)
1

as N, T — oo.

Putting everything together, since 62 = 02 + 0,(1),
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as N, T — oo.
The finite-N power function in (7) is our main result. It shows how the power depends
not only on y1, but also on higher moments, and also how the effect of these moments de-

pend on «. There are two possibilities.

1.Ifa > 0forall Nand T, then t, = O,(v/N). We also see that in this case all the

moments of ¢; are going to affect power, at least as long as N < co. Note in particular

how the derivative of Y 5> g piuir1/ /Yo ¢iu; with respect to u; is given b
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whose sign is indeterminate, suggesting that for a given N power is not necessarily

increasing in yo, which is in agreement with the simulation evidence reported in Figure

1.

2. On the other hand, if « is permitted to go to zero with N and T, then the conclusion is

rather different. In fact, since now

Boditin By o),

\/ Ljeo Pitj V2
this means that y is going to have a dominating effect with the effect of higher-order
moments going to zero as N — oo. In particular, let us consider the combinations of
5 and & such that v/Na = O(1), which means that the power function will be of the

same stochastic order. By direct substitution, with T = N 0
/NDC — T1—5N1/2—T7 — N9(1_§)+1/2_’7.

One way to make this O(1) is to set 6 = 1 and 7 = 1, and to let 6 vary freely. This

implies that o = and therefore

1
VN’

_ o At 1 M
v = o (g) e peney ©

as N, T — oo, which is exactly the same result derived by Breitung (2000, Theorem

[9

2) in the special case when p; = 1 + . Our results show that (8) actually does
p p \/NT y

not require § = 1 and 7 = 1, but holds for all combinations of &, 7 and 6 such that

6(1—9)+1/2—1n = 0. However, it is important to realize that if § and # are set
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differently, then 6 is no longer free to move. Suppose, for example, that § =  and n =

. . . (] .
1, such that now we are considering alternatives of the type p; = 1+ T This means

N
that for (8) to hold, we need 6 = 1, which obviously puts a limit on the applicability
of the test.? This relationship between 6, 77 and 0 is something that seems to have been

largely overlooked in the previous literature.

4 Simulations

A small-scale simulation study was conducted to assess the accuracy of our theoretical re-
sults in small samples. The data generating process is given by (1) and (2), where we set
0?2 = 1 such that €;; ~ N(0,1). As in Section 1 we further assume that the drift parameter c;
is generated as ¢; ~ U(a, b), suggesting that j,, = 14 Y7 a*b™ . The data are generated
for 3,000 panels with T = N ? where the first 100 time series observations are disregarded
to reduce the effect of the initial value, which is set to zero. All tests are carried out at the
5% significance level, and the finite-N power function in (7) is truncated such that it only
includes the first 10 moments of ¢;.4

The results are reported in Table 1. We begin by considering the case when 7 = 1/2 and
0 =1, in whicha = ﬁ, suggesting that both the finite-N and asymptotic power functions
in (7) and (8), respectively, are Op,(1). In agreement with Figure 1, we see that the empirical
power is decreasing in var(c;), and that this effect remains even in the largest panels con-
sidered. While the asymptotic power function completely misses this, the finite-N power
function is much more successful in predicting the effect of var(c;). The accuracy of the pre-
diction is far from perfect, though, in the sense that the theoretical rejection rate is typically
much lower than its empirical counterpart. Of course, this is not totally unexpected, as the
power function is based on a Taylor approximation around ¢; = 0, whose accuracy depend
on how distant the alternative is.” However, we also see that the discrepancy diminishes as
N and T increases, and that for the largest panels with N = 50 and 6 = 2 accuracy is actually

quite good. We also see that, although there is a small increase among the smaller values of

3In the more realistic setting with unit-specific intercept and trend parameters that need to be estimated, it is
usual to requite J¥ — 0 in order for the estimation error to become negligible. To allow for this, we may consider
o= % andy = %,which implies 8 = 2, giving % = % — 0as N — oo.

“In all experiments considered the effect of higher-order moments was negligible.

5See for example Moon et al. (2007) for a similar discussion in the context of panel unit root testing with

deterministic intercept and trend terms.



N and T, power is quite flat in the sample size, which is in accordance with our expectations,
since asymptotically there is no dependence on N and T.

Consider next the results for the case when# = 1/4, = 3/4 and 6 = 1, suggesting that
a = 1, and therefore t, = Op(\/ﬁ ). In agreement with this result, we see that the empirical
power is strictly increasing in N, and that this effect is well-captured by the finite-N power
function. By contrast, being based on the wrong specification of the local alternative, the
asymptotic power function is now way off target. To take an extreme example, consider the
case when N = 50 and 2 = b = —1, in which the empirical power is more than five times as
large as the theoretical prediction. Again, the new power function is able to correctly predict

the decrease in power as var(c;) increases.

5 Conclusion

Recently, much effort has been directed towards the analysis of the local power of panel unit
root tests. The main thrust of this note is that the conventional asymptotic analysis, in which
both N and T are passed to infinity, can be a rather unreliable guide to what happens in
practice. Of course, this observation is in itself nothing new, but has been made in several
recent studies, including Moon and Perron (2008), and Moon et al. (2007). However, as far as
we are aware, so far there has been no attempts to try to explain the observation theoretically,
and this note therefore offers some new results in this direction.

Many interesting extensions of the present work are possible. Most importantly, it would
be interesting to derive the finite-N power functions of other tests, and also in cases of serial

correlation and nonzero deterministic constant and trend terms.
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