
This example also shows that coincidence of the Weber set and the max-
Weber set does not characterize convexity. In the next section we prove that, if
we compare the Weber set and the max-Weber set with the bargaining sets, we
can reach this characterization. First, let us analyse whether there is a general
inclusion relation between these sets.

We have already discussed that the payoff vector (1, 1, 1, 1, 2.5) is a core el-
ement for Example 3, and so a bargaining set element, but it does not belong
to the max-Weber set. In Example 3, it is easy to check that the max-marginal
worth vector (0, 0, 1

2 ,
1
2 , 0) is neither a Mas-Colell nor a Davis-Maschler bar-

gaining set element. With respect to the Weber set, it is clear that there is
no relation with the Davis-Maschler bargaining set. To check this, consider
the example given in Mart́ınez de Albéniz and Rafels (1998) where it is proved
that the intersection of the Weber set and the imputation set (and so with the
Davis-Maschler bargaining set) is empty. For the Mas-Colell bargaining set, in
Example 3, the vector (1, 0, 0, 0, 0) ∈ MB(v) but not in W (v), and, as pointed
out earlier, the marginal worth vector (0, 0, 1

2 ,
1
2 , 0) 6∈ M(i)

1 (v). As a conclusion,
no general inclusion between the Weber set or the max-Weber set with respect
to the Davis-Maschler or the Mas-Colell bargaining sets can be stated.

4 Characterization results

Convexity is an important notion for cooperative game theory since it has been
used in many applications. Characterizations of convexity have been developed
since Shapley (1971) introduced the notion. Ten years were needed to obtain the
best-known characterization given in terms of the coincidence of the core and the
Weber-set (see Shapley (1971) and Ichiishi (1981)). Another characterization
has been stated by Rafels and Tijs (1997) by means of the stability of the Weber
set. We now address the question of how to characterize convexity by means
of bargaining sets. We provide two characterizations: the first one refers to the
restricted domain of balanced games (Theorem 4) and the second one is for the
general case (Theorem 4).

Let v be a balanced game. Then, the followings statements are equivalent:

1. v is convex,

2. W (v) ⊆M(i)
1 (v),

3. W (v) ⊆MB(v).

[1. ⇒ 2. and 3.] These implications are trivial since, for v ∈ VNex, C(v) = W (v),
and C(v) ⊆M(i)

1 (v) ∩MB(v).

[2. ⇒ 1.] Let us suppose that v ∈ BN and W (v) ⊆M(i)
1 (v), but v 6∈ VNex.

Notice that elements of ΘN can be sequenced starting with an arbitrary
ordering such that any two consecutive elements of this sequence are indeed
consecutive orderings (see Definition 3 ). If the first element is θ1 = θ, then
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θ1 = θ, θ2, . . . , θn!, where θk and θk+1 are consecutive orderings and ΘN =
{θ1, θ2, . . . , θn!}.

Let x ∈ C(v). Therefore, x ∈W (v) and so

x =
n!∑
k=1

λk ·mθk(v),

with λk ≥ 0, for k = 1, . . . , n!, and
∑n!
k=1 λk = 1. Based on this representation

of the vector x, we associate the following finite sequence of payoff vectors:

x1 = x = λ1 ·mθ1(v) + λ2 ·mθ2(v) + λ3 ·mθ3(v) + . . .+ λn! ·mθn!(v)
x2 = (λ1 + λ2) ·mθ2(v) + λ3 ·mθ3(v) . . .+ λn! ·mθn!(v)
...
xk = (λ1 + λ2 + . . .+ λk) ·mθk(v) + λk+1 ·mθk+1(v) + . . .+ λn! ·mθn!(v)
...
xn! = (λ1 + λ2 + . . .+ λn!) ·mθn!(v) = mθn!(v)
xn!+1 = mθn!−1(v)
xn!+2 = mθn!−2(v)
...
xn!+k = mθn!−k(v)
...
x2(n!)−1 = mθ1(v).

Since all these vectors are convex combinations of marginal worth vectors,
xk ∈ W (N, v), for k = 1, 2, . . . , 2(n!) − 1. Furthermore, to evaluate the dif-
ference between two consecutive vectors xk−1 and xk, first notice that given
such orderings

θk−1 = (i1, . . . , ir−2, ir−1, ir, ir+1, . . . in) and

θk = (i1, . . . , ir−2, ir, ir−1, ir+1, . . . in),

and their corresponding marginal worth vectors mθk−1(v) and mθk(v), we have

m
θk−1
ij

= mθk
ij

for all j ∈ {1, . . . , n}, j 6= r − 1, r, and
m
θk−1
ir−1

+m
θk−1
ir

= mθk
ir−1

+mθk
ir
.

That is, the only difference (if any) between a pair of marginal worth vectors
associated with consecutive orderings is in the payoffs to the consecutive players
who switch positions, i.e.

mθk(v)−mθk−1(v) = α · 1ir−1 + β · 1ir , with α+ β = 0.
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Thus, we can compute the difference between two consecutive vectors xk−1

and xk of the sequence. If n! + 1 ≤ k ≤ 2(n!) − 1, xk − xk−1 has already been
computed. For 2 ≤ k ≤ n!, this difference is

xk − xk−1 = [(λ1 + . . .+ λk) ·mθk (v) + λk+1 ·mθk+1(v) + . . .+ λn! ·mθn!(v)]−
−[(λ1 + . . .+ λk−1) ·mθk−1(v) + λk ·mθk (v) + . . .+ λn! ·mθn!(v)]

= (λ1 + . . .+ λk−1)[mθk (v) −mθk−1(v)].

Hence, the difference is the gap between two consecutive marginal worth
vectors modified by the factor λ1 + . . .+ λk−1. Thus, the payoff is again equal
for players who stay in the same position and may only change for players who
switch positions.

Let now xk
∗

be the first vector of the sequence not in C(v), i.e. k∗ = min{j |
xj−1 ∈ C(v), xj 6∈ C(v)}. The index k∗ is well-defined since x1 = x ∈ C(v) and,
as v 6∈ VNex, not all the marginal worth vectors of v (the last n! vectors of the
sequence) are core elements of v. Therefore, xk

∗−1 ∈ C(v), xk
∗ 6∈ C(v) and,

since these vectors are consecutive and different, xk
∗−1 6= xk

∗
, they give the

same payoff to all but two players. Let us denote by i′ and i′′ these players and
let us suppose (without loss of generality) that

xk
∗−1
i′ > xk

∗

i′ and xk
∗−1
i′′ < xk

∗

i′′ . (1)

Then, since xk
∗−1 ∈ C(v), and xk

∗ 6∈ C(v), there exist S∗ ⊆ N, i′ ∈ S∗, i′′ 6∈
S∗ such that xk

∗
(S∗) < v(S∗). Let us remark that |S∗| > 1 since xk

∗ ∈ W (v)
and, by hypothesis, W (v) ⊆M(i)

1 (v) ⊆ I(v).
Hence, an objection of player i′ against i′′ at xk

∗
through S∗ can be defined

as follows:

yj := xk
∗

j +
v(S∗)− xk∗(S∗)

|S∗|
, for all j ∈ S∗.

This objection cannot be countered since, for all T ⊆ N , i′′ ∈ T and i′ 6∈ T ,
xk
∗
(T ) = xk

∗

i′′ + xk
∗
(T \ {i′′}) > xk

∗−1
i′′ + xk

∗
(T \ {i′′}) = xk

∗−1(T ) ≥ v(T ).
Therefore, since xk

∗ ∈W (v) but xk
∗ 6∈ M(i)

1 (v), we reach a contradiction.

[3. ⇒ 1.] Repeat the argument used in 2. ⇒ 1. until (1). Then, since
xk
∗−1 ∈ C(v), we have

xk
∗
(S) ≥ xk

∗−1(S) ≥ v(S), for all S ⊆ N \ {i′}. (2)

Moreover, since xk
∗ 6∈ C(v), there exists a coalition T ⊆ N , with i′ ∈ T , such

that xk
∗
(T ) < v(T ). Let S∗ ∈ arg maxS⊆N :i′∈S{v(S) − xk

∗
(S)}. Then, an

objection (S∗, y) to xk
∗

can be defined by yi′ = xk
∗

i′ + v(S∗) − xk
∗
(S∗) and

yi = xk
∗

i for all i ∈ S∗, i 6= i′. Notice that, for any eventual counter-objection
(T, z), if i′ 6∈ T , we have

z(T ) = z(T \ S∗) + z(T ∩ S∗) > xk
∗
(T \ S∗) + y(T ∩ S∗) =

= xk
∗
(T \ S∗) + xk

∗
(T ∩ S∗) = xk

∗
(T ) ≥ v(T ),
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and if i′ ∈ T ,

z(T ) = z(T \ S∗) + z((T ∩ S∗) \ {i′}) + zi′ >

> xk
∗
(T \ S∗) + y((T ∩ S∗) \ {i′}) + yi′ =

= xk
∗
(T \ S∗) + xk

∗
((T ∩ S∗) \ {i′}) + xk

∗

i′ + [v(S∗)− xk∗(S∗)] ≥
≥ xk∗(T ) + v(T )− xk∗(T ) = v(T ),

where the strict inequality holds by definition of a counter-objection and the last
inequality holds by definition of S∗. In both cases, z(T ) > v(T ), which means
(T, z) is not a valid counter-objection to (S∗, y). Therefore, since xk

∗ ∈ W (v)
but xk

∗ 6∈ MB(v), we reach a contradiction.
A natural question is whether balancedness might be dropped or relaxed.

For three and four-person superadditive games, it is quite easy to check that
coincidence between the Weber set and the Davis and Maschler bargaining set
characterizes convexity; for five players or more, it is still an open question.

Nevertheless, we can give a general characterization on the whole domain of
games by using the max-Weber set.

Let v ∈ GN . Then, the followings statements are equivalent:

1. v is convex,

2. W (v) ⊆M(i)
1 (v) = W (v),

3. W (v) ⊆MB(v) = W (v).

[1. ⇒ 2. and 3.] For convex games C(v) = W (v) and mθ(v) = mθ(v) for all
θ ∈ ΘN , and so W (v) = W (v) = C(v). Finally, since convexity also implies
that M(i)

1 (v) =MB(v) = C(v) we are done.

[2. ⇒ 1.] Since W (v) ⊆ M(i)
1 (v) and, by definition of the Davis-Maschler

bargaining set, M(i)
1 (v) ⊆ I(v), we have that any marginal worth vector is an

imputation, and so the game is zero-monotonic. On the other hand, by hy-
pothesis, any max-marginal worth vector of v belong to M(i)

1 (v). We claim
that, in fact, mθ(v) ∈ C(v), for all θ ∈ ΘN . To check this let θ = (i1, . . . , in)
be an arbitrary ordering and suppose mθ ∈ M(i)

1 (v) but mθ 6∈ C(v). There-
fore, there exists S ⊆ N such that mθ(S) < v(S) and in ∈ S. Let S∗ ∈
argmaxS⊆N, in∈S{v(S)−mθ(S)} and S∗ maximal with respect to inclusion, i.e.
v(S∗)−mθ(S∗) > v(T )−mθ(T ), for all T ⊇ S∗. Notice that mθ

j > v({j}), for
all j ∈ N \ S∗. If not , mθ

j ≤ v({j}) for some j ∈ N \ S∗ and we would have
v(S∗)−mθ(S∗) ≤ v(S∗)−mθ(S∗)+v({j})−mθ

j = v(S∗)+v({j})−mθ(S∗∪{j}) ≤
v(S∗∪{j})−mθ(S∗∪{j}), where the last inequality holds by zero-monotonicity
of the game. This would contradict the maximimality of S∗.

Moreover, for all M ⊆ N \S∗, we know that in 6∈M and so mθ(M) ≥ v(M).
Let us prove that this inequality is strict. Let M = {ir1 , . . . , irm} ⊆ N \ S∗
where its elements are ordered following θ. Then, mθ

ir1
> v({ir1}), since ir1 ∈

N \S∗ and, by definition of a marginal worth vector, mθ
irk
≥ v({ir1 , . . . , irk})−
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v({ir1 , . . . , irk−1}), for all k = 2, . . . , n. Hence,

mθ(M) = mθ
ir1

+mθ(M \ {ir1})
> v({ir1}) +mθ(M \ {ir1})
≥ v({ir1}) +

∑m
k=2 v({ir1 , . . . , irk})− v({ir1 , . . . , irk−1}) = v(M).

Therefore, an objection (S∗, y) of player in against any player j ∈ N \S∗ at
mθ can be defined as follows

yk := mθ
k +

v(S∗)−mθ(S∗)
|S∗|

, for all k ∈ S∗.

No counterobjection is available since, for all M ⊆ N , j ∈ M and in 6∈ M , if
M ∩S∗ 6= ∅, z(M) = z(M \S∗)+z(M ∩S∗) > mθ(M) ≥ v(M). If M ∩S∗ = ∅,
z(M) ≥ mθ(M) > v(M). Hence, mθ 6∈ M(i)

1 (v) and this contradicts the initial
hypothesis.

Therefore mθ ∈ C(v), for all θ ∈ ΘN , and so W (v) ⊆ C(v). This fact,
together with the hypothesis W (v) ⊆ W (v), implies that W (v) ⊆ C(v) which
means that any marginal worth vector is in C(v), and so v ∈ VNex.

[3. ⇒ 1.] By hypothesis MB(v) = W (v). Therefore, any max-marginal worth
vector belongs to the Mas-Colell bargaining set of v. We claim that it is also
a core element of v. Let us suppose on the contrary that mθ ∈ MB(v) but
mθ 6∈ C(v). By Proposition 3, mθ(S) ≥ v(S), for all S ⊆ N \ {in}. Hence,
there exists at least one coalition S ⊆ N , in ∈ S, such that mθ(S) < v(S). Let
S∗ ∈ arg maxS⊆N :in∈S{v(S)−mθ(S)}. Then, we can define an objection (S∗, y)
at mθ where yin = mθ

in +v(S∗)−mθ(S∗) and yik = mθ
ik

for all ik ∈ S∗, ik 6= in.
Notice that, for any eventual counter-objection (T, z), if in 6∈ T , we have

z(T ) = z(T \ S∗) + z(T ∩ S∗) > mθ(T \ S∗) + y(T ∩ S∗) =
= mθ(T \ S∗) +mθ(T ∩ S∗) = mθ(T ) ≥ v(T ),

and if in ∈ T ,

z(T ) = z(T \ S∗) + z((T ∩ S∗) \ {in}) + zin >
> mθ(T \ S∗) + y((T ∩ S∗) \ {in}) + yin =
= mθ(T \ S∗) +mθ((T ∩ S∗) \ {in}) +mθ

in + [v(S∗)−mθ(S∗)] ≥
= mθ(T ) + v(T )−mθ(T ) = v(T ),

where the last inequality holds since S∗ ∈ arg maxS⊆N :in∈S{v(S)−mθ(S)}. In
both cases z(T ) > v(T ), which means that (T, z) is not a valid counter-objection.
Then, mθ(v) 6∈ MB(v) and so we reach a contradiction. Therefore mθ ∈ C(v),
for all θ ∈ ΘN , and so W (v) ⊆ C(v). This fact, together with the hypothesis
W (v) ⊆W (v), implies that W (v) ⊆ C(v). Therefore, v ∈ VNex.
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