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Introduction

This thesis is intended to provide the reader with new results about the Lascar group

and the notion of G-compactness. Specifically we deal with the following three issues:

o The definition of the Lascar group without using saturated models. Instead
of using saturated models whose existence depends on extra set theoretical

assumptions, we work with |T'|T-resplendent models, which always exist.

e The non preservation of G-compactness under adding parameters to the lan-
guage. It was an open question wether G-compactness was a robust property
in this sense. We answer this question negatively offering examples of a theory

T and a set of parameters A where T is G-compact over () but T4 is not.

o The existence of a one-sorted w-categorical non G-compact structure. Ivanov
constructed in [10] a structure like this, and here we prove a more general

theorem from which we can easily derive the result.

In [13] Lascar introduced the group Autf(N/A) of strong automorphisms of N
over A. The quotient Aut(N/A)/Autf(N/A) is independent of the choice of N (for
a big saturated model N and a small subset A C N) and it is now called the Lascar
group over A. Lascar showed in [13] that in the case of a very large class of theories,
called by him G-compact, the group carries a compact Hausdorff topology. In the
last decade the Lascar group has received a lot of attention, particularly because
of its importance for simple theories and hyperimaginaries, and also because of the
discovery of non GG-compact theories. It is now known that the Lascar group is a
compact (not necessarily Hausdorfl) topological group for any first-order theory. In
the case of the theory of an algebraically closed field it corresponds to the absolute
Galois group over the field generated by A. In the first chapter we present some well
known results about the Lascar group and we refer to [14], [4] and [25] for more
details.



In the second chapter we present the material from [5]. Working with the class of
|T|*-resplendent models we obtain two main results: One indicates that Autf(N/A)
can be characterized (similarly to what Lascar originally did working with saturated
models) as the least very normal subgroup of Aut(N/A), we call it I'(N/A), which is
its least normal subgroup closed under a more general conjugation that we call weak

conjugation.

(Theorem 2.3.11) For any |T'|"-resplendent model N and any A C N such that
] < [T, Autf(N/A) = T(N/A).

The other one shows that we can define the Lascar group using |T'|*-resplendent

models.

(Theorem 2.3.14) For any |T|"-resplendent model N and any A C N such that
|A| < |T|, Aut(N/A)/Autf(N/A) is independent of the choice of N.

The proofs are quite different than the ones by Lascar in [13]. We strongly use the
properties of resplendency and avoid completely the use of ultraproducts. At the
end of the chapter we show that these results also hold in the wider class of all

|T|*-saturated and strongly |T'|"-homogeneous models.

In the third chapter we deal with the notion of G-compactness. In section 3.1 we
present the first examples of non G-compact theories obtained in [4], and we make use
of them to build, in section 3.2, three examples of a theory T and a set of parameters A
which illustrate the fact that G-compactness is not preserved under adding constants

to the language. Having in mind that

([14], Remark 4.20) The following are equivalent:

1. T is G-compact (over A).

2 Za==, (even for infinite tuples).

L

3. ZA== 4 for finite tuples and Autf(€/A) is closed in Aut(€/A) (with the point-
wise topology),

the set of counterexamples is complete in the sense that the equality = A:Ig 4 for
finite tuples is preserved from T to T4 in the first to examples, but not in the third
one. Section 3.3 is dedicated to give a new proof of a result originally proved by
Newelski in [16]:

(Corollary 3.3.7) ([16], Corollary 1.8 ) Type-definable Lascar strong types have

finite diameter.



In the proof we make use of the notions of c-free and weakly c-free extensions intro-
duced also by Newelski in [17].

In the last chapter we tackle the problem of the existence of a one-sorted w-
categorical non G-compact structure. We derive its existence from one of the examples
of non G-compact theories presented in [4] and the following general theorem that we

prove in section 4.2.

(Theorem 4.1.1) Let T be a many-sorted w-categorical theory with countably many
sorts. Then there is a one-sorted w-categorical theory T in which T’ is stably em-
beddable.

For the proof of this theorem we make use of a theory that we call T in the language
of infinitely many equivalence relations. This theory is interesting on its own from
the Shelah’s classification point of view. In particular we prove that Tg is not simple
(Theorem 4.3.4) and does not have SOP; (Theorem 4.3.5).

Finally, let us set some conventions on notation and terminology. In general, T
will denote an arbitrary complete first-order theory with infinite models. Usually its
language will be £ and € will be its monster model, which we think of as a model
whose universe is a proper class and which realizes any type over any subset. The
existence of the monster model can be guaranteed in any theory and does not require
any additional hypothesis. All models we consider will be elementary submodels of
¢. If M is amodel and A C M is a set of parameters, £(A) is the expanded language
with names for all elements of A; M, is the standard expansion of M to L(A) where
every element of A has its corresponding name, and T4 = Th(M) is its first-order
theory. An A-automorphism of a model M D A is an automorphism f of M which is
the identity on A. It is also called an automorphism of M over A. The group of all
A-automorphisms of M is denoted Aut(M/A). When we speak of the type tp(M/A)
of a model M over a set A, we implicitly assume an enumeration of the model M. By
qftp(a/A) we denote the quantifier free type of a over a A, and sometimes we write it
with a subindex qftp,,(a/A), or even qftp,(a/A), to make clear (if necessary) what

is the model or the language in which the type is considered.



Background

1.1 The Lascar group and G-compactness.

In this section we recall some well known facts about the Lascar Group, Lascar strong
types and G-compactness. Let T' be a complete first order theory in a language £
and let € be its monster model. In [13], Lascar introduced the following groups for a

given set of parameters A C ¢:

1. Autf(€/A), the Lascar strong automorphisms (over A), which is the (normal) sub-

group of Aut(€/A) generated by |J Aut(¢C/M).
ACM=<e

2. Galp,(T4), the Lascar (Galois) group of T (over A), obtained as the quotient group
Aut(¢€/A)/Autf(C/A).

As we will see in the next chapter, it is not necessary to work within the mon-
ster model; it is enough to assume that € is |T|*-saturated and strongly |T'|*-
homogeneous. Lascar showed in [13] that in the case of a very large class of theories,
called by him G-compact, Galy,(T4) carries a compact Hausdorff topology. Later he
found that in general, as Ziegler shows in [25], Galy,(T4) is a quasicompact (compact
but not necessarily Hausdorff) topological group for any first-order theory, even in
a non G-compact one. We describe briefly the topology presented there (to simplify
notation, let A = ).

Lemma 1.1.1. (/25], Lemma 1) Let M, N enumerate two small (of cardinality |T|)
submodels € and let f € Autf(€). The class of f in Galy(T) is determined by the
type of f(M) over N.

If we fix two enumerations M, N of two small submodels of €, we can define a surjective
map p from Aut(€) to Sy (N) = {tp(M’'/N) : M’ = M} sending every f € Aut(€)
to the type tp(f(M)/N). By the previous result, the quotient map from Aut(€) to
Galy,(T) factors through pu:



The Lascar group and G-compactness.

Aut(€) —> Sy (N) —> Galy,(T)

Since Spr(NV) is a closed subspace of Sip(NV), it is a boolean space. Galy(T) is
endowed with the quotient topology with respect to u, i.e., a subset C' C Galy,(T) is
closed iff v71(C) is closed in Sy (N). This definition does not depend on the choice
of M and N, and with this topology Galy,(T') becomes a quasicompact group ([25],
Lemma 10). In the case Galy(T4) is Hausdorff we say that that the theory T is
G-compact (over A). Lascar showed in [13] that stable theories are G-compact and
asked if there were any non G-compact theories. Some years later, Kim and Pillay
([11],[12]) showed that simple theories were also G-compact, and the first examples

of non G-compact theories were given in [4].

We say that two tuples (possibly infinite) of the same length a,b € € have the same
Lascar strong type over A, and we denote it by a = A b, if they lie in the same orbit
under Autf(€/A). The relation =, on tuples of a fixed length x (k < |T]) is clearly
A-invariant and bounded (boundedly many classes) since, by the previous lemma,
() %A‘ < |S|T|+‘A|(N)‘ < 2ITI+IAl Moreover, =4 is precisely the finest bounded

A-invariant equivalence relation on tuples of € of a fixed length ([12], proposition 5.4).

There is also the notion of the finest bounded type-definable (over A) equivalence
relation. Given two tuples (possibly infinite) of the same length a,b € €, we say that
they have the same Kim-Pillay type over A, and we denote it by a = A b, if a,b are
related under every type-definable (over A) bounded equivalence relation on tuples

of the appropriate length. The next result is known from [11], [12] and [14].
Fact 1.1.2. ([1/], Remark 4.20) The following are equivalent:

1. T is G-compact (over A).

2 Za==, (even for infinite tuples).

L

3. Z4== 4 for finite tuples and Autf(¢/A) is closed in Aut(€/A) (with the point-
wise topology).

There is also another useful characterization of G-compactness. For a given set
of parameters A C €, define a distance function d4 on tuples of € of a fixed length
(possibly infinite) by letting da(a,b) (a # b) be the minimal natural number n (if
it exists) such that for some ag = a,as,...,a, = b tuples of € of the same length,
a;,a;+1 can be extended to an infinite A-indiscernible sequence for every i < n. If no
such n exists, then set da(a,b) = oo, and if a = b, set d(a,b) = 0.

Lemma 1.1.3. (/25], Lemma 6 and 7) Let A C €, and a,b € € tuples of the same
length.



Thick formulas

1. If a,b can be extended to an infinite A-indiscernible sequence, then there is a
model M (A C M) such that a =) b.

2. If a =p b for some model A C M, then there is ¢ € € (of the same length) such

that a,c and b, c can both be extended to infinite A-indiscernible sequences.

From this result we know that if the tuples a,b have the same type over a model
containing A, then da(a,b) < 2. Moreover, we can easily see that for tuples a,b of €,

a%Ab(:dA(a,b) < 0.

Assume that a is a tuple of € and consider X = {a' ec:d %A a}, the Lascar strong
type of a over A. Let diam 4(X), the A-diameter of X, be the supremmum of d 4(a, b),

for b € X. In [16], Newelski proves the following criterion for G-compactness.

Theorem 1.1.4. ([16], Corollary 1.9) T is G-compact over A iff there is a finite
bound for the A-diameters of Lascar strong types (of any length) over A.

Regarding unstable theories, from the following fact we know that o-minimal theories

are also G-compact.

Fact 1.1.5. (/25], Lemma 24) Every automorphism of a big saturated o-minimal

structure 1s Lascar strong.

The Lascar group has received a lot of attention in the last decade, particularly
because of its importance for simple theories and hyperimaginaries and because of

the discovery of non G-compact theories presented for the first time in [4].

1.2 Thick formulas

Let z,y be finite tuples of variables of the same length. We say that a formula
o(x,y) is thick if it is symmetric and there is a finite &k for which there is no sequence
(a; : i < k) such that —p(a;,a;) for all ¢ < j < k. For any set A and sequences of
variables (possibly infinite) of the same length, the set of all thick formulas over A in
(finite subtuples of) the variables x,y, is denoted by nca (z,y), and for any natural

number n > 1, nca™(x,y) denotes the type

Fy1, .- yn—1(nca(z,y1) Anca(yr,y2) A Anca(yn-1,9))

If o(z,y) and 6(x,y) are thick formulas, then p(z,y) V 6(z,y) is thick and using
Ramsey’s theorem one can see that ¢(x,y) A 0(x,y) is also thick.

It’s worth noting that any type-definable bounded equivalence relation E (on
tuples of possibly infinite length) can be defined by

el



Imaginaries, hyperimaginaries, and Galois correspondence

for some index set I, where each E;(z,y) is again a type-definable bounded equivalence

relation which can be defined by

n<w
where each ¢ (x,y) is a thick formula. By compactness we may assume, moreover,

that for all n < w,
9;4»1(3772) A 9;+1(27y) + 9;(37’?4)

Lemma 1.2.1. (/25], Lemma 6) For any a,b € €, |=nca(a,b) if and only if a,b can

be extended to an infinite A-indiscernible sequence.

By the previous lemma and lemma 1.1.3, we see that = A is just the transitive
closure of the type-definable relation nca(z,y), and therefore it is defined by the

infinite disjunction \/ nca™(z,y). Making use of the Independence Theorem over a
n<w

model for simple theories ([12],Theorem 3.5), one can show the following fact.

Fact 1.2.2. ([11], Proposition 13) Let T be simple. Then a =, b if and only if

da(a,b) <2.

This shows, in particular, that simple theories are G-compact and = A is type-

definable over A by the type Jz(nca(x, z) A nca(z,y)).

1.3 Imaginaries, hyperimaginaries, and Galois

correspondence

As usual, let T be a complete first order theory and € its monster model. For any set
A C €, an A-imaginary is the class [a]g of a finite tuple a € €™ under an A-definable
equivalence relation F on €" for some n € w. An imaginary is just a (-imaginary.
Shelah introduced imaginaries and the imaginary universe €°4 in [19] to prove the
existence of canonical basis for stationary types in stable theories. In [15], Makkai
proposed to construct €°¢ as a many-sorted structure and this became the usual way
to represent it. For every (-definable equivalence relation E(z1,...,%Tn,Y1,---,Yn)
on €", he added a new sort €"/E and a new function symbol 7z to the language
L for the projection € — €"/E. The elements of €°4 are precisely the imaginary
elements. T°Y denotes the complete theory of €°? in the new language £°4 = £ U
{rE : E is a (-definable equivalence relation} and €*? turns out to be the monster

model of T°4.

Lemma 1.3.1. (/24], Lemma 1.2) For every L9-formula o(7; x5, ... xEn), where

n

7 is a tuple of variables of the real sort and, for each i, the variable :EZEZ belongs to
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the sort €% | E;, there is an L-formula ¥(4;Yy,...,T,) such that for arbitrary tuples
a,ai,...,a, € € of the appropriate length,

¢ = p(@;mp, (@), ..., me, (@) < €= Y(@ar,. .., an)

From this fundamental result we can see that any automorphism f € Aut(¢) extends
uniquely to an automorphism f’ € Aut(€°?). For any A C €, dcl®(A) denotes the

imaginary definable closure of A, i.e., the set
{ee @ [ {f(e): f € Aut(€/A)}| =1}

of elements that are fixed by Aut(€°1/A), and acl®!(A) denotes the imaginary alge-

braic closure of A, i.e., the set
{ee € |{f(e): feAut(c®/A)}| < w}

of elements that have a finite orbit under Aut(€®1/A). We say that two tuples (pos-
sibly infinite) of the same length a,b € € have the same strong type over A (a S%)A b)
if tp(a/acl®d(A)) = tp(b/acl®)(A)). Moreover, for finite tuples, a =4 b if and only
if = E(a,b) for every A-definable finite equivalence relation E with finitely many
classes. The strong type of a over A is just the type tp(a/acl®(A)) and it is denoted

by stp(a/A).

Similarly, for any set A C €, an A-hyperimaginary is an equivalence class [a]g
(for simplicity in notation just ag) of a sequence (possibly infinite) a of elements of
¢ under a type-definable over A equivalence relation E. Clearly A-imaginaries are
A-hyperimaginaries and a hyperimaginary is just a (-hyperimaginary. ¢4 denotes
the class of hyperimaginaries. If a is of the form a = (a; : i < &) for some ordinal «,
we say that « is the length of the hyperimaginary ag. Finitary hyperimaginaries are
hyperimaginaries of finite length. We say that an automorphism f € Aut(€) fixes a
hyperimaginary ag if f(ag) = ag, that is, = E(a, f(a)).

Let A be a class of hyperimaginaries. The hyperimaginary definable closure of
A, denoted by dclheq(A)7 is the class of all hyperimaginaries which are fixed by the

automorphisms fixing pointwise A, that is,
del"(A) = {e € €9 [{f(e) : f € Aut(€/A)}| =1} .

The hyperimaginary algebraic closure of A, denoted by auclheq(A)7 is the class of all
hyperimaginaries having a finite orbit under the group of all automorphisms fixing

pointwise A, that is,

acl™(A) = {e € €™ | {f(e): f € Aut(€/A)}| <w}.

10



Imaginaries, hyperimaginaries, and Galois correspondence

And the bounded closure of A, denoted by bdd(A), is the class of all hyperimaginaries
having a bounded orbit under the group of all automorphisms fixing pointwise A,
that is,

bdd(A) = {e € €™ |{f(e): f € Aut(¢/A)}| < |€|}.

If a is a sequence of hyperimaginaries, dcl™%(a) = dcl™4(A), where A is the set
enumerated by a. We say that two sequences of hyperimaginaries a, b are equivalent

if del"™(a) = dc1™9(b). Using compactness one can easily check the following remark.
Remark 1.3.2. For any class of imaginaries A,

1. €A N del™(A) = dcl®i(A).

2. €9 N bdd(A) = €9 N acl™I(A) = acl®l(A).

The following result follows immediately from Lemma 1.7. in [14].

Lemma 1.3.3. For any set of hyperimaginaries A, there are hyperimaginaries e, f
such that bdd(A) = dcl™4(e) and acl™(A) = dcl"®9(f).

Theorem 1.3.4. ([1}], Theorem 4.15) Let e € bdd(0). Then e is equivalent to some

sequence of finitary bounded hyperimaginaries.

Let ap,br be two hyperimaginaries where E, F' are (-type-definable equivalence re-

lations on sequences of elements of €, and let
I'={p(z,y) € L:3ad'Ea, W Fb, = ¢(a',b)}.
Define the type of ap over bp as the set of formulas

tplap/br) = | 32’y (B(x,2") NF(by') Ao, y)).
p(z,y)eT

It is a partial type over b, let’s say m(z,b), and the following properties can be easily
checked.
Remark 1.3.5. Let ag,bp be two hyperimaginaries and w(x,b) = tp(ag/br).

1. For any b'Fb, w(x,b) = 7(x,V').

2. For any o' Fa, | ©(d',b).

3. For any o, = w(d’,b) iff there is f € Aut(€/br) such that f(ag) = a5.

A complete type over a hyperimaginary e in the real variables x is a type of the
form p(z) = tp(a/e), where a € € is a sequence of the length of z. It is a partial type
but it is complete in the sense of the third point in the previous remark, i.e., for any
a,b }= p(x), there is some f € Aut(€/e) such that f(a) = 0.

11



Stable embeddability

Fact 1.3.6. ([6], Proposition 15.16) For any set A C € and tuples (possibly infinite)
a,b €€, a =4 b if and only if tp(a/bdd(A)) = tp(b/bdd(A)).

Fact 1.3.7. ([14], Remark 4.8) Galr(T) acts on the set of bounded hyperimaginaries.

Now we can state the result which establishes a Galois correspondence between

(definably closed) sets of hyperimaginaries and closed subgroups of Galy,(T).

Theorem 1.3.8. ([14], Corollary 4.16) There is a Galois correspondence between
closed subgroups H of Galy,(T) and definably closed sets A of finitary bounded hyper-

1maginaries:
e Hy={ge€ Gal,(T) : g(a) =a for alla € A}.

o Ay = the set of all finitary bounded hyperimaginaries a such that g(a) = a for
allge H.

1.4 Stable embeddability

In the last chapter we present some results that involve the notions of stably embedded
sets and stably embeddable theories. In this section we present the basic material which
will be needed.

Let T be a complete theory with monster model €, let p be a (partial) m-type over
the empty set and P the set of of realizations of p in €, together with the structure
induced from €, i.e., the O-definable subsets of P™ are the traces on P™ of 0-definable
subsets of €. We say that P is stably embedded if for every n € w, if D C €™ ig
definable, then D N P™ is relatively definable with parameters from P. The following
is another version, with its proof, of a result presented in the appendix of [7], and it
can also be adapted to the case where P is a collection of sorts. We don’t assume

elimination of imaginaries and we allow the language to be arbitrarily large.
Lemma 1.4.1. The following conditions are equivalent:

(1) For every a, tp(a/dcl®d(a) Ndel®d(P)) F tp(a/P).

(2) For every a, there is a set Py C P, |Py| < |T|+]al|, such that tp(a/Py) F tp(a/P).

(3) For every a, there is a set Py C P, |P1| < |T| + |a|, such that tp(a/acl(Py)) F
tp(a/P).

(4) For every a, tp(a/P) is definable over some Py C P, |Py| < |T| + |al.
(5) P is stably embedded.

(6) Every automorphism of P lifts to an automorphism of €.

12



Stable embeddability

Proof. (1) — (2). For each x € dcl®(a) N dcl®(P) = B, let B, be a finite subset
of P, such that x € dcl®Y(B,). Let Py = |J B,. Observe that Py has the desired

rzEB
cardinality and dcl®d(a) N del®d(P) C dcl®d(P), thus, by assumption,

tp(a/Pp) F tp(a/dcl®(Fy)) F tp(a/dcl®(a) N del®d(P)) F tp(a/P).

(3) — (4). Let ¢(x,y) be a formula, and let P; be given by (3). We will first see that
tp(a/P) | ¢ has a definition over acl(P;). By assumption, we know that

p(y1) Up(y2) U{(y1) < ¥(y2) : ¥(y) € L(acl(Pr))} F w(a,y1) < pla,y2)

and, by compactness, there are 11 (y), ..., ¥« (y) € L(acl(Py)) such that

p(y1) Up(y2) U{ti(y1) < ¥i(y2) : 1 <i <k} pla,y1) < o(a,ye).

Now, for each finite sequence s € 2%, let §, = A wf(i), where ¥} = 9; and ¢¥° = —);.
1<i<k
Observe that P N ¢(a, €) is relatively defined by a disjunction, say ¥(y) = V 0s,,

1<i<i
for some s, ...,s; € 2k, (y) is the definition we wanted.

Let B ={be€ P :=(b)}. Since B is relatively definable over acl(P;), it has finitely
many conjugates over Pj, say By,...B,. Now consider the following equivalence

relation
E(y1,y2) & /\ Y1 € Bi = y2 € B;

i<n
and choose a set {bg,...b,} C P of representatives of all the E-classes. Let P, =
Py U {byg,...by} and observe that for every f € Aut(¢/P,), f(B) = B. Thus B is
relatively definable over P, by a formula which we call ¢'(y). Notice that

p(x,b) € tp(a/P) & = ¢(a,b)

& (b

& EY(),
thus tp(a/P) | ¢ has a definition over P. If we do the same for every formula ¢(x,y),
we obtain a set, say P’ C P of the desired cardinality, over which tp(a/P) is defined.
(4) — (5). Let D C P™ be relatively defined by the formula ¢(z,b), and let d,(y) be
a definition for tp(a/P) | ¢ over P. Then dy(y) relatively defines the set D C P".
(5) — (4). Let a be a tuple of € and ¢(z,y) a formula. We want to find a definition
over P for tp(a/P) | ¢. By assumption, we know that

{beP:=pab)}={be P:y()}

for some 9 (y) € L(P). ¢(y) is the definition we wanted.
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Stable embeddability

(2) — (6). Let A, B be subsets of € and let 7: PUA — P U B be an elementary
map such that 7(P) = P. For each a € €, we want to find b € € such that 7 U (a, b)
is still elementary, i.e., we want to find b € € satisfying tp”(a/PA). By a back-
and-forth argument we would finish. By assumption, there is a set Py such that
tp(aA/Py) + tp(aA/P), thus tp(a/AFRy) + tp(a/AP). Since 7 is elementary, we
have tp™(a/APy) F tp™(a/AP). Now it is enough to choose b € € a realization of
tp”(a/APy) by saturation of €.

(6) — (5). Assume P is not stably embedded. Let S C P™ be relatively definable
over € but not over P. Then, for every subset Py C P, there is f € Aut(€/P,) such
that f(S) # S.

First observe that S has infinitely many conjugates over (). Assume not, and let
{So0,...,S,} be its orbit under Aut(€). Consider the equivalence relation defined by

F(y1,p2) & [\ €Si =y €S
i<n

Let D = {dy,...,d,} be a set of representatives for all the F-classes contained in
S, and observe that for every f € Aut(€/D), f(d;/F) = d;/F and therefore f(S) =
S. Since S is relatively definable and D-invariant, it is relatively definable with
parameters from P.
Now let (S, : @ € Ord) be an enumeration of the orbit of S under Aut(€) and fix
an enumeration of P. We will construct an automorphism 7 of P which cannot be
extended to an automorphism of €, namely such that 7(S) # S, for all & < k. We
do it inductively on a.
For the successor case, assume 7, : P, — P/ is an elementary bijection between
subsets P,, P/, C P such that 7,(S N P,) S5 for all 5 < a.
We extend 7, to 7441 in two steps. In the first step we add, if necessary, a tuple
(a,a’) to the graph of of 7, to guarantee that 7,41(S N (Po U {a})) € Sa, ie., to
ensure that in the end 7(S) # S,. In the second step we simply add a tuple (b,’) to
the graph of 7, to guarantee that in the end dom(7) = P. We describe the steps:
Step 1. If there is no g € Aut(€) extending 7, such that g(S) = S,, we don’t need
this step, so let a = a’ = () and go to step 2. So assume there is such g. By hypothesis
there is f € Aut(€/P,) such that f(S) € S, so there is a € S such that the partial
type

tp(a/Pa) U {a ¢ S}

is consistent. Since g extends 7, and g(S) = S, we know also that the partial type
tp™ (a/Po) U{z & Sa}

is consistent, so let a’ € P be any realization of it.

Step 2. Let b the first element in the enumeration of P which is not in dom(r,) and

14
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let b’ € P such that (a’,b") = tp™ (ab/Py).
Now let Pyy1 = Py U{a,b}, P, = P,U{a’,0'} and

Ta+l = Ta U {(CL, a/)7 (b? bl)} )

and observe that 7441(S N Pay1) € Sa.-

For the limit case it is easy to see that the union works.

(5) — (1). We will first see that tp(a/P) is definable over dcl®d(a) N dcl®d(P). Let
o(z,y) be a formula. By stable embeddability,

{be P":= p(a,b)} = {be P" = (y,0)}

for some formula 1 (y,z) € L and some ¢ € P'. 1(y,c) is clearly a definition for
tp(a/P) | ¢. By compactness, there is a 0-definable set D O P"™ such that

{be D p(a,b)} = {b € D = (y, )}
Consider the equivalence relation given by
E(z1,22) & Vy € D(Y(y, 21) < ¥(y, 22)),
and observe that for any f € Aut(€/a),
DN(C,c)=DNyla,€) =DNel(a,€) =DNy(C ) =Dny, fle),

i.e., f(¢c/E) = ¢/E. This shows that ¢/E € dcl®d(a), and since ¢ € P!, we also know
that ¢/E € dcl®d(P). Thus the formula

Vy € D(p(z,y) < F2(¢(y, 2) A E(2,0)))
belongs to tp(a/dcl®(a) N dcl®(P)). Since P™* C D, we have that

tp(a/dcl®(a) N dcl®d(P)) F tp(a/P).
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Resplendent Models and the Lascar group

2.1 Introduction

The presentation of the Lascar group in [13] is done in the framework of an uncount-
able saturated model N of an arbitrary countable complete first-order theory and a
finite subset A C N. It is straightforward to generalize it to any complete first-order
theory T' and any saturated model N of T with |N| > |T'|. Thus it always can be
constructed working in the monster model € of T'. Although the details have not been
written, it is generally acknowledged that instead of saturated models one can use
special models of the right cardinality. For instance, Ziegler observes in [25] that a
special model N such that cf(|N|) > 271 is sufficient. The inconvenience of working
with saturated models is that for some theories its existence can not be proven with-
out extra set theoretical hypotheses. On the other hand special models do always
exist.

We have noticed that there is a more general class of models where the Lascar
group naturally arises: the class of |T|T-resplendent models. Moreover, the properties
of the group of strong automorphisms can be understood more easily working with
these models.

The notion of resplendency has been introduced by Barwise and Schlipf in [2].
Poizat in [18] defined and studied the more general notion of k-resplendency. In
Section 2.2 we summarize the main facts. |T'|"-resplendent models generalize (in the
right cardinality) saturated and special models, and in the case of stable theories they
coincide with saturated models. In unstable theories there are many |T'|"-resplendent
models which are not saturated nor special.

We focuss on the pure abstract group since there is nothing new concerning the
topology. The topology of the Lascar group can be explained as in [25] using only
the |T'|"-saturation of the model and the presence of the pure group. In Section 2.3
we state and prove the main results. Theorem 2.3.14 shows that any |T'|"-resplendent
model N gives rise to the Lascar group and Theorem 2.3.11 indicates that the group of

strong automorphisms over A can be characterized (similarly to what Lascar originally
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|T|*-resplendency

did working with saturated models) as the least very normal subgroup of Aut(N/A),
that is, its least normal subgroup closed under a more general conjugation that we
call weak conjugation. It should be noticed that the methods used in the proofs are
quite different. In particular we never use ultraproducts. Finally in section 2.4 we
show that these results also hold in the wider class of all |T|*-saturated and strongly

|T|*-homogeneous models.

2.2 |T|*-resplendency

Definition 2.2.1. Let k be an infinite cardinal number and let M be an L-structure.
We say that M is k-expandable if for every language L' D L with |L' \ L] < K,
if 3 is a set of sentences of language L' consistent with Th(M), then there is an
L' -expansion of M satisfying .. We say that M is k-resplendent if and only if for
every A C M with |A| < k, M4 is k-expandable.

Here our interest in x-resplendency resides in the case x = |T'|". Hence we will
restrict our attention to this particular case in the next results, some of which can be

easily generalized to other cardinal numbers k.

Proposition 2.2.2. 1. For every M there is some |T| T -resplendent model N = M
such that |[N| < |M|+ 2/T1,

2. Every saturated model M such that |M| > |T'| and every special model M such
that cf(|M|) > |T| is |T|" -resplendent.

3. |T|*-resplendent models are strongly |T|"-homogeneous and |T|" -saturated.
4. If T is stable, every |T|*-resplendent model is saturated.

5. If T is unstable, then for every M there is some |T|T-resplendent model N = M
of cardinality |N| < |M| + 2171 which is not |T|T+ -saturated.

Proof. 1 See the proof of Théoréme 9.15 in [18]. 2. Shelah proves in Conclusion
I.1.13 of [19] that every saturated model of cardinality > |T'| is |T|T-expandable.
From this it follows immediately that it is also |T'|*-resplendent. The same fact is also
proven by Poizat in Théoreéme 9.17 of [18]. The case of a special model is considered
by the first author in [3], where in Proposition 1.2 it is established that every special
model of cardinality > |T'| is |T|"-expandable. Now, if M is special and A C M is of
cardinality < cf(|M]), then M, is still special and hence |T'4|"-expandable. Therefore
M is |T|"-expandable if ¢f(|M|) > |T|. 3. It is obvious that a |T|*-resplendent model
M is |T|T-saturated. To check that it is strongly |T'|T-homogeneous, we consider a

partial elementary mapping f, |f| < |7, with domain and range contained in M,
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The Lascar group

and we show that f can be extended to an automorphism of M. Let A = dom(f),
add a new unary functional symbol F', put £ = LU {F} and note that the set X of
sentences of L'(AU f(A))

1. F is an automorphism.
2. F(a) = f(a) for all a € A.

is consistent with T4 = Th(M,). By |T|T-resplendency there is an expansion
(M, FM) of M such that (MAUf(A),FM) E ¥. Clearly, FM is an automorphism
of M extending f. Finally, 4 and 5 are due to Poizat. They follow from Théoréeme
16.11 and Théoréme 14.10 of [18] respectively. The bound on the cardinality of N

in 5 can be obtained from the proof given there. O

Corollary 2.2.3. If T is unstable, for every M, for every cardinal k > |M|+ 2I71
such that cf(k) > |T|", there is some nonspecial model N = M of cardinality r which
is |T| " -resplendent.

Proof. By point 5§ of Proposition 2.2.2, there is some |T|*-resplendent N = M of
cardinality x which is not |T'|"-saturated. Since cf(k) > |T|T, every special model

of cardinality & is |T|**-saturated. Hence N is not special. O

2.3 The Lascar group

Definition 2.3.1. Let A C M and f,g € Aut(M/A). We say that f,g are A-
conjugate and we write f ~ 4 g if they are conjugate elements of the group Aut(M/A),
that is, if g = o foe™! for some e € Aut(M/A). We say that they are weakly A-
conjugate and we write f ~a g if for some N = M there are extensions [ C f' €
Aut(N/A) and g C ¢’ € Aut(N/A) such that f' ~4 g'. We say that a subgroup G of
Aut(M/A) is very normal if it is closed under weakly conjugation, that is if for any
f € G and any g € Aut(M/A) such that f =4 g we have g € G. We use [f]~, to
denote the ~4-class of f € Auwt(M/A), i.e., [flu, = {9 € Aut(M/A) : f =4 g}. This

notation should not suggest that weak conjugation is an equivalence relation.

Remark 2.3.2. Let f,g € Aut(M/A). Then f ~4 g if and only if there are exten-
sions f C f € Aut(€/A) and g C g € Aut(€/A) such that f ~4 g.

Remark 2.3.3. 1. Very normal subgroups are normal.

2. In general {idp} is not a very normal subgroup of Aut(M/A), as shown in
Proposition 2.3.6.

18



The Lascar group

3. The intersection of any family of very normal subgroups of Aut(M/A) is again

a very normal subgroup.

Definition 2.3.4. We denote by I'(M/A) the intersection of all very normal sub-
groups of Aut(M/A), which is again very normal. Note that T'(M/A) is a union of

~4-classes and contains [idps]a , -
Proposition 2.3.5. For AC M' < M, Aut(M/M’") C [idap]~,

Proof. Let f € Aut(M/M') and expand the language L£(M) by adding three new
unary function symbols FE, F,G. Let ¥ be the set of sentences in the expanded

language expressing that
1. F,G, E are A-automorphisms.
2.G=E"1'oFoFE
3. G(m)=mfor all m € M.
4. f(m) = F(m) for all m € M.

If ¥ is consistent, we have finished since there is an expansion € of €,; which
satisfies ¥ and then f C F® ~4 G% D idys, which shows that f ~4 idy;. To show
the consistency of ¥ (with Th) let a € M be a finite tuple and let us prove that there
are f,g,e € Aut(€/A) such that g = e 1o foe, gla) = a and f(a) = f(a). To do
this we first check that if p(x) = tp(a/A), then

(x) p(z)U “xa=4 xf(a)” is consistent.

Let ¢(x) € p(x). Since A C M’, there is b € M’ such that = p(b). Since f is the
identity in M’, f(b) = b and hence ba =4 bf(a). This ensures the consistency. By (),
there is a tuple a’ such that ' =4 a and a’a =4 d’ f(a). Now choose automorphisms
f,e € Aut(¢/A) with e(a) = o’ and f(a’a) = a'f(a). If g =e"'o foe, it follows that
g(a) = a. O

Proposition 2.3.6. If N is |T|"-resplendent and A C N is of cardinality at most
|T|, then |[idn]~,| = IN|. In particular {idy} is not a very normal subgroup of
Aut(N/A).

Proof. Choose an elementary submodel M < N containing A of cardinality < |T|
and choose a nonalgebraic type p(z) € S(M). In the monster model we may find a
proper class P of realizations of p(x). Let F' be a new binary functional symbol, let
L' = LU{F}, and look at the following set ¥ of sentences of L'(M):

1. For all z, the mapping y — F'(x,y) is an automorphism.
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The Lascar group

2. VaF(z,a) =a for all a € M.

3. Vay(x £y — 2 F(x,2) # F(y, 2)).

The consistency of this set of sentences with Th(Ny,) follows from the fact that in
the monster model we may find for each two different a,b € P an automorphism
f € Aut(¢/M) with f(a) = b. Now, by |T|*-resplendency of N there is an expansion
(N, FN) of N such that (N, FV) |= 3. For each a € N we get a different automor-
phism f, € Aut(N/M) defined by f,(b) = F¥(a,b). By Proposition 2.3.5 f, ~4 idy
for all a € N. O

Definition 2.3.7. Let A C M. The group of all strong automorphisms over A
is the subgroup Autf(M/A) of Aut(M/A) generated by the union of all subgroups
Aut(M/M') for all possible M’ such that A C M’ < M.

Remark 2.3.8. It is easy to check that Autf(M/A) is a normal subgroup of
Aut(M/A). From Proposition 2.5.5 it follows that it is also a subgroup of T'(M/A).

Proposition 2.3.9. Assume N is |T|*-resplendent, A C N, |A| < |T|, f €
Aut(N/A), and f C f € Aut(€/A). Then f € Autf(N/A) if and only if f €
Autf(€/A).

Proof. Let f = f1 0...0 f, where for each i, f; € Aut(N/A) is the identity in a
submodel M; < N containing A. If we take extensions f; C f; € Aut(¢/A) and
consider g = f1 o...0 f,, we see that fog~! € Aut(¢/N), f; € Aut(¢/M;), and
f=(fog Yo fio...of,, which shows that f € Autf(¢/A).

Now assume f € Autf(€/A) and choose fi,...,f, € Aut(€/A) such that f =
fio...ofn, and f; € Aut(€/M;) for some M; O A. Choose a model M =< N with
A C M and |[M| < |T| closed under f and f~!. Enlarge the language £(M) by adding
unary function symbols Fy,..., F,,G and unary predicates Uy,...,U, and let ¥ be

the set of sentences expressing
1. Fy,...,F,, G are A-automorphisms.
2. Uy,...,U, are elementary submodels containing A.
3. F; |U;=idy, for alli=1,...,n.
4. G=Fo...0F,
5. G(m) = f(m) for all m € M.

¥ is consistent. By |T|*-resplendency there is an expansion of Ny, which satisfies
Y. This gives us some g € Autf(N/A) such that f | M = g | M. Hence fog™! e
Aut(N/M) C Autf(N/A) and therefore f € Autf(N/A). O
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Remark 2.3.10. Note that the above proposition also holds if instead of the monster

model € we choose an elementary extension N' = N which is |N|*-resplendent.

Theorem 2.3.11. For any |T|*-resplendent model N and any A C N such that
|A| < |T|, Autf(N/A) =T(N/A).

Proof. By Proposition 2.3.5 we know that Autf(N/A) C ([idy]~,) C T'(N/A). To
show that T'(N/A) C Autf(N/A) it is enough to check that Autf(N/A) is a very
normal subset of Aut(N/A). Let f € Autf(N/A) and let g € Aut(IN/A) be such that
f =~a g. For some f,g € Aut(€/A) extending f, g respectively we have that f ~4 g.
By Proposition 2.3.9, f € Autf(¢/A). Since Autf(¢/A) is a normal subgroup of
Aut(€/A), g € Autf(€/A). Again by Proposition 2.3.9, g € Autf(N/A). O

Corollary 2.3.12. For any |T|"-resplendent model N and any A C N such that
Al < [T, (ldn]~,) = T(N/A).

Proof. By Proposition 2.3.5 and Theorem 2.3.11. O

Remark 2.3.13. 1. It is easy to check (see Proposition 34 in [13]) that an au-
tomorphism f € Aut(N/A) is in [idn]~, if and only if N =p f(N) for some
model M D A. In other words, for some model M O A, f has an extension in
Aut(€/M).

2. Lascar in [18] pointed out that for stable T, [idy|~, itself is a group. In a
stable theory, Autf(N/A) = Aut(N/acl®d(A)) and it suffices to take for the
model M in point 1 a realization of the nonforking extension of tp(N/acl®I(A))
over N. Hence Autf(N/A) = [idy]~, for any |T|T-resplendent model N of a
stable theory T.

3. If T is o-minimal, then for every model N O A, Aut(N/A) = [idn]~,- This
follows from the proof of Lemma 24 in [25] where it is shown that for every
f € Aut(N/A) there is some extension f € Aut(€/A) of f which is the identity

on some model M O A.

Theorem 2.3.14. For any |T|"-resplendent model N and any A C N such that
|A] < |T|, Aut(N/A)/Autf(N/A) is independent of the choice of N.

Proof. We prove that Aut(N/A)/Autf(N/A) = Aut(€/A)/Autf(€/A) For this, we
define a mapping 6 : Aut(N/A) — Aut(€/A)/Autf(€/A) choosing for any f €
Aut(N/A) an arbitrary extension f C f € Aut(¢/A) and putting 6(f) = fAutf(¢/A).
It is clearly well defined an it is a group homomorphism. From Proposition 2.3.9 it
follows that its kernel is Autf(N/A). We finish the proof by showing that ¢ is onto.
Let g € Aut(€/A). We seek some f € Aut(N/A) such that 0(f) = gAutf(C/A).
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Choose a submodel M < N such that A C M and |M| < |T|. By |T|*-saturation of
N we may find in N a realization M’ of tp(g(M)/M). Then g(M) =p; M’ and there
is some h € Aut(€/M) such that h(g(M)) = M’. M’ is an elementary submodel of N
containing A and (hog) | M is an A-isomorphism between M and M’. We enlarge
the language £(M U M’) by adding an unary function symbol F. Let ¥ be the set of

sentences expressing
1. F is an A-automorphism.
2. F(a) = h(g(a)) for all a € M.

It is consistent and by |T'|"-resplendency there is some f € Aut(N/A) such that
f I M=hog! M. Let f € Aut(¢/A) be an arbitrary extension of f. Then
hogo f=' € Aut(€/M’') C Autf(€/A) and h € Autf(€/A). Therefore go f~ €
Autf(€/A), that is, §(f) = fAutf(€/A) = gAutf(¢/A). O

2.4 |T|*-saturated strongly |T|"-homogeneous models

Theorems 2.3.11 and 2.3.14 hold for a class of models strictly wider than the class of
all |T|*-resplendent models. The arguments given so far can be refined to show that
they are also true for |T|*-saturated strongly |T'|T-homogeneous models. As pointed
out in point 3 of Proposition 2.2.2, all |T'|"-resplendents models are |T'|T-saturated
and strongly |T'|T-homogeneous. However it is easy to find nonsaturated models of
stable theories (even of Morley rank 2) which are |T|*-saturated and strongly |T'|*-
homogeneous. After point 4 of Proposition 2.2.2 it is clear that these models are not
|T|*-resplendent.

We will now indicate shortly how the proofs given in the previous sections can be
modified to obtain this more general result. One key point is that theorems 2.3.11

and 2.3.14 depend basically on what we call the extension property.

Definition 2.4.1. Let A C M. We say that M has the extension property over A
if every f € Aut(M/A) which has an estension f O f in Autf(¢/A) is already in
Autf(M/A).

Remark 2.4.2. [t is always true that every f € Aut(€/A) extending some f €
Autf(M/A) is strong.

Proposition 2.3.9 shows that all |T'|"-resplendent models have the extension prop-
erty over small subsets. We show that this is also the case for |T'|*-saturated strongly
|T|*-homogeneous models. Our proof uses the same idea as the one presented by

Ziegler in the proof of Corollary 3 in [25].
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Proposition 2.4.3. Assume N is |T|"-saturated and strongly |T|*-homogeneous.
Then for each A C N such that |A| < |T|, N has the extension property over A.

Proof. Let f C f € Autf(¢/A) and choose fi,..., f, such that f = fi o...0 f, and
fi € Aut(€/N;) for some N; O A. We may assume that |N;| < |T| for each i. Choose
amodel M < N with A C M and |M| < |T|. Let My = M and M;,1 = f;y1(M;) for
1=20,...,n— 1. Observe that

M:MOENl M1 =N, MQE Mnflan Mn:f(M):f(M)

n—1

By using |T'|"-saturation of N, choose now models N/ < N and M/ < N such that
My, ..., My, Ny ..., Ny Zprs0ry) Mj ..., M., N, ... N,

Then A C N/ and

M = M(/) =N M{ =N Mé =N/, M/—l =N M;L = f(M)

n

By |T'|*-strong homogeneity of N we may now find g;+1 € Aut(N/N/) such that
gir1(M;) = M/, fori =0,...,n —1. Let g =g10...0g,. Then g € Autf(N/A)
and g | M = f | M. Hence go f~1 € Aut(N/M) C Autf(N/A) and hence f €
Autf(N/A). O

Theorem 2.4.4. For any |T|"-saturated and strongly |T|T-homogeneous model N
and any A C N such that |A| < |T|, Autf(N/A) = T'(N/A) = ([idy]~,) and
Aut(N/A)/Autf(N/A) is independent of the choice of N.

Proof. For the first assertion, observe that the proof given in Theorem 2.3.9 shows
in fact that the extension property over A C N is enough to get Autf(N/A) =
I'(N/A) = ([idn]~,), and then use Proposition 2.4.3. The proof of the existence of
an isomorphism between Aut(N/A)/Autf(N/A) and Aut(€/A)/Autf(€/A) is a slight
modification of the proof given for Theorem 2.3.14. To check that ¢ is onto, instead
of enlarging the language by adding F, use |T'|"-strong homogeneity of N to obtain
some f € Aut(N/A) such that f [ M = hog [ M. Let f € Aut(¢/A) be an arbitrary
extension of f. Then hogo f~1 € Aut(¢/M’) C Autf(¢/A) and h € Autf(¢/A).
Therefore g o f~1 € Autf(€/A), that is, 6(f) = fAutf(€/A) = gAutf(¢/A). O
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G-compactness

As mentioned in section 1.1, the notion of G-compactness was introduced by Lascar

in [13], and different characterizations where given later in [11], [14], [25] and [16].

In this chapter we are interested in two main problems around this notion. First we
tackle the question of wether G-compactness is preserved after adding parameters to
a G-compact theory. We answer this question negatively in section 3.2 , providing
several examples of a G-compact (over @) theory T and a set of parameters A such
that T is not G-compact over A. In section 3.3 we present a new proof of Newelski’s
Corollary 1.8 in [16], which states that a type-definable Lascar strong type has finite
diameter. For this purpose we use some techniques introduced also by Newelski in
[17]. In the next section we present the first examples of non G-compact theories
that appeared in [4]. Throughout this chapter, d and d4 will denote the distance

introduced in section 1.1.

3.1 Non-G-compact theories

The following examples were first exhibited in [4], but we work with a relational
language. Let C' be a circle with perimeter 1. Fix a natural number n > 1. Let C), be
the £,,-structure with universe C' in the language £,, = {By,, Ly, R, S : 1 <m < n}

where:

(a) Bp(a,b,c) holds if a,b,c are different points of C,, and if, starting from a and

going around the circle clockwise, b appears sooner than c.

(b) L,(a,b) holds if the distance between a and b is shorter going clockwise from a

to b than the other way around.

(c) For each 1 < m < n, R"(a,b) holds if the length of the shortest arch joining a

and b is less or equal than m/2n.
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(d) For each 1 < m < n, S7(a,b) holds if the length of the shortest arch joining a

and b is strictly less than m/2n.

We fix some n > 1 and omit the subindexes for convenience in notation. It is easy
to see that for each m € {1,...,n}, R™ is definable in terms of R! (from now on just
R) and the same for S™ in terms of S. We can also see that R(z,y) can be defined
in terms of B and S by the formula

V2((B(z,2,y)) = S(z,2)) V Vz((B(y, 2,2)) — S5(y,2)),
and also that L(x,y) can be defined by the formula
S™(x,y) ANVz(B(z, z,y) = S™(z, 2)).

Now, the clockwise rotation by 7/n radians inside C,, g, : C,, — C,, (or just g),

is a bijection definable in the language L£,, by the formula
9(x) =y < L(z,y) A R(z,y) A =S(z,y).

Observe also that S (and therefore L, S™ and R™ for 1 < m < n) is definable with
the symbols B and g by the formula

B(x,y,9(z)) vV By, z,9(y))-

From this we know that the following remark is true.

Remark 3.1.1. Fizn > 1. Let £ = {By, gn} and consider C,, as an LI -structure
where By, is interpreted as before and the function symbol g, is interpreted as the

clockwise rotation by w/n radians. Then for any two finite tuples a,b € C,,,
tpz, (@) = tpg, (b) & tpgg (@) = tpg (b)
We give axioms for Th(C),) in the language £¢ for n > 1:
Al. For all z, {(y,2) : B(x,y,2)} is a dense strict linear order without endpoints.
A2. Vzyz(B(z,y,2) < By, z,x)).
A3. Vz(¢*(z) = x).
A4. VaB(z, g% (x),g7(z)) for any 0 < i < j < 2n.
A5. Vayz(B(z,y, 2) < B(g(x),9(y), 9(2)))-

Proposition 3.1.2. The theory given by the previous axioms is complete, w-

categorical and has elimination of quantifiers in the language L9 .
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Proof. 1. We do back-and-forth with the partial isomorphisms between finitely gen-
erated (g-closed) sets. Let f be one of such isomorphisms and let a be such that
a ¢ dom(f). If f is the empty function, choose any b and let f'(a) = b and for
each 1 <i<2n—1, f'(¢%(a)) = ¢g*(b). By axiom A4, f’ is an isomorphism between
finitely generated g-closed sets extending f. Now assume f is not the empty function.

Making use of he axioms, let

0 0 o 1 1 1 2n—1 2n—1 2n—1
N SN ¢ i S 7 SN ¢ e« N ¢ PN 1

be an enumeration of dom(f) such that:
1. It’s ordered with respect to the order induced by a.

i 1 —1 . .
2. aj=g(aj ") forallie{l,...,2n -1} and j € {1,...,m}.

From these assumptions and axiom A2, we know that B(a?"! a,a?). And using
axiom A5 we also know that B(ai; !, ¢g%(a),a}) for each i € {1,...,2n — 1}.

Now, by axiom A1, choose an element b such that B(b2'~",b,b)), where b} = f(a}),
and extend f to f’ as follows. Let f'(a) = b and for each 1 < i < 2n — 1, let

f'(g*(a)) = g (b). It’s then clear that f’ is an isomorphism with respect to B between

0 0 1 1 2n—2 _2n—1 2n—1 2n—1
a,ai,...,a;,g(a),ay,....a,,...,a , g (@),a"" ... a

m? m ' m

and
b,bY, ... b0, g(b), b1, b, b2 g2 (b), b e

»Ymo

To see that f’ is also an isomorphism with respect to g, it’s enough to observe that
g'(a) = ¢’ (a) if and only if ¢g*(b) = ¢?(b) for every i,5 € {1,...,2n} and that

dom(f) N {g*(a):i <2n} =mg(f)N{g'():i<2n} =0
O

Proposition 3.1.3. X C C,, is an elementary substructure of C, (as an LI -

structure) if and only if it is closed under g, and X is dense.

Proof. From left to right it’s clear. For the other direction, observe that the back and

forth in the previous proposition can be done between X and C,,. O

Lemma 3.1.4. For any n > 1 and a,b,c € C,, dftp; (a,b,c) detrmines
aftpz, (a, b, g(c)).

Proof. Let a,b, ¢ be different elements of C,, and assume B(a, b, ¢). Observe that

1. g(¢) =a < L(c,a) A R(e,a) A —S(c,a).
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2. Bla,b,g(c)) < g(¢c) # angle) £ b A ((Sa,e) A Lie,a)) — (L(a,b) A S(c,b)).
3. Bla,g(c),b) < g(c) # a A g(c) £ b A~B(a,b, g(c)).

4. L(a,g(c) & (L(a,c) A 8™ (a,¢)) V (L(c,a) A S(a,c)).

5. L(g(c),a) & (L(c,a) A —R(c,a)) V (~L(c,a) A R*1(c,a)).

6. R(a,9(c)) < (L(c,a) A R%(a,c)) Va = c

7. R™(a,g(c)) & (L(a,c) N R™ (a,c)) V (L(c,a) A R™(a,c)) Va=c, for m e
{2,...n—1}

And in a similar way for S™ and b instead of a. For the case where two of the three

elements are equal, just consider points 1.,4.,5.,6. and 7. in the previous list. O]
Lemma 3.1.5. For any n > 0 and two finite tuples a,b of Cy,,
aftp,, (@) = aftp,, (b) < aftp,g (@) = aftp.g (D)

Proof. From right to left it’s clear by remark 3.1.1 and the elimination of quantifiers
in the language £9 (proposition 3.1.2 (1.)). For the other direction, let @ = a1, ... an
and b = by, ..., b, be two finite tuples of C,, with the same quantifier-free type in the
language £,,. It suffices to check the following statements. Let 4,7,k € {1,...,2n}
and r,s,t € {1,...m}.

1. g'(a,) = ¢’(as) if and only if g%(b,) = g7 (bs).

2. B(g'(ar), 9’ (as), 9" (ar)) if and only if B(g'(by), ¢’ (bs), 9" (br))-
Both of them follow applying lemma 3.1.4 a finite number of times. O
Corollary 3.1.6. The following are true.

1. Th(C,,) is w-categorical and has elimination of quantifiers in the language L., .

2. X C Cy is an elementary substructure of Cy, (as an L, -structure) if and only

if it is closed under clockwise rotation by 7/n radians and X is dense.

Proof. By lemma 3.1.5, proposition 3.1.2 and remark 3.1.1, we know that for any two
finite tuples a,b € C,,,

aftp., (@) = aftp,, (b) < aftpes (@) = qftp s (b)

& tprg(a) =tpeg (b)
& tpg, (@) = tpg, (b).

2. follows from proposition 3.1.3 and remark 3.1.1. O
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Proposition 3.1.7. If a,b € C,,, then S(a,b) holds iff a,b have the same type over

an elementary substructure of Cy,.

Proof. Suppose S(a,b). Without loss of generality assume L(a,b). Let I, , = {a,b}U
{z : By(a,z,b)} and let X be the substructure obtained by removing I,; and its
rotations by km/n radians (k = 1,...2n — 1) from C,,. By proposition 3.1.6 (2.), X
is an elementary substructure of C),, and a =x b.

Now suppose that =S, (a,b). Let N be an elementary substructure of C,, and let
¢ € N. Recall that N is closed under g, the clockwise rotation by 7/n radians. In
case a or b are in the orbit of ¢ under g, it’s clear that a Zy b. Otherwise, there are
mi,mg < 2n such that B(a, g™ (c),b) and B(b, g"2(c),a). Then B(g™ (¢),b, g"™2(c)),
but =B(¢™(¢), a,g™2(c)), showing that a £y b. O

Corollary 3.1.8. Any two elements of C, have the same Lascar strong type but
diam(Cy) > n.

Two structures

Consider the following two structures built from the circles C,,’s above (we assume
that they’re saturated).

1. || Cn: The coproduct, or disjoint sum. It’s just the family of structures (C,, :
n>1
n > 1) considered as a many-sorted structure. The n-th sort corresponds to C,

equipped with all its £, -structure. No additional relation or function symbols.

2. C = ]] Cy: The product. An element of its universe is a mapping ¢ defined on
n>1

w~{0,1} and such that ¢(n) € C,, for every n > 1. Its language is L = |J L],

n>1
where L] = £, U{E,}. For any ¢,/ € C, n > 1,m < n, we say that R (c, )

holds if and only if R (¢(n),c'(n)) holds in Cy,, and so for B,,, L,, and SJ*. E,

is a binary relation symbol interpreted as follows:
E,(c,d) & c(n) = (n)

E,, is an equivalence relation and we can recover the circle C,, with all its £,,-

structure taking the quotient C/FE,,.

Let E = () E, and observe that for every ¢ € C, C/E = {c}. Adjoining
n>1
a suitable large number of new elements to each FE-class one gets a saturated

elementary extension C* of C. Note that in passing to C* no new elements

were added to any of the C,,’s.
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Using back-and-forth arguments we can easily see that both T'h ( L Cn> and Th(C*)
n>0
have elimination of quantifiers in their respective languages.

Remark 3.1.9. 1. Aut ( LJ Cn) =[] Aut(C,).

n>1 n>1

2. The canonical map from Aut(C*) to Aut ( L C’n) is surjective.

n>1
Proposition 3.1.10. = s trivial for elements in C*.
Proof. By definition, a = b if and only if a and b are equivalent under any type-
definable bounded equivalence relation, and we know that any such relation can be

defined by a conjunction A 6, (z,y) of thick formulas such that 2, C 6, for every
nw

n < w,ifa,6n+1(x,y)/\0n+1(y,z)F*Gn(x,z)
Assume, searching for a contradiction, that —6y(a,b) for a formula 6y(x,y) of some
such family and elements a,b € C*. Since 6y is reflexive, a # b. Let L5, U... L be

the language of 6y and choose n such that N < 2™. Observe that

271—1

07 C 2 - C 03 C 07 C by

n—1

By quantifier elimination, the formula 6,,(z,y) is of the form

l

On(x,y) = \/ o;

i=1
for some ! < w, where each o; is a conjunction of some of the relations
{=,Li, R}",S]", B, : 1 <k <N,1 <m <k} and their negations.

Claim 1. At least one of the o;’s is not negative in any of the relations R} (1 < k <
N,1 <m < k). (This means that at least in one conjunction there is no lower bound

for the distance between any two comparable coordinates of = and y).
l
Proof. Otherwise, in each o; there is a term —R}"". But the relation A R is thick,
; AR
since it is impossible to find an infinite antichain for it, i.e. infinitely many elements

such that their k;-th projections are at at distance > m;/k;. Since

! 1
On(x,y) = \/ o; b \/ R,
i=1 i=1

l
then A R = —0,(z,y). This implies that =0, (z,y) is thick and 0,(z,y) is not,
i=1
which is a contradiction. ¢

Now let I = {i < N : E;(a,b)} and J = {i < N : =E;(a,b)}. We write 0, (z,y) =

on(x,y) Vi (z,y), where p,(z,y) is the disjunction of the conjunctions which are not
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negative in any of the relations R}, and v, (z,y) is the disjunction of the remaining
ones.
Claim 2. pu(z,y) ¥ \V ~Ei(z,y) v V Ej(z,y) VvV =y.

el JjeJ
Proof. Otherwise, choose in each conjunction of v, (z,y) a relation R}’ appearing

negatively (say for i = 1,...1") and observe that
l/
NEixy) A N\ —Ej(zy) N #y A \ R E —pol(@,y) A-va(@,y) F —On(z,y).
iel jeJd i=1
This implies that we can find an infinite sequence (a; : i < w) of different elements
in C* such that =0, (a;, a;), whenever i < j. Therefore, 6,,(x,y) is not thick, and we
have again a contradiction. ¢
Since pn(z,y) A N\ Ei(z,y) AN N\ —E;(z,y) ANz # y is consistent, we can find
i€l jeJ

elements a*,b* € C* such that p,(a*,b*) and such that E;(a*,b*) if and only if
E;(a,b) for i =1,..., N. We can also find distinct elements a’, b’ such that

e Ei(a’a) and E;(b',b) fori =2,...N.

e E;(d',a*) and E;(b*,b*) for i > N.

Claim 3. 62" (a’,V').

If the claim is true, then y(a’,d’). By the choice of the E;-classes and elimination
of quantifiers, the pair a’, b" satisfies the same formulas of £1 U---U L. This implies

that 0y (a,b), which gives us the desired contradiction.

Proof Claim 3. Tt is enough to find ay,...,asny1 such that a; = @/, asny; = b’ and
On(aj,aj+1) for j = 1,...2". To find them, we will choose, for each ¢ > 1, their
respective Ej-classes €},...€5n ;.

Fix a conjunction o(zx,y) in p,(x,y) satisfied by a*, b* (we may assume o(z,y) F x #
Y)-

Let 1 < ¢ < N. If the term E;(z,y) appears in o,(z,y), let €} = --- = €}, =
[a']|g, = [b]E,. If not, since I < 27, choose different classes e} = [a']g,, €h,... 5. =
[0'] g, such that R;(z,y) holds if the classes of z,y are eg», e§+1 forany 1 < j <2™+41.
This is because inside any of the circles Cs,...,Cy, given two points p,q, we can
always find points py = p,ps,...,pent1 = ¢ such that d(p;,pj+1) < 1/2N for j =
1,...,2", and 1/2N < 1/2i.

Let ¢ > N. Choose j minimal such that T'(z,y) - R{(m, y) appears in T'(x,y) (Notice
here that the language of 6,,(x, y) can be bigger than the language of 6y (z,y)). Again,

if the term Ej(z,y) appears in o(z,y), let €} = -+ = €b.y = [a]g, = [V']g,. If not,

30



Non-G-compact theories

since R (a’,b'), choose different classes e} = [a]g,,€b, ..., eb y = [b']g, such that

Rg(x,y) holds if the classes of z,y are e} ej.+1 for any 1 <j < 2™+ 1.

This completes the choice of the classes. Now let @' = aj,as...,a9my1 = b be

elements of C* such that [a;]g, = ej— forall 7 > 1 and 1 < j < 2". By the choice of

the classes, it is easy to see that T'(a;, aj4+1) holds for all 1 < j < 2". This implies that

P,(aj,a;+1) and therefore S,(a;,a;41) holds for all 1 < j < 2" 41, as we wanted. ©
O

L

Lemma 3.1.11. Let a;,b; € C; for all i > 1. Then (a;);>1
only if (a:)is1 = (bi)is1 in U éi

i>1

(bi)i>1 in C* ’Lf and

L

Proof. =) Suppose (a;)i>1 (bi)i>1 in C*. Without loss of generality, we may
assume there is C’ < C* and f € Aut(C*/C") such that f((ai)i>1) = (b;)i>1. Let m;
be the projection map from C* to C; (remember that no new elements where added
to the C;’s when going from C' to C*). For all i > 1, m;(C’) C C;. Moreover, by
elimination of quantifiers, m;(C") < C; for all ¢ > 1.

Now let f; : C; — C; be defined as follows: for ¢; € C;, let f;(¢;) = m;(f(c)) for any
cem; *(c;) 1. Let f’ be the union of the f;’s. Clearly

f' € Aut <|_| ci/l | m-(c')) ,

i>1 i1
L] m(C") < || Cs, and f'(a;) = b; for all i > 1, thus (a;)is1 = (bi)is1 in || Ci.
i>1 i>1 i>1
<) Without loss of generality, we may assume there are C} < C; and f; € Aut(C;/CY)
such that f;(a;) = b; for alli > 1. Let f € Aut ( L C’n> be the union of the f;’s. By

n>1

remark 3.1.9 (2.), there is f* € Aut(C*) whose canonical projection to Aut ( L] C’n)

n>1
is f. Observe that [] C/, < C*, f* fixes pointwise [[ C/, and f*((a;)i>1) = (b;)i>1,
n>1 n>1
showing that (a;);>1 and (b;);>1 have the same Lascar strong type in C*. O

L

Proposition 3.1.12. Let a;,b; € C; for all i > 1. Then (a;)i>1
and only if there is n < w such that d(a;,b;) <mn for all i > 1.

(bi)i>1 in C* Zf

Proof. =) Observe that there is n < w such that d(a;,b;) < n for all ¢ > 1 if and only

if there is a Lascar strong automorphism of | | C; sending the (infinite) tuple (a;);>1

i>1
to (b;)i>1, i.e., if and only if (a;)i>1 = (bi)i>1 in | | C;. By the previous lemma, that
i>1
happens if and only if (a;)i>1 = (b;)i>1 in C*. O

f ¢, ¢ € 7~ 1(a;), then E;(c,c’), and since f € Aut(€), it is true also that E;(f(c), f(c)), and
therefore m;(f(c)) = mi(f(c)).
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Corollary 3.1.13. Neither Th(| |-, Cn) nor Th(C*) are G-compact.

Proof. Consider, for each n > 1, two diametrically opposed points a,,a,, € C,, and
a Lascar strong automorphism f, € Aut(C,,) such that f,(a,) = al,.

Let f € Aut(|],-, Cn) be the union of the f,’s. Note that f is a limit point of
Autf(| |,-, Cn) (since f agrees with the product of finitely many f,,’s, which is strong)
but it’s not Lascar strong, since there is no finite bound for the distance between the
(infinite) tuples (a, : n < w) and (f(a,) : n <w). By fact 1.1.2 (3.), Th(| |, Cn) is
not G-compact.

For the second case, let ¢,¢’ € C* be such that ¢(n) = a,, and ¢/(n) = a), for each
n > 1. By proposition 3.1.10, ¢ = c’, but we know, by proposition 3.1.12, that ¢ ;‘Lé d,
showing that £ is not type-definable for finite tuples. By fact 1.1.2 (2.), Th(C*) is
not G-compact. O
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3.2

G-compactness of T' does not imply G-compactness of Ty

The next examples came up as a result of several discussions with Prof. Ludomir

Newelski during my visit at the Mathematical Institute of the Wroclaw University

in March 2006 and previous conversations with Prof. Enrique Casanovas at the

University of Barcelona.

Type-definability of = 4 for finite tuples is preserved

Example 1. For each n > 1, let M,, be a saturated model of the theory T;, in the
language L,, = {Pp, Qn, Zn, Bn, Ly, R, ST : 1 < m < n}, where:

1.

5.

P, and @, are infinite disjoint unary predicates.

. Z, is a binary relation symbol on P, X Q.
. For any two different elements x,y € P, {z: Z,(z,2)} N {z: Z,(y,2)} = 0.

. For each € P,, the set {z:Z,(z,2)} is non-empty and is equipped

with the same structure as the circle C),, described before in the language
{Bn, Ln, R, S : 1 <m < n}.

n

For each y € Q,, there is x € P,, such that Z,(x,y).

The following figure illustrates what M,, looks like.

{x:Z,(a,x)}
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Proposition 3.2.1. 1. For each n > 1 and tuples x,y (possibly infinite) of M,
(of the same length) such that x =y, dp(z,y) < 2.

2. Fix1 <n <w and let a € P,(M,). There are elements x,y of M, such that
T =,y but do(z,y) > n.

Proof. 1. Due to the existence of infinitely many circles in M,,, we can easily find an
automorphism of M,, sending = to y and fixing an elementary submodel of M,,. Just
observe that any subset of M,, with infinitely many circles and their respective points
in P, is an elementary substructure of M,,. By lemma 1.1.3, dy(x,y) < 2.
2. Introducing an element a € P,(M,,) to the language leads us to the case of just
one circle where the diameter is > n, since any elementary substructure of (M, a)
should include a and an elementary substructure of the circle {y : Z,(a,y)}. Take two
diametrically opposed elements by, by such that Z,(a,bo) and Z,(a,b;) and observe
that by =, b1 and dq(bo, by) = n.

O

Let M = || M, be the coproduct, or disjoint sum, of the M,’s. It’s just the family
n>1
of structures (M,, : n > 1) considered as a many-sorted structure. The n-th sort

corresponds to M,, equipped with all its £,-structure. No additional relation or

function symbols.

Corollary 3.2.2. Let A = {a,:n>1} C M such that for every n > 1, a, €
P,(M,). Then Th(M) is G-compact over § but it is not G-compact over A (T4 is

not G-compact over ().

Proof. By the previous proposition we know that the ()-diameter of the Lascar strong
types over () in M is 2, but there is not a bound for the A-diameter of the Lascar
strong types over A. By theorem 1.1.4, we have what we want. We also can show as
in corollary 3.1.13 that Autf(M/A) is not closed in Aut(M/A). O

In the former example we used an infinite set of parameters in order to lose
G-compactness (over @) going from T to T4. Using the same ideas we now show
that G-compactness (over @) can be displaced just by adding one parameter to the

language.

Example 2. Let M be a saturated model of the theory T in the language £ =
{P,Q}U{Z,, By, Ly, R, ST :1<m < mn,n> 1} given by the following axioms.

1. P and @ are infinite disjoint unary predicates.

2. For every n > 1, Z,, is a binary relation symbol on P x Q.
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3. {z: Zi(z,2)} N{z: Z;(y,2)} = 0 whenever (z,1),(y,j) are different tuples of

P x w*.

4. For each z € P and each n > 1, the set {z: Z,(z,2)} is non-empty and is
equipped with the same structure as the circle C,, described before in the lan-

guage {By, L, R, ST : 1 <m <n}.
5. For each y € @ there is € P and n > 1 such that Z,(z,y).

The following figure illustrates what M looks like, except for an infinite set of

points which would appear in () and would not belong to any of the circles.

{Z,n>1}
i e {x:Z,(a, %)}
T z
e 4 v’
. G Cs Cn
L]
M

Proposition 3.2.3. 1. For eachn > 1 and tuples z,y (possibly infinite) of M (of
the same length) such that x =y, dg(z,y) < 2. Hence T is G-compact over {).

2. Let a € P(M). For each n > 1, there are elements x,y of M such that x %a Y
but do(z,y) > n. Hence T is not G-compact over {a}.

Proof. 1. As in proposition 3.2.1. If x = y, there is M’ < M such that x = v,
hence dg(x,y) < 2. This is, again, due to the existence of infinitely many points

in P and circles in ). By fact 1.1.4, T is G-compact.

2. Fix n > 1. Take two diametrically opposed elements by, b1 such that Z,(a, by)
and Z,(a,b;) and observe that d,(bg,b1) = n. This shows that there is no
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bound on the a-diameters of Lascar strong types over {a}. By fact 1.1.4, T is
not G-compact over {a}.
O

Type-definability of = 4 for finite tuples is displaced

In the previous examples type-definability of = for finite tuples was preserved from
T to T4; in both cases = A:g 4 for finite tuples. In the next example we will see the
case where type-definability of = s displaced because of finite tuples. Namely, we
will give a G-compact (over (}) theory T and find elements a, b, b’ such that b S
but dg (b, V') = 00, i.e. bZ, b

Ezxzample 3. For each n > 1, let £,, = {Pp, Qn,Zn, By, Ln, R, ST : 1 <m < n}

n

and M, be as in Ezample 1 above. Now, let M = [] M, be the product of the
n>1
M,,’s. Analogous to the construction of [] C, described in section 3.1, an element
n>1
of M is a mapping f defined on w \ {0,1} and such that f(n) € M, for every n > 1.

Its language is £ = |J £}, where £, = £, U{E,}, and we interpret it as follows.
n>1
For any f,f e M,n>1,m <mn,

e P,(f) holds if and only if P,(f(n)) holds in M, (the same for Q,,).
o Z,(f, f) holds if and only if P,(f), Q.(f) and Z,(f(n), f/(n)) holds in M,

e R™(f,f") holds if and only if Q,(f),@n(f’), there is g € M such that P,(g)
and Z, (g, f) A Zn(g, f) (i-e., their n-th projections lie in the same circle) and
R™(f(n), f'(n)) holds in M,,. Similarly for B, L, and S]".

e [, is a binary relation symbol interpreted as follows:

En(f.f") & f(n) = f'(n).

E,, is an equivalence relation and we can recover the structure M,, with all its
L,-structure taking the quotient M/E,.
Again, let F = (| E, and observe that for every f € M, M/E = {f}. Adjoining a

n>1
suitable large number of new elements to each E-class one gets a saturated elementary

extension M* of M. Note that in passing to M* no new elements were added to any
of the M,,’s. With a back-and-forth argument it is easy to see that Th(M*) admits

elimination of quantifiers in the language L.

Proposition 3.2.4. Th(M™*) is G-compact.
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Proof. As in propositions 3.2.1 and 3.2.3, if z,y are two tuples (possibly infinite)
of M* with the same quantifier-free type, then we can find an automorphism of M*
sending x to y and fixing an elementary substructure. By lemma 1.1.3, 2 is a bound for

the diameter of Lascar strong types, and by theorem 1.1.4 Th(M) is G-compact. [

Now fix @ € M such that P, (a) holds for all n > 1 and elements b, b’ € M such that
for all n > 1, Q,(b), Qn(V), Zy(a,b), Zn(a,b’) and b(n) and b'(n) are diametrically
opposed.

Proposition 3.2.5. b =, b/ in M*.

Proof. We follow the proof of proposition 3.1.10. By definition, b Iga b’ if and only
if b and b’ are equivalent under any {a}-type-definable bounded equivalence relation,
and we know that any such relation can be written as the intersection of a family
{6,,(z,y) : n < w} of thick formulas of £, such that 82, C 6, for every n < w, i.e.,
Ont1(x,y) N Opy1(y,2) F Oy, 2).

Assume, searching for a contradiction, that —6y(b,’) for a formula 0y(x,y) of some
such family of thick formulas {6, (z,y) : n < w} consistent with tp(bb’/a). Let £5 U
... L U{a} be the language of 6y and choose n such that N < 2. Observe that

2'n.—1

02" C o2 - C 03 C 07 C b

n—1

By quantifier elimination, the formula 6,,(z,y) is of the form

l
en(xa y) = \/ O-i(‘r7 y)
i=1
for some [ < w, where each o; is a conjunction of some of the relations
{= Py, Qr, Zp, Li, B, S)" B : 1 <k < N, 1 <m < k}

and their negations. We can also assume that for each j =1,...1,

o - \Zia.2) A Zifa,y),

meaning that for any ¢ = 2,...,N and j = 1,...,[, the i-th coordinates of a pair
satisfying o;(x,y) lie in circle attached to a(i). This is because the families of thick

formulas we’re interested in are consistent with tp(bb'/a).

Claim 1. At least one of the o;’s is not negative in any of the relations R}’ (1 < k <
N,1 <m < k). (This means that at least in one conjunction there is no lower bound

for the distance between any two comparable coordinates of = and y).
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Proof. Otherwise, in each o; there is a term ﬂRZ:i. But the relation

/\Rmi\/\/ Zi(a,z) A Zia,y))

i=1
is thick, since it is impossible to find an infinite antichain for it, i.e., infinitely many
elements such that their k;-th projections are in the circle attached to a and at

distance > m;/k;. Since

\/Uﬂ—\/ Rm’/\/\ (a, ) A Zi(a,y)),

then

/\le\/\/ (a,2) A Zi(a,y)) F =0, (x,y).

This implies that —6,,(z,y) is thick and 0,,(z,y) is not, which is a contradiction. ¢

We write 0,,(z,y) = pn(z,y) V vp(x,y), where p,(z,y) is the disjunction of the
conjunctions which are not negative in any of the relations R}*, and v,(x,y) is the

disjunction of the remaining ones.

Claim 2. pp(z,y) ¥ \/ E(z,y)Vx=y.
=2
Proof. Otherwise, choose in each conjunction of v,(z,y) a relation R} appearing

negatively (say for ¢ = 1,...1") and observe that

N v
/\ —Ei(x,y) Nz #yA /\ R =pn(x,y) A —vn(2,y) B =0, (2, y).

i=2 i=1
This implies that we can find an infinite sequence (a; : i < w) of different elements
in M* such that —6,,(a;, a;), whenever i < j. Therefore, 8,,(x,y) is not thick, and we

have again a contradiction. ¢

Since pp(z, y) A /\ —FE;(x,y) ANz # y is consistent, we can find elements ¢, ¢’ € M*
such that p,(c,c) and such that E;(c, ') if and only if E;(b,b') for i =2,...,N. We

can also find distinct elements d,d’ such that
e F;(d,b) and E;(d', V) fori=2,...N.
e FE;(d,c) and E;(d',c) for i > N.

Claim 3. 02" (d,d").

If the claim is true, then 6y(d,d’). By the choice of the E;-classes and elimination
of quantifiers, the pair d, d’ satisfies the same formulas of £, U---U £, than the pair
b,b’. This implies that 0y(b, '), which gives us the desired contradiction.
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Proof Claim 3. Tt is enough to find dy,...,dany1 such that dy = d, dony1 = d’ and
0n(d;,dj1) for j = 1,...2". To find them, we will choose, for each ¢ > 1, their
respective Ej-classes €},... €5 ;.
Fix a conjunction o(x, y) in p,(x,y) satisfied by ¢, ¢’ (we may assume o(z,y) b x # y).
Let 1 <4 < N. Since I <2, choose different classes e} = [d]g,, €}, ..., €51 = [d]E,
such that R;(z,y) holds if the classes of z,y are ej-, e§+1 for any 1 < j < 2"+ 1. This
is because inside any of the circles Cs,...,Cy, given two points p, q, we can always
find points p1 = p,p2, ..., peny1 = ¢ such that d(p;,pj+1) < 1/2N for j =1,...,2",
and 1/2N < 1/2i.
Let ¢ > N. Choose j minimal such that o(z,y) - R{ (z,y) appears in o(z,y) (Notice
here that the language of 0,,(x,y) can be bigger than the language of 6y(x,y)). Since
RI(d,d') (because for i > N, E;(c,c) and E;(c,d')), choose different classes ej =
[dg,, €5, ... €5 1 = [d]p such that R (z,y) holds if the classes of x,y are SN
for any 1 < j < 2™+ 1.
This completes the choice of the classes. Now let d = dy,ds...,danyy = d be
elements of M* such that [d;]p, = €} for all i > 1 and 1 < j < 2". By the choice of
the classes, it is easy to see that o(d;, d;41) holds for all 1 < j < 2". This implies that
pn(dj,d;y1) and therefore ,,(d;,d;j41) holds for all 1 < j < 2" 41, as we wanted. ¢
O

Proposition 3.2.6. Let bt € M be elements of M* such that for all n > 1,
Qn(0),Q, ("), Zn(a,b), Zy(a,b') and b(n) and V' (n) are diametrically opposed. Then
dy(b,0') = 0.

Proof. Suppose d,(b,b') = n for some n < w. Then b %a b and we can find elementary
substructures Ny, ... N, < M* containing a, and elements by, bs,...,b,11 € M such
that by = b,bp41 = b and b; =, bj4q for i = 1,...,n. Observe that for all j > 1
and i € {1,...,n}, b;(j) =x,(n,) bit1(j), where 7; is the projection map from M* to
M; (remember that no new elements where added to the M;’s when going from M
to M*). As in the proof of proposition 3.1.11, m;(V;) < M, and a(j) € m;(N;) for all
j>1landie{l,...,n}.

Now fix k > n. Since b;(k) =x, (n,) bit1(k) for all i € {1,...,n}, in particular we
know that b;(k) =gr bit1(k) where YF = {z € m(NV;) : Zi(a(k),z)}. Since XF is
isomorphic to an elementary substructure of the circle C}, by proposition 3.1.7, we
can conclude that Sy (b;(k),bi+1(k)) holds for all ¢ € {1,...,n}. Since bi(k) and
bn+1(k) are diametrically opposed, this is impossible. O

Corollary 3.2.7. Th(M*) is not G-compact over {a}
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Proof. By the previous two propositions, %a;«éga for finite tuples. By fact 1.1.2,
Th(M*) is not G-compact over {a}. O
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A new proof for the finite diameter of type-definable Lascar strong types

3.3 A new proof for the finite diameter of type-definable

Lascar strong types

The notions of c-free and weakly c-free extensions over a complete type were intro-
duced in [17]. Using these tools, Newelski proves strong results on countable coverings
of groups and types. In this section, we slightly generalize these definitions to c-free
and weakly c-free extensions over a partial type with special properties, in order to
give a more direct proof of the fact that type-definable Lascar strong types have a
finite diameter (Corollary 1.8, [16]). This was proved before in [16] by way of contra-
diction using the so called open analysis, and during my visit at the Mathematical
Institute of the Wroclaw University, Prof. Newelski suggested that this could be also

proved using these new techniques.

Throughout this section we will assume that 7(z) is a partial type over A such
that for every a,b = 7(z), there is an automorphism f € Aut(€) such that f(a) =0

and 7(z) = nf (x) 2.

Definition 3.3.1. A set U C € is c-free over « if there are n < w and automorphisms
fos- ooy fne1 € Aut(€) such that

i) @< o)

<n

ii) w=nl for everyi <n

A formula ¢ is c-free over 7 if o(€) is c-free over w. A type q(x) is c-free over m if

every formula o(x) such that q(x) - p(z) is c-free over .

Definition 3.3.2. A set U C € is weakly c-free over 7 if for some V C € which is
not c-free over w, U UV is c-free over w. A formula ¢(x) is weakly c-free over m if
the set p(€) is. A type q(x) is weakly c-free over 7 if every formula o(x) such that
q(z) F @(x) is weakly c-free over .

The following are general properties of weakly c-free sets, types and formulas.

Lemma 3.3.3. Assume U is a definable subset of €. Then the following conditions

are equivalent.
1. U is weakly c-free over .
2. (N fi(U)¢ is not c-free over m, for some fo, ... fu_1 € Aut(€) such that t/i =7

i<n

for all i < n.

2Note that when m(z) is a complete type over A we get a particular case of our more general
context. We can actually find f € Aut(€/A). Note also that all the the elements of 7(x) have the
same type over 0.
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A new proof for the finite diameter of type-definable Lascar strong types

3. For some definable set V C € that is not c-free over w, U UV is c-free over .

Proof. 1. — 2. If U is weakly c-free over 7, then there is V' C € that is not c-free over
7 such that U UV is c-free over m. Thus, there are fo,..., fn—1 € Aut(€) such that

7fi = for all i < n and

m(€) C U f(UuV)
= 7(¢) C U f:(U)U U (V)
= (ﬂ fi(U)°'> Nm(¢) C U fi(V).

Since V' is not c-free over m, neither is |J fi(V)). Then (ﬂ fi(U)C) N7 (€) is also
not c-free over m, which implies that .ﬂl??(U )¢ is not c—frele<gver .

2.—=3. Let V.= fi(U). Vis deé;;ble and non-c-free over 7. Let f,, = id, and
observe that =

Urwuv)y = [Jswuvyuwuy)

i<n i<n
= Jnrwuvu <UU (ﬂ fi(U)C>>
<n i<n
2 (m fi(U)c> U <ﬂ fi(U)c>
<n <n
o w(€),
showing that U UV is c-free over .
3. — 1. is clear. O

Lemma 3.3.4. 1. If Uy, Uy are not weakly c-free over mw, then Uy UUs is not weakly

c-free over .

2. If q(x) is a (partial) type over B D A that is weakly c-free over m, then some
¢ (x) € S(B) extending q(x) is weakly c-free over w. Necessarily, w(x) C ¢'(z).

Proof. 1. Let V C € be non-c-free over 7. Since Us is not weakly c-free over m, Us UV
is not c-free over m. And since U; is not weakly c-free over 7, then Uy UUy UV is also
not c-free over w. Thus, Uy U U; is not weakly c-free over .

2. By the previous point, if g(x) is weakly c-free over 7, then for every ¢ € L(B), either
q(z) U{p(z)} or q(x) U{—¢(x)} are weakly c-free over 7. Clearly n(z) C ¢'(z). O

Consider the following sets of types:

42



A new proof for the finite diameter of type-definable Lascar strong types

1. P={q(z,y) € Suy(0) : q(z,y) Un(xz) Un(y) is consistent}.
2. Pyey ={q(z,y) € P:q(a,y) is weakly c-free over 7 for some (all) a |= 7}.
Remark 3.3.5. P and Py.s are closed and nonempty.

Proof. For P is clear. Let a = w.  Since =w(y) is weakly c-free over m,
it can be extended to a complete type g¢(a,y) which is weakly c-free over
m.  Now let ¥ = {p(y) € L(a) : ¢ is not weakly c-free over 7}, and let T' =
{¢(z,y) € L: p(a,y) € £}. Then

chf = {Q(‘Tay) cP: Q(I7y) :_) {—w(:r,y) : @(I7y) € F}}
[

Proposition 3.3.6. Assume S C Py.s is non-empty and relatively open. Then there
are finitely many ¢; = m, 1 < i < k, such that for every b |= 7 there is d |= m such
that

1. tp(b,d) € S.
2. tp(e;,d) € S for some 1 < i <k.

Proof. Since S is non-empty and relatively open, let ¢(x,y) € L be a formula such
that S O Pyer N[p(x,y)] # 0. Since the goal is to find some types inside S, we can
assume that S = Py.r N [p(x,y)] # 0.

Fix ¢ = 7, and observe that ¢(c,y) is weakly c-free over .
Let ¢(e,y) be a formula which is not c-free over 7 such that ¢(c,y) V (e, y) is c-free
over m. Let f1,... fr € Aut(€) such that afi=xfor1<i<kand

k

my) F\ ele,y) vViley) ()

i=1
where (¢, e) = (fi(e), fi(e) (1 <i < k).

Since S C S,,(0) is closed, we can assume S = {q(z,y) € Suy(0) : q(z,y) D p(z,y)},

for some partial type p(z,y) over 0.

Claim 1. (p(c,€) Uy(e, €)) \ p(c, €) is not c-free over .
Proof. Assume it is. Then there are g1, ..., g, € Aut(€) fixing 7(€) such that

n

m(€) € [J gil(p(e. €) Up(e, @) \ ple, ©)),

=1
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A new proof for the finite diameter of type-definable Lascar strong types

i.e., the set of formulas

7(5) A N (el y) A (el m) V o))

i=1

where (¢}, e}) = (gi(c), gi(e)), is not satisfiable. By compactness, there are formulas

1) 7

a;(z,y) (1 <7< n)such that p(c,€) C a;(e, €) C (¢, €) and such that
m(y) A N (m(ch,y) A=b(ef, v) V as(c), y))

is not satisfiable. Setting a(z,y) = A, a;i(z,y), we have that p(c,€) C a(c,€) C
(¢, €) and

m(y) A /\ ((mp(chy) A=p(ely)) V alch,y)

is not satisfiable. Thus,

n

(@) € (Jai((p(e,©) Ut(e, ©) \ a(e, €),
i=1
ie., (p(c,©) Uy(e, @)\ alc, @) is c-free over m. Since (e, €) U (¢(c, €) \ alc, €)) is
larger, it is also c-free over m, which implies that (¢(c, €) \ a(c, €)) is weakly c-free
A

o4

N

over 7 (since ¥(e, €) was not c-free over 7). Thus, (p(c,y) ¢,y)) is a partial

weakly c-free type over .

Since p(c, €) C a(e, €), we know that [-a(c,y)] N [p(e,y)] = 0. Using the fact that
(e, y)] ={a(c,y) - q(z,y) € Pucr} N[p(c,y)], we would conclude that

[p(c,y) A —ale,y)] N {q(e,y) = q(x,y) € Puer}
[p(e, )] N [male,y)] N {ale,y) = q(z,y) € Puer}
[p(c,y)] N [~a(e,y)] = 0.

N

And this is impossible since, by lemma 3.3.4, (¢(c,y) A ~a(e,y)) can be extended to

a complete weakly c-free type over . The claim is proved.
With the following claim we finish the proof of the proposition.

Claim 2. For each b = 7 there is d € p(b, €) such that d € Ule p(ci, ©).

Proof. Suppose this is not true. Then we could find b = 7 such that for every
d e p(b,€), d ¢ U, plci,€). By (%), for any such d, d € ¥, (¢(ci, €) U (es, €)),
thus we have that

k

p(b, @) C [J((ples @) Uth(er, ) \ plci @), (%)

i=1
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Let ¢jp1 = b and epy1 = f*(e), where f* € Aut(€) such that 7/~ = 7 and f*(c) = b.

In this way we ensure that ¢(ck41,€) Utp(ert1,€) is also c-free over m. Thus,

k+1

P(ert1,©) U(ersn, €) C | ((plei © Un(es, ©) \ plei, €)),
i=1
because p(cxi1,€) Ut (enst,€) = ((@(crs1,€) Uth(eps, ©) \ plb, €)) U p(b, €), and,
by (), p(b,€) € UL, (plei €) Unilers €) \ ples, ©)). Since pleni1, €) U(ens1, €)
is c-free over 7, so is the set on the right hand side. Thus, (¢(c, €) U(e, €))\ p(c, €)
is also c-free over 7, contradicting Claim 1.
The second claim is proved and so is the proposition.
O

Corollary 3.3.7. (Corollary 1.8, [16]) Type-definable Lascar strong types have finite

diameter.

Proof. Let w(z) be a partial type defining the Lascar strong type of a over ). Clearly
7 satisfies the conditions required at the beginning. Let X, (z,y) = P N [nc"(z,y)].
Notice that

P ={q(z,y) € Spy(0) : ¢(z,y) Un(z) Um(y) is consistent} = U Xp.

new

By the Baire Category Theorem, there is N € w such that X has non-empty interior
in Pycs. By the previous proposition, there are finitely many ¢; |= 7, ¢ < k such that
for every a,b |= 7, there are ¢,d |= 7 such that

1. tp(a,c),tp(b,d) € Xn.
2. tp(cix, €), tp(cj=,d) € Xy for some i*, j* < k.
Let M = min{n € w: {tp(c;,¢;) : 4,7 < k} € X,,}. Then clearly

d(a,b) < d(a,c)+d(c, ci+) +d(ci, cj«) + d(cj~, d) + d(d, b)
< N+N+M+N+N=4N+M
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w-categoricity

4.1 Introduction

A many-sorted w-categorical theory with countably many sorts which was not G-
compact was presented in [4], where the first examples of such theories where exhibited
since Lascar had introduced the notion of G-compactness in [13]. A few years later
Ivanov constructed in [10] a one-sorted w-categorical theory which was not G-compact.
Motivated by his construction, we prove the following theorem from which we can

derive the existence of such an example more directly.

Theorem 4.1.1. Let T’ be a many-sorted w-categorical theory with countably many
sorts. Then there is a one-sorted w-categorical theory T* in which T is stably em-
beddable.

Theorem 4.1.1 actually enables us, given the existence of a many sorted w-
categorical theory with countably many sorts having a property P which is preserved
under stable embeddability, to show the existence of a one-sorted w-categorical the-
ory having the property P. We will show that non-G-compactness is one of such
properties.

Given two complete theories 77 and Ty with monster models €; and & respec-
tively, we say that Ts is stably embeddable in T; if €5 is isomorphic to the full induced
structure of €77 on a collection of sorts, say 3, such that € | ¥ is stably embedded
in (€1,€77 | X). We refer to [7] for stable embeddability.

In the next section we present an w-categorical theory Tr admitting quantifier
elimination, the scaffolding for our construction. We consider the induced structure
of Th' on a certain countable collection of sorts which are stably embedded; we
interpret the initial w-categorical theory T" over these sorts; and finally we make an
expansion of Tg in which 7" is stably embeddable. Thanks to Prof. M. Ziegler for

valuable suggestions in the presentation of this material.

The theory Tg is interesting on its own from the Shelah’s classification point of

view. T is not simple and does not have the strict order property. Moreover, Tr does
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not have the so called SOPy, putting it in the same place as T’ Feqr the first example
of a theory with such properties, presented by Shelah in [21] and named like that in
[23]. We deal with the classification of T in section 4.3.

4.2 Proof of Theorem 4.1.1

Consider the language Lp = {F, : n < w} where, for each n < w, F, is a 2n-ary
relation symbol, and let Ty be the theory saying that, for each n > 0, E, is an
equivalence relation on the set of m-tuples which does not depend on the order of
the tuples and such that all n-tuples with at least one repeated coordinate lie in one
isolated E,-class. Let K be the class of finite models of Tj.

Remark 4.2.1. K has the Hereditary property (HP), the Joint Embedding property
(JEP), the Amalgamation property (AP) and for each m it has only finitely many

isomorphism types of size n.

Let M be the Fraissé limit of K and let Ty = Th(M). Ty is w-categorical and
admits elimination of quantifiers. Moreover, Tg is the model-completion of Ty and
we can see that it is given by the following additional axioms, which are satisfied in
M.

For any n € w and partitions P; of [{1,...,n+1}]* (1 <i <n), let ¢, p,. p, be:

Vi, ..., Tn ((/\ Ei =((z1,...an})i Pi) — 3Tpi1 (/\ Ei =\[{a1,....0ni1 )]0 Pi)) ;
=1

i=1
where F; &[(z, ... .1 Pi means that for every 1 < j; < ja <--- < j; <n and every

1 <j <jy <---<ji <n, Ei(Zj,Z7) holds if and only if there is S € P; such that
{]177]1}7{]177];} € S.

These axioms enable us to extend any partial isomorphism between finite struc-
tures of Ty of size n in any possible way given by the position of the new element

with respect to the original domain (of size n) according to Fy,... E,.

We call ¥ the collection of the imaginary sorts (M™/E,)ncw. Let e be an imagi-
nary element of M°? | ¥, say from the sort M"/FE,, and a finite set A C M, say of
size m, such that e ¢ A"/E,,. We say that a tuple a = (a1,...,ay,) of M is generic

for e over A if:
1. An{ay,...,a,} =0.

2. g, (a) =e.
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3. For each i <m, if b€ (AU {ay,...,a,})" ~ A%, then b/E; ¢ A'/E;.

Remark 4.2.2. For every finite set A C M and every imaginary element e € M"™/E,

which is not in A™/E,,, there is a generic tuple for e over A.

Proof. Apply the axioms n times and make sure each time the partitions isolate
completely the new element, i.e., the classes corresponding to the new possible tuples

have just one element. O

Proposition 4.2.3. Th(M, M | ¥) has quantifier elimination in the language L5 U

{7TE177TE2,...},

Proof. We do back-and-forth with the partial isomorphisms between finitely generated
(mp,-closed for every i > 0) sets. Observe that these sets are infinite (there are
infinitely many imaginary sorts), but all their sorts are finite. Let f be one of such
isomorphisms. First we do the following. For each imaginary element e € dom(f),

say of the n-th imaginary sort, for which there is no real tuple @ € dom(f) such that

g, (d) = e,
1. Find a real n-tuple @ = (ay,...,a,) which is generic for e over the real part of
dom(f) using the previous remark, and let b = (by,...,b,) be a realization of
tp/(a/dom(f)).

2. Add {(a;,b;) : 1 <i <n} to the graph of f.

3. For each new real tuple d, say of length m > 0, of (the new) dom(f), add

(rp,,(d),7g,, (f(d))) to the graph of f.

Now let a ¢ dom(f). In case a is imaginary, say of the n-th imaginary sort, just find
a new imaginary b ¢ rng(f) of the n-th imaginary sort, and add (a,b) to the graph

of f. In case a is real,

1. Let ¢, & be enumerations of the real part of dom(f) and rng(f) respectively such

that ¢ =¢,, @, and use the axioms to find an element b such that ¢a =, &b.
2. Add (a,b) to the graph of f.

3. For each new real tuple d, say of length m > 0, of (the new) dom(f), add

(rg,,(d),7g,, (f(d))) to the graph of f.

It is clear that after extending f in this way, it is again an isomorphism between

finitely generated sets. O

We say that a many-sorted structure M = (M;);er is trivial if Aut(M) =

11 Sym(M;), where Sym(M;) is the group of all permutations of the set M;.
icl
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Proof of Theorem 4.1.1

Proposition 4.2.4. M | ¥, the full induced structure of (M, M [ X, (7g,)is0)

over M1 | X is trivial.

Proof. We want to see that any permutation of M | ¥ is elementary in (M, M4 |
¥). By the previous proposition, it’s enough to observe that any such permutation
respects the formulas of the form z = y and = # y, where x,y are variables of the

same imaginary sort. O
Proposition 4.2.5. M1 | ¥ is stably embedded in (M, M1 | X).

Proof. We check point number (2) in lemma 1.4.1. Let a be a tuple of elements of

the home sort. For each n < w, let
A, = {ng, (a') : d is a finite subset of a of length n}
Let A= |J A,. It is clear that |A| < |T'| + |a| and tp(a/A) F tp(a/%). O
n<w
We assume now that T” is a many-sorted w-categorical theory in a relational
language ! £’ = {R; : i € I} with countably many sorts (S,)necw. Let (M | 2) be

an expansion of M°4 | ¥ to a model of T”, where the n-th sort of T’ corresponds to
M"™/E,.

Proposition 4.2.6. Th((M, (M [ X)) is w-categorical.

Proof. Let (A, (A% | X)), (B, (B | X)) be two countable models of the theory. By
w-categoricity of Ty and 7" we can find isomorphisms f : A - Band g: (A® | ¥) —
(B®4 | ). Then f~!g is an automorphism of A% | ¥. Since X is stably embedded,
there is an automorphism h of (A4, A% | ¥) extending f~!g. Observe that fh is an
isomorphism between (A4, (A% | £)) and (B, (B® | X)'). O

Now we make an expansion M* of M. For each relation symbol R; € £’ on the sorts
Sny X Spy X -+ xSy, we add a new relation symbol R* on M™ ™2™ and we interpret

it in the following way:
M* ): R;‘(@l; as;...; &l) <— (M, (MCq i E),) ': Ri(ﬂ'Enl (&1),7TEn2 (ELQ), s TE, (Ell))

. M* is w-categorical since it is isomorphic to the reduct of a definitional expansion
of (M, (M* | X)’) to its home sort. With the following proposition we prove theorem
4.1.1.

Proposition 4.2.7. T' is stably embeddable in Th(M™).

IReplacing, if necessary, functions by their graphs and constants by predicates.
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Proof. We prove that M*¢? | ¥ is stably embedded in (M*, M*¢? | ). By proposition
4.2.5, any automorphism of M*¢? | ¥ (which is in fact an automorphism of (M°? |
Y)" and therefore an automorphism of M®? [ ¥) extends to an automorphism of
(M, (M1 1 ¥)"). Since M* is isomorphic to the reduct of a definitional expansion
of (M, (Me®4 ] X)) to its home sort, the automorphism extends to an automorphism
of (M*,M*? | ¥). Finally, observe that M’ is isomorphic to M*? | ¥. Note
that everything definable in M*¢? | ¥ from (M*, M*¢? | ¥) is already @-definable in

M*e4 | ¥ since it is w-categorical, where invariance implies (-definability. O

With the last theorem we can now show the existence of a one-sorted w-categorical
non G-compact theory. We first prove that non-G-compactness is preserved under
stable embeddability.

Proposition 4.2.8. Let T and T’ be two complete theories such that T’ is stably
embeddable in T. If T is G-compact, then T' is G-compact.

Proof. Let €, & be the monster models of T' and T” respectively. By assumption, ¢’
is isomorphic to €¢¢ | X, the full induced structure of €°? to a certain collection of
sorts X such that €27 | ¥ is stably embedded in (€, €%? [ ). By theorem 1.1.4, it is
enough to observe that any indiscernible sequence of €7 | ¥ is also an indiscernible
sequence of €, showing that the finite bound for the diameter of the Lascar strong

types in T works also as a bound for T". O

Corollary 4.2.9 (Ivanov, [10]). There is a one-sorted w-categorical theory which is

not G-compact.

Proof. By theorem 4.1.1, proposition 4.2.8 and the existence of a many-sorted w-

categorical theory with countably many sorts shown in [4]. O

4.3 Classifying T

Recall that a theory is unstable iff it has (a formula with) the strict order property

or (a formula with) the independence property.

Recall also that a formula ¢(Z; ) has the tree property (with respect to k < w)
if there is a tree of parameters (b,),ec,<« such that every branch is consistent, i.e.,
for every n € w®, the set {@(E;Bnrn) n < w} is consistent and at each node, the
branching is k-inconsistent, i.e., for every v € w<%, the set {gp(a’;;i),mi) i< w} is
k-inconsistent. A theory is not simple iff it has (a formula with) the tree property

with respect to some k < w.

From [20], we say that a formula o(Z;y) has the tree property of the first kind

(TPy) if there is a tree of parameters (b,),c.<~ such that for each n € w*, the
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set {gp(:? : Bnrn) in < w} is consistent and for any two incomparable finite sequences
v,V € w<¥, the set {p(Z:b,),¢(Z:b,)} is inconsistent. And we say that the for-
mula ¢(Z;g) has the tree property of the second kind (TP3) if there is an array of
tuples (Bé)i,j«u such that every row is 2-inconsistent, i.e., for each ¢ < w the set
{gp(f; l_);) 1< w} is 2-inconsistent, and any vertical path is consistent, i.e., for each
n € w*, the set {ap(f; Bf](i)) 11 < w} is consistent.

Theorem II1.7.11 of Shelah’s book ([19]) states the following.

Theorem 4.3.1. A theory has the tree property if and only if it has TPy or TPs.

The strong order properties SOP; and SOP5 were defined in [8] in order to find
more division lines inside the class of non-simple theories without the strict order
property, for which Shelah had already introduced the strong order properties SOP,,
for n > 3 in [22]. We say that a theory T has SOP; if there is a formula ¢(Z, §) which
exemplifies it, i.e., there is a binary tree of parameters (a,),c2<~ such that each
branch is consistent, i.e, for each p € 2%, the set {¢©(Z,a,n) : 1 € w} is consistent,
and whenever v~(0) C 1 € 2<%, then {¢(Z,ay), ¢(Z,a,~(1y)} is inconsistent. Simi-
larly we say that a theory T" has SOPs if there is a formula ¢(z,y) which exemplifies
it, i.e., there is a binary tree of parameters (a,)yc2<~ such that any branch is consis-
tent, but whenever v,n € 2<“ are incomparable, then the set {¢(Z,a,), ¢(Z,a,)} is
inconsistent. It is easy to see that a formula has TP; if and only if it has SOP3, thus

TP, implies the independence property. From [22] and [8] we know the following fact.

Fact 4.3.2. For a theory T,
strict order property — SOP,4+1 — SOP, (forn>1)

The following definitions are from [8]. Let o be an ordinal. Given two tuples 7; =
(ks ... mh,) (1 =0,1) of elements of 2<%, we say that 71 ~1 7 iff ng = n1, and
the truth values of

i) ni, Sk, N0k,

i) nj, N0k, C kg

iii) (5, N ng,)"(0) S
do not depend on I. We say that a sequence (a, : n € 2<%) is a one-full-binary tree
indiscernible (1-fbti) iff whenever 7y =1 71, then

ap, =G =a

778"'0’7720 775

We will make use of the following fact proved in [8].
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Fact 4.3.3. For any sequence <l_’n i € 2<%) and any ordinal 6 > w, we can find
(ay :n € 2<%) such that:

1. (@, :m €2<%) is a 1-fbti

2. If 7 = (nm : m < n), where each n,, € 2<% is given, and A is a finite set of
formulas from T, then we can find vy, € 2<% (m < n) such that if v = (ny, :

m < n)y, we have

N

a) v~ 1)
b)

ﬁEAbD

s]

Theorem 4.3.4. Tg is not simple.

Proof. Observe that the formula ¢(x;y,z,w) = Es(x,y;2,w) has TPy. For con-
venience in the argument, let (b;)icw, (Ci)icw, (di)icw, be three infinite disjoint se-
quences of different elements such that for every i # j, —Ex(c;, discj,d;) %. For
i,j € w, let (’13- = bjc;d;. By compactness we can see that for any n € w¥, the
set {gp(x; a;(i)) i< w} is consistent, and since the c¢;d;’s are in different F-classes,
for each i < w, the set {gp(m;d;) i< w} is 2-inconsistent. This shows that that
o(z;y, z,w) has TP,. O

Theorem 4.3.5. T does not have SOP. Moreover, Tg does not have SOPy, and
therefore Tg does not have TPy.

Proof. Suppose there is a formula ¢(Z,7), lg(x) = n, lg(y) = m, and tuples (a, : n €
2<“) in €™ which exemplify SOP;. By fact 4.3.3, we can assume (a, : n € 2<¥) is a
1-fbti and by elimination of quantifiers we may also assume that ¢(Z, ) is quantifier

free.

Claim. We can assume ¢(Z, ) gives the full diagram of Z7.

proof of the claim. Take a branch, say p € 2¥, and a realization l_wp € ¢” such that
E ¢(by,a,) for any v C p, v € 2<%, Consider, for each v C p, v € 2<%, the formula
0,(Z,y) given by the conjunction of the quantifier free type of B;dy (which is clearly
a finite set of formulas). Since there are just finitely many of such formulas, there is
a finite sequence o C p such that = §,(b,,a,) for infinitely many v C p, v € 2<%,
We can therefore rename the nodes in the branch in order to have = ,(b,,a,) for

all v C p in 2<¥. By indiscernibility, we can assume the same for all branches.

By definition of SOPy, there are € = (e!,...,e") and d = (d*,...,d") in €" such that

i) €= (e ay) Ap(e an) A (e auoy)

2We can do this because there are infinitely many Fa-classes
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ii) € o(d,ag) A e(d,agqy)

Suppose we can find a model My | Ty with aygy,any in Mg* and a tuple
b= (b',...,b") € M{ such that My = @(b,ago)) A o(b,a1y) A p(aooy,dry), where
p(Z1; 22) = qaftpe(@ooy, aqry). Since ¢(Z,7) is quantifier free, we could find a model
M =T, My C M such that M = (b, a00y) A (b, ac1y) A p(aooy, aqy), and embed it
elementarily inside €. This will give us a contradiction with the definition of SOP;.
We now construct the model My. Let A = {CL%OO>7 .. .,a%0>}, B = {a%n, .. .,a?’{>}7
C = {bl, ceey b”}, and let My = AUBUC be its universe. To interpret E1, ..., Eapmin
in My we do the following. For each 1 <7 <2m+mn, let I', C Mj x Mg be given by
I, = D, UEABUEAC U EPC| where:

i) D, is the diagonal in M§ x M.
ii) EAB = E® | AB C (AB)" x (AB)".

iii) EAC C (AC)" x (AC)" is the set of all tuples of the form

(az(100> .. al(l(c)O)blHl b azém o azlomb”+1 b,

whenever
¢E ai})o) . .azgo)ei’““ . .eiTE,.a{(l)O) .. .a{fm)ei’+1 el
And all their possible permutations.

iv) EBC C (BCO)" x (BC)" is the set of all tuples of the form

(afly - afiyb™ b s af)y afy b,

whenever

Clafy .. apd* L dT Bl L alydt A
An all their possible permutations.
We want to extend I',. to an equivalence relation on M, say EMo_ such that:
e EMo | AC = EAC
e EMo | BC = EBC
o EMo | AB = EAB

Let EMo be the transitive closure of T',.. It is clearly an equivalence relation on M.

To check the additional previous conditions it’s enough to prove that:
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2)
b)

0

(EAC o EAB o EBCY | AC C EAC
(EXC o EP) | BC C EPC

(EAC o EBC) | AB C EAB

It is easy to see that these are the main possible cases of getting new tuples from
(AB)", (AC)", (BC)" by composing T', with itself finitely many times. The other

cases are either analogous or can be reduced to one of them. We check these cases:

a)

Assume

g g Gs41 ir . J1 i AC
(0" b agghy - ey 5 G0y - Vo) € Er
j i .k k. AB

(aﬁm) ...a]< 0y} a<11> ...a<1>> e E’",

(afiy...app, s b b) e BPC

We want to see that (b ...biSaiBg; ...ai’éO) ;b bl € BAC) and for this it’s
enough to check that € = et .. et=alet! . air  E.eh .. elr. We know that

(00) *** %(00)
@(f’g) }: xil ...xisyis*'l yZTETyjl yjr (41)
p(#,9) gty Bl (4.2)

Since € = (€, ap) A (€, a)) Ap(€, apoy) and € = o(d, ap) Ap(d, aqy), we know

i iy fst1 iy j1 i k k- l 1,
e"...e a<05> ...a<OO>ErazOO>...a?OO)Eraul)...a(l) E, d'...d
E, alz)l . .a’g

as we wanted.

i i od AC j jir .k ke A
Assume (0" ... 0" ; az(l)o? ...aJ<90>> € Ef“ and (aﬁ)0> ...a?()o) sagy---agy) € B B,
We want to see that (" ...b" ; a]zb e a’Z{>> € EPC and for this it’s enough to
check that € = d* ...d“ETa]le> . a’%. Since p(z,9) E 2 ... By . yin ) we
know that in €,

i iy j i i i j i k ko
d"...d Era?; .. .aj<> Ee't...e E,«aj(é0> .. .CLJ<OO>Era<11> agy,

as we wanted.

Assume (b ... b ; a%o) ...a{60>> € EAC and (b ...b'r a’Zb ...a%) € EBC.
We want to see that <a{60> .. a%o) ; alzll> o alzlr>> € EAB | and for this it’s enough

to check that € = ajg, ... a{60>ETa’<€11> . alzr . We know that

1)
o(@,g) E o at Byl oy (4.3)
o(Z,g) E otz EgyM .y (4.4)

o4



Classifying Tg

Since € |= @(e,adq) A (€, agy) Ap(€, o)) and € = o(d, agy) Ap(d, ay), we know
that in €,
az . a{ E.e" ... e Epall .. .ajTEl,ag1 AU EdY . AT Erd er

1 ™
00) * - - %00) 0 0 0 @My

as we wanted.

Once the FE,’s are interpreted, we get the model My we wanted and therefore the
contradiction. Since SOP5 implies SOP;, Tr does not have TP;. O]
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