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Preface

These are lecture notes from a seminar imparted the academic years 2005-06 and 2006-07
at the Department of Logic of the University of Barcelona. They are incomplete, in process
of revision and enlargement. In particular, the preliminaries contain only a few statements.
Advanced knowledge of Model Theory is throughout assumed. The notes are based on the
work of many modeltheorists. The names of John Baldwin, Byunghan Kim, Daniel Lascar,
Anand Pillay, Bruno Poizat, Saharon Shelah, Frank Wagner and Martin Ziegler deserve
special mention. I thank to the participants in the Seminar, Hans Adler, Silvia Barbina,
Javier Moreno, Rodrigo Peldez, Juan Francisco Pons, and Joris Potier for their patience
and their remarks. Of course, I am the only responsible for the mistakes or inaccuracies
that might appear in the text.
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Chapter 1

Preliminaries

T is a complete theory of language L with infinite models and € is its monster model.
A, B,C are subsets of € and a, b, c are sequences of elements of €. a € A means that all
the elements in the sequence a belong to A. We use z,y for single variables but also for
sequences of variables.

The existence of indiscernible sequences is usually established using Ramsey’s Theorem.

It is convenient to introduce here a more powerful method based on Erdés-Rado Theorem.

Proposition 1.1 If k > |T| is a cardinal number, A = Jeawy+, |A] < K and (a; 1 i < N)
is a sequence of sequences a; of fized length o < k™, then there is an A-indiscernible
sequence (b; : i < w) such that for each n < w there are ig < ... < ip < X such that
bo, ..., bn =4 iy, ..., a;i,. In most of the applications o is a natural number and therefore
the cardinal number A depends only on |T| and |A|.

Corollary 1.2 1. If (a; : i < \) is indiscernible over A, there is some model M O A
such that (a; 1 i < A) is indiscernible over M.

2. If (a; : i < A) is indiscernible over A, then it is also indiscernible over acl®l(A).

A canonical parameter of a definable relation R is an imaginary element ¢ such that for
all f € Aut(€), f(R) = R if and only if f(¢) = ¢. Tt is unique up to interdefinability and it
can be constructed starting with some ¢(z,y) such that ¢(€,a) = R by ¢ = a/E where E
is the 0-definable equivalence relation given by

E(,d) < »(€,b) = ¢(¢,d)
The following result on definability and imaginaries will be useful:

Proposition 1.3 The following are equivalent for any definable relation R:

1. R is definable over any model M D A.
2. R has only finitely many A-conjugates.

3. R is a union of equivalence classes of some A-definable finite (i.e. with finitely many
classes) equivalence relation.

4. R is definable over acl®d(A).
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Chapter 2
p-types, stability and simplicity

Definition 2.1 Let ¢(x,y) € L. A p-formula over A is a formula of the form p(x,a) or
—p(x,a) with a € A. A p-type over A is a consistent set of p-formulas over A. A p-type
p(x) over A is complete if for every a € A either o(x,a) € p or —p(x,a) € p. The set of
all complete @-types over A is Sy(A).

Definition 2.2 Let p(x,y) € L. A complete p-type p(x) over A is definable over B if there
is a formula ¥(y) € L(B) such that for all a € A,

p(r,a) €p < E=1(a)
If B is not mentioned we understand that A = B. A complete type p(x) € S(A) is definable
if all its restrictions p | ¢ are definable.
Lemma 2.3 Let p(x) € S, (M) be definable. Then for each A O M there is a unique
q € Sy (A) extending p which is definable over M.

Proof: Let ¢(y) € L(M) be a definition of p. It is easy to check that {¢(x,a) : a €
A, EYla)} U{~p(z,a) : a € A, = —)(a)} is consistent and it is in fact a complete ¢-
type over A extending p. On the other hand, if ¢1,¢2 € S,(A) are M-definable extensions
of p with definitions 1 (y),¥2(y) € L(M), then M = Vy(¢1(y) < ¥2(y)), which implies
¢ = ¥y(ib1(y) < 12(y)) and therefore gy = go. 0

Definition 2.4 Let \ be an infinite cardinal number. We say that ¢ is A-stable or stable
in A if for any set A,
Al <A =[S, (A)] < A

It is said that @ is stable if it is stable in some \. Otherwise ¢ is called unstable.

Proposition 2.5 The following conditions are equivalent for ¢ = p(x,y) € L.

1. (x,y) is stable.
2. T'y(w) is inconsistent, where for any ordinal o,
Ty(e) = {o(@n,yu1:)" D v €27, i < a}

and where ©° = ¢ and @' = —p.
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3. For any set A, any type p(z) € S,(A) is definable.
4. p(x,y) is A-stable for all \.

Moreover in 3. one can add that p is definable by a formula of the form

Y(y) =3z xpIyr - YmX (Y T1s - T Y- Um)

where x is a conjunction of formulas of the form o(x;,y;), ~¢(z:i, y;), (i, y) and o(x;,y)-
formulas over A.

Proof: 1. = 2. Assume I',(w) is consistent. Let A be an infinite cardinal number and
let 11 be the least cardinal number such that 2# > A. Then 2<# < \. Since I',(u) is also
consistent, there is a sequence (b, : v € 2<#) such that for every v € 2* the set of p-formulas
po(2) = {p(2,b,1:)"? i < p} is consistent. Since p,(x) is inconsistent with p,/(z) for
v # V', it follows that there are 2* > X complete p-types over the set A = {b, : v € 2</}
but |A| < A. This shows that ¢(z,y) is not A-stable.

2. = 3. Let p(xz) € S,(A) and assume I',(w) is inconsistent. Then also I',(w) U
U, caw p(,) is inconsistent and by compactness there is a least natural number n for which

romu | o)

ve22m

is inconsistent. Again by compactness, there is a finite subset po(z) C p(x) such that
I'y(n) UU,cqn Po(x,) is inconsistent. Then n > 0 and one can check that for any a € A,

p(z,a)ep & Ty(n—1)U U po(z,) U{p(x,,a)} is consistent
vean—1

that is

o(z,a) €p & Ix,:ve2” HI(y,:ne 2<"_1)(/\ Fy(n—1)A /\ po(x,) A p(xy,a))

which is a definition of p of the form indicated above.

8. = 4. Since there are at most A many definitions of the described form over a set
A with |A| < A, there are also A many complete p-types over A. This shows that ¢(z,y)
is A-stable for any A but uses the hypothesis 8. with the added information on the form
of the definition. Without this information we can only guarantee that it is stable in any
A > |T|. But this is enough since after all we have established that 1. implies 4. O

Remark 2.6 If ¢ is stable any global ¢-type p € S, (€) is definable.
Proof: The proof of 2 = & given for Proposition 2.5 works also for p € S,(<). a

Definition 2.7 ¢ = ¢(x,y) € L has the order property if for some a;,b; (i < w) the
following holds:

Remark 2.8 1. o(x,y) has the order property if and only if for some a;,b; (i < w),

2. o(z,y) has the order property if and only if ~p(x,y) has the order property.
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3. In the definition of the order property one can change the index set w and its order
by any infinite linear ordering.

Lemma 2.9 Assume ¢ = ¢(x,y) does not have the order property. If p € S,(A) is finitely
satisfiable in A (which is always true if A is a model), then p is definable by a positive
boolean combination of formulas of the form p(a,y) with a € A.

Proof: Let Xi,...,X, be a family of subsets of a set A. Consider the relation R(a,b)
among elements a,b of A which holds when Vi(1 <i <n)(a € X; — b € X;). It is easy to
see that a subset X C A is a positive boolean combination of the sets Xi,...,X,, if and
only if b € X whenever @ € X and R(a,b). The reason is that in this situation

X(@) & \/ N{Xi(@):ae X}

acX

We will use this result. Assume p is not definable by a positive boolean combination of
formulas of the described form. We inductively define tuples a;, b;,¢; (i € w) of elements
of A. Suppose a;,b;, c; are defined for j < i. By hypothesis {a € A : ¢(z,a) € p} is not
a positive boolean combination of the sets X; = {a € A :[= ¢(¢;,a)} for j < i. Then
there are a;,b; € A such that o(z,a;) € p, ~¢(z,b;) € p and for all j < i, if = v(c;,a;),
then = ¢(c;,b;). Now let ¢; be a realization of the finite type p | {a;,b; : j < i}. The
sequences of tuples thus obtained have the property that = ¢(c;, a;) A —p(cj, b;) for i < j
but = ¢(cj,ai) — ¢(cj,b;) for j < i. By Ramsey’s Theorem we may assume that always
E —p(cj,a;) for j < i or always |= ¢(cj,b;) for j < i. In the first case we have ¢ < j if and
only if = ¢(¢;, a;). In the second case i < j if and only if = —p(c;, b;). In any case ¢(z,y)
has the order property. a

Proposition 2.10 ¢(z,y) is stable if and only if it does not have the order property.

Proof: If ¢(z,y) has the order property, then there are a;,b;(i,j € Q) such that for all
i, ]

Now for each real number r let p,(x) be the ¢-type {¢(x,b;) 1 r < j}U{=p(x,b;) : r > j}.
Clearly p,(z) is inconsistent with py if 7 # s and thus there are 2 many complete @-types
over the countable set {b; : j € Q}. Hence ¢ is not stable. For the other direction, assume
o(x,y) does not have the order property and let A > |T'|. We use Lemma 2.9 to check that
@ is A-stable. Let A be a set such that |A| < A\. We may find a model M O A such that
|M| < A. Since there are at most A many definitions of -types over M and each p € S, (M)
is definable over M, we conclude that |S,(A)| < |Sy(M)] < A O

Corollary 2.11 Any boolean combination p(z,y) of stable formulas p;(x,y) is stable.

Remark 2.12 Let ¢ = p(x,y) € L be stable. By Remark 2.6, any p € S,(€) is definable
over some set A. If M D A, then p has a definition which is a positive boolean combination
of formulas of the form p(b,z) with b € M and which is at the same time equivalent to a
formula over A.

Proof: Since ¢ does not have the order property, we can apply Lemma 2.9, which gives
a positive boolean combination ¢ (z) € L(M) of formulas of the form (b, 2) which defines
p [ M. Since there is only one global p-type extending p | M and definable over M, and
1) defines in € a ¢-type with these properties, it follows that ¢ defines p and hence 9 is
equivalent to a formula over A. a
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Definition 2.13 ¢(x,y) € L has the strict order property if there are a;, (i < w) such that
for alli < w,
4,0((]:7 a’i) g @(Qv ai+1)

Remark 2.14 1. Clearly, a formula with the strict order property has the order prop-
erty.

2. In the definition of the strict order property one can change the ordered set (w, <) for
any other infinite linearly ordered set.

3. If the formula o(x,y,a) has the strict order property, then also p(x;y, z) has the strict
order property.

4. There is a formula in T with the strict order property if and only if for some n there
is a definable partial order of € which has infinite chains. In fact is p(x,y) has the
strict order property, then

Y(y1,y2) = Va(o(z,y1) — o(x,92)) A 3x(e(x,y2) A (2, y1))

defines such an order.

Definition 2.15 ¢(x,y) € L has the independence property if there are sequences (a; :
i <w) and (bx : X Cw) such that for all i, X,

Eo(ai,bx) & i€ X.

Remark 2.16 1. A formula with the independence property is unstable.

2. ¢(x,y) has the independence property if and only if for each n < w there are a; (i < n)
such that for each X Cn the set of formulas

{p(a;,xz) i€ X}U{-p(a;,z) i €n~ X}
is consistent.

3. If o(x,y) has the independence property, then also ¢~ *(y,x) = p(x,y) has the inde-
pendence property.

Proposition 2.17 There is a unstable formula in T if and only if there is a formula with
the strict order property or there is a formula with the independence property.

Proof: As already remarked, formulas with the independence property or the strict
order property are unstable. Now assume that ¢(z,y) has the order property but not
the independence property. We will see that a certain conjunction 8(z,y) of ¢(z,y) with
formulas of the form ¢(a,y) and —p(a,y) has the strict order property.

By the order property, there are sequences (a; : i € Q) and (b; : i« € Q) such that
E ¢(a;,b;) iff i < j. We may assume that (a; : ¢ € Q) is indiscernible. Since ¢ does
not have the independence property, for some n < w there is a subset S C n which is not
represented, in the sense that

=Ty elanm) A N —elaiy).

€S iEnNS
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S is not an initial segment of n because otherwise some b; would represent it. But S
is obtained as the last step S = §,, of a sequence Sy,...,S,, of subsets S C n where
Sp is an initial segment and for each k there is some m € Sy such that m + 1 € Sy and
Sk41 = (Sk~{m})U{m+1}. Since Sy is represented but S, is not, there is some k such that
Sk is represented but Sk41 isnot. Let U = SpNSky1, V = n(SkUSk+1) and let m € S be
such that Sy = UU{m} and Spy1 = UU{m+1}. If ¥ (y) = N,;cp @(ai, ) A Ny —0(ai, y),
it follows that since Sy is represented,

= 3y(W(y) A e(am, y) A =@(ams1,y))

but since Sk41 is not represented,

E =Ty () A elamtr, y) A =plam, y))-

Hence if 8(z,y) = ¥(y) A p(z,y) we have that
O(am+1,€) C O(am, €).

By indiscernibility, for all rational numbers m < g < ¢’ <m+1, 0(ay,€) < 0(aq, €) which
implies that 6(x,y) has the strict order property.

|

Definition 2.18 Let k > 2 be a natural number. It is said that p(z,y) has the k-tree
property if there are as (s € w<*) such that

e For each f € w¥, {p(x,ar,) :n <w} is consistent.

o For each s € w<¥ the set {p(x,a,~;) 1 i < w} is k-inconsistent, that is, every subset
of k elements is inconsistent.

The formula ¢ has the tree property if it has the k-tree property for some k.

Proposition 2.19 If p(z,y) has the strict order property, then ¥(z;y1y2) = —o(x,y1) A
p(xz,y2) has the 2-tree property.

Proof: By the strict order property, there is a sequence (a, : p < Q) such that ¢(€,a,) C

(€, a,) for p < ¢ € Q. We prove the existence of parameters b, = blbZ, (s € w<v)
witnessing the 2-tree property of 1(x; y1,y2). The construction is done by induction on the
length of s in such a way that for each s € w<“ there are p, < ¢s € Q with a,, = bl and
aqg. = b2 and p; < ps < qs < q if t € 5. We start with py = 0 and gy = 1. To extend the
branch finishing in s € w it is enough to pick two increasing sequences of rational numbers

(ps~; : @ <w) and (gs~; : © < w) such that ps < pe~; < gomi < Ps~ir1 < Gs- O

Proposition 2.20 Any formula with the tree property is unstable.

Proof: Assume ¢ = p(x,y) has the k-tree property. Chose A such that A¥ > 2% and \“ >
. By compactness, there are as, (s € A<¥) such that for each s € A< {p(z,a,~;) : i < A}
is k-inconsistent and for each f € A, 7¢(z) = {¢(z,afn) : n < w} is consistent. Choose
for each f € A a subset Iy C A“ such that f € Iy and py(z) = Ugelf 7g(z) is a maximally
consistent union of types m,. By k-inconsistency I is a k-branching tree of height w and
hence |Iy| < 2¢. Since A > 2%, {ps(x) : f € A“} has cardinality A“. Since it is a set of
pairwise incompatible @-types over a set of parameters {a; : s € A<¥} of cardinality \, we
conclude that ¢ is not A-stable. a
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Definition 2.21 The theory T is stable if all formulas are stable in T, otherwise it is
unstable. T is simple if it does not have formulas with the tree property. It is said that T
has the independence property if some formula has the independence property in T and it
1s said that T has the strict order property if some formula has the strict order property in
T.

Remark 2.22 We have seen that

1. T is unstable if and only if T has the independence property or it has the strict order
property.

2. Simple theories do not have the strict order property.

3. Stable theories are simple.



Chapter 3

A-types and the local rank
D(m, A k)

Definition 3.1 Let A = {¢;(z,y;) : 1 < i < n} where p;(z,y;) € L for each i. A A-
formula over A is a formula of the form @;(x,a) or —p;(x,a) with a € A. A A-type over
A is a consistent set of A-formulas over A. A A-type p(x) over A is complete if for all
t=1,...,n for everya € A, either p;(x,a) € p or ~;(x,a) € p. The set of all complete A-
types over A is Sa(A). We endow Sa(A) with a compact hausdorff and totally disconnected
topology. A basis of clopen sets for it is given by all sets of the form

(W] ={p € Sa(A) :p+ ¢}

for any boolean combination ¥ = () of A-formulas over A.

Definition 3.2 Let A = {p;(z,y;) : 1 < i < n} and let 2 < k < w. The D-rank with
respect to A and k is defined inductively for any set of formulas m = w(x) by the following
clauses:

1. D(w,A k) > 0 if and only if 7 is consistent.

2. D(m,Ak) > o+ 1 if and only if there is some i (1 < i < n) and there are a;, (j €
w) such that {pi(x,a;) : j < w} is k-inconsistent and for all j < w, D(n(z) U
{@i(x7 @j)}v A, k) 2.

3. D(m,A k) > « if and only if D(w,Ak) > 3 for oll 3 < « if « is a limit ordinal.
Observe that {« : D(m,A k) > a} is an initial segment of the ordinals. If D(m,Ak) > «

for all o then we set D(m, A, k) = oco; otherwise D(m, A, k) is the supremum of all o such
that D(m, A k) > . In case A = {p(z,y)} we use the notation D(w,p, k).

Remark 3.3 1. Ifr(z) F7'(x), AC A" andk <K, then D(m(x), A, k) < D(x'(z), A", k')
2. If m(x) and 7' (x) are equivalent, then D(w(x)), A, k) = D(7'(x), A, k).

3. Given w(z,y), a set of formulas over (), given A, k, and «, there is some set of
formulas ®(y) over 0, such that for each a, = ®(a) if and only if D(w(x,a), A k) > «.

15
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Proof: 2 follows from I and to prove I one shows by induction on « that
D(m(z),Ak) > a= D(n'(z), A" K') > a.
8 is easily proved by induction on «. O

Lemma 3.4 Let A = {p1(x,y1),...,0n(x,yn)} where p;(x,y;) € L for every i. There is
a formula

wA :'@[}A(x;yla'"aynvzazlv"'vz2n) eL
such that

1. For each A with |A| > 2 for each A-formula @(x) over A there is a tuple a € A such
that p(z) = Ya(z;a).

2. For each A for each tuple a € A such that pa(x;a) is consistent, there is a A-formula
o(x) over A such that o(x) = Pa(x;a).

Proof: Take as YaA(x;y1,- .-, Yn, 2, 21, - - . , 22,) the following formula:

n 2n

/\(2 = zi = @i(2,4:)) N2 = 2nti = (T, 1:)) A \/(Z = 2i) A\ /\ —(z =z Az = z).
i=1 i=1 1<i<j<2n

Choose agp,a; € A such ag # ay. Then for each a € A, ¢;(z,a) is equivalent to

wA(x;bla"'7bnacacla"'7c2n)
where b; = a for all i = 1,...,n, ¢ = ap = ¢; and ¢; = a; for j # ¢; and —g;(z,a) is
equivalent to

¢A($;b17~'~7bn7€,01,~~702n)
where b; =a foralli=1,...,n, c=ag = cpti and ¢;j = ay for j #n+1i O

Corollary 3.5 For each A = {¢1(z,y1),--.,0n(T,yn)} where p;(x,y;) € L for every i,
there is a formula Ya(x;z) € L such that for each w(x), for each k,

D(ﬂ-aA’ k) = D(ﬂ-va7k)

Proof: The formula ¥ is chosen accordingly to Lemma 3.4. By induction on o we see
that for each m and k, D(w,A,k) > « if and only if D(w,9¥a,k) > «. This is clear for
a = 0 and follows from the inductive hypothesis for limit . The case a+1 is easy and only
requires to note that A is finite and therefore any infinite sequence of A-formulas contains
an infinite subsequence of instances of a single formula. O

Due to this last result, we will concentrate on the study of D(m, ¢, k) rank. The gener-
alization of the statements to D(mw, A, k) rank is straightforward.

Definition 3.6 Let ¢(x,y) € L and 2 < k < w. The formula ©(x,a) k-divides over A if
there are a;, (i < w) such that {¢(x,a;) : i < w} is k-inconsistent and a; =4 a for all
i <w. We say that o(x,a) divides over A if it k-divides over A for some k. If A is omitted
we understand that A = ().

Proposition 3.7 Let (¢;(x,y;) : i < ) be a sequence of L-formulas and let (k; 11 < &) a
sequence of natural numbers k; > 2. For any partial type 7(x) over A, those following are
equivalent:
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1. There are b;, (i < a) such that w(z) U {@;(x,b;) : i < a} is consistent and for each
i <a, pi(z,b;) ki-divides over A{b; : j < i}.

2. There are ag, (s € wS%) such that for each f € w®, m(z) U{pi(z,arit1) 14 < a} is
consistent and for eachi < «, for each s € W', {@i(x,as~;) : j < w} is k;-inconsistent.

Proof: We first prove that I implies 2. Observe that as plays no role for s of length 0
or a limit ordinal. We construct as for s € wt by induction in ¢ < « with the additional
property that (asjj+1 :j < i) =a (bj : j < i). Assume s € w’ and a5 has been already
obtained. Choose ¢ such that

(asrj+1 _] < Z)C =A (bj ] < Z)bz

Then ¢;(x,c) k;-divides over A" = A{as}j4+1 : j < ¢} and therefore we can find ag~; =4/ ¢
for all I < w such that 7w(z) U {¢;(z,as1j41) : J < i} U {pi(x,as~;)} is consistent and
{pi(z,a5~;) : | < w} is k;-inconsistent.

For the other direction choose first A > 2/7|+41+lel By compactness there are as, (s €
A=9) such that for each f € A, m(x) U {p;(x,afi+1) + ¢ < a} is consistent and for each
i < a,foreach s € X, {¢;(x,a,~;) : | < A} is k;-consistent. Observe that by choice of A, for
any i < « for any s € A\ at least A of the a,~; have the same type over A{asj+1: 7 < i}
Hence we can prune the tree obtaining a subtree where this happens for all a,~;. Finally
choose a branch f € A* and put b; = aypi41 for all i < a. ]

Lemma 3.8 Let w(x) be a partial type over A. D(w(x),Ak) > a+ 1 if and only if for
some p(z,y) € A, for some a, D(m(x) U{p(z,a)},A k) > a and p(z,a) k-divides over A.

Proof: The direction from right to left is obvious from the definitions of D-rank and
of dividing. For the other direction, assume D(7(z), A, k) > a + 1. Let A > 2/TIHlAl
From point 3. in Remark 3.3 and compactness, we see that there are p(z,y) € A and
a;, (i < A) such that for each i < A, D(w(z) U {p(x,a;)}, A k) > o and {p(x,a;) 1 i < A}
is k-inconsistent. By choice of A, there is an infinite subset I C A such that a; =4 a; for all
1,7 € I. Then it suffices to take a = a; with i € I. a

Proposition 3.9 For any partial type w(x) over A, any ¢ = o(x,y) € L and any k, those
following are equivalent:

1. D(w(z), 0, k) >«

2. There is a sequence (a; : i < «) such that w(x) U {p(x,a;) 1 i < a} is consistent and
for each i < o, ¢(x,a;) k-divides over A{a; : j < i}.

Proof: By induction on . The case a = 0 is obvious. For the case a limit we use
compactness and the tree characterization given in Proposition 3.7. Let us consider the case
case a+1. Assume there are a;, (i < a+1) such that m(x)U{¢(x,a;) : i < a+1} is consistent
and for each i < a+ 1, ¢(z,a;) k-divides over A{a; : j < i}. By inductive hypothesis
D(n(x) U{p(x,a0)}, ¢, k) > o and by Lemma 3.8 we see that D(w(z),p,k) > o+ 1. For
the other direction, assume now D(w(x),¢,k) > a+ 1. Again by Lemma 3.8 there is some
ag such that p(z,ag) k-divides over A and D(m(x) U {¢(x,a0)}, ¢, k) > . By inductive
hypothesis there are b;, (i < «) such that 7(z) U{p(z, ap)} U{e(x,b;) : i < a} is consistent
and for each i < «, p(x,b;) k-divides over AU {ao} U {b; : j < i}. In case @ < w we have
obtained what we wanted. In case a > w we use compactness. O

Proposition 3.10 Fiz ¢ and k.
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1. If D(m, 0. k) > w, then D(r, ¢, k) = co.

There is a conjunction Y (x) of formulas from m such that D(m, @, k) = D(1), ¢, k).

D(m(z) U{er(z) V...V (2)}, ¢, k) = maxii, D(m(z) U{¢i(x)}, ¢, k).

Any partial type w(x) over A can be extended to a complete type p(x) € S(A) such
that D(m,¢,k) = D(p, ¢, k).

BT

Proof: 1. follows from propositions 3.9 and 3.7 since, by compactness, a tree of length w
can be extended to a similar tree of any height. Similarly for 2 since it is enough to find
such that D(¢, ¢, k) 2 a+ 1 where a = D(m, ¢, k).

For 3. we use Proposition 3.9. Assume m(x) is over A and v;(z) = v;(z,b;) where
Yi(z,y;) € L. Assume D(m(z)U{¢1(z)V...Vp(2)}, @, k) > a. There are a;, (I < a) such
that w(z) U{h1 () V... Vb, (2) }U{pi(z,a;) : I < a} is consistent and for each I < «, ¢(z, a;)
k-divides over AU{b1,...,b,}U{a; : j < l}. Clearly, for some ¢, w(z) U{¢;(z)} U{@i(z, a;) :
| < a} is consistent. Since ¢(z,q;) also k-divides over AU {b;} U {a; : j < I} we conclude
that D(m(x) U {y;(2)}, ¢, k) > a.

For 4. use 3. to guarantee the consistency of
m(x) U{=¢(z) : P(x) € L(A) and D(r(x) U{(z)}, 0, k) < D(m(x), ¢, k)}

and take as p(z) any complete type over A extending this consistent set of formulas. O

Proposition 3.11 1. ¢(x,y) has the k-tree property if and only if D(xz = x, ¢, k) = oco.
2. T is simple if and only if D(x = x, ¢, k) < w for all ¢ and k.

Proof: The first point follows from propositions 3.9 and 3.7 and the second one follows
directly from the first. O
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Forking

Definition 4.1 Let w(x) be a set of formulas over B. We say that w(x) divides over A if
m implies a formula o(x,a) which divides over A. We may always assume that a € B and
that p(x,a) is a conjunction of formulas in w(x).

Remark 4.2 1. o(x,a) divides over A iff the set {p(z,a)} divides over A.
2. If w(x) is inconsistent, it divides over A.
3. A partial type w(x) over acl(A) does not divide over A.

4. m(xz,a) divides over A iff for some infinite A-indiscernible sequence (a; : i < w) with
ag = a, the set of formulas \J,_,, 7(x,a;) is inconsistent.

5. acl(A) = {a : tp(a/Aa) does not divide over A}

Proof: For 2 take as ¢(x,y) the formula 2 # x. For 4 use Ramsey’s for the indiscernibility.
For 5 consider the formula x = a. a

Definition 4.3 The set of formulas w(x) forks over A if for some n there are formulas
o1(zya1), ..., on(x,an) such that w(x) b o1(z,a1) V ...V op(z,a,) and every o;(z,a;)
divides over A. The formula o(x,a) forks over A if the set {p(x,a)} forks over A.

Remark 4.4 1. If n(x) divides over A, then it forks over A.
2. If n(x) is finitely satisfiable in A, then it does not fork over A.
3. w(x) forks over A iff a conjunction of formulas in w(x) forks over A.

4. Let w(x) be a partial type over B. If w(x) does not fork over A, then it can be extended
to a complete type over B which does not fork over A.

Proof: The first three points follow directly from the definitions. For 4 check the consis-
tency of 7(z) U{—p(z) : p(x) € L(B) forks over A} and take as p any complete type over
B extending this partial type. a

Lemma 4.5 Those following are equivalent.

1. tp(a/Ab) does not divide over A.
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2. For every infinite A-indiscernible sequence I such that b € I, there is a’ =ap a such
that I is Aa’-indiscernible.

3. For every infinite A-indiscernible sequence I such that b € I, there is J =5 I such
that J is Aa-indiscernible.

Proof: The equivalence of 2 and 3 follows by conjugation. It is clear that 8 implies 1.
We prove that I implies 2. We may assume that A is empty, that I = (b; : i < w) and that
b = bg. Let p(x,b) = tp(a/b) and let T'(z, (z; : i < w)) be a set of formulas expressing that
(z; : i < w) is z-indiscernible. It will be enough to prove that p(z,b) UT(z, (b; : i < w))
is consistent. By 1 ¢(z) = U, p(z,b;) is consistent. Let ¢ [= ¢ and let I'y a finite
subset of I'. By Ramsey’s Theorem, there is an order preserving f : w — w such that
= To(c, (b 1 i < w)). By indiscernibility (b; : i < w) = (by(;) : # < w) and therefore we
can find ¢’ such that ¢/(b; : i <w) = c(by(;) : i <w). Clearly ¢’ |= g(x) UTo(z, (b; 1 i < w)).
O

Proposition 4.6 If tp(a/B) does not divide over A C B and tp(b/Ba) does not divide
over Aa, then tp(ab/B) does not divide over A.

Proof: It is an easy application of point 8 of Lemma 4.5. a

Proposition 4.7 If p(z,a) divides over A with respect to k and tp(b/Aa) does not divide
over A, then (x,a) divides over Ab with respect to k.

Proof: Let I = (a; : i < w) be an infinite A-indiscernible sequence such that a = ag
and {p(z,a;) : i < w} is k-inconsistent. By Lemma 4.5 there is J =4, I which is Ab-
indiscernible. Then J witnesses that ¢(z,a) divides over Ab with respect to k. a

Definition 4.8 A dividing chain for o(x,y) is a sequence (a; : i < «) such that {p(z,a;) :
i < a} is consistent and for every i < o, p(x,a;) divides over {a; : j < i}. If p(x,a;)
k;-divides over {a; : j < i}, we say that it is a dividing chain with respect to (k; : i < a).
We say that o(x,y) divides o times (with respect to (k; : i < «)) if there is a dividing chain
of length o for p(z,y) (with respect to (k; =1 < &)).

Remark 4.9 1. (z,y) divides w times with respect to k iff it has the tree property with
respect to k.

2. If p(z,y) divides n times with respect to k for every n < w, then it divides o times
with respect to k for every ordinal c.

3. If p(x,y) divides wy times, then for some k < w, ¢(z,y) divides w times with respect
to k.

Remark 4.10 Clearly simplicity is equivalent to the non existence of formulas which divide
w times with respect to some fixed k and also to the non existence of formulas which divide
wy times (with respect to possibly varying k).

Proposition 4.11 The following conditions are equivalent to the simplicity of T. Here all
the types are assumed to be in finitely many variables.

1. For every type p(z) € S(A) there is a B C A such that |B| < |T| and p does not
divide over B.
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2. There is some cardinal K such that for every type p(x) € S(A) there is a B C A such
that |B| < k and p does not divide over B.

3. There is no increasing chain (p;(z) : i < |T|T) of types pi(z) € S(Ai) such that for
every i < |T|T, piy1 divides over A;.

4. For some cardinal k there is no increasing chain (p;(x) : i < k) of types p;(x) € S(A;)
such that for every i < k, p;11 divides over A;.

Proof: Simplicity implies 1, since if p € S(A) divides over every subset of A of cardinality
< |T|, then we can inductively construct a sequence of formulas (p;(z,y;) : i < |T|") and a
sequence (a; : i < |T|") of parameters a; € A such that ¢;(z,a;) € p and ¢;(z, a;) divides
over {a; : j < i}. Clearly one formula ¢(z,y) appears w; times in the sequence and this
contradicts simplicity. It is clear that I implies 2 and that & implies 4. To show that
1 implies 3, observe that if the increasing chain (p;(z) : i < |T|") is given and we set
A =JA; and p = Up;, then p(z) € S(A) divides over every subset of A of cardinality
< |T|. The same argument proves 4 from 2. It remains only to show simplicity from 4. If
T is not simple, then some formula ¢ (z,y) divides k times. Let (a; : ¢ < k) be a witness of
this. Let a be a realization of {¢(x,a;) : ¢ < k}, let A; = {a; : j < i} and let p; = tp(a/A;).
The chain (p; : i < k) contradicts point 4. a

Lemma 4.12 Let A = {p1(x,y1),...,on(z,yn)}, D(r(z) | A, Ak) < w and w(z) F
v1(z,a1) V...V op(z,a,) where every o(x,a;) divides over A with respect to k. Then
D(n(x),Ak) < D(mw(x) | A, Ak).

Proof: By Proposition 3.10, D(7(z), A, k) < D(n(z) | AU {pi(x,a;)}, A k) for some i.
Let m = D(w(z) | AU {p;(x,a;)}, A k). By Lemma 3.8 D(w(x) [ A,Ak) > m+ 1. O

Proposition 4.13 Simplicity is also equivalent to the conditions in Proposition 4.11 if we
replace forking for dividing.

Proof: Point 4 from Proposition 4.11 stated for forking (instead of dividing) implies its
original version. The arguments in the proof of Proposition 4.11 showing that I implies
2 and & and that any of 2 and & implies 4 adapt to its version with forking. Moreover
it is pretty clear that & implies 7 in any version. Hence it will be enough to prove that
simple theories verify point § in this new version for forking. Assume (p;(z) : i < |T|T) is
an increasing chain of types p;(z) € S(A;) such that p;yq forks over A; for all i < |T|*.
This means that for all i < |T|* we can find some ¢} (2),...,¢% (z) and some numbers
E1iy ..., kn,i such that piq(z) F of(x) V...V @l (x) and each ¢%(x) kj-divides over A;.
Taking the maximum of the numbers, me may assume that they are all equal to some k;.
By counting types, numbers and formulas, we may assume that there are n,k < w and
some @1 (T, Y1), ---,9n(T,yn) € L such that for all i < |T|*, n = n;, k = k; and there are
tuples ai,...,al, € Asyy for which p;(x,a’) = ¢ (). Let A = {o1(z,y1),..,en(z, yn)}.
By Lemma 4.12 D(p;(z), A, k) > D(pi+1(x), A, k) for all i < |T'|T, which is a contradiction
since the rank is finite. a

Corollary 4.14 Let x be a finite tuple of variables. If T is simple and p(x) € S(A), then
p does not fork over A. Hence, for any B 2 A there is a nonforking extension q(z) € S(B)

of p.
Proof: By Proposition 4.13 and point 4 in Remark 4.4. a
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Chapter 5

Independence

Definition 5.1 We say that A is independent of B over C (written A LC B) if for every
finite sequence a € A, tp(a/BC) does not fork over C. In the case C =) we write A | B.

Remark 5.2 If instead of sets A, B,C we put partially, or everywhere, sequences a,b,c in
the independence relation we mean the independence of the enumerated sets. But it is a fact
easy to prove that A J/CB if and only if tp(a/BC) does not fork over C for some (any)
enumeration a of A.

Remark 5.3 The independence relation is invariant under automorphisms and has always
the following properties:

Normality: A | B iff A | ,CB. Al B iff AC |, B.

Finite character: Ifa | b for all finitea € A, b€ B, then A |, B.
Base monotonicity: IfA | B and B'C B, then A |, B.

Monotonicity: If A \LC B, A’ C A and B’ C B, then A’ \Lc B

Anti-reflexivity: If A | ; A, then A C acl(B).

Proposition 5.4 (Local character) Let T be simple. For any B, C there is some A C B
such that |A| < |T|+|C| and C JJAB.

Proof: This is clear for finite C' by Proposition 4.13. For the general case, choose first
some Ax C B such that |Ax| < |T| and X \I/AX B for each finite X C C and let A be the

union of all these sets Ax. Then [A] < |T'|+|C|and C | , B. ]

Proposition 5.5 (Closedness) Let A C B. The set of all complete types p(z) € S(B)
which do not fork over A is a closed set in S(B).

Proof: Let m(z) be the set of all negations —¢(x) of all formulas ¢(x) € L(B) which fork
over A. Then p(z) € S(B) does not fork over A if and only if p extends . O

Proposition 5.6 (Extension) Let T be simple and let a be a possibly infinite sequence.
If A C B, there is some a' =4 a such that o J/AB.

23
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Proof: If a is a finite tuple this follows easily from Corollary 4.14. The general case
follows from the finite case since if p(z) = tp(a/A) it is enough to prove the consistency of
p(x) Ur(z) where 7(x) is, as in the proof of Proposition 5.5, the set of all —¢(z) such that
o(x) € L(B) forks over A. 0

Remark 5.7 A type p(x) € S(B) which does not fork over A C B has also a global
nonforking extension p(x) € S(€) which does not fork over A. Thus in a simple theory any
type has a global nonforking extension.

Definition 5.8 Let X be a linearly ordered set. The sequence (a; : i € X) is A-independent
if for everyi € X, a; \LA{aj : j <i}. A Morley sequence over A is a sequence (a; : i € X)
which is A-independent and A-indiscernible. It is said to be a Morley sequence in the type
p € S(A) if it is a Morley sequence over A and every a; realizes p.

Remark 5.9 Let X be an infinite linearly ordered set and let (a; : i € X) be a Morley
sequence in p(x) € S(A). The sequence is infinite (i.e., a; # a; for all i # j) if and only if
p 1S nonalgebraic.

Lemma 5.10 If p(z) € S(B) does not fork over A C B, there is a Morley sequence (a; :
1 < w) in p which is moreover a Morley sequence over A. Clearly, if p is not algebraic, the
sequence 15 infinite, in the sense that a; # a; fori < j < w.

Proof: Let a be the length of 2 and let x = |B| 4 |T| + |a] and A = J«y+. Since
p(x) does not fork over A, one can construct a sequence (a; : i < \) of realizations a; of
p such that a; J_/A B{a; : j < i}. For this we choose a global extension p of p which does
not fork over A (see the remark after Proposition 5.6) and we take as a; a realization of
p | B{a; : j < i}. By Erdos-Rado Theorem (see Proposition 1.1) there is a B-indiscernible
sequence (b; : i < w) of realizations of p such that for each n < w there are ip < ... < i, < A
such that

bo,...,bn =B Qjyy---,05

Since (a; : ¢ < A) is A-independent, it follows that (b; : ¢ < w) is also A-independent and
hence it is a Morley sequence over A. But (a; : i < A) is B-independent too and this also
transfers to (b; : i < w). Hence it is a Morley sequence in p. O

Remark 5.11 Let p(x) € S(A). If there is a Morley sequence (a; : © < w) in p, then for
any linearly ordered set X there is a Morley sequence (b; : i € X) in p. It is enough to
obtain (b; : i € X) as an A-indiscernible sequence with the same Ehrenfeucht-Mostowski set
as (a; : i < w).

Lemma 5.12 Let (a; : i € X) be A-independent. If Y, Z are subsets of X such that
Y < Z, thentp((a; : i € Z)/A(a; : i €Y)) does not divide over A.

Proof: It can be assumed that Z is finite. An induction on |Z| using Lemma 4.6 gives
easily the result. O
Proposition 5.13 Let T be simple. The formula ¢(x,a) divides over A iff for every infinite
Morley sequence (a; : i < w) over A in tp(a/A), {¢(x,a;) : i < w} is inconsistent.

Proof: Without loss of generality A = (). Assume that ¢(z,a) divides over §) but for
some infinite Morley sequence the inconsistency fails. Let X be a linearly ordered set
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isomorphic to the reverse order of the cardinal |T|*. By compactness there is an infinite
Morley sequence ax = (a; : i € X) in tp(a) such that {¢(z,a;) : ¢ € X} is consistent.
Let ¢ realize this type. By simplicity there is Y C X of cardinality at most |T'| such that
tp(c/ax) does not fork over ay = (a; : i € Y). By choice of the order of X we can find
i € X such that i <Y. By Lemma 5.12 tp(ay /a;) does not divide over (. Since p(x,a;)
divides over ), by Proposition 4.7 it divides over ay. But tp(c/ax) contains ¢(z,a;) and
hence it divides (and forks) over ay, a contradiction. 0

Proposition 5.14 Let T be simple. A partial type w(x) divides over A iff it forks over A.

Proof: We may assume 7(z) is a formula ¢(x,a) and that a is not algebraic over A.
Assume ¢(z, a) does not divide over A but it implies a disjunction 1 (z,a1)V...Ven(x,a,)
where every ¢(z, a;) divides over A. Let (a’aj ...al : j < w) be an infinite Morley sequence
in tp(aay . ..a,/A) (a nonalgebraic type). Then (a’ : j < w) is an A-indiscernible sequence
of realizations of tp(a/A). By definition of dividing, there exists a realization ¢ of {¢(z, a’) :
j < w}. For every j < w there is some i such that ¢ realizes some ¢;(z,a]). By the
pigeonhole principle, there is some ¢ such that for an infinite subset J C w, c realizes every
¢i(z,al) with j € J. By indiscernibility, {¢;(z,a]) : j < w} is consistent and then by
Proposition 5.13 ¢;(x, a;) does not divide over A since (al : j < w) is an infinite Morley
sequence in tp(a;/A). O

Proposition 5.15 (Symmetry) In a simple theory independence is a symmetric relation,
i.e, A | B implies B | A.

Proof: Tt is enough to prove that if tp(a/Cb) does not fork over C, then tp(b/Ca) does
not divide over C. We may assume that tp(a/C') is not algebraic. By Lemma 5.10 there
is an infinite Morley sequence I = (a; : i < w) in tp(a/C) which is Cb-indiscernible and
starts with ap = a. Let ¢(z,y,2) be a formula and ¢ € C such that = ¢(a,b,c). We will
show that ¢(a,y, c) does not divide over C. By indiscernibility of I over Cb we know that
E ¢(a;,b,¢) for all i < w. Hence {p(a;,y,c) : i < w} is consistent. Since (a;c: i < w) is
a Morley sequence in tp(ac/C), by Proposition 5.13 we conclude that ¢(a,y,c) does not
divide over C. O

Proposition 5.16 (Transitivity) In a simple theory independence is a transitive relation,
i.e, whenever BCCC D, A | ,CandA | D, then A | ,D.

Proof: It is a direct consequence of Proposition 5.15, Lemma 4.6 and Proposition 5.14. O

Corollary 5.17 Let T be simple. If I is an ordered set and (a; : i € I) is an A-independent
sequence, then a; | {a; :j # i} for alli€ 1.

Proof: By induction on n it is easy to show that for all different ¢1,...,%,41 € I,
@i,y J/A @i, , - - .,a;,. For the inductive case one uses symmetry and Lemma 4.6. a

Proposition 5.18 Let T be simple, p(x) € S(A), A C B and let w(x) be a partial type
over B. Then p(x) U m(x) does not fork over A if and only if D(p, A k) = D(pUm, A k)
for all A k.

Proof: The direction from right to left follows from Lemma 4.12. Now assume pU 7 is a
nonforking extension of p and choose g(x) € S(B) a type which does not fork over A and
extends p U w. We will check that D(q,p, k) > D(p,p,k) for all p, k. From this it will
follow that D(p, ¢, k) > D(pUm, @, k) for all ¢, k. We freely use transitivity and symmetry
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of independence and also the fact that dividing and forking coincide. Let n = D(p, ¢, k).
There is a sequence (b; : @ < n) such that p(x) U{p(z,b;) : i < n} is consistent and o(z, b;)
k-divides over A{b; : j < i} for all i < n. Let a = p(z) U {p(z,b;) : i < n}, let ¢ = ¢ and
let B" be such that ¢B =4 aB’ and B" |, {b; : i < n}. Then, since B | , ¢, it follows
that B’ | , a and therefore B’ \J,,;‘{bi 4 < n}. By Proposition 4.7 ¢(z,b;) k-divides over
B'{b; : j < i} for all i < n. For ¢ = tp(a/B’) we have then D(¢’, ¢, k) > n. Since ¢ is a
conjugate of ¢/, also D(q, ¢, k) > n. O

Corollary 5.19 Let T be simple. Assume p(z) € S(A) and let w(x,y) be a partial type
over O. There is a partial type A(y) over A such that for all a, p(x) Un(z,a) does not fork
over A if and only if = A(a).

Proof: For any ¢ = ¢(z,y) € L and k < w, let n, = D(p(z), ¢, k). By Proposition 5.18
we know that p(z) U m(x,a) does not fork over A if and only if for all ¢, k, D(p(z) U
7(z,a), ¢, k) > ny p, which can expressed by a partial type over A. |

Corollary 5.20 Let T be simple and fix p(x) € S(A).

1. For any n < w there is a partial type ®(x1,...,2,) over A such that for any tu-
ple ai,...,a, of realizations of p, E ®(a1,...,an) if and only if (a1,...,ay) is A-
independent.

2. For any totally ordered set I there is a partial type ®(x; : i € I) such that for any
sequence (a; 13 € I), = ®(a; : 1 € I) if and only if (a; : i € I) is a Morley sequence in
.

Proof: 2 follows from I and 1 is proved similarly to Corollary 5.19. |
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The local rank CBx(7)

Definition 6.1 Let w(x) be a set of formulas over the set A and let

A= {501($7y1); ceey (pn(x7/yn)}

be a finite set of formulas @;(x,y;) € L. Let m be the length of the tuple of variables x.
Since the restriction map Sy (€) — SA(€) is closed and the class

Xea={pe€Sa(®):p(x)Un(x) is consistent }

is the image of the closed class {p € S (€) : w(x) C p}, Xr a is closed in SA(C). We define
the A-rank CBa () as the Cantor-Bendizson rank of Xx A in SA(€) and the A-multiplicity
Mlta(m) as its Cantor-Bendizson degree.

Lemma 6.2 Ifm(z) F me(x), then CBa(m) < CBa(ms) and in case CBa(my) = CBa(ma),
then Mlta(m1) < Mlta(ma).

Proof: Clear, because if X, A = {p € S,(€) : p is consistent with m;}, then X, A C
Xﬂ-%A. O

Remark 6.3 For each A = {p1(x,y1), ..., 0n(T,yn)} where p;(x,y;) € L for every i, there
is a formula Ya(x;z) € L such that for each partial type m(zx), CBa(m) = CBy,(7) and
Mita(n) = Mty ().

Proof: By Lemma 3.4. a

Proposition 6.4 Let ¢(x) be a boolean combination of A-formulas.

1. CBA(%) > 0 if and only if ¢ is consistent.

2. CBA(Y) > a+ 1 if and only if there is a sequence (Y;(x) : i < w) of pairwise contra-
dictory boolean combinations ;(x) of A-formulas such that CBa(¢(z) A i(x)) > o
foralli < w.

3. CBA(¥) > « for limit « if and only if CBa(v) > B for all 5 < .

4. If CBA(¢)) = ae < 00, then Mlta(v) is the largest n < w for which there is a sequence
(Yi(x) + i < n) of pairwise contradictory boolean combinations ¥;(x) of A-formulas
such that CBa(Y(z) A pi(x)) > « for alli < n.

27
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The formulas v¥; in 2 and 4 can be chosen as explicitly contradictory conjunctions of A-
formulas. Moreover in 2 we can fix some ¢ € A such that each 1; is a conjunction of
p-formulas.

Proof: Let Xa 4 be the clopen subset of Sa(€) of all types p € Sa(€) such that p - 1.
CBa(v) is the maximal Cantor-Bendixson rank (in Sa(€)) of the points of X . Points
1 and 3 are clear. The proof of 4 is similar to the proof of 2, so we restrict ourselves to
2. Assume first there are 1;(x) (i < w) pairwise contradictory boolean combinations of A-
formulas such that CBa (¢ A 1;) > o for each i < w. For each i choose some p; € Sa(€) of
Cantor-Bendixson rank and such that p; F 1 A ¢;. Since the ; are pairwise contradictory,
all the p; are different. Since Xa  contains infinitely many points of rank > «, it contains
some point of rank > a + 1. Hence CBa(¢) > a + 1.

For the other direction, assume CBa(¢) > a+ 1. Then X  is an open set containing
a point of rank > « + 1. Thus the set Y; of points of Xa 4 of rank > « is infinite. Clearly,
for some A-formula 6 there are points in Y containing 6 and points in Yj containing —6
and one of them, say the second one, is infinite. Let then 6y = 6 and let Y7 be the infinite
subset of Yy consisting of all point containing —6y. Now assume that Y;, 1; are defined for
all 7 < n, that the Y; build a strictly descending chain of infinite sets, and that Y;4; is the
subset of Y; consisting in all its points containing the A-formula —6;. Again, there is some
A-formula 6,11 such that some points of Y;, 1 contain 6,,;; and infinitely many points of
Y, +1 contain —6,,41. For some infinite subset I C w there is a ¢ € A such that for each
i€ 1,1 is a p-formula. Without loss of generality, I = w. We then put ¢, = 0, A\, _,, 20;.

O

Proposition 6.5 Fiz A and 7(x).

1. There is a boolean combination 1 of A-formulas such that w(z) F (x), CBa(m) =
CBA(Y), and Mlta(m) = Mta(v).

2. If w(x) is over A, it can be extended to a complete type p(x) € S(A) such that
CBA(W) = CBA(p).

Proof: 1. Let X = {p € Sa(€) : m(x) U p(z) is consistent } be the closed set in SA(€)
whose Cantor-Bendixson rank determines C'Ba (7). By general topological reasons, there
is a clopen set U O X of the same Cantor-Bendixson rank and degree. The boolean
combination of A-formulas ¢(z) such that U = {p € Sa(€) : p F ¢} is the required
formula.

2. Take p(z) € SA(C€) consistent with 7(z) and of Cantor-Bendixson rank C'Ba () and
take any extension p(z) € S(A) consistent with p(x). Clearly CBa(p) is still the rank of p.
O

Proposition 6.6 Those following are equivalent:

1. Every o(z,y) € A is stable.
2. CBa(z=2) <w
3. CBa(z =) < o0.

Proof: Stability of every ¢ € A means that for each infinite set A, |Sa(A)| < |A|. Tt is
therefore equivalent to the stability of the formula ¥ given by Lemma 3.4. Hence we may
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assume that A = {¢}. By Proposition 2.5, stability of ¢ is equivalent to the inconsistency
of the set of formulas I',(w), where for each ordinal «,

Ftp(a) = {@n(i)(xnayn[i) e 2% i< O‘}

and where ©° = ¢ and ¢! = =p. Clearly 2 implies 3.

1 = 2. Assume CB,(z = x) > w. If ¥(z) is a boolean combination of ¢-formulas and
CB,(¢) > n+1 then for some a, CBy(¢(x)Ap(x,a)) > nand CB,(YA—¢(x,a)) > n. Since
CB,(z = x) > w this can be used to construct a binary tree of parameters (a, : s € 2<")
such that for each s € 2" the branch {p*?)(z,a,;) : i < n} is consistent. This implies that
I',(n) is consistent. By compactness I',,(w) is consistent and hence ¢ is unstable.

3 = 1. Assume g is unstable but CB,(xz = z) < co. Hence I',(w) is consistent and we
way find parameters (as : s € 2<¢) such that for each n € 2¢ the branch {9 (z,a,;) :
1 < w} is consistent. For any s € 2<“| let

ba(e) = N\ ¢, aup)

<n

and choose s for which v, has minimal C'B,-rank and least MIt, among the formulas with
same rank. But 14(x) is equivalent to (¥s~¢(x) V1p,~1(2)) and the formulas ¢,~, 1.~ are
incompatible. So one of them has smaller C'B,-rank or they have the same rank and one
has smaller multiplicity Mlt,, a contradiction. a

Remark 6.7 Let ¢ = p(z,y) € L be stable, let n(x) be a partial type over A, and let
p € S,(€) be consistent with w(x) and of Cantor-Bendizson rank CBy(w). Then p is
definable over acl®*(A). If Mlt,(m) =1 it is also A-definable.

Proof: By stability of ¢, p is definable (see Remark 2.6). All the A-conjugates of p have
Cantor-Bendixson rank CB,,(m) and are consistent with 7(x); again by stability, its number
is bounded by Mlt,(m) < w. Since p has finitely many A-conjugates, by Proposition 1.3 p
is acl®¥(A)-definable. In case Mlt,(7) =1, p is A-invariant and therefore A-definable. O

Lemma 6.8 Let ¢(x,y) be stable. Then o~ '(y,x) = p(x,y) (changing the role of the
variables) is also a stable formula. Let p(x) € S,(€) and q(y) € S,-1(€) and let dyxp(z,y)
and dqyp(z,y) be corresponding definitions of p and q which are boolean combinations
of ¢~ -formulas and of p-formulas respectively. Then q & dyx(z,y) if and only if p F

dqye(x,y).

Proof: Let A be a set containing all the parameters of the formulas dp,z¢(x,y) and
dqyo(z,y) defining respectively p and q. Let (a,, : n € w) and (b, : n € w) be sequences
such that a, =p [ A{b; : ¢ < n} and b, = q [ A{a; : i < n}. In case dyzp(x,y) € q
and dqyp(z,y) € p, we would have = ¢(a,, by,) if and only if m > n, and therefore p(xz,y)
would have the order property. a

Proposition 6.9 Let ¢ be stable.

1. If p(x) € S,(M), then there is only one p € S,(€) extending p which is definable over
M and hence Mlt,(p) = 1.

2. If A = acl®Y(A) and p(x) € S(A), there is only one p € S,(€) consistent with p and
definable over A and hence Mlt,(p) = 1.
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Proof: 1. It is Lemma 2.3 but also a particular case of 2.

2 Existence follows from Remark 6.7. For the uniqueness, let py,ps € S,(€) be two
global ¢-types consistent with p and A-definable and let ;(y) € L(A) (i = 1,2) be corre-
sponding definitions. Fix some model M O A. By Remark 2.12, p; is definable by some
¥i(y) € L(M) which is a positive boolean combination of formulas of the form ¢(m,y) with
m € M, that is, of ¢~!(y, x)-formulas over M (using the notation of Lemma 6.8). Clearly,
1; and ) are equivalent. Let b be a tuple of the same length as y and let us choose (by
Remark 6.7) a global type q(y) € S,-1(€) consistent with tp(b/A) and definable over A by
a formula 6(z) € L(A). By Remark 2.12 again, q is in fact definable by a positive boolean
combination #'(z) of ¢-formulas over M. Thus 6(x) is equivalent to €'(x). We apply now
Lemma 6.8 with ¢}(y) = dp,z¢(x,y) and ¢'(z) = dqyp(x,y) obtaining:

o(x,b) ep; <  Ei(d) because v; defines p;
& i(y) € tp(b/A) because i(y) € L(A)
< qFYi(y) because ¥; = ¥}, q(y) Utp(b/A) is consistent and
! is a boolean combination of ¢~!-formulas
< pFO(2) by Lemma 6.8
& fep because 0 = 0', 0(x) € L(A), p(x) U p; is consistent
and 6’ is a boolean combination of y-formulas.
This shows that p; = pa. O

Corollary 6.10 Let o = ¢(z,y) € L be stable and let p(z) € S(A). Every two p(x),q(z) €
Sy (€) consistent with p(x) and definable over acl®*(A) are A-conjugate.

Proof: Let p,q be two such types. Let p1, ¢ € S(acl®(A)) extensions of p such that both

p1(z) Up(z) and ¢1(z) Uq(x) are consistent. Clearly there is some f € Aut(€/A) such that

p{ = q;. Then q and p/ are acl®®(A)-definable and consistent with q;. By Proposition 6.9
f—

p’ =q. ad

Corollary 6.11 Let ¢ = ¢(z,y) € L be stable, let p(x) € S(A). For any p(xz) € S,(C)
consistent with p, the following are equivalent:

1. p is definable over acl®d(A).

2. p is a point of Cantor-Bendizson rank CBy(p).

In case Mlt,(p) =1 there is only one such p € X, , and it is in fact A-definable.

Proof: By Remark 6.7 we know that all types in X, ,, of rank C'B,(p) are definable over
acl®l(A). Now let p, q € S,(€) consistent with p(z) be such that p is acl®!(A)-definable and
q has Cantor-Bendixson rank C'B,(p) in X, ,. By Corollary 6.10 they are A-conjugate and
therefore p has also rank C'B,(p) in X, .. a
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Heirs and coheirs

Definition 7.1 Let M C A and p(x) € S(A). We say that p is a heir of p [ M or that p
heirs from M if for every p(z,y) € L(M) if p(z,a) € p for some a € A, then p(z,m) € p
for some m € M. We say that p is a coheir of p [ M or that p coheirs from M if p is
finitely satisfiable in M. The same definitions apply to global types, i.e, to the case A = C.
This definitions make also sense for types in infinitely many variables.

Remark 7.2 tp(a/Mb) heirs from M if and only if tp(b/Ma) coheirs from M.

Proof: It is just a matter of writing the definitions. a

Lemma 7.3 1. If p(z) € S(M), then p heirs and coheirs from M.

2. If M C A and p(z) € S(A) coheirs from M, then for every B D A there is some
q(z) € S(B) such that p C q and q coheirs from M.

3. If M C A and p(x) € S(A) heirs from M, then for every B D A there is some
q(x) € S(B) such that p C q and q heirs from M.

Proof: 1 is clear. For 2 it is enough to check the consistency of the following set of
formulas
p(z) U {—p(x) : p(x) € L(B) is not satisfiable inM}.

8. In this case it suffices to prove that the following set of formulas is consistent
p(x)U{—¢(x,a) : (x,y) € L(M), a € A and there is no b € M such that ¢(z,b) € p | M}
O
Definition 7.4 Let p(z) € S(B) and let A C B. We say that p splits over A if for
some @(x,y) € L(A) there are a,b € B such that a =4 b, p(z,a) € p and —p(x,b) € p.
This applies also to the case B = €. Note that the same notion is defined if one requires
o(z,y) € L. Ifp € S(€), then clearly p does not split over A if and only if p/ = p for

each f € Aut(€/A). If moreover A = M, a global nonsplitting extension is also called a
M-special extension.

Proposition 7.5 1. The number of global nonsplitting extensions of p € S(A) is <
g2 AT
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2. Let p be a global nonsplitting extension of p € S(A). If the sequence (a; : i < «) is
constructed in such a way that for all i < a,

ai = p [ Ala; @ j <i},
then it is A-indiscernible.

Proof: 1. For each ¢(x,y) € L, the number of restrictions p [ ¢ for types p € S(€) which
do not split over A is bounded by the number of sets of types tp(a/A) of tuples a € € of
the length of y. The number of these types is < 2/417171 and therefore the number of set of
types is < g2 A

2. By induction on n we show that for all ip < ... < i, < a, ag,...,an =4 Qig,---, 0, -
This is clear for n = 0 since tp(a;,/A) = p = tp(ap/A). Consider the case n + 1.
Let p(zg,...,xznt1) € L(A), and let ig < ... < ip41 < . By inductive hypothesis
ag, ..., an =4 Qig, - - -, 0, . Since p does not split over A, p(ag,...,an,z) € p if and only
if p(as,,...,ai,,x) € p. Since ant1 = p | Aag,...,an and a;,,, = p | Aag,...,a;,, we
conclude that = ¢(ag, ..., an,any1) if and only if = ¢(ai,, ..., a4,,a:,.,)- O

Proposition 7.6 1. Coheirs are nonsplitting extensions.
2. If p € S(€) does not split over A, then it does not fork over A.
3. Coheirs are nonforking extensions.

4. If p(x) € S(M) is definable, then its M-definable extension over A O M is the only
heir of p over A.

5. In a simple theory, heirs are nonforking extensions.

Proof: 1. Suppose p(z) € S(A) coheirs from M C A,a,b€ A,a=p b, p(z,y) € L(M)
and ¢(z,a) € p while =p(z,b) € p. Then some ¢ € M satisfies p(z,a) A ~¢(x,b), which is
impossible if a =,; b.

2. For a global type forking and dividing is the same. Let ¢(x,y) € L. If p(z,a) € p
and a; =4 a for each i < w, then ¢(z,a;) € p for each i < w and hence {p(z,a;) : i < w} is
consistent.

8. This can be proved using points I and 2 and the extension property of coheirs, but
it is also an immediate consequence of the definition of forking as indicated in Remark 4.4.

4. Let p € S(M) be definable. By the uniqueness of the M-definable extension, we only
need to show that heirs are M-definable. Let ¢ € S(A) be a heir of p, let p(z,y) € L and
dyrp(x,y) € L(M) a definition of p | ¢. We show that it is also a definition of ¢ | ¢. If it is
not a definition, then for some a € A, ~(dyzp(z,a) « p(x,a)) € ¢ and therefore for some
a € M, ~(dpxo(z,a') — p(x,a’)) € p contradicting the fact that dyz(z,y) defines p [ .

5. Let T be simple and assume p(z) € S(A) heirs from M C A. Let a € A be a tuple

and let b |= p. We want to show that b | , a. By Remark 7.2 tp(a/Mb) coheirs from M
and by point 3 a | o b. The result follows then by symmetry of independence. O

Definition 7.7 Given p(z) € S(M), by (M, dp) we refer to the expansion of M to language
LU{R, : ¢ € L} where for every ¢ = p(x,y) € L, if y = y1,...,Yn then R, is n-ary and
it is interpreted as {a € M : ¢(z,a) € p}. Let M = N and p(x) C q(x) € S(N). We say
that q is a strong heir of p is (M, dp) =< (N,dq). This makes also sense when N = €.
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Remark 7.8 1. Strong heirs are heirs.
2. If(M,dp) X N' and N = N' | L, then for some q(x) € S(N), p C q and N’ = (N, dq).
3. Any strong heir of a nondefinable type is again nondefinable.

Proof: 1 and 2 are easy. For 3, let ¢(z) € S(N) be a strong heir of p, and assume
o(@,y) € L, ¥y, 2) € L, n € N and (y,n) defines q | @. Then (N, dq) b 3¥y(u(y, =)
R,(y)). Since (M,d) =< (N,dq), for some m € M, (M,dp) = Vy(¢(y,m) < R,(y)). Then
¥(y, m) defines p | . O

Proposition 7.9 If p(z) € S(M) is not definable, then p(x) has unboundedly many (non-
definable) strong heirs over €.

Proof: We show first that p(z) has two strong heirs over some N = M. Since p is
not definable, (M, dp) is not a definable expansion of M. By Svenonious’s Theorem, there
is some N’ = (M,dp) having some f € Aut(N’ | L/M) such that f ¢ Aut(N’). Let
N = N’ | L. Then for some g(z) € S(N), N’ = (N,dq) and ¢/ # q. Clearly q and ¢/ are
two strong heirs of p. Since a strong heir of a nondefinable type is again nondefinable, we
can iterate this procedure (taking unions at limits) obtaining for each cardinal x a family
(pi(x) : i < k) of strong heirs p; € S(M;) of p such that p; U p, is inconsistent if i # j.
Clearly, each p; can be extended to a type p; over € which is a strong heir of p; and therefore
also of p. a

Definition 7.10 A coheir sequence over A is a sequence (a; : i < «) such that for some
M C A, foralli<j<a,tp(a;/A(a; : 1 < 1)) =tp(a;j/A(a; : 1 < 1)) and tp(a;/A(a; : 1 <
j)) coheirs from M.

Remark 7.11 1. A coheir sequence over A is a Morley sequence over A.

2. For any p(x) € S(A) which coheirs from M C A there is a coheir sequence (a; : i < @)
over A.

Proof: 1. Let p; = tp(a;/A(a; : | < 1)) and po = ;. pi- Clearly a; = po | Aa; : 1 < 1)
and p, coheirs from M. By point & of Proposition 7.6 the sequence is A-independent. By
point 1 of Proposition 7.6 and point 2 of Proposition 7.5, it is A-indiscernible.

2. Choose an extension p € S(€) of p which coheirs from M and choose a; = p | A(a; :
[ <i). O

Proposition 7.12 Let p € S(€) be definable. Then p does not split over A if and only if
it is A-definable.

Proof: Let p be definable and assume it does not split over A. For each p(z,y) € L,
{a : ¢(x,a) € p} is definable and A-invariant, and therefore it is definable over A. The
other direction is immediate. a

Corollary 7.13 Ifp € S(€) is definable over A, then p does not fork over A.
Proof: Is a consequence of Proposition 7.12 and point 2 of Proposition 7.6. O
Corollary 7.14 Let p(z) € S(M) and assume every complete extension of p is definable.

Then an extension q(x) of p is a heir of p if and only if it is a coheir of p if and only if it
is M -definable.
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Proof: The equivalence of M-definability and heir is given by point 4 in Proposition 7.6.
For the rest, by points 2 and 8 of Lemma 7.3 it is enough to check the result in the case
of a global extension p € S(€) of p. Then we can apply Proposition 7.12 and point !
of Proposition 7.6 to prove that coheirs are heirs. The uniqueness of heirs (point 4 in
Proposition 7.6) shows then that also heirs are coheirs. a

Corollary 7.15 T is stable if and only if heirs are coheirs.

Proof: If T is stable, Corollary 7.14 establishes that heirs are coheirs. If T is not stable,
there is some p(xz) € S(M) not definable. By Proposition 7.9 p has unboundedly many
heirs. Since coheirs do no split, by Proposition 7.5 the number of coheirs of p is bounded
by 22" Hence some heir is not a coheir. O

Corollary 7.16 The following are equivalent.

1. T is stable
2. Each type p(xz) € S(M) has a unique heir over any A D M.
3. Each type p(x) € S(M) has a bounded number of heirs over any A D M.

Proof: If T is stable, point 4 of Proposition 7.6 shows that p has a unique heir. If T is
not stable, there is some p(x) € S(M) not definable. By Proposition 7.9 p has unboundedly
many strong heirs over €. Clearly, for each A O M for any strong heir p € S(€) of p,p | A
is a heir of p. O
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Stable forking

Proposition 8.1 Let A = {p;(z,y;) : i < n} be a set of stable formulas. A type p € SA(€)
is definable over M if and only if it is finitely satisfiable in M. It fact, if p is M-definable
and it is consistent with a partial type w(x) over M, then w(x) U p(zx) is finitely satisfiable
in M.

Proof: We may assume A = {p(z,y)}. Let p be M-definable and let us choose by
Remark 2.12 a definition dyzp(x,y) € L(M), which is a positive boolean combination of
formulas of the form ¢(b,y). Let

oz, ar),..., 0@ an), ~p(x,b1),...,~p(x, bn)

be formulas in p. For 1 < ¢ < nand 1 < j < m, let ¢ = tpwq(ai/M) and r; =
tp,—1(bj/M). Again by Remark 2.12 there are q; € S,-1(€) and t; € S,-1(€) extending
q; and r; respectively and having definitions dg, yo(z,y) and d.,ye(z,y) which are positive
boolean combinations of formulas of the form ¢(z,b) with b € M. Then = dyzp(x,a;)
and = -dyz(z,b;) and hence q; F dyzp(z,y) and v; F —dyze(z,y). By Lemma 6.8,
p = dgyp(r,y) and p = —d., ypo(z,y). Since they are formulas over M, for some ¢ € M,
= dq,ye(c,y) and = —d,yp(c,y) for all 4,5. Then = ¢(c,a;) and = —p(c,b;) for all 4, 5.
Clearly such ¢ can also be found realizing additionally a given finite subset of m(x). For
the other direction, let us assume dzo(z,y) is a definition of p which is not equivalent to a
formula over M. Then we can find b, ¢ such that b =p; ¢ and |= dzg(z,b) but = ~dzp(z, c).
In this case ¢(x,b) € p and —~p(x, ¢) € p but there isno a € M such that = ¢(a, b) A—p(a, ¢).
Hence p is not finitely satisfiable in M. a

Proposition 8.2 Let ¢(z,y) € L be stable, let p(z) € S,(C) and assume p is definable
over M and consistent with w(z), a partial type over M. For some q(x) € S(M) extending
m(x) Up [ M there is a Morley sequence (¢; : i < w) in q such that p is definable by a
positive boolean combination of the formulas ¢(c;,y).

Proof: By Proposition 8.1 7(z) Up(x) is finitely satisfiable in M. It is easy to check the
consistency of

w(z) Up(z) U{-9(z) : Y(x) € L(€) is not satisfiable in M}.

Let g € S(€) be an extension of this set of formulas. Clearly q coheirs from M and q [ ¢ = p.
We claim that for some n < w there is a sequence (¢; : ¢ < n)such that¢; =q [ M(cj : j < 1)
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and p is definable by a positive boolean combination of the formulas ¢(c;,y). Note that if
this is the case we can complete the sequence to (¢; : i < w), a coheir sequence over M of
realizations of p | M. By Remark 7.11 it is a Morley sequence over M (in ¢ = q [ M).
Let us assume that there is no such sequence (¢; : ¢ < n). We proceed as in the proof of
Lemma 2.9 obtaining a;, b;, ¢; such that ¢(z,a;) € p, ~¢(z,b;) €9, = ¢(cj,a:) — ¢(cj, bi)
for all j < ¢ and

ciEal Ma;:j<i)b:j<i)c:j<i)

As in the proof of Lemma 2.9, this implies that ¢(z,y) has the order property and is,
therefore, unstable. O

Proposition 8.3 Let p(x,y) € L be stable. Given A and a, let fix q(y) € S,-1(&), the only
o~ -type over € consistent with tp(a/acl®d(A) and definable over acl®d(A). Fiz a definition
dqyp(x,y) of q which is equivalent to a formula over acl®¥(A) and it is a positive boolean
combination of formulas o(x, ¢;) where (¢; : 1 < w) is an indiscernible sequence over acl®(A)
of realizations c; of tp(a/acl®d(A)). Let o(x) be the (finite) disjunction of all A-conjugates
of dgyp(z,y). For any partial type w(x) over A, the following are equivalent.

1. p(z,a) € p for some p € S,(C) definable over acl®(A) and consistent with m(z).
w(x) U{p(x,a)} is finitely satisfiable in every model M D A.
m(x) U{p(x,a)} does not divide over A.
Every set of acl®d(A)-conjugates of p(x,a) is consistent with w(x).

dqy(x,y) is consistent with m(x).

o(x) is consistent with 7(x).

NS St e e

Some positive boolean combination of A-conjugates of p(x,a) is equivalent to a formula
over A consistent with w(x).

Proof:
1 = 2 follows directly from Proposition 8.1.

2 = 3. Let ¢(z) be a finite conjunction of formulas in 7 and let (a; : i < w) be an A-
indiscernible sequence starting with @ = ag. By Remark 1.1 (a; : i < w) is indiscernible over
some model M D A. There is some ¢ € M such that = ¢(c,a) A ¢(c). By indiscernibility
E ©(c,a;) for every i < w. Therefore {o(x, a;)A)(z) : ¢ < w} is consistent and p(z, a) A (z)
does not divide over A.

1 = 4. Any acl®d(A)-conjugate of p(z,a) is in p.

3 = 5. Since the sequence parameters (¢; : ¢ < w) build an indiscernible sequence over
Aand a =4 ¢, m(z) U{p(x,c;) 1 i <w} is consistent. Any positive boolean combination of
the formulas ¢(z, ¢;) is therefore consistent with 7.

4 = 5. Same reason since in fact the formulas ¢(z, ¢;) are acl®d(A)-conjugates of p(x,a).
5 = 6. Clear by construction of o.
6 = 7. o(x) satisfies the requirements in 7.

7 = 1. Let o/(z) be a positive boolean combination of A-conjugates of ¢(x,a) which is
equivalent to a formula over A and is consistent with 7. By Remark 6.7 there is p € S, (<)
definable over acl®¥(A) and consistent with m(x) U {o’(x)}. Since ¢’(z) is a disjunction
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of conjunctions of A-conjugates of ¢(x,a), some A-conjugate of p(z,a) appears in p. By
conjugation over A, there is also some p’ € S, (&) definable over acl®®(A) and consistent
with w(z) such that ¢(x,a) € p'. O

Corollary 8.4 Let o(x,y) € L be stable and let w(x) be a partial p-type. Those following
are equivalent:

1. w(x) does not fork over A.
2. Some p € S,(C) extending w is definable over acl®l(A).
3. w(x) is finitely satisfiable in every M D A.

Proof: 1 < 3 follows from Proposition 8.3. 2 = 3 is a consequence of Lemma 8.1.

1 = 2. If m does not fork over A it can be extended to some p € S, (€) which does not
fork over A. By the equivalence 1 < 3, p is finitely satisfiable in every M O A and then,
by Lemma 8.1, p is definable over every M O A. By Proposition 1.3 p is definable over
acl®d(A). O

Corollary 8.5 Let T be stable, p(z) € S(A) and M C A (perhaps A = €). The following
are equivalent:

1. p(x) does not fork over M.

2. p(x) heirs from M.

3. p(x) coheirs from M.

4. p(x) is M-definable.

5. Some p € S(€) extending p does not split over M.

Proof: Equivalence between points 2, 3, and 4 follows from Corollary 7.14. Equivalence of

4 and 5 follows from Proposition 7.12. Equivalence of 1 and & follows from Corollary 8.4.
O

Corollary 8.6 Let T be stable and let p(x) € S(€). The following are equivalent:

1. p(x) does not fork over A.

2. p(x) coheirs from every M D A.

p(x) does not split over any M D A.

SAER NS

)
)
p(x) heirs from every M D A.
)
p(x) does not fork over any M 2 A.
)

S5

p(x) is definable over acl®d(A).
7. The Cantor-Bendizson rank of p | ¢ is CBy(p | A) for all o.

8. p(x) has a bounded orbit in Aut(€/A) (in fact of size < 2IT1).
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Proof: Equivalence between points 2, 3, 4, 5, and 6 follows from Corollary 8.5 (for 6
observe that p is definable over acl®d(A) if and only if it is definable over every model
M D A).

1 < 6 follows from Corollary 8.4
6 < 7 follows from Corollary 6.11

7 = 8. The orbit of p [ ¢ is bounded by Mit,(p [ A) < w and hence the orbit of p is
bounded by 2!71.

8 = 6. Let c, be the canonical parameter of the definition of p [ ¢. Since c, has
bounded orbit in Aut(€/A), in fact it has finite orbit. Hence ¢, € acl®¥(A) and p | ¢ is
definable over acl®l(A). O

Corollary 8.7 Let T be stable, p(x) € S(A) and p(x,y) € L. The following are equivalent:

1. p(x) U{p(z,a)} does not fork over A.

2. OBy(pU {p(z,a)}) = CBy(p) for all ¥.
3. OB, (pU {p(x,a)}) = CB,(p).

Proof: 1 = 2. Letp € S(€) be an extension of pU{¢(x, a)} which does not fork over A. By
Corollary 8.6, CBy(p) is the Cantor-Bendixson rank of p [ ¢. Hence CBy(pU {p(x,a)}) >
CBy(p)-

2 = 3 is obvious. We prove 8 = 1. Let p € S(€) be a nonforking extension of p.
By Corollary 8.6, CB,(p) is the Cantor-Bendixson rank of p [ ¢. Let q € S(€) be such
q | ¢ is consistent with p U {¢(x,a)} and has Cantor-Bendixson rank CB,(p U {¢(z,a)}).
By corollaries 6.10 and 6.11 p [ ¢ and q | ¢ are A-conjugate. Since ¢(x,a) € q [ ¢,
pU{p(x,a)} is contained in an A-conjugate of p, a global type which does not fork over A.
Hence p U {¢(x,a)} does not fork over A. O

Corollary 8.8 Let T be stable, A C B and p(x) € S(B). The following are equivalent:

1. p(x) does not fork over A.
2. CB,(p) =CBy(p [ A) for all ¢.

Proof: It is an immediate consequence of Corollary 8.7. a

Proposition 8.9 Let T be simple. If o(x,y) € L is stable, for every A, a there is some
o(x) € L(A) equivalent to a positive boolean combination of A-conjugates of p(x,a) and
such that for every p(x) € S(A), o(z) € p(x) if and only if p(x) U{p(z,a)} does not fork
over A.

Proof: Apply Proposition 8.3 with p(x) = w(z). m]

Corollary 8.10 (Open mapping theorem) Let T be stable and let A C B. The set
NF(B,A) of all p(x) € S(B) which do not fork over A is closed in S(B) and the restriction
mapping p— p | A from NF(B,A) onto S(A) is open.

Proof: The restriction map from S(€) onto S(B) is continuous and hence closed and
the image of NF(€, A) is NF(B, A). Hence it is enough to check that NF (€, A) is closed.
Now,

NC(¢,A) = m {p € S(€) : p coheirs from M}
MCA
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and for each M, {p € S(€) : p coheirs from M} is closed since it is the closure of {tp(a/€) :
a € M}. The fact that the restriction map from NF(B,A) onto S(A) is open is an
immediate consequence of point 2 of Proposition 8.9. a

Corollary 8.11 If T is stable, any nonforking extension of a nonisolated type is noniso-
lated.

Proof: By Proposition 8.9 or Corollary 8.10. a
Corollary 8.12 IfT is simple, any nonforking extension of a type which is not isolated by
stable formulas is neither isolated by stable formulas.

Proof: By Proposition 8.9. a
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Chapter 9

Lascar strong types

Here we will consider relations R and we always mean binary relations among a-sequences
of elements of € for some ordinal a. Usually « is intended to be a natural number but we
do not put restrictions.

Definition 9.1 A relation R is bounded if for some cardinal k there is no sequence (a; :
i < k) such that ~R(a;,a;) for all i < j < k. The relation is finite if this bound K is
in fact a natural number. Observe that for definable relations finiteness is equivalent to
boundedness. Note also that bounded relations are always reflexive.

Remark 9.2 Any intersection of a bounded number of bounded relations is a bounded re-
lation.

Proof: Let (R; : I < A) be a sequence of bounded relations. For all [ < X let k; be a
bound for R; and let kK = X\ + sup{x; : | < A\}. Assume that there are (a; : i < (2)") such
that—R(a;, a;) for all i < j < (27)", where R =(,_, R;. By Erdés-Rado ((2°)* — (x1)2)
for some [ < X there is a subset I C (2%)*" of cardinality ™ such that —R;(a;,a;) for all
i < 7 in I. This contradicts the choice of ;. a

Definition 9.3 A relation R is A-invariant if it is preserved under automorphisms of €
fizing A pointwise, that is, R(f(a), f(b)) whenever R(a,b) and f € Aut(C/A).

Lemma 9.4 1. Every A-invariant relation R is definable by a union of types over A,
namely: R(a,b) < ab = Vg4 Atp(cd/A).

2. The number of A-invariant relations on sequences of length o is bounded by g2l TItiarHlel,

3. There is a least A-invariant bounded equivalence relation (among sequences of a fized
length).

Definition 9.5 We say that the sequences a,b have the same Lascar strong type over A

and we write a EA b if a and b are equivalent in the least A-invariant bounded equivalence
relation. In case A =0 we omit it.

Definition 9.6 Let x,y be finite tuples of variables of the same length. We say that the
formula 0(x,y) is thick if it defines a relation which is finite and symmetric. For any set
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A and for any sequences of variables x,y of the same length, the set of all thick formulas
over A in (finite subtuples of) the variables x,y will be

nca(z,y).

In case A =0 we omit it. For every natural number n, nc’ (z,y) is the type
Fy1 .. yn—1(nca(z,y1) Anca(yr,y2) A ... Anca(Yn—1,9))

Remark 9.7 1. The conjunction and the disjunction of thick formulas are thick formu-
las.

2. Any consequence of a thick formula is a finite formula.

3. If p(x,y) is finite then, v(x,y) A (y,x) is thick.

Lemma 9.8 For any a # b, = nca(a,b) if and only if a,b start an infinite A-indiscernible
sequence.

Proof: If a,b start an infinite A-indiscernible sequence, then = 6(a,b) for any thick
formula 6(x,y) over A. Now assume = nca(a,b). Let p(z,y) = tp(ab/A). By Ramsey’s
Theorem and compactness, to prove that a,b start an infinite A-indiscernible sequence it
is enough to check that there is an infinite sequence (a; : i < w) such that = p(a;,a;) for
all i < j < w. For this we have to prove for any ¢ € p, the consistency of {¢(z;,z;) :
i < j < w}. If this set of formulas is inconsistent, then —p(z,y) is finite and therefore
(mo(z,y) A —p(y,z)) € nca(z,y). Hence = —¢(a,b), a contradiction. O

Proposition 9.9 The relation EA of equality of Lascar strong type over A is the transitive
closure of the relation of starting an A-indiscernible sequence. Hence it is defined by the
infinite disjunction \/, nc’y (x,y).

Proof: Since the relation of starting an infinite indiscernible sequence is defined by the
type nca(z,y) consisting of finite formulas, it is bounded. Hence its transitive closure E

is also bounded. Since F is a bounded A-invariant equivalence relation, = AC FE. For the
other direction it suffices to show that if a, b start an infinite A-indiscernible sequence then

a = 4 b. Let k be a strict bound for the number of = a-classes. Choose an A-indiscernible

sequence of length k starting with a,b . If a ;‘E A b then by A-invariance a’ ;{ a U for any
two different a’, b’ in the sequence, which contradicts the choice of . m]

Lemma 9.10 1. If Enca(a,b), then there is a model M D A such that a =1 b.
2. If a=p b for some model M 2 A, then = nc?(a,b).

Proof: 1. Fix an infinite A-indiscernible sequence I starting with a,b. By Proposition 1.1
I is indiscernible over some model M D A. Then a = b.

2. Assume that a =p; b for some model M O A. We show that = 3z(0(a, z) A 0(b, 2))

for any thick formula 6(z,y) over A. Let n be the maximal length of a sequence aq,...,a,
such that |= —0(a;,a;) for all ¢ < j < n. We can find such a1,...,a, in M. For some
i,j <n, =6(a,a;) and |= 0(b,a;). Since a =p; b we may take i = j. O

Proposition 9.11 Equality of Lascar strong types over A is the transitive closure of the
relation of having the same type over a model containing A.
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Proof: Clear by Proposition 9.9 and Lemma 9.10. a

Definition 9.12 The group Autf(€/A) of strong automorphisms over A of the monster
model € is the subgroup of Aut(€/A) generated by the automorphisms fizing a small sub-
model containing A:
Autf(€/A) = ( | Aut(¢/M))
MDA

Corollary 9.13 a =, b if and only if f(a) =b for some f € Autf(€/A).
Proof: It follows from Proposition 9.11. a

Corollary 9.14 Ifa ;A b then for any c there is some d such that ac ;A bd
Proof: Choose f € Autf(€/A) such that f(a) =b and put d = f(c). O

Definition 9.15 Like in the case of A-invariance, there is a least type-definable over A
bounded equivalence relation (among sequences of a given length). We say that the sequences

a,b have the same KP-strong type over A or the same bounded type over A and we write
a b(EldA b if a and b are equivalent in the least type-definable over A bounded equivalence

relation. We say that a,b have the same strong type over A and we write a =4 b if a and b
are equivalent in every A-definable finite equivalence relation. As usual, in case A = () we
omit it.

Remark 9.16 1. Ifa =4 b, thena = 4 b.
2. Ifa b%dA b, then a =4 b.

3. Ifa=ab, then a =4 b.

Proof: 1 is clear since every equivalence relation type-definable over A is A-invariant.
Similarly for 2 since every A-definable finite equivalence relation is bounded and type-
definable over A. For & observe that for each ¢(z) € L(A), the equivalence relation E
defined by (p(z) < ¢(y)) is A-definable and has only two classes. 0

Definition 9.17 The strong type of a over A is defined by
stp(a/A) = tp(a/acl®(A))

Lemma 9.18 stp(a/A) = stp(b/A) if and only a =4 b.

Proof: Assume stp(a/A) = stp(b/A). Let E be a finite A-definable equivalence relation,
say defined by ¢(z,y,c) where ¢ € A and p(z,y,2) € L. Let 1)(z) € tp(c) be the formula
expressing that ¢(x,y, z) defines an equivalence relation in z,y and consider the relation
F(uz;vy) defined by

Fluz;vy) < (=) A=9(0) V ($(u) Au=vAp(z,y,u))

It is a O-definable equivalence relation and therefore ac/F' and be/F are imaginary elements.
Since F(cz;cy) defines E and E is finite, these imaginaries are algebraic over A, that is,
they are elements of acl®*(A). This clearly implies ac/F = bc/F and therefore E(a,b).

For the other direction, notice that according to Proposition 1.3 a relation R defined
by a formula ¢(x) € acl®d(A) has finitely many A-conjugates and it is therefore union of
classes of a finite A-definable equivalence relation. a
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Proposition 9.19 Let T be stable. Ifa=,b, AC B, a J/A B and b J/A B, then a =g b.

Proof: Let p(z) = stp(a/A) = stp(b/A), let p € S(€) be a nonforking extension
of stp(a/B) and let q € S(€) be a nonforking extension of stp(b/B). Since a | , B,
a acl®d(B) and therefore p does not fork over A. By Corollary 8.6 p is definable over
acl®(A). By the same argument q is definable over acl®d(A) and by Proposition 6.9 p = g.
Hence stp(a/B) = stp(b/B). O

Corollary 9.20 If T is stable, = ==, for every A.

Proof: Let a =4 b. Choose M D A such that M L, ab. Thena | , M andb | , M.
By Proposition 9.19 a =5, b and hence by Lemma 9.10 and Proposition 9.9, a EA b. O

Theorem 9.21 (Finite equivalence relation theorem) Let T be stable. Let A C B,
r(z) € S(A) and let p(z),q(x) € S(B) be two different nonforking extensions of r. Then
for some p(x) € L(B) equivalent to a formula over acl®(A), ¢ € p while ~p € q. There is
also a finite A-definable equivalence relation E such that

p(z)Uq(y) - ~E(z,y)

Proof: Let p/(z) € S(B U acl®¥(A4)) be an extension of p. If p/(z) | acl®(A4) U ¢(x) is
consistent then there is some extension ¢'(x) € S(BUacl®¥(A)) of ¢ such that p’ | acl®l(A) =
q | acl®(A). But then p’ and ¢’ are different nonforking extensions of the same strong type,
which contradicts Corollary 9.20. Hence p'(z) | acl®*(A) U g(z) is inconsistent and there is
some ¥ (z) € p'(z) | acl®(A) such that g(z) F ¢ (z). Let ¢(x) be the disjunction of all
B-conjugates of 1. Then p(z) F ¢(z), ¢(x) F —p(z) and ¢(z) € L(acl®!(A)) is equivalent
to a formula over B.

With respect to last assertion, by Proposition 1.3 ¢(x) defines a union of classes of a
finite A-definable equivalence relation E and then clearly p(x) U q(y) F —E(z,y). O
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The independence theorem

Lemma 10.1 Let T be simple. If (a; : i < w+ w) is an infinite A-indiscernible sequence,
then (a; 1 w < i < w+w) is a Morley sequence over A{a; :i < w}.

Proof: Let I = (a; : 4 < w). Clearly (a; : w <@ < w+ w) is Al-indiscernible. It suffices
to show that it is Al-independent. Let X be a finite subset of {i : w < i < w + w} an let
i < w4+ w be greater than every element in X. By symmetry it will be enough to check
that ax | ,,a;, where ax = (a; : j € X). But this is clear since by A-indiscernibility
tp(ax/Ala;) is finitely satisfiable in I. O

Proposition 10.2 Let T be simple and let w(z,y) be a set of formulas over 0. If (a; : i € I)
is an A-indiscernible sequence and w(x,a;) does not fork over A for some i € I, then
Uier m(x, a;) does not fork over A.

Proof: For notational convenience, we assume the ordered set I is w and m(x,ag) does
not fork over A. Let us first assume that (a; : ¢ < w) is a Morley sequence over A.
Since m(x,a9) does not divide over A, J, ., 7(x,a;) is consistent. Let n < w and let
D(x, 90,y Yn—1) =7(x,y1)U.. . Un(z,y,). We will show that ®(z, ag,...,a,—1) does not
divide over A. If b; = an.i...aniyn-1, then (b; : i < w) is an infinite Morley sequence in
tp(bo/A) and |, ., ®(, b;) is consistent. By Proposition 5.13, ®(x, by) does not divide over
A.

Now let us consider the general case, where (a; : ¢ < w) is just an A-indiscernible
sequence. Choose J = (b; : ¢ < w) such that (b; : i < w)"(a; : i < w) is A-indiscernible.
By Lemma 10.1 (a; : @ < w) is a Morley sequence over AU J. Let p(z,y) € S(AJ) be
such that p(x,ag) extends 7(z,ao) and does not fork over A. Then it does not fork over
AJ and by the first case, |J;.,, p(7,a;) does not fork over AJ. Let ¢ = ., p(,a;).
Then ¢ |, ,(a; : i < w). Since p(z,ag) does not fork over A, also ¢ | , Jag. Hence
¢ ,J(a; i <w), which shows that J;_, 7(z, a;) does not fork over A. O
Lemma 10.3 Let T be simple. If a,b start an infinite A-indiscernible sequence and c J/Aa b,
then for some d, the extended sequences ac, bd start an infinite A-indiscernible sequence also.

Proof: Assume A ={. Let ¢ | b and assume I = (a; : i <w) is an infinite indiscernible
sequence with a = ap and b = a;. Since (a, : n > 1) is a-indiscernible and cj/ab, by
Lemma 4.5 there is an ac-indiscernible sequence (a], : n > 1) such that (a, : n > 1) =g
(al, : n > 1). Thus we may assume that a, = a/, for all n > 1. Let ¢y = ¢ and choose for
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n > 1 some ¢,, such that
capay ... = Cplplp4q .- -

Since (a, : n > 1) is ac-indiscernible, cab = caa,,. Hence cab = ¢,a,an4m, i-€., in the
sequence (cpa, : n < w) all triangles ¢,anan4+m have the same type p(x,y,z) = tp(cab).
By Ramsey’s Theorem there is an indiscernible sequence (d,,b,, : n < w) where all triangles
dpbpbptm satisty p(z,y, z). Clearly we may assume that ¢ = dp, a = by and b = by. Take
d=d;. O

Proposition 10.4 Let T be simple and assume that o(x,a) Ap(x,b) does not fork over A.
If b,V start an infinite A-indiscernible sequence and a \LAb b, then p(x,a) AN(x,b) does
not fork over A.

Proof: Apply Lemma 10.3 finding a’ such that ba,b’'a’ start an infinite A-indiscernible
sequence. By Proposition 10.2, ¢(z,a) A ¢¥(z,b) A p(z,a’) A(x,b) does not fork over A.
In particular ¢(z,a) A ¢(z,b") does not fork over A. m

Corollary 10.5 Let T be simple and assume that ¢(x,a) A(xz,b) does not fork over A. If
b=, 0 and a J/A b, then p(x,a) Ap(x,b") does not fork over A.

Proof: Findby,...,b, such that b = by, b’ = b, and b;, b; 1 start an infinite A-indiscernible
sequence. Let a’ be such that a’ =4py a and o’ J_/Abb, b1,...b,. By Proposition 10.4 we see
that p(z,a’) A (x,b;) does not fork over A for all ¢ < n. Hence p(z,a) A ¢(z,b’) does not
fork over A. O

Lemma 10.6 Let T be simple. Let k be a cardinal number bigger than |T| + |A|. If
(a; 11 < k) is A-independent and the length of every a; is smaller than k, then for any a of
length smaller than x there is some i < k such that a \LA a;.

Proof: By choice of &, there is a proper subset B C {a; : i < k} such that a \LAB{aZ- :
i < r}. Take a; ¢ B. Then a | , ,a; and, by Corollary 5.17, a; | , B. By symmetry and
transitivity, a | 4 i O

Lemma 10.7 Let T be simple. For any a, A and B 2 A there is a’ such that a’ EA a and
a | ,B.
A

Proof: Let k be a cardinal bigger than |T'| 4 | B| and bigger than the length of a. We may
assume that tp(a/A) is not algebraic. Let (a; : @ < k) be a Morley sequence in tp(a/A)
starting with ag = a. By Lemma 10.6 there is some ¢ < s such that B J/Aal-. Clearly,

Ls
a =4 a;. O

Lemma 10.8 LetT be simple and a EA b. For any c, B there is some d such that ac EA bd
andd | ,, B.

Proof: By Corollary 9.14 there is some d’ such that ac =4 bd’ and by Corollary 9.13,
there is a strong automorphism f € Autf(€/A) such that f(ac) = bd’. By Lemma 10.7

there is some d such that d EAb d' and d LA B. Again by Corollary 9.13 there is some
g € Autf(€/Ab) such that g(d') = d. It follows that g o f € Autf(€/A) and g o f(ac) = bd.

Ls
Hence ac =4 bd. O
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Corollary 10.9 (Independence Theorem) Let T' be simple and a |, b. If there are
¢, d such that |= ¢(c,a), ¢ | ,a, E(d,b), d | ,b, and c =, d, then (x,a) A(z,b) does
not fork over A.

Proof:  Using Lemma 10.8, choose b" | , ab such that cl/ =, db. Then = ¢(c,a) A
Y(c,b') and ¢ |, ab’. Therefore (z,a) A z/J(a: b') does not fork over A. Since a | , bb’ by
Corollary 10.5, <p(x a) A ¢(z,b) does not fork over A.

Corollary 10.10 Let T be simple.

1. Assume A is a common subset of B and C. Assume B J/AC’, and let bJ/AB,
C\LAC, be such that b=, c. Then for some dJ/ABC’, d=pbandd=cc.

2. Let (a; : i € I) be an A-independent sequence, let m;(x) a partial type over Aa; which
does not fork over A and asume that whenever (b; : i € I) is a sequence of realizations

b; = m; then b; EA bj for alli,j € I. Then J;c; mi(x) does not fork over A.

3. Let (a; : i € I) be an M-independent sequence, let m;(x) a partial type over Ma,; which
does not fork over M and extends p(x) € S(M). Then |J,.; mi(z) does not fork over
M.

Proof: 1 follows from Corollary 10.9. For 2 we may assume I = w and then using 1 it
is easy to prove by induction that mo(xz) U ... U m,(x) does not for over A for all n < w. 3

icl

follows from 2 since b; =y b; implies b; = M bj. O

Proposition 10.11 Let T be simple. If a EA b and aJ/Ab, then a,b start a Morley
sequence (a; : i < w) over A.

Proof: Let p = tp(ab/A). We prove first that for any cardinal x there is an infinite
A-independent sequence (a; : ¢ < k) such that |= p(a;,a;) for all ¢ < j < k. Note that

C Ls . . . . .
this implies a; =4 a;. The sequence is constructed inductively starting with ap = a and
ay; = b. We choose as a,, a realization of J,_, p(a;, z) such that a, iA(ai 11 < a). Todo

this we need to prove that |J;_, p(ai, z) does not fork over A. Note that c EA d whenever
¢ = pla;,z) and d = p(a;,z). Therefore it is clear that we can apply the generalized
version of the Independence Theorem stated in point 2 of Corollary 10.10 to obtain the
desired result. Now, once we have this A-independent sequence we still need to make it
A-indiscernible. But this can be done easily by Proposition 1.1. O

Proposition 10.12 If T is simple, then a EA b if and only if there is some ¢ such that a, c
start an infinite A-indiscernible sequence and b, c start an infinite indiscernible sequence
over A.

Proof: Assume a ;A b and find with Lemma 10.7 some ¢ such that ¢ EA a and ¢ LA ab.
By Proposition 10.11 a, ¢ start an infinite Morley sequence over A and b, ¢ start an infinite
Morley sequence over A. a

Corollary 10.13 If T is simple, then the relation ;A of equality of Lascar strong types
over A is type definable over A by 3z(nca(x,z) Anca(y, z)).

Proof: Clear, by Proposition 10.12. a

Corollary 10.14 If T is simple, then ;A = bédA for every A.
Proof: By Corollary 10.13, EA is type-definable over A. a
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Chapter 11

Canonical bases

T is simple in this chapter.

Definition 11.1 The multiplicity of a type p(z) € S(A) is the number Mlt(p) of its global
nonforking extensions p(x) € S(€). A stationary type is a type of multiplicity 1. Thus over
any B 2 A a stationary type p(x) € S(A) has exactly one nonforking extension q(x) € S(B).
We use the notation p|B for q.

Lemma 11.2 If p € S(A) is stationary, its global nonforking extension is definable over
A.

Proof: Let p be the global nonforking extension of p, and let ¢(z,y) € L. We will show
that p [ ¢ is A-definable. Let A, (y) and A-,(y) the types over A given by Corollary 5.19
for p and ¢ and for p and —¢ respectively. By compactness, the conjunction ¢ (y) of a finite
subset of A, (y) is inconsistent with A—,(y). It is clear that 1) (y) defines p [ . O

Corollary 11.3 If types over models are stationary, then T is stable.

Proof: Lemma 11.2 implies that in this situation every global type is definable. a

Proposition 11.4 1. If p e S(M) has bounded multiplicity, then p is stationary.

2. If p € S(A) has bounded multiplicity, then every extension of p over acl®l(A) is
stationary.

Proof: 1. Assume p € S(M) has two nonforking extensions over A O M, say p; and
p2. We will show that no nonforking extension of p is stationary. This implies that p has
a unbounded number of nonforking global extensions. Let ¢ be a nonforking extension
of p over B O M. To show that ¢ is not stationary we may assume B | A By the
Independence Theorem applied to p; and g we obtain a type ¢; € S(AB) extending ¢ U p;
which does not fork over M. Similarly, by applying it to ps and ¢ we obtain a type
g2 € S(AB) extending g U pa which does not fork over M. Then ¢1, g2 are two different
nonforking extensions of ¢ over AB, which shows ¢ is not stationary.

2 Let p'(z) € S(acl®(A)) be a (nonforking) extension of p and let M O A. Any
nonforking extension of p’ over M has bounded multiplicity and by point I is stationary.
We show that p’ has only one nonforking extension over M. This will ensure the stationarity
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of p’. Let g1 € S(M) be a nonforking extension of p’. By Lemma 11.2 the global nonforking
extension of ¢; is M-definable. Since p’ has bounded multiplicity, this global nonforking
extension has a bounded number of acl®d(A)-conjugates and therefore it is definable over
acl®d(A). Therefore ¢ is definable over acl®(A). Now assume g2 € S(acl®d(A)) is another
nonforking extension of p’. Again, g is stationary and definable over acl®d(A).

Consider the respective definitions dyxp(z, y) € L(acl®d(A)) and dexp(x,y) € L(acl®(4))
of ¢1 and go. We show that if p(z,a) € ¢ then ¢(x,a) € go. Let b; = ¢;. Then b; \LA M
and | o(b1,a). Let 7(y) = stp(a/A) and let A(zx) be the partial type over acl®!(A) given
by Corollary 5.19 for r(y) and ¢~ (y,x) = ¢(z,y). Then = A(by). Since it is a partial type
over acl*(A), also = A(b2) and therefore there is some a’ such that a’ | , bs, @' = 7(y)
and = ¢(ba, a’). We may find such o’ with the additional property that a’ J/AbQ M. In this
case a’ |, b and hence by stationarity ¢(z,a’) belongs to the global nonforking extension
of qo, that is, = dyxp(z,a’). Since this formula is over acl®¥(A) and a =4 o’ we conclude
that = dexp(z,a), that is, p(x,a) € go. a

Remark 11.5 Let T be stable.

1. Any strong type is stationary.
2. Any type over a model is stationary.

Proof: Clear by Proposition 9.19. O

Remark 11.6 If T is stable, then any two global nonforking extensions of p(x) € S(A) are
A-conjugate.

Proof: Let py,ps € S(€) be two nonforking extensions of p and let p; = p; | acl®d(A4). Asin
the proof of Corollary 6.10, there is some f € Aut(€/A) such that p{ = py. By Remark 11.5,
po is stationary. Since p{ and po are nonforking extensions of p,, they coincide. O

Proposition 11.7 Let T be stable.

1. Mlt(p) < 2!,
2. If Mlt(p) > w, then Mlt(p) > 2.

Proof: 1. Let p(z) € S(A), assume p has bounded multiplicity and choose some B C A of
cardinality < |T| such that p does not fork over B. Since every nonforking extension of p is
a nonforking extension of p | B, it is enough to check that Mlt(p | B) < 2Tl Let M D B
be a model of cardinality < |T'|. By Remark 11.5 every type over M extending p | B is
stationary, Mlt(p | B) is bounded by the number of extensions of p | B over M and this
number is < |S(M)| < 2IT1.

2. Note that the set of nonforking extensions over € of p(z) € S(A) is a closed set
in S(€) in which (by Remark 11.6) any two points are connected by a homeomorphism
induced by an automorphism of € over A. Hence in case this set has an isolated point, any
other point is isolated and therefore it is finite. In case it does not have isolated points, it
is a nonempty perfect set and therefore it contains at least > 2% points. O

Definition 11.8 Two stationary p(z) € S(A), q(x) € S(B) types are called parallel if they
have a common nonforking extension. We write then p || q. Note that ¢ = (p|AB) | B.
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Definition 11.9 Let p € S(€) be definable. A subset B of €1 is a canonical base of p if
for every f € Aut(€), p/ = p if and only if ffizes pointwise B. Clearly, p is definable over
A if and only if B C dcl®1(A).

Remark 11.10 1. If p is definable and B is a canonical base of p, then p is definable
over B.

2. If B, B’ are canonical bases of the definable type p, then dcl°d(B) = dcl®Y(B’).
3. Every definable global type has a canonical base.

Proof: For 3, choose for every ¢(z,y) € L a formula dyze(x,y) defining p(x) | ¢ and let
¢, € € be the canonical parameter of its definition dyzp(z,y). Then (¢, : ¢ € L) is a
canonical base of p. a

Definition 11.11 Let T be stable and p(x) € S(A) be a stationary type. We call B a
canonical base of p if B is a canonical base of the (definable) global nonforking extension
of p. We use the notation Cb(p) for dcl®)(B) where B is a canonical base of p. Finally we
define Cb(a/A) = Cb(stp(a/A)).

Remark 11.12 Let T be stable. B is a canonical base of the stationary type p € S(A) if
and only if for each f € Aut(€): p || p¥ if and only if f fires B pointwise.

Proposition 11.13 Let T be stable.

1. Cb(a/A) C acl®(A).
2. If tp(a/A) is stationary, then Cb(a/A) C dcl®d(A).
Proof: If f € Aut(€/A) and p(x) € S(A) is stationary, then p/ = p || p and therefore f

fixes pointwise Cb(p). Hence Cb(p) C dcl®d(A). For 2 note that if tp(a/A) is stationary
then Cb(p) = Cb(a/A). O

Proposition 11.14 Let T be stable. Let B be a canonical base of p(z) € S(€). Then p
does not fork over A if and only if B C acl®d(A). Moreover those following are equivalent:

1. p is definable over A.
2. B Cdcl®(A).
3. p does not fork over A and p | A is stationary.

Proof: If p does not fork over A then p(z) = p | acl®®4 is stationary and has B as a
canonical base. Hence by Proposition 11.13 B C acl®¥(A). On the other hand if B C acl®*?A
then p is definable over acl®d(A) and hence it does not fork over A.

Equivalence between I and 2 is immediate. Now we prove the equivalence with 4. If p
is definable over A, then p is the only element of its orbit in Aut(€/A) and hence p does
not fork over A (by Corollary 8.6 ) and p | A is stationary (by Remark 11.6). For the other
direction, if p does not fork over A and p [ A is stationary, then clearly p is the only element
of its orbit in Aut(€/A) and therefore, by definition of canonical base, B C dcl®!(4). O

Proposition 11.15 Let T be stable. If B C A, the following are equivalent.
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l.al A
2. Cb(a/A) C acl®d(B)
3. Cb(a/A) = Cb(a/B).

Proof: Equivalence between 1 and 2 follows from Proposition 11.14. Concerning 3, note
that if a | , A then stp(a/A) and stp(a/B) have the same global nonforking extension and
therefore Cb(a/A) = Cb(a/B). On the other hand, if their canonical bases coincide, then
Cb(a/A) = Cb(a/B) C acl®(B). a

Lemma 11.16 Let T be stable. If a € dcl®d(b), then Cb(a/A) C Ch(b/A). Hence, two

interdefinable sequences have the same canonical base over any set.

Proof: Let f € Aut(€/Cb(b/A)). We will show that stp(a/A) and stp(f(a)/f(A)) are par-
allel, which easily implies that f fixes pointwise Cb(a/A). Since stp(b/A) || stp(f(b)/f(A)),
there is some ¢ | , f(A) such that cJ/f(A) A, ¢ =4 band ¢ =54 f(b). Let h be a 0-

definable mapping such that h(b) = a. Then h(c) | , f(A), h(c) \Lf(A) A, h(c) =4 a and
h(c) éf(A) f(a), and therefore stp(a/A) || stp(f(a)/f(A)). d

Lemma 11.17 Let p(z),q(y) € S(A) and assume one of them is stationary. Let a,a’ be
realizations of p and let b,V be realizations of q. If a | ,b and a" | , V' then ab =4 a'b'.
If p and q is stationary, then tp(ab/A) is also stationary.

Proof: Without loss of generality, ¢ is stationary. Choose ¢ be such that ab =4 a’c. Then
c=4 U, CJ_/AG/ and V' J/A a’. Since q is stationary, ¢ =4, V. Then a'b' =4 a’c =4 ab.
With respect to the last assertion, assume B D A, ¢d =4 ab, 'd’ =4 ab, cd LA B, and
dd J/AB. Since p is stationary, ¢ =g ¢’. Similarly, d =g d’. Moreover CJ/BCZ and
¢ | 5 d. Therefore cd =p 'd’ and we conclude than tp(ab/A) is stationary. a

Lemma 11.18 Let (I,<) be a linearly ordered set and for each i € I, let p;(x;) € S(A)
be stationary. Let (a; : i € I) be a A-independent sequence where a; = p; for alli € I. If
(bi =1 € 1) is an A-independent sequence such that b; = p; for alli € I, then (a;:i € I) =4
(b; : i € I). Moreover tp((a; : i € I)/A) is stationary.

Proof: We can assume [ is finite and then it can be proved easily by induction on |I|
using Lemma 11.17. O

Definition 11.19 Let p;(x;) € S(A) for each i € I and assume each of the types p; is
stationary. The product of the types (p; : i € I) is the stationary type tp((a; : ¢ € I)/A)
where (a; : i € I) is A-independent and a; = p;. By Lemma 11.18 it is well defined. We
denote it by @, pi- In the finite case we use the notation p1 ® ... ® py,. If all the types p;
are equal to p(x) € S(A), the notations are p' and p™.

Remark 11.20 If(a; : i < «) is an A-independent sequence of realizations of the stationary
type p(x) € S(A), then it is a Morley sequence in p and tp((a; : i < «)/A) = p®. Hence,
if (b; 11 < ) is another A-independent sequence of realizations of p, then (a; : i < ) =4
(bi 1< Oé).

Proof: A-indiscernibility of (a; : ¢ < a) can be justified observing that for each n < w, for
each ig < ... <1, < a, tp(ao, ..., an/A) =tp(as, ..., ai, /A) =" a
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Lemma 11.21 Let p(x,y) € L stable, let p € S(€) and assume p | ¢ is M-definable. If c,,
is the canonical parameter of some definition of p | ¢ over M, then c, € dcl®(a; : i < w)
for some Morley sequence (a; : i <w) inp | M.

Proof: By Proposition 8.2 p [ ¢ is definable over some Morley sequence (a; : i < w) in
p M. O

Proposition 11.22 If T is stable, then for each Morley sequence (a; : i < w) in stp(a/A),
Cb(a/A) C dcl®(a; 1 i < w).

Proof: Let p be the global nonforking extension of p(z) = stp(a/A) and fix some (z,y) €
L and some model M O A. Let ¢, be the canonical parameter of a definition of p | .
By Lemma 11.21 ¢, € dcl®d(b; : i < w) for some Morley sequence (b; : i < w) in p | M.
Note that (b; : i < w) is also a Morley sequence in stp(a/A). By Remark 11.20 (a; : ¢ <
w) =4 (b; : i < w) and therefore there is some f € Aut(€/acl®d(A)) sending each b; to a;.
It follows that ¢, € dcl®(a; : i < w). Since Cb(a/A) is definable over (¢, : ¢ € L), we
conclude that Cb(a/A) C dcl®Y(a; : i < w). ]
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Chapter 12

More on independence

Notation 12.1 In this chapter | will be an arbitrary ternary invariant relation among

sets. We will use J/f for the forking-independence relation as defined in 5.1. Sometimes
we will say that | is invariant just to stress this fact.

Definition 12.2 An independence relation is a ternary relation | among sets satisfying
the following axioms:

1. Invariance. If A |, B and f € Aut(Z), then f(A) J/f(c) f(B).

2. Monotonicity. If A J/c B, A CA, and B' C B, then A’ J/C B’

3. Right base monotonicity. If A \LC B and C C D C B, then A J/D B.

4. Right transitivity. If D C C C B, B J/C A, and C J/D A, then B J/D A.

5. Left normality. If A |, B, then AC | B.

6. Extension. If A | , B and B' 2 B, then f(A) | , B’ for some f € Aut(¢/BC).
7. Left finite character. If Ao |, B for all finite Ao C A, then A | B.

8. Weak local character. For every A there is a cardinal number k(A) such that for any
B there is some C C B such that |C| < x(A) and A |, B.

We say that the independence relation | is strict if additionally satisfies
9. Anti-reflexivity. If A | A, then A C acl(C).

For a sequence a, a | , B means that A | , B where A is the set enumerate by a. Similarly
for other notations like a LC b, etc.

Remark 12.3 Note that the property of right normality

if A B then A | BC
c c
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follows from extension and invariance. Note also that right base monotonicity and weak
local character give the so called existence property:

A B.
B

Proposition 12.4 Assume | satisfies the first five axioms of independence and also the
extension property. If a J/c B, then there is a BC-indiscernible sequence (a; : 1 < w) such
that a; =gc a and (a; : j < i) Lcai for alli < w.

Proof: Since a | o B by the extension property for any A we can construct a sequence
(a; : i < A) such that ap = a, a; =pc ao, and a; |, B(a; : j < i). If we choose A big
enough and we apply Proposition 1.1, we obtain a BC-indiscernible sequence (a} : i < w)
such that for each n < w there are ig < ... < i, < A such that ay,...,a, =pc aig,- - -, 0,
By monotonicity and invariance, aj | ,(a] : j < 1) for all i <w. We now claim that for all
n >0,
(a;:0<i<mn) ] ag
c

We prove it by induction on n. It is clear for n = 1. By the inductive hypothesis and left nor-
mality, C(a} : 0 <i<mn) | c ag. By construction of the sequence and right base monotonic-
ity, al, J/C(a;:0<i<n) ag. By left normality again, C(a) : 0 < i <n) \J-’C(a§20<i<n) ag. Finally
by right transitivity C(aj : 0 <i < n) | ,aj and by monotonicity (aj : 0 <i <n) |, a.
This finishes the induction.

By compactness, there is a sequence (a! : ¢ < w) such that for eachn < w, ag, ..., al! =p¢

a,,...,ap. It is clear that it satisfies the required conditions. |
Proposition 12.5 Assume | satisfies the first five axioms of independence and also the
weak local character and the finite character properties. Assume there is a BC-indiscernible

sequence (a; : i <w) such that a; =pc a and (a; : j <1i) | ,a; foralli <w. Then B | a.

Proof: Let x(B) be the cardinal given for B by the weak local character property and
choose a regular cardinal k > k(B). We can extend our sequence to a BC-indiscernible
sequence (a; : ¢ < k). By finite character and invariance, (a; : j <14) | ,a; for all i <r.
By weak local character there is some D C C U {a; : i < s} such that |D| < x and
B |, C(a; : i < k). By regularity of s, D C CU{a; : j <} for some i < k. By right base
monotonicity, B J/C(aj:j@) C(a; : j < k) and by monotonicity, B \Lc(aj:j«) a;. By left
normality BC(a; : j < 1) J/c(aj:jﬁ,) a; and also C(a; : j < 1) J/C a;. By right transitivity,

gC(aj :j <1) L, a. By monotonicity B |, a;. Since a =pc a;, by invariance B | a.

Corollary 12.6 Any independence relation is symmetric, that is: if A \Lc B, then B J/c A.

Proof: It is an immediate consequence of propositions 12.4 and 12.5. O

Definition 12.7 For any invariant | we define |~ as follows: A\J/ZB if and only if
for all B' 2 B there is some f € Aut(€/BC) such that f(A) | B’

Remark 12.8 For any | , |~ is also invariant and A J/*C B implies A |, B.

Proposition 12.9 For any monotone | , | ™ has the extension property.
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Proof: Let AJ/ZB and B C B’. Let a enumerate A and let x be a corresponding
sequence of variables. We claim that there is a type p(z) € S(CB’) extending tp(a/CB)
and such that for each cardinal x there is a k-saturated model M O C'B’ and some o’ |=p
such that o’ | , M. Assume not, and fix for each p(z) € S(CB’) extending tp(a/CB)
a corresponding cardinal k), for which there is no kp-saturated model M O CB’ with a
realization a’ |= p such that a’ |, M. Let  be the supremum of all these cardinals r, and
choose a k-saturated model M D CB’. Since a | *, B, there is some @’ =cp a such that
a’ [, M. Then p(z) = tp(a’/CB’) satisfies the requirements of the claim.

Now we use the claim fixing some p(x) € S(CB’) as indicated. Let a’ = p. We will show
that a’ J/Z, B’. This will establish the extension property for | *. Let B” O B’. We need
to show that for some a” =cp' a’ (i.e., some a” [Fp), a” |, B". Let k= |CUB'|* +|B"|
and by the claim choose a r-saturated M 2 CB’ and some a” |= p such that " | M.
By & saturation there is an automorphism f € Aut(¢€/CB’) such that f(B”) C M. By
monotonicity a” |, f(B”). By invariance f~'(a”) [, B". Since f~'(a") |= p we have
finished. -

Remark 12.10 FEach one of the properties of monotonicity, right base monotonicity, right
transitivity, left normality, and anti-reflevivity is preserved when passing from | to | *.

Proposition 12.11 Assume | satisfies the first five azioms of independence and also left
finite character. If | ™ satisfies weak local character, then | ™ is an independence relation.

Proof: By Remark 12.10 and Proposition 12.9 we only need to show that | * has left finite
character. But first we check that | * is symmetric. Note that | * satisfies the hypotheses
of Proposition 12.4 and | satisfies the hypotheses of Proposition 12.5. Hence A J/Z,B
implies B |, A. Now assume A | ;, B and let us prove that B |/, A. Let A’ 2 A. Since
A" |, AC, by extension there is some f € Aut(€/AC) such that f(A’) |, , ACB. By
monotonicity f(A’) J/Z o B- Since A J/Z, B, by right transitivity and monotonicity of | *,
f(A) \LZB Hence B |, f(A’) and f~4B) L o4, which shows that B J/Z,A

Assume that for any finite tuple a € A, a J_/*CB To prove that A J/*c B, consider
some B’ D B. By existence and extension, there is some f € Aut(€/BC) such that
f(A) LZB B’. Hence A J/Z,B f~YB’). By symmetry f~1(B’) J/*BC A. For each tuple
a € A, we have aLZB and aJ/*BC f~Y(B’). By symmetry and right transitivity we
obtain then a |/, f~(B') for all tuples a € A. Hence a |, f~'(B’) for all tuples a € A.
By left finite character of |, A |, f~!(B’). By invariance f(4) |, B'. O

Proposition 12.12 Let | be monotone. Then | = | ™ if and only if | has the exten-
ston property.

Proof: One directions follows from Proposition 12.9. The other direction is clear by
definition of | * since | ™ refines | . O

Definition 12.13 [t has already mentioned that J/f is nonforking independence. We de-

fine \Ld as nondividing independence. To be precise:

1. A J/z, B if and only if for any sequence a € A, tp(a/BC) does not divide over C.

2. A J/é B if and only if for any sequence a € A, tp(a/BC) does not fork over C.
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Proposition 12.14 (Ld)* = J/f.

Proof: By Remark 4.4 we know that J/f has the extension property. Since \L'f implies
L% it follows that J/f implies (| %)*. For the other direction, assume A(J/d)ZB but

A j/f B. For some tuple a € A, for some formula ¢(x,y) € L, for some b € BC, | ¢(a,b)
and o(x,b) forks over C. Then for some ¥1(x,y1),...,Un(x,yn) € L, for some by, ..., by,
E o(z,b) — ¥1(x,b1)V.. Vo, (2, b,) and each ¢(z, b;) divides over C. Let B’ = Bby, ..., by,.
By assumption there is some a’ =g¢c a such that o J/dc B’. Since = ¢(d/,b), for some ¢,
E vi(a’,b;). This implies that tp(a’/B’) divides over C, a contradiction. ad

Remark 12.15 J/d has the properties of invariance, monotonicity, right base monotonic-

ity, right transitivity, left normality, finite character and anti-reflexivity. Therefore \Lf
satisfies all this properties and moreover it satisfies extension.

Proof: For right transitivity see Proposition 4.6 and for anti-reflexivity see point 5 in
Remark 4.2. The other properties are straightforward. a

Proposition 12.16 The following are equivalent.

1. T is simple

2. Lf satisfies weak local character.
3. Ld satisfies weak local character.
4. Lf is an independence relation.

5. Ld s an independence relation.

Proof: We know that simplicity of T implies all the other conditions. It is clear that
4 implies 2 and that 5 implies 3. It is also clear that 2 implies 3. We check now that
simplicity follows from 3. Assume 7' is not simple. Then for some p(z) € S(()) for some
p(z,y) € L, for some k < w, D(p(x),p, k) = co. The cardinal x(a) given by weak local
character of \Ld is clearly the same for any realization of a of p. Let k be regular and
bigger than this cardinal. By Proposition 3.9 there is a sequence (a; : i < k) such that
p(x)U{e(z,a;) : i < k} is consistent and for each i < k, ¢(z, a;) k-divides over {a; : j < i}.
Let a = p(z) U {¢(z,a;) : i < k}. By choice of k, there is some C C {a; : i < K} such
that |C| < k and tp(a/{a; : i < k}) does not divide over C. By regularity of &, for some
i<k, C C{aj:j<i}. Then tp(a/{a;:j <i}) does not divide over {a; : j < i¢}. But this
contradicts the fact that = ¢(a, ;) and that ¢(z, a;) divides over {a; : j < i}. a

Remark 12.17 Assume | is invariant and has weak local character. Let a be an ordinal
number. There is a cardinal number k such that for each a-sequence a, for each set B there
is some C'C B such that |[C| <k and a | . B.

Proof: Let x be a sequence of variables of length a and let p(z) € S(0). By weak local
character, for each a = p there is some cardinal x(a) witnessing the property for a. By
invariance x(a) is the same for each a = p. Let us call it k,. Now the supremum of all ,
for p(z) € S(0) satisfies the required condition. m
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Definition 12.18 We will be dealing with some arbitrary independence relation | and we

would like to use for it the standard terminology developed for nonforking independence J/f
in simple theories. By Corollary 12.6 we know that | is symmetric. Therefore | is also
left transitive and has right finite character. A | -independent over C' sequence will be a
sequence (a; : i < ) such that a; | (a; : j <) for all i < . Such a sequence will be
called a | -Morley sequence over C' if additionally it is C-indiscernible.

Let A C B, p(z) € S(A) and p(x) C q(z) € S(B). We say that q(z) is a | -free
extension of p(x) if for some a = q, a J/A B. In this case we also say that q is | -free over
A.

We say that | satisfies the Independence Theorem over C, if whenever a =¢ b, C C
ANB, ALCB, aJ/CA,‘ande/CB, then there is some C\LCAB such that c =4 a and
¢ =p b. In other terms, if C C AN B and A J/C B, for any two types p(z) € S(A) and
q(z) € S(B) which are | -free over C and have a common restriction to C, their union
can be extended to a complete type over AB which is | -free over C.

Proposition 12.19 Ld is finer than any independence relation | , that is: if A J/CéB,
then A |, B.

Proof: Assume a JJdC bbut a [ b Let r(a) be the cardinal given for a by the weak
local character property and choose a regular £ > x(a). We check that there is a | -
Morley sequence (b; : i < k) over C starting with by = b. Since b |, C, there a C-
indiscernible sequence (b; : @ < k) starting with by = b which is | -independent over C,
that is b; | ,(bj : j <) for all 7 < k. Its initial segment (b; : i < w) can be obtained as
in Proposition 12.4 (using freely the symmetry of | ) and for its extension to a sequence
of length x we need only to preserve C-indiscernibility since | -independence over C' is
granted by invariance and finite character. Now let p(z,y) = tp(ab/C). Since p(z,b) does
not divide over C, | J,_,. p(z,b;) is consistent. Let a’ be a realization of this union of types.
Then a'b; =¢ ab for all 1 < k, which implies that a’ j/c b; for all i < k. If @’ |

then (by transitivity) a’ J/c b;, which is not the case. Hence a’ J/c(b

C(b;:j<i) bi
b; for all 1 < k.
byj<iy (03 1 < )
for some i < k. O

515 <)
But this contradicts the choice of k since x(a) = x(a’) and therefore o’ J/C(

Lemma 12.20 Let | be an independence relation. Assume | satisfies the Independence
Theorem over C. Then for any p(z,y) € S(C), if (a; : i < &) is an | -independent over C
and each p(x,a;) is a | -free extension of its common restriction to C, then |J,_, p(, a;)
is | -free over C.

Proof: We inductively construct a chain of types (g; : ¢ < a) such that ¢;(x) € S(C(a; :
j <)) extends J;_; p(z,a;) and is | -free over C. We begin with go = p(z,ao) [ C and for
limit ¢ we put ¢; = i (which is | -free by inductive hypothesis and finite character).
For the case g;+1 we apply the Independence Theorem to A = C(a; : j < i), B = Ca,,
gi(z) € S(A), and p(z,a;) € S(B) (which are | -free extensions of ¢p) obtaining a type
gi+1(x) € S(AB) = S(C(a; : j <i+1)) extending p(z, a;) Ug;(z) and | -free over C. Since
Uica @i(x) is | -free over C and contains |J;_, p(z,a;), also |, p(,a;) is | -free over

O

Theorem 12.21 T is simple if and only if there is an independence relation | in T
which satisfies the Independence Theorem over models. Moreover if T is simple and | is

as indicated, then | = | °.
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Proof: If T is simple then clearly J/d = J/f is an independence relation (see Propo-
sition 12.16) and satisfies the Independence Theorem over models (see Corollary 10.10).
For the other direction, by Proposition 12.19 we know that J/d C | . We will show now

that | C | From this it will follow that | = | ¢ and hence that | % has weak local
character in 7. By Proposition 12.16 T is simple.

Let a | ,b. We check that a J/dcb. Let p(xz,y) = tp(ab/C) and let (b; : i < w) be
C-indiscernible with by = b. We will show that |J,_,, p(z,b;) is consistent. Let x(b) be
the cardinal number given for b by the weak local character property and choose a regular
cardinal k > k(b). Extend the given sequence to a C-indiscernible sequence (b; : i < k). By
Corollary 1.2 there is a model M D A such that (b; : ¢ < k) is M-indiscernible. Starting
with My = M it is easy now to construct a chain of models (M; : i < k) such that
C(b; : j < i) € M; and (b; : i < j < k) is M;-indiscernible. Since x(b) = k(by), by
choice of &, by J/Mi(Mj 1 j < k) for some i < k. Then by J”Mi(bj 11 < j < k). By
invariance and finite character, (b; : ¢ < j < k) is | -independent over M; and hence it is a
| -Morley sequence over M;. By conjugation over C, (b; : i < w) is an | -Morley sequence
over some model M D C. Let g(z) € S(Mby) a | -free extension of p(z,by) and choose
p'(z,y) € S(M) such that ¢(z) = p'(x,bp). Then p'(x,b;) € S(Mb;) is | -free over M (in
fact over C). By Lemma 12.20, |J,;_,, p'(z,b;) is consistent. In particular (J,_,, p(=,b;) is
consistent. O

Theorem 12.22 T is stable if and only if there is an independence relation | in T which
satisfies one of the two equivalent conditions:

1. Types over models are | -stationary, that is, for any p(x) € S(M), for any B O M
there is only one | -free extension of p over B.

2. Every type has a bounded number of | -free extensions, that is, for each sequence of
variables © there is a cardinal p such that for each p(x) € S(A) for every B O A there
are at most i | -free extensions of p over B.

Moreover if T is stable and | is as indicated, then | = | °.

Proof: If T is stable, T is simple and J/d = Lf is an independence relation. Moreover
(see Remark 11.5 and Proposition 11.7) conditions I and 2 hold.

1 implies 2. Let o be the length of x and let x be the cardinal given by weak local
character according to Remark 12.17. Let p = 2!T17%. We want to show that p is an upper
bound for the number of | -free extensions of p(x) € S(A) over any other bigger set. For
this we may assume that |A| < k because there is some C C A of cardinality < s such
that p is | -free over C' and then a bound for p | C is also a bound for p. There is a
model M D A of cardinality k. The number of extensions of p to a complete type over M
is bounded by |S(M)| < 2/TI+% = 11, Since every type over M is stationary, the number of
|_-free extensions of p over any set is also bounded by p.

2 implies stability of T and | = J/d (and hence it implies 7). Fix g as in 2 and fix
an n-tuple of variables x. Choose £ > |T'| witnessing the weak local character of | for
n as in Remark 12.17. Choose A > p such that A = A<®. We show that T is stable in
A. Let |A] < A. For each p(z) € S(A) there is some C' C A such that p is | -free over
C and |C] < k. There are < A\<" = X such subsets C' C A, over each such C there are
< 2ATIHICT < \<r = X types ¢(z) € S(C) and for each g(x) € S(C) there are at most p < X
L -free extensions of ¢ over A. The number of types p(x) € S(A) is therefore bounded by A.
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Thus, T is stable. By Proposition 12.19 we know that | * C | . To check that | € |
assume p(z) = tp(a/BC) divides over C. Every global extension p € S(€) of p forks over C
and therefore has an unbounded number of C-conjugates. But if p is | -free over C' then
over any bigger set p has an extension which is | -free over C' and hence the number of its
C-conjugates is bounded by u. Therefore a f o B- a

Proposition 12.23 The following are equivalent.

1. T is not simple.

2. For some p(x,y) € L there is an indiscernible sequence (c;a; : i < w) such that for all
i <w, = o(c,a0) and o(z,a;) divides over {cja; : j < i}.

3. For some ¢(x,y) € L, there are a tuple ¢ and some c-indiscernible sequence (a; : i < w)
such that for all i < w, = ¢(c,a;) and p(x,a;) divides over {a; : j < i}.

4. For some p(x,y) € L, there are a tuple ¢ and some c-indiscernible sequence (a; : i < w)
such that = ¢(c, ay) and p(z,a,) divides over {a; : i < w}.

Proof: 1 = 2. If T is not simple, then (see Proposition 3.9) for some ¢(x,y) € L, for
some k < w there is a sequence (d; : i < w) such that {¢(z,d;) : i < w} is consistent and
o(z,d;) k-divides over {d; : j < i} for each i < w. By Proposition 1.1 we may assume
(d; : i < w) is indiscernible. We now inductively define (¢;a; : i < w) in such a way that
o(x,a;) divides over {cja; : j < i} and = ¢(ca0) A ... A (¢, a;). Indiscernibility can
be obtained again by an application of Proposition 1.1. We start the construction with
ag = dg choosing then ¢ such that = ¢(cp,a0). Since p(z,d;) k-divides over ag, there
is an ag-indiscernible sequence (b; : i < w) such that b; =,, di and {p(z,b;) : i < w} is
k-inconsistent. By Proposition 1.1 we may assume it is agcg-indiscernible. Set a; = by and
choose ¢; such that = ¢(c1,a0) A p(c1,a1). Then p(x,a1) k-divides over ag,co. Changing
(di :2<i<w)by (d; : 2 <i<w)such that agai(d} : 2 <i <w) = (d; : i <w) if necessary
we can continue carrying out the construction.

2 = 3. By indiscernibility we may extend the sequence (c;a; : i < w) and therefore
assume that dividing is always with respect to some fixed k < w. We can also take w + 1
as index set, in which case = ¢(cy,a;) for all i < w. Then put ¢ = ¢, and note that
(a; : i < w) is c-indiscernible and that for all i < w, ¢(z, a;) k-divides over {a; : j < i}.

3 = 4. Extend the sequence (a; : i < w) to a c-indiscernible sequence (a; : i < w).

4 = 1. Assume @(z,a,) k-divides over {a; : i < w}. By indiscernibility for all i < w,
o(x,a;) k-divides over {a; : j < i}. By c-indiscernibility, = ¢(c, a;) for all i < w and
therefore {¢(x,a;) : ¢ < w} is consistent, which contradicts simplicity of 7. O

Theorem 12.24 The following are equivalent
1. T 1is simple.
2. | is symmetric.
3. |7 is symmetric.
4. L% is left transitive.

L7 is left transitive.

&t
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Proof: By proposition 5.15 and by the fact that in a simple theory J/d = Lf , conditions
2 and 3 follow from 1.

2 = J and 8 = 5. Since Ld and \Lf are right transitive, it is clear that symmetry
implies they are left transitive.

4 = 1 and 5 = 1. Fix an ordered set of order type w + 2 + w*, where w* is the reverse
order of w, say
0<l< " <w<w+l< < =2< 1.

where w* = {—1,—2,...}. Assume T is not simple. By Proposition 12.23 and compactness
there is some ¢(x,y) € L for which there is an indiscernible sequence (¢;a; : i € w+2+w*)
such that for each i, ¢(z,a;) divides over {c;a; : j < i} and for all j < i, = ¢(c,a;).
Let I = {a; : i € w} and let J = {a; : i € w*}. Since E @(Cot1;0w)s Cwt1 J//?Jaw.
Since tp(cw+1/I1J) is finitely satisfiable in I, ¢ 41 J_/{ J. Since tp(cy41/a,IJ) is finitely
satisfiable in J, ¢,4+1 \Lf ; G- This contradicts left transitivity of L%and | 7.

O



Chapter 13

Supersimple theories

Definition 13.1 T is supersimple if for all p € S(A) (in finitely many variables) there is
a finite Ag C A such that p does not fork over Ag. In other words, for any tuple a, for any
set A, there is a finite Ag C A such that a J/Ao A. By Proposition 4.11 this implies T is

simple. T is superstable if it is stable and supersimple.

Definition 13.2 «(T') is the least cardinal p such that for each tuple a, for each set A
there is some B C A such that |B| < p and a | 5 A. If there is not such cardinal p we set
K(T) = oc.

Remark 13.3 1. T is simple iff k(T) < oo iff k(T) < |T|T.

2. T is supersimple iff k(T) = w.
Proposition 13.4 The following are equivalent:

1. T is supersimple

2. There is no infinite sequence (p;(z,a;) : i < w) such that {vi(z,a;) : i < w} is
consistent and for each i < w, p;(x,a;) divides (forks) over {a; : j < i}.

3. There is no infinite increasing chain (p;(z) : i < w) of types p;(z) € S(A4;) such that
each p;41 is a forking (dividing) extension of p;.

Proof: Similar to the proof of Proposition 4.11. A forking (dividing) chain of types gives
easily a forking (dividing) chain of formulas and conversely. If there are not infinite forking
chains of formulas, the theory is simple and therefore forking and dividing coincide. a

Definition 13.5 Lascar ranks SU and U are ordinal valued (or co) and are defined for
complete types over sets in finitely many variables. SU is defined by:

° SU(p)

v

0.
o SU(p) > a+ 1 iff there is a forking extension q of p such that SU(q) > «.

e SU(p) > a iff SU(p) > B for all B < « in case « is a limit number.

63
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As usual, SU(p) = oo if SU(p) > « for all o, and SU(p) = « if SU(p) > « but SU(p) 2
a+ 1. U is defined by the same conditions for 0 and for a limit number 3. For a successor
ordinal the rule is as follows:

o For p(z) € S(A), U(p) > a+ 1 iff for each cardinal number X there is a set B O A
and there are at least A many types q(x) € S(B) extending p and such that U(q) > a.

We will use the notation SU(a/A) = SU(tp(a/A)) and U(a/A) = U(tp(a/A)).

Remark 13.6 SU is a foundation rank, the foundation rank of complete types over sets
with the relation of being a forking extension. In general, if R is a binary relation, the
foundation rank of R is the mapping v assigning to every element of the domain of R an
ordinal number (or co) according to the following rules:

1. r(a)

v

0
2. r(a) > a+1 iff r(b) > « for some b such that aRb.

3. r(a) > a iff r(a) > B for all B < « if a is a limit number.

By induction on « (and induction on B in the case o+ 1) one easily sees that
4. If r(a) > « and o > (3 then r(a) > 5.

and therefore if one defines

5. r(a) = o0 in case r(a) > « for all

6. r(a) = sup{a: r(a) > a} otherwise,

it is clear that r(a) = a iff r(a) > a and r(a) 2 a+ 1.

Some properties of SU are better understood keeping in mind that it is a foundation
rank. The following will be helpful:

7. If aRb and r(a) < oo, then r(a) > r(b).

8. If R is transitive, the rank r is connected: if r(a) = a < 0o and 3 < a, then r(b) =
for some b such that aRb.

9. If there is a sequence (a; : i < w) such that a = ag and a;Ra;+1 for all i < w, then
r(a) = 0.

10. If there is an ordinal number « such that for all a, r(a) > o implies r(a) = 0o then:
if r(a) = oo, then there is a sequence (a; : i < w) such that a = ag and a;Ra;+q for
all i < w.

Proof: 7 is clear since by definition if r(b) > « and aRb then r(a) > o+ 1. 8 is proven
by induction on « using 7. For 9, prove that for all ¢, r(a;) > « for any « by induction on
a. For 10 note that the hypothesis implies that if r(a) = oo then r(b) = oo for some b such
that aRb. m]

Remark 13.7 SU(p) =0 iff p is algebraic iff U(p) = 0.
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Proposition 13.8 Let T be simple and let p(x) C q(x) be complete types.

1. If q is a nonforking extension of p, then SU(p) = SU(q).
2. If SU(p) = SU(q) < o0, then q is a nonforking extension of p.

Proof: 1. Clearly SU(p) > SU(q). We now prove by induction on « that SU(p) > «
implies SU(g) > «. Consider the case SU(p) > a+ 1. Let p(z) € S(A) and ¢(x) € S(B).
For some C' D A there is a forking extension p’ € S(C) of p such that SU(p’) > a. Changing
C' if necessary, we may assume that there is some b [= ¢ such that b = p’ and C' | ,, B.
Then b | o B, and hence ¢ = tp(b/CB) is a nonforking extension of p’. By inductive
hypothesis SU(¢q") > «. Since ¢’ is a forking extension of ¢, SU(q) > o+ 1. Point 2 is clear
and corresponds to point 7 of Remark 13.6. a

Proposition 13.9 If T is stable, then U = SU.

Proof: By Corollary 8.6 in a stable theory a global type p € S(€) forks over A if and
only if it has a bounded orbit in Aut(¢€/A). By induction on a we prove that SU(p) > «
iff U(p) > a. Consider the case o + 1. Assume p € S(A4), SU(p) > a+ 1 and q € S(B)
is a forking extension of p with SU(q) > a. A nonforking extension q € S(€) of ¢ has
unboundedly many A-conjugates. Fix A and choose a set C' C B such that q [ C has A
many conjugates over C'. By proposition 13.8 and by inductive hypothesis U(q [ C) > a and
then all its A-conjugates over C have also U-rank > «. This means that U(p) > a+ 1. For
the other direction, assume U(p) > a+ 1 and choose A > Mlt(p), the number of nonforking
extensions of p. There is a set B C A over which p has A extensions of U-rank > «a. By
choice of A, one of them, say ¢ € S(B) is a forking extension. By inductive hypothesis
SU(q) > o. Then SU(p) > a + 1. O

Lemma 13.10 Let T be simple.

1. There is some ordinal o such that SU(p) > « implies SU(p) = oo
2. If SU(p) = oo, there is a forking extension q of p such that SU(q) = oo

Proof: 1. Assume for every ordinal « there is a complete type p(z) € S(Ay) such that
a < SU(p,) < oo. Since there is a subset B C A, such that |B| < |T| and p, does not
fork over B, by Lemma 13.8 we may assume that in fact |A,| < |T|. For each «a there
are boundedly many types p(x) € S(A,) and therefore there is an ordinal 3, such that
SU(p) < Bq if p(z) € S(Ay) and SU(p) < oo. Fix an enumeration a, of A,. Clearly
Ba = Buo if tp(ay) = tp(aqs). This contradicts the fact that there are only boundedly many
types tp(aq) of such sequences ag,.

2 follows from I as shown in points 9, 10 of Remark 13.6. a

Proposition 13.11 If T is simple, the following are equivalent for p € S(A).

1. SU(p) =
2. There is a forking chain of types (py, : n < w) starting with p = py.
3. Some q € S(B) extending p forks over ABy for any finite subset By C B.

Proof: 2 < 3 is like in Proposition 4.11. 1 < 2 follows from Lemma 13.10 and points 9,
10 of 13.6. O
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Remark 13.12 If p(x) € S(M) is not definable, then U(p) = oo.

Proof: Asexplained in the proof of Proposition 7.9 for each cardinal X there is a model N >
M over which there are A different strong heirs of p. Since all they are again nondefinable,
this can be used to show that U(p) = oo. ad

Proposition 13.13 1. T is supersimple if and only if SU(p) < oo for all p.
2. T is superstable if and only if U(p) < oo for all p.

Proof: 1 follows from Proposition 13.11 and Proposition 13.3.

2. If T is superstable, T' is stable and by Proposition 13.9 SU = U. Since T is also
supersimple, by 1 U(p) < oo for all p. For the other direction, it is enough to show that
stability follows from the condition U(p) < oo for all p. If T is not stable then there is a
nondefinable type p(z) € S(M) over some model M. Then we apply Remark 13.12. m

Remark 13.14 If SU(p) = a < oo, then for any f < « there is some q 2O p such that
SU(q) = .

Proof: By point § of Remark 13.6. |

Notation 13.15 We will denote by o @& (8 the natural sum of the ordinals o, 3. FEvery
ordinal number o can be written uniquely in Cantor normal form as a = >, w®n,; where
Qg > ... > ap are ordinals and nyg,...,n, are natural numbers > 0. If § = Zzzo wPim,
is also in Cantor normal form , then a ® B = Zli:o wYir; where yo > ... > vy enumerates
ao,...,ak750,...,,6j and

np if vi = ap € {00, .. Bj}
Ti=1q My ifvi=Bp & {ao,..., o}
np+mq i vi=op =By
This sum s the least operation F' : On x On — On which is strictly increasing in both
arguments. Clearly, for natural numbers n,m, n+m =n & m.

Theorem 13.16 (Lascar inequalities) Let T be simple. If SU(ab/A) < oo, then
SU(a/Ab) + SU(b/A) < SU(ab/A) < SU(a/Ab) ® SU(b/A).

Proof: It is easy to see by induction on « that if SU(a/A) > «, then SU(ab/A) > «.
Hence SU(ab/A) > SU(a/A). From SU(ab/A) < oo it follows then SU(a/A) < oo and
SU(b/A) < oo. Then we can freely use Proposition 13.8.

To check the inequality SU(ab/A) < SU(a/Ab) & SU(b/A), we prove by induction on
a that if SU(ab/A) > «, then SU(a/Ab) ® SU(b/A) > «. This is clear for « = 0 and for
limit «. Let us consider the case o + 1. Assume SU(ab/A) > o + 1. For some B O A we
have SU(ab/B) > a and ab / , B. Since ab [ , B, either b /. , Bor a [ , B. Therefore
SU(b/A) > SU(b/B) or SU(a/Ab) > SU(a/Bb). By monotonicity of natural addition of
ordinal numbers, SU(a/Ab) ® SU(b/A) > SU(a/Bb) ® SU(b/B). By inductive hypothesis
SU(a/Bb) ® SU(b/B) > a. Hence SU(a/Ab) @ SU(b/A) > o+ 1.

To check the inequality SU(a/Ab) + SU(b/A) < SU(ab/A) we show by induction on «

that if SU(b/A) > «, then SU(ab/A) > SU(a/Ab) + a.. The cases @ = 0 and « limit are
straightforward. For the case o + 1, assume SU(b/A) > a + 1. Then for some B D A,
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SU(b/B) > o and b f , B. We may assume that B | , a. By inductive hypothesis
SU(ab/B) > SU(a/Bb)+a. Sinceb [ , B, alsoab J , B and then SU(ab/A) > SU(ab/B).
Since a | ,, B we have SU(a/Ab) = SU(a/Bb). Therefore SU(ab/A) > SU(ab/B) >
SU(a/Bb) + a = SU(a/Ab) + a. We then conclude SU(ab/A) > SU(a/Ab) + o+ 1. 0

Corollary 13.17 If T is simple and SU(ab/A) < w, then
SU(ab/A) = SU(a/Ab) + SU(b/A)

Proof: As remarked above, for natural numbers n,m, n +m = n ® m. a

Proposition 13.18 Let T be simple.

1. If a € acl(Ab), then SU(ab/A) = SU(b/A).
2. If acl(aA) = acl(bA) then SU(a/A) = SU(b/A).

)
Proof: 1. Clearly SU(ab/A) > S(b/A). Moreover it is easy to check by induction on «
that SU(ab/A) > « implies SU(b/A) > «. 2 follows from 1. O

Definition 13.19 An abstract rank is a mapping R assigning an ordinal or oo to complete
types over sets and satisfying the following conditions:

1. If f € Aut(€), then R(p) = R(pf).
2. If p C q, then R(p) > R(q).

3. If p € S(A) and A C B, then there is some extension q € S(B) of p such that
R(p) = R(q)-

4. Letp € S(A) be such that R(p) < co. There is a cardinal k such that for each B 2 A,
p has at most K extensions ¢ € S(B) such that R(p) = R(q).

Remark 13.20 Let R be an abstract rank. If p € S(M) is not definable, then R(p) = co.

Proof: Choose o minimal for which there is some nondefinable p € S(M) over some model
M with R(p) = a. Let k be the cardinal given by condition 4 in the definition of rank.
As shown in the proof of Proposition 7.9 there is a model N = M over which there are k™
different strong heirs of p. All are nondefinable and one of them must have rank < «, a
contradiction. a

Proposition 13.21 Let R be an abstract rank.

1. Let T be stable, p C q, and R(p) < oco. Then R(p) = R(q) iff q is a nonforking
extension of p.

2. If R(p) < oo for every complete type p, then T is superstable.

Proof: 1. Let p € S(A), A C B, and p C ¢ € S(B). We assume T is stable and
R(p) < oo. Fix k, a bound for the extensions p of rank R(p). We can find a model
M D A such that all nonforking extensions of p over M are A-conjugate in M and such
that each forking extension of p over M has more than x A—conjugates in M. There is an
extension ¢’ € S(M) of ¢ with R(q) = R(¢’). Now, if ¢ forks over A then also ¢’ forks and
therefore ¢’ has more than k A-conjugates. By definition of rank R(p) > R(q’). Now assume
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R(p) > R(q) and ¢ does not fork over A. Let ¢’ € S(M) be a nonforking extension of ¢ and
choose r € S(M), an extension of p of rank R(p) = R(r). As shown before, r does not fork
over A. By choice of M, ¢’ and r are A-conjugate. Hence R(p) = R(r) = R(¢') = R(q).

2. Tt suffices to show stability of T" since then we can use point I to easily verify that T’
is supersimple. If T is unstable then some type p € S(M) is nondefinable. By Remark 13.20
R(p) = 0. O

Proposition 13.22 In a stable theory U is an abstract rank and it is minimal, that is
U(p) < R(p) for any other abstract rank R.

Proof: If T isstable, then U = SU and by Proposition 13.8 whenever p C ¢ and U(p) < oo,
q is a nonforking extension of p iff U(p) = U(q). Since in a stable theory a type has only
a bounded number of nonforking extensions, the requirements in the definition of abstract
rank are fulfilled. Minimality is easily checked showing by induction on « that if R is a
rank and U(p) > «, then R(p) > . O

Corollary 13.23 T is superstable if and only if there is an abstract rank R such that
R(p) < oo for all p.

Proof: If T is superstable, then U is an abstract rank and U(p) < oo for all p. The rest
follows from Proposition 13.21. a

Proposition 13.24 Let T be stable and p(x) € S(A).

1. IfU(p) < oo, then for any B D A there are at most 21! + |B| eatensions q(z) € S(B)
of p.

2. If U(p) = oo then for any cardinal X > |T| 4 |A| there is a set B O A such that
|B| < X and p has at least \* extensions q(x) € S(B).

Proof: If T is stable, then U = SU. By Proposition 13.11, if U(p) < oo then any complete
type ¢ over B O A extending p does not fork over ABj for some finite By C B. Since
there are only 2/7! extensions of p to a complete type q(z) € S(ABy) for By finite, and
each such type ¢ has at most 2/”! nonforking extensions over B, it is easy to check that
2/TI 4 |B| is a correct upper bound for the number of extensions of p over B. On the other
hand, if U(p) = oo by Lemma 13.10 p has a forking extension g of U-rank oo. Let q be a
global nonforking extension of q. Then q forks over A and therefore it has an unbounded
orbit in Aut(€/A). Note that every complete type between p and q has U-rank co. Fix a
set A1 D A such that |A;| < X and for which there are different types r;(z) € S(A;) for
i < X which can be extended to A-conjugates of q. Note that U(r;) = oco. Iterating this
procedure we obtain a chain of sets (A,, : n < w) of cardinality |A,| < X and a tree of types
(ps : s € A<¥) such that p, € S(A,) if s € A", py = p, ps C ps if s C 8, ps # pg if s # 5
and U(ps) = oo. If we put py = Usgf ps for f € A¥, we obtain a family (p; : f € A) of A¥
many complete extensions of p over the set B = J,,_, An of cardinality |[B| < \. ]

Theorem 13.25 The following are equivalent:

1. T is superstable.
2. For all A, |S(A)| < |A] + 271,
3. For all A > 2|T|, T is \-stable.
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4. There is some cardinal u such that for all A > u, T is A-stable.

Proof: 1 = 2. There are only 2!7! types over ), and by Proposition 13.24 and Proposi-
tion 13.13 each p(z) € S() has at most 2/”! +|A| complete extensions over A.

It is clear that 2 = % and that 3 = 4.

4 = 1. If T is not superstable then, by Proposition 13.13 there is some p(z) € S(A)
such that U(p) = co. Choose A > u+ |T| + |A] such that A¥ > X. By Proposition 13.24
there is a set B D A of cardinality < X such that p has at least A* complete extensions over
B. Clearly T is not A-stable. a
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Chapter 14

More ranks

Definition 14.1 D rank is defined for formulas p(z) € L(€) as follows:

1. D(p(x)) > 0 iff p(x) is consistent.

2. D(p(z)) > a+1 iff for some ¢ (x,y) € L for all cardinal numbers X there is an infinite
sequence (a; : i < A) such that {¢(x,a;) : i < A} is k—inconsistent for some k < w
and for each i < X, EY¥(z,a;) — o(x) and D(Y(z,a;)) > a.

3. D(p(x)) > B iff D(p(x)) > o for all o < B for limit (5.

The definition is extended to arbitrary sets of formulas w(x) by

D(w(x)) = min{D(p) : ¢ is a finite conjunction of formulas in m(x)}.

Remark 14.2 If p(x) € L(A), then D(p(x)) > a+1 iff E ¢¥(z) — ¢(x) and D(¢Y(z)) > o
for some ¥(x) € L(C) which divides over A.

Proposition 14.3 1. There is an ordinal o such that for all p(x) € L(€), if D(¢) > «a,

then D(yp) = oo.

2. If p(z) € L(A) and D(p(z)) = oo, then D(¢p(x)) = oo for some ¢(x) such that
E Y(x) — ¢(z) and Y(x) divides over A.

3. D(p(x)) = oo if and only if there is a sequence (¢;(x) : i < w) of consistent formulas
wi(z) € L(A;) such that ¢ = o, = vit1(z) — wi(z) and pi41(z) divides over
Uj<i Aj

4. T is supersimple iff D(p) < oo for all .

Proof: 1 is easy, like in Lemma 13.10, 2 follows from 1, and 8 follows from 2. Lastly, 4
follows from & and Proposition 13.4. a

Lemma 14.4 1. If m(z) F ma(z), then D(m) < D(m2).
2. D(w) =0 if and only if 7 is algebraic.
3. D(p V) = max{D(p), D(¥)}.
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4. If m(x) is a partial type over A, there is some p(x) € S(A) such that 1 C p and
D(r) = D(p).

5. If w(x) is a partial type, there is some finite conjunction p(x) of formulas of w(x)
such that D(m) = D(p).

Proof: j follows from 3. Concerning 3, it is clear that D(p), D(¢p) < D(¢ V v). Then
it suffices to show that if D(p V ¥) > «, then D(p) > « or D(¢p) > «, and this can be
shown by induction on «. Consider the case a + 1. Assume D(¢ V ¢) > o + 1. For
some 6 and A, =0 — (@ V), (¢ V) € L(A), 0 divides over A, and D(#) > «. Note
that =60 < (0 A ) V (0 A1) and hence the inductive hypothesis gives D(6 A ¢) > « or
D(0 A1) > . We conclude D(¢) > a+1or D(¢) > a+ 1. O

Remark 14.5 If T is simple, then SU < D.

Definition 14.6 The continuous rank RC' (also denoted with R*°) is defined for all sets
of formulas (in finitely many variables) as follows:

1. RC(n(z)) > 0 iff m(z) is consistent.

2. RC(n(x)) > a+1 iff for any conjunction p(x) of formulas in w(x) for any cardinal A
there is a sequence (m;(x) : i < A) of partial types m;(x) > ¢(z) such that CR(m;) > «
and m; UT; is inconsistent for all 1 < j < A.

3. RC(m(x)) > B iff RC(w(x)) > « for all o < B if B is a limit number.
For a formula o(x) we set RC(p) = RC({p}).

Lemma 14.7 1. Ifw(x) F n'(x), then RC(m) < RC(n’).
2. RC(m) =0 if and only if 7 is algebraic.
3. If n(x) is a partial type over A,
RC(m) = min{RC(p) : ¢ is a finite conjunction of formulas in w}

and therefore there is a finite conjunction o(x) of formulas in w(x) such that RC(mw) =

RC(y).

4 RO(rU{(pV)}) = max{RC(m U {p}), RC(r U {y})}.

5. If w(x) is a partial type over A, there is some p(x) € S(A) such that # C p and
RC(m) = RC(p).

Proof: 1. It is an induction on «a: if RC(w) > «, then RC(n') > «. In the case o + 1,
given ¢ a conjunction of formulas in 7" and given a cardinal A, we first find 1, a conjunction
of formulas in 7 such that ¢ - ¢, and then we use the hypothesis RC(7) > o+ 1 to find a
sequence (m;(z) : © < \) of pairwise incompatible types m; 3 ¢ with RC(7;) > « and then
we set m, = m;U{¢}. Since m; - 7}, by inductive hypothesis RC'(7}) > a. Hence (7} : i < \)
witness that RC(7') > a+ 1.

For 3, choose ¢, a conjunction of formulas in 7 of minimal RC-rank, and show by
induction on « that RC(p) > « implies RC(7) > a.

4. By 1 it is clear that RC(mU{pV¢}) > max{RC(rU{p}), RC(rU{y})} > . Hence
we only have to show that if RC'(7U{pV1}) > «, then max{ RC(rU{p}), RC(7U{y})} > «,
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and this can be done by induction on a. As usual, we consider only the case a4+ 1. Assume
RC(rU{p}) 2 a+ 1 and RC(m U {¢}) # o+ 1. Hence we have 41, d2, conjunctions of
formulas in 7, and A1, A2, cardinal numbers, such that there is no sequence (m; : i < A1)
of pairwise incompatible types m; (01 A ¢) with RC(w;) > « and there is no sequence
(m; 14 < Ag) of pairwise incompatible types m; 3 (62 Atp) with RC(m;) > «. Let 6 = (61 Ada)
and let A = max{\;, A2}. There is a sequence (7; : i < A) of pairwise incompatible types
m D (0 A (p V1)) with RC(m;) > . Note that m; = m; U {6} U {p V ¢} and then, by 1,
RC(m; U{d} U {p V¢}) > a and by inductive hypothesis either RC(m; U{d} U{p}) > a or
RC(m;U{d}U{¢}) > a. Again by 1, either RC'(m;U{d; }U{¢}) > o or RC(m;U{d2}U{v}) >
a. One of these two possibilities takes place A times, contradicting the choice of A; and As.

5 follows from 4 as in other similar situations. a

Remark 14.8 RC(w(x)) > a+ 1 iff for each p(z), conjunction of formulas of 7, for each
cardinal X there is a set A and there is a family (p;(x) : i < \) of different types p;(x) € S(A)
such that RC(p;) > « for all i < .

Proof: By point 5 of Lemma 14.7. a

Proposition 14.9 If T is stable, then D = RC.

Proof: It is enough to check it for formulas and then it is clear: after Corollary 8.6, for
stable T and ¢(x) € L(A), RC(p(z)) > a + 1 if and only if there is some ¢ (x) such that
E ¥(x) — ¢(x), ¥(x) forks over A, and RC(p) > a. O

Proposition 14.10 T is superstable if and only if RC(p) < oo for any .

Proof: One direction follows from Proposition 14.9 and point 4 of Proposition 14.3.
For the other direction note that U(p) < RC(p) for any complete type p and then apply
Proposition 13.13. a

Definition 14.11 An abstract rank R is a continuous rank if for each «, for each A,
{p(z) € S(A) : R(p) < a} is an open subset of S(A).

Proposition 14.12 If T is stable, RC is the smallest continuous rank in T

Proof: By definition and by Lemma 14.7 it is clear that RC always satisfies conditions
1-3 of the definition of abstract rank. For condition 4 we need to assume T is stable. By
Proposition 14.9 RC = D. If p(x) € S(A), RC(p) = o < 00, and ¢ is a forking extension of
p of the same rank RC(q) = «, then ¢ contains a formula ¢(x) which forks over A. We can
assume that RC(¢) = « and that ¢ implies some 9 (x) € p of rank RC(¢)) = . But then
D(¢) > a+ 1, which is a contradiction. Therefore, all extensions g of p with RC(q) = «
are nonforking extensions and by stability its number is bounded by the multiplicity of p,
which is < 2/71, Tt follows that RC is an abstract rank.

Point & of Lemma 14.7 implies that RC' is continuous. If R is another continuous rank,
then by induction on « one sees that if RC(p) > « then R(p) > a. Consider the case o+ 1.
Let p(z) € S(A) be such that RC(p) > a+1. We will show that for any ¢ € p there is some
q € S(A) such that ¢ € ¢ and R(q) > o+ 1. Continuity of R will imply then R(p) > o+ 1.
Now, by Remark 14.8 for each cardinal A there is some B such that there are at least A
types q(z) € S(B) such that p(x) € g and RC(q) > a. We may assume that always A C B.
Since there are only 2/71+14l types over A, for some r(z) € S(A) such that ¢ € 7 and for
each cardinal X there is some B such that there are at least A types ¢(x) € S(B) such that
r C g and RC(q) > «. By inductive hypothesis R(q) > « for all such ¢. By condition 4 in
the definition of abstract rank R(r) > o + 1. O
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Definition 14.13 The Morley rank of a global type p € S,(€), RM(p), is its Cantor-
Bendixzson rank in the space S, (€). The Morley rank of a partial type w(x), RM (), (Where
x is a n-tuple of variables) is the Cantor-Bendixson rank of the closed set {p € S, (€) : 7w C
7w} and its Morley degree, DM (), is the Cantor-Bendixson degree of this closed set. By
compactness, DM () is finite if RM(m) < co. It is clear that

RM (7)) = max{RM (p) : m C p}

For a formula ¢ we set RM (¢) = RM ({¢} and DM (p) = DM ({¢}).

Remark 14.14 1. RM(p(x)) > 0 iff p(z) is consistent

2. RM(p(x)) > a+ 1 iff there is a sequence (p;(x) : i < w) such that = p;(z) — ¢(z),
RM (i) > a, and p;(x) A pj(x) is inconsistent for all i # j.

3. RM(p) > a iff RM(p) > 3 for all B < « if a is a limit number.

Proof: These are well-known properties of the Cantor-Bendixson rank of clopen sets in
boolean spaces. O

Remark 14.15 RM (p(x)) > a+1 iff there for each n < w there is a sequence (p;(x) 1 i <
n) such that |= p;(z) — p(x), RM(p;) > o, and @;(x) A p;j(x) is inconsistent for all i # j.
Hence the degree DM (o(x)) can be defined (in case RM(p) = o < 00) as the mazimal n
for which there is a sequence (p;(x) : i < n) such that = ¢;(x) — ¢(x), RM(¢;) > «, and
vi(x) A @;(x) is inconsistent for all i # j.

Proof: If for each n < w we have such sequence (¢;(z) : i < n), then the number of types

p(x) € S(€) of Cantor-Bendixson rank > « containing ¢ must be infinite. O

Proposition 14.16 For any partial type m,

1. RM(7) = min{RM () : ¢ is a conjunction of formulas in 7}
2. DM (m) = min{DM ((p) : ¢ is a conjunction of formulas in m and RM(p) = RM(m)}

Proof: Again this is a well-known property of the Cantor-Bendixson rank and degree of
closed sets in boolean spaces. O

Remark 14.17 Morley rank can be computed in any w-saturated model M containing the
parameters of the type as the Cantor-Bendixson rank in S(M) of the closed set determined
by the type.

Proof: It is enough to check it for formulas and in this case we can use Remark 14.14.
The parameters needed in the sequence (¢;(z) : @ < w) to check that RM (p(z)) > a+1
build a countable sequence and its type over the parameters of ¢ can be realized in M. O

Proposition 14.18 Morley rank is a continuous rank.

Proof: All conditions in the definition of an abstract rank are easily seen to be satisfied
by Morley rank. The bound for the number of extensions with the same rank of a type p(z)
is DM (p). Continuity follows from Proposition 14.16. O

Corollary 14.19 In a stable theory, U < RC < RM.
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Proof: By propositions 14.18, 13.22, and 14.12. ]
Definition 14.20 T is totally trascendental if and only if RM (¢) < oo for all .

Theorem 14.21 1. If T is A-stable for some A < 2% | then T is totally trascendental.

2. Any totally trascendental theory is A-stable for all X > |T|.

Proof: 1. Assume RM(y) = co. By standard topological arguments we can build a tree
of formulas (¢s : s € 2<¥) such that ¢y = @, RM(ps) = 00, 95 = Qg0 V pe~1 and
©s~0 N @g~1 is inconsistent. Every branch f € 2¢ gives rise to a type m; = {¢s : s C f}
and this produces a set of 2* incompatible partial types over a countable set of parameters,
contradicting A-stability of T'.

2. Let A > |T| and let |A| < A. For each p(z) € S(A) choose some ¢,(x) € S(A) such
that RM (p) = RM(y¢,) and DM (p) = DM (p,). Since T is totally trascendental, for any
Y(z) € L(A), ¢ € p ifft RM(p, Ap) = RM(p,) and DM (¢, A ) = DM(p,). It follows
that p # ¢ implies ¢, # ¢,. Hence |S(A)| has as an upper bound the number |T'| 4 |A| of
formulas ¢(x) € L(A). 0

Corollary 14.22 Totally trascendental theories, and in particular w-stable theories, are

superstable.

Proof: By theorems 14.21 and 13.25. a
Definition 14.23 T is small if for all n, |S,(0)] < w.

Remark 14.24 The following are equivalent:

1. T is small

2. For all n, for all finite A, |Sp(A4)] < w.
3. For all finite A, |S1(4)| <w

4. T has a saturated countable model.

Proof: 1 = 2 can be justified by a standard counting types argument. 2 = 3 is clear. For
8 = 4, the countable saturated model can be constructed as a union | J,,,, A of countable
sets A, such that each complete 1-type over a finite subset of A,, is realized in A,11. 4 =
1 is clear since all p(x) € S,,(0) can be realized in the countable saturated model. O

Remark 14.25 1. w-categorical theories are small.

2. w-stable theories are small.

Proof: Clear. O

Corollary 14.26 T is w-stable if and only if T is small, superstable, and every complete
type has finite multiplicity.

Proof: Let T be w-stable. By Remark 14.25 T is small and by Corollary 14.22 T is
superstable. By Theorem 14.21 T is totally trascendental and therefore the multiplicity of
a type is its Morley degree. The other direction is just a counting types argument like in
the proof of Theorem 13.25. a
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Corollary 14.27 Superstable w-categorical theories are w-stable.

Proof: By Corollary 14.26, since by w-categoricity for each finite A there are only finitely
many complete n-types over A. Moreover by w-categoricity if A is finite there is a finest finite
A-definable equivalence on relation on n-tuples and together with the Finite Equivalence
Relation Theorem 9.21 this implies that all multiplicities of complete types over A are finite.
O

Definition 14.28 An abstract rank R is cantorian iff any type p(x) € S(A) has rank
R(p) > a+ 1 in case p is an accumulation point of {q(z) € S(A) : R(q) > a}.

Proposition 14.29 Let p(z) € S(A). Then RM(p) > a + 1 iff for some B O A some
extension q(x) € S(B) of p is an accumulation point of {r(x) € S(B) : RM(r) > a}.

Proof: Let RM(p) > a+1 and choose an w-saturated model M O A and let ¢(x) € S(M)
an extension of p of Morley rank > « + 1. By Remark 14.17 ¢ has Cantor-Bendixson
rank > a4+ 1 in S(M) and therefore it is an accumulation point of types r(z) € S(M) of
Cantor-Bendixson rank > «. Again by Remark 14.17, these types r have Morley rank > «.

For the other direction it is enough to prove that RM(q) > « + 1, in other words, that
RM is cantorian. For this it is enough to show that each ¢ € ¢ is contained in some q € S(€)
of Cantor-Bendixson rank > « + 1, that is, ¢ is contained in infinitely many q € S(€) of
Cantor-Bendixson rank > a. We know that each such ¢ is contained in infinitely many
types r(z) € S(B) of Morley rank > «. But we can choose for each such r(z) € S(B) an
extension q(x) € S(€) of Cantor-Bendixson rank > a. a

Proposition 14.30 RM is the smallest cantorian rank.

Proof: By propositions 14.18 and 14.29, RM is a cantorian rank. Let R be another
cantorian rank. We prove by induction on « that RM (p) > « implies R(p) > «. Consider
the case a + 1. Assume p(z) € S(A) and RM(p) > a + 1. By Proposition 14.29 for some
B D A, some ¢(z) € S(B) extending p is an accumulation point of {r(z) € S(B) : RM (r) >
a}. By inductive hypothesis, this set is contained in {r(x) € S(B) : R(r) > a} and hence
g is an accumulation point of this set. Since R is cantorian, R(q) > « + 1 and therefore
R(p) > a+ 1. O

Theorem 14.31 If T is superstable and w-categorical, then U is cantorian and therefore
U=RC=RM.

Proof: Let p(z) € S(A) be an accumulation point of {¢(z) € S(A) : U(q) > «a}. By
corollaries 14.26 and 14.22, every type has finite multiplicity and hence we can find a finite
subset Ay C A such that p does not fork over Ay and py = p [ Ag has p as its only nonforking
extension over A. By w-categoricity, the type po(x) is isolated by some @o(z) € pg. By
assumption, there is some g(z) € S(A) such that po(z) € ¢, U(q) > a and p # q. It follows
that g forks over Ag. Hence U(p) = U(po) > U(g) +1 > a + 1. The rest follows from
Proposition 14.30 and Corollary 14.19. O



Chapter 15
Hyperimaginaries

Definition 15.1 For any set A, a A-hiperimaginary is an equivalence class [a]lg of a se-
quence a under a type-definable over A equivalence relation E. In order to simplify nota-
tion we set ag = [a]lg and we often identify the equivalence relation E with the partial type
over A which defines E. Clearly A-imaginaries are A-hyperimaginaries. A hiperimaginary
is a (-hyperimaginary. We sometimes use €9 for the class of all hyperimaginaries. If
a = (a; 11 < ) for some ordinal o, we say that « is the length of the hyperimaginary ag.
Finitary hyperimaginaries are hyperimaginaries of finite length. Countable hyperimaginar-
ies are hyperimaginaries of countable length.

Definition 15.2 An automorphism f € Aut(€) fizes a hyperimaginary ag if f(ag) = ag,
that is, if = E(a, f(a)). Let A be a class of hyperimaginaries. The definable closure of A,
dclheq(A), 18 the class of all hyperimaginaries fized by all automorphisms fizing pointwise
A, that is

del™I(A) = {b € €9: f(b) = b for all f € Aut(¢/A)}

Since a hyperimaginary can have any length, dcl"®I(A) is a proper class. As usual, if a is
a sequence of hyperimaginaries, dcl™(a) is dcl™(A) where A is the set enumerated in a.
Notice that if A is a set of imaginaries then dcl®d(A) = dcl"®I(A) N €. We say that the
sequences of hyperimaginaries a,b are equivalent if dclheq(a) = dclheq(b). This is clearly
equivalent to Aut(€/a) = Aut(C/b). In this case we write a ~ b.

Lemma 15.3 Any sequence of hyperimaginaries is equivalent to a hyperimaginary.
Proof: Let a = ([a;]g, : ¢ € I) be a sequence of hiperimaginaries, where E; is an

equivalence relation among J;-sequences and a; = (a5 : j € Ji). Put K = J;c/{i} x J;
and consider the equivalence relation E defined by

el

Clearly e = [(a(;,j) : (4,7) € K)]g is a hyperimaginary and a ~ e. a

Lemma 15.4 Any hyperimaginary is equivalent to a sequence of countable hyperimaginar-
1es.

7
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Proof: We can assume that the type E(x,y) defining the equivalence relation E is closed
under conjunction and all its formulas are symmetric: F o(x,y) — ¢(y, x) for all p(z,y) €
E(x,y). It will be enough to find for each p(z,y) € E(x,y) a countable partial type
E,(z,y) C E(x,y) containing ¢(x,y) which defines an equivalence relation. Given ¢(z,y) €
E(z,y) we set E, = {¢, : n € w}, where o9 = ¢ and ¢ni1(x,y) € E(x,y) satisfies
F onri(@,y) A ont1(y,2) — pn(x,z). Existence of such a ¢, follows by compactness
from the fact that E(z,y) U E(y, z) - pn(x, 2). O

Lemma 15.5 Let w(z) be a partial type over A. If E is an equivalence relation on real-
izations of m and it is type-definable over A, then there exists an equivalence relation F
defined for all sequences of the length of x which is type-definable over A and agrees with
E in m(C).

Proof: Set F(z,y) < (m(x) An(y) AN E(z,y)) Ve =y. a
Proposition 15.6 Let e be a hyperimaginary and let b be a sequence in €. If e € dc1™3(b)
then e ~ by for some 0-type-definable equivalence relation E.

Proof: Let e = ap. Since ap is type-definable over a and it is b-invariant, it is type-
definable over b and there is a partial type 7(z,y) over () such that 7(x,b) defines ap. Let
p(y) = tp(b). If b’ |= p then m(x,d’) defines an F-class, and hence either defines e or a class
disjoint with it. Thus Jz(w(z,y) A w(z, z)) defines an equivalence relation G in p(¢€). By
Lemma 15.5 there is an equivalence relation E which is type definable over () and agrees
with G in p(€). It is easy to see that e ~ bg. O

Corollary 15.7 Ife € dclhcq(A) for some set A of cardinality < k then e is equivalent to
a hyperimaginary of length < k.

Proof: It follows from Proposition 15.6. O
Definition 15.8 The algebraic closure of A, a class of hyperimaginaries, is the class

acl™(A) consisting in all hyperimaginaries having finite orbit under the group of all auto-
morphisms fizing pointwise A, that is

acl™d(A) = {b e €9 [{£(b) : f € Aut(€/A)}| < w}.

As usual, if a enumerates A we put acl"*I(a) = acl"™®(A). The bounded closure of A is the
class bdd(A) consisting in all hyperimaginaries having a bounded orbit under the group of
all automorphisms fizing pointwise A, that is

bdd(A) = {b e &hed: |{f(b): f € Aut(¢c/A)}| < |€|}.
As usual, if a enumerates A we put acl™(a) = acl®™(A) and bdd(a) = bdd(4). A
hyperimaginary b is A-bounded if b € bdd(A).
Remark 15.9 ¢€°9Nbdd(A) = €9 Nacl™(A) = acl®l(A) for any class of imaginaries A.
Proof: By compactness, if a hyperimaginary has infinitely many conjugates it has un-

boundedly many. O

Definition 15.10 We define now the type tp(ag/br) of a hyperimaginary ag over some
hyperimaginary bg. For each formula ¢(z,y) € L let ®g p(x,y) be the partial type

3"y (E(z,2") A F(y,y") Ao’ y).
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We define tp(ag/br) as the union of all partial types ®g p(x,b) where = ¢(a’,b') for
some a', b such that E(a,a’) and F(b,b'). It is a partial type over b but the choice of
another representative b in the F-class of b gives an equivalent partial type over b”. In a
sitmilar way we can be define tp(ag/b) and tp(b/ag) for any sequence b of hyperimaginaries
and also tp(ag/A) for any class A of hyperimaginaries. As usual, e =. d means that

tp(e/c) = tp(d/c).
Proposition 15.11 The following are equivalent:

1. tp(ag/cr) = tp(be/cr)

2. tp(ac) = tp(b'd) for some V', ¢ such that E(V',b) and F(c,c).

3. tp(a’d’) = tp(b'c) for somea’, b such that E(a’,a), F(c',¢), E(b',b) and F(c,c).
4. There is some f € Aut(€/cp) such that f(ag) = bg

Proof: 4 = 1, 2 = 3 and 3 = 4 are clear. For I = 2, notice that if tp(ag/cr) =
tp(bg/cr) and p(z,y) = tp(a, ¢), then

m(x,y) = E(z,b) U F(y,c) Up(z,y)
is consistent. If = 7 (b, '), then E(b',b), F(c,¢) and tp(ac) = tp(b'<’). O

Definition 15.12 A complete type over a hyperimaginary e in the real variables x is a
type of the form p(x) = tp(a/e) where a € € is a sequence of the length of x. We use
the notation p(x) € S(e) to express this situation. Of course, p(x) is a partial type over
a representative of e but it is complete in the sense that for any a,b |= p(x) there is some
f € Aut(€/e) such that f(a) = 0.

Proposition 15.13 For any hyperimaginary e, the relation F(x,y) < tp(x/e) = tp(y/e)
is type-definable over any representative of e.

Proof: If e = ag, then F(z,y) < Ju(E(a,u) Atp(xa) = tp(zu)). O

Proposition 15.14 For any set of hyperimaginaries A there are hyperimaginaries a,b such
that bdd(A) = dcl"*(a) and acl™(A) = dc1™9(b).

Proof: By Lemma 15.4 bdd(4) = dcI"®(B) if B is the class of all hyperimaginaries in
bdd(A) of length « for some @ < w. For each such o < w there are at most 2T many 0-type-
definable equivalence relations on a-sequences. For each such equivalence relation E there is
an upper bound kg for the number of hyperimaginaries eg in B: there are at most 2171414l
possibilities for p(xz) = tp(e/A) and for each such p(x) there are boundedly many d = p
with dg € B. If k is the supremum of all these kg, it follows that |B| < K+ 2ITIHAL and we
can choose a sequence ¢ enumerating B. By Lemma 15.3, ¢ ~ b for some hyperimaginary
b. Clearly dcl"(b) = dc1™9(B) = bdd(A). The case acl®(A) is similar. O

Lemma 15.15 For any A-hyperimaginary e, there is some hyperimaginary €' such that
Aut(€/e’) = {f € Aut(C€/A) : f(e) = e}. If e is A-bounded, €' is A-bounded.

Proof: Let e = by where F is a type-definable over A equivalence relation. Let a
enumerate A, let p(x) = tp(a), and let E = E(x,y;a). We define

F(zz,yu) & (z=uApu) A E(x,y;2))Vrz=yu

It is a O-type-definable equivalence relation. It is easy to see that ¢/ = bap is as required.
O
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Proposition 15.16 a bédA b if and only if a =pqq(a) b-

Proof: Consider first the case A = (). By Proposition 15.14 we can assume bdd(f) is a
single hyperimaginary. The equivalence relation E(a,b) < tp(a/bdd(0)) = tp(b/bdd(D)) is
bounded and by Proposition 15.13 it is type-definable over any representative. Since it is
invariant, it is also type-definable over () and hence b%dg E. For the other direction, assume
E(a,b). Note that e = [a]paa is & bounded hyperimaginary and thus e € bdd(f)). Hence

there is some f € Aut(€/e) such that f(a) = b, which implies a "= b. The general case
can not be obtained by simply applying the case just proven to T'(A) since bdd(A) is the
class of all A-bounded hyperimaginaries while bdd(#)) computed in T'(A) is the class of all
A-bounded A-hyperimaginaries. But Lemma 15.15 helps to solve this difficulty. a

Lemma 15.17 For any 0-type-definable equivalence relation E, the following are equiva-
lent:

1. ag € del™(M)
2. ag € bdd(M)
3. E(x,a) is finitely satisfiable in M.

Proof: Clearly ! implies 2. We will show 2 = 3 and 3 = 1. Assume first that some
formula ¢(x,a) € E(x,a) is not satisfiable in M. For each cardinal x we can build a coheir
sequence over M, (a; : i < k), starting with ag = a. If ¢ < j < k, then = —¢(a;, a;) since
otherwise, by indiscernibility, = ¢(a, a;) and hence ¢(z, a) would be satisfiable in M. Since
k can be arbitrarily large and the elements of the coheir sequence have the same type over
M and have different E-classes, ag ¢ bdd(M).

For 8 = 1, assume E(x,a) is finitely satisfiable in M and let f € Aut(¢€/M) and
o(z,y) € E(z,y). We will show that = ¢(a, f(a)). This will imply E(a, f(a)) and therefore
flag) = ag. We may assume that E(x,y) is closed under conjunction and hence - ¥ (x, 2) A
Y(z,y) — ¢(x,y) for some symmetric ¢ (z,y) € E(z,y). Since ¢(z,a) is satisfiable in M,
there is some ¢ € M such that = ¢(c,a). Since a =p; f(a), we have also E ¥(c, f(a)).
From this it follows that = ¢(a, f(a)). O

Proposition 15.18 bdd(b) = (Ncgemea(nr) de1™®( M)

Proof: If a € bdd(b) and b € dc™4(M) then clearly a € bdd(M) and by Lemma 15.17
we conclude a € dclheq(M ). For the other direction, let us choose a model M such that
b € dcI™4(M) (for instance, a model containing a representative of b) and let us choose a
cardinal s > 2/TIHIM| Tf ¢  bdd(b), there is a family (a; : i < k) of different b-conjugates
of a starting with ag = a. By choice of x there are i < j < & such that a; =»; a;. Hence
for some a’ # a we have a =j; o/, which implies a & dcl"*%(M). O

Proposition 15.19 Let p(z) € S(A).

1. The restriction EA[ p of ;A to p(€) is the finest bounded A-invariant equivalence
relation on realizations of p.

2. The restriction h%dA[ p of bgA to p(€) is the finest bounded type-definable over A
equivalence relation on realizations of p.
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Proof: Since = 4| pis bounded and A-invariant, it contains the finest bounded A-invariant

equivalence relation F on p(€). Similarly, =, | p contains the finest bounded type-definable
over A equivalence relation F' on p(€). On the other hand,

E(z,y) vV (=p(z) V —p(y))

is bounded and A-invariant, and therefore it contains = 4. The corresponding result with

respect to = 4 and F is more involved. Assume a, b realize p(z) and a = 4 b. We will show
that F'(a,b). By Proposition 15.16 a =pqq(4) b- Choose with Lemma 15.5 an extension F”
of I which is an equivalence relation on all sequences of the length of a, is type-definable
over A and agrees with F on p. Then e = [a]r = [a]p+ is an A-bounded A-hyperimaginary.
By Lemma 15.15 there is an A-bounded hyperimaginary e’ such that Aut(€/e’) = {f €
Aut(€/A) : f(e) = e}. Since €' € bdd(A), a = b, which implies that f(a) = b for some
f € Aut(€/A) such that f(e) = e and therefore implies that F'(a,b). O

Proposition 15.20 If F is a bounded equivalence relation on realizations of p(z) € S(A)
and it is type-definable over A, then there exists a bounded equivalence relation F defined
for all sequences of the length of x which is type-definable over A and agrees with E in p(C).

Proof: Since = 4] p C E, it suffices to set F(z,y) < (p(x) Ap(y) ANE(z,y)) Ve =y O

Proposition 15.21 Any A-bounded A-hyperimaginary is an equivalence class of a bounded
type-definable over A equivalence relation.

Proof: Let E be a type-definable over A equivalence relation and let ap be an A-bounded
A-hyperimaginary. Let p(z) = tp(a/A) and note that each A-conjugate of ag is an F-class

which is also a union of = a-classes. Hence if F' is defined by

bdd

F(z,y) © 3z(p(z) NE(z,2) NE(y,2))Vax =4y

then F is a bounded equivalence relation which is type-definable over A and agp = ap. O

Proposition 15.22 Let e, d be hyperimaginaries such that e € bdd(d) and let A be the
set of all d-conjugates of e. There is some hyperimaginary ¢ such that Aut(€/c) = {f €
Aut(€) : f(A) = A}.

Proof: Let e = ap and d = bg. We may assume every p(z,y) € E(z,y) is symmetric.
Since e € bdd(d), for any ¢(z,y) there is a maximal n, < w for which there is a sequence
(a; : i < ny) such that de = d[a;|g for each i < ny, and = —p(a;,a;) for all i < j < n,. Fix
a witnessing sequence (a; : i < ng). Let p(z,z) = tp(d, e), let r,(2,2;)i<n, be the type

U p(z,x:) U{—p(x,x;) i < j <ny}
<My
and let us define F(z1, 22) by

/\ (@i 11 <) (1o (215 Ti)i<n, NTo(22,Ti)i<n,)
p(z,y)EE(z,y)

Note that F' is independent of the choice of representatives z1, zo in G-classes.

Claim: For any f € Aut(€), = F(b, f(b)) iff f(A) = A.
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Proof of the claim: Assume first f(A) = A. Therefore f~'(4) = A. Clearly, =
ro(b,af)i<n,- Note that [af]p € A and hence f~!([af]p) € Aand f~([af]g) =4 e, that is,
b

= p(b, f~1(a?)) for all i < ng,. It follows that ro,(f(b),af)i<n, and thus F (b, f(b)). For the
other direction, let ¢/ = [a']|p € A (which means de = de’) and assume F'(b, f(b)). For each
¢ € E(z,y) choose some (¢ : i < ny) such that = r,(b,cf)icn, and = ro(f(b), ] )icn, -
Then = —p(cf,cf) for i < j < n, and d[cf]p = f(d)[cf]p = de = de’ = f(d)f(e)) =
f(@)[f(a")]g for all i < n,. By maximality of n,, = ¢(f(d’), c) for some i < n,. Therefore
E(f(a’),y) Up(b,y) is consistent and thus de = d[f(a’)]g = df (¢'), that is, f(e’) € A. This

proves f(A) C A. Since also F(b, f~1(b)), we get the equality f(A) = A.

The claim is obviously true for any other b’ such that [b']¢ = d. From the claim it
follows that F' is an equivalence relation on realizations of tp(d). Hence we may assume F
is an equivalence relation on all sequences of the length of b. Clearly the hyperimaginary
bp fulfills the requirements.

O



Chapter 16

Forking for hyperimaginaries

Definition 16.1 Let A be a set of hyperimaginaries and let I be a set linearly ordered by <.
The sequence of hyperimaginaries (e; : i € I) is indiscernible over A or it is A-indiscernible
if for any n < w, for any two increasing sequences of indices ig < ... < iy and jo < ... < jn,
tp(eig, - - -, €i, JA) = tplejy,-..,¢€j,/A). In practice we may always assume that A is a
single hyperimaginary. Note that the type-definable equivalence relations corresponding to
the hyperimaginaries e; are in fact the same and hence we can write e; = [a;]g for a single
E.

Lemma 16.2 Let d be a hyperimaginary.

1. Let I,J be linearly ordered infinite sets. If (e; : i € I) is a d-indiscernible sequence
of hyperimaginaries, then there is a d-indiscernible sequence (¢; : j € J) such that
for any n < w, for any two increasing sequences of indices ig < ... < i, € I and
Jo<...<jn€dJ, €i,...,€, =q Cioyr -+ Cip -

2. If (e; i € 1) and (d; : i € I) are d-indiscernible sequence of hyperimaginaries and
(e; i € Ip) =q (d; 1 1 € Ip) for each finite subset Iy C I, then f((e; :i € I)) = (d; :
i € I) for some f € Aut(C/d).

Proof: 1. By compactness. For 2 note that it follows that (e;:i € I) =4 (d;:i€1). O

Proposition 16.3 If (e; : i € I) is a sequence of hyperimaginaries indiscernible over
the hyperimaginary d, then for some representative d of d some sequence (é; : i € I) of
corresponding representatives of (e; : i € I) is d-indiscernible.

Proof: Fix d’, a representative of d. Since the sequence we seek is just a realization of
some partial type over d’ and representatives of the hyperimaginaries e;, we may assume
(I,<) = (w,<). Let x be an infinite cardinal number larger than the length of d’, and
larger than the length of every representative of e;, and let A = J(xy+. By the Lemma 16.2
we can extend (e; : i < w) to a d-indiscernible sequence (e; : i < A). Choose corresponding
representatives [a;] g = e;. By Proposition 1.1 there is a d’-indiscernible sequence (¢; : i < w)

such that for all n < w there are some ip < ... <14, < A such that co...c, =j a;, ... a,.
Since ([¢i]g @ ¢ < w) =4 (e; : 1 < w), for some representative d of d there exists a d-
indiscernible sequence (é; : ¢ < w) such that [é;]g = e;. 0

Proposition 16.4 Let d be a hyperimaginary.

83
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1. For any hyperimaginary e & bdd(d), there is a d-indiscernible sequence (e; : i < w) of
distinct hyperimaginaries starting with eqg = e.

2. If the sequence of hyperimaginaries (e; : i € I) is d-indiscernible, then it is also

indiscernible over bdd(d).

Proof: 1 Let e = ag. Since e ¢ bdd(d), for some ¢(z,y) € E(z,y) there are (a; : i < w)
such that a = ap =4 a; and |= —p(a;,a;) for all ¢ < j < w. By Ramsey’s Theorem and
compactness we find a d-indiscernible sequence (b; : i < w) such that = —¢(b;,b;) for all
i < j <wand by =4 a. Then a d-conjugate of ([b;]g : i < w) satisfies the requirements.

2. By Proposition 16.3 some sequence (é; : i € I) of representatives is indiscernible over
some representative d of d. By Corollary 1.2 (é; : ¢ € I) is indiscernible over some model
M containing d. By Proposition 15.18, bdd(d) C dcI™%(M) and hence (é; : i € I) and
(e; : i € I) are indiscernible over bdd(d). O

Definition 16.5 The formula ¢(x,a) divides over the hyperimaginary e (with respect to
k) if there is some e-indiscernible sequence (a; : i < w) with ag = a for which {¢(x,a;) :
i < w} is inconsistent (k-inconsistent). The formula p(x,a) forks over e if there are
formulas Y1 (z,b1), ..., ¥n(x,by) such that o(x,a) F Y1(z,b1) V ...V Y, (x,b,) and each
Yi(x,b;) divides over e. The set of formulas 7(x) divides (forks) over e if w(x) implies some
formula which divides (forks) over e. The hyperimaginary a is independent independence!
of hyperimaginaries of the hyperimaginary b over the hyperimaginary e (written a J/e b)
if tp(a/be) does not fork over e. Other notions like Morley sequences can be defined in a
similar way and we will make use of them when necessary.

Proposition 16.6 A partial type w(x) divides over the hyperimaginary e with respect to k
if and only if it divides over some representative of e with respect to k.

Proof: By Proposition 16.3. O

Remark 16.7 Let n(x,y) be a partial type over B. Then w(x,b) divides over the hyper-
imaginary e if and only if for some e-indiscernible sequence (b; : i < w) with b = by,
Uico 7(,b;) is inconsistent.

Lemma 16.8 For any hyperimaginaries a,b,e: tp(a/be) does not divide over e if and
only if for any e-indiscernible sequence I > b there is some a’ =g, a such that I is ea’-
indiscernible.

Proof: We adapt the proof of Lemma 4.5. From right to left it is easy. For the other
direction, assume tp(a/be) does not divide over e and, to simplify notation, let I = ([b;]g :
i < w) be e-indiscernible with b = [by]g. By Proposition 16.3 we may assume that (b; :
i < w) is indiscernible over some representative é of e. Let m(x,é,by) = tp(a/eb) and let
I'(x,é,b;)i<., be the set of formulas expressing that (b; : ¢ < w) is indiscernible over éz.
It is enough to show that 7 (x,é,by) UT(x, é,b;)i<, is consistent. By the previous remark,
Uico T, €,b;) is consistent and can be realized by some c. Let I'g(z,¢é, ;)< be a finite
subset of I'(x, é,b;);<,. By Ramsey’s Theorem, there is a one-to-one mapping f : w — w
such that = To(c, €, f(b;))i<w- Now take some ¢ such that ¢/(b; : 7 < w) =¢ c(f(b;) : 1 < w)
and note that ¢’ realizes T'g(x, €,b;)i<, and 7(x, é,bg). O

Proposition 16.9 For any hyperimaginaries a,b,c,d: if tp(b/ed) does not divide over d
and tp(a/cbd) does not divide over bd, then tp(ab/cd) does not divide over d.
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Proof: By Lemma 16.8. a

Proposition 16.10 1. Let w(x) be a partial type over A. If w does not fork over the
hyperimaginary e, then some completion p(x) € S(A) of m does not fork over e.

2. Let a,b, c be hyperimaginaries such that a \Lb c. Then for any hyperimaginary d, there
18 some a’' =p. a such that a’ J/b cd.

Proof: 1. Asin Remark 4.4, the reason is that () U{—¢(x) : p(x) € L(A) forks over e}
is consistent. 2. Fix representatives b, ¢, d of b,¢,d and put tp(a/bc) = w(x,b,¢). By 1
there exists a completion p(z) € S(béd) of 7 (x, b, ¢) which does not fork over b. Let E be
the equivalence relation of a, let @ = p and let ' = ag. Then o’ =p. a and a Lb éd. Since

tp(a/béd) - tp(a’ /bed) we also have af L, cd 0
Proposition 16.11 Let e be a hyperimaginary.

1. If m(z) divides over e and w(x) is a partial type over A, then w(z) divides over é for
any representative é of e such that é J/e A.

2. If T is simple, then a J/e e for any sequence a.

3. If T is simple, then a partial type w(x) forks over e if and only if n(x) forks over some
representative of e.

Proof: 1. Fix ¢(z,y) € L and b € A such that 7(z) F ¢(x,b) and ¢(z,b) divides over
e. Then for some e-indiscernible sequence (b; : ¢ < w) with b = by, {¢(x,b;) : i < w}
is inconsistent. Since é Leb, by Lemma 16.8 there is another é-indiscernible sequence
(b} : i < w) with b = bj and such that {p(z, b)) : i < w} is inconsistent. Then (x,b) divides
over é.

2. Choose a representative é of e. We will check that the partial type w(x,¢é) = tp(a/e)
does not fork over e. Assume 7(zx, é) F ¢1(x,a1)V...Vou(z, a,) where every ¢;(x, a;) divides
over e with respect to k;. Let k = max{ky,...,k,}, let A ={po1(z,91),...,pn(x,yn)}, and
let m = D(w(x,é),A, k). By Proposition 3.10 there is a completion p(z) € S(éaq,...,a,)
of (x,é) with D(p(z), A, k) = m. For some i, @;(z,a;) € p. Now, ¢;(z,a;) divides over e
with respect to k and by Proposition 16.6 it divides over some representative € of e with
respect to k. Notice that m(x,é) = w(z,€). Then m = D(w(x,é) U {p;(z,a;)}, A k) >
D(m(x,€),Ak)+1=m+ 1, a contradiction.

3. Assume 7(x) F @1(z,a1) V...V on(z,a,) where every ¢;(z,a;) divides over e. By 2
and Proposition 16.10 we can choose a representative é of e such that é J/P a1,...,0an. By
1 every p;(x,a;) divides over é. Hence 7(x) forks over é. O

Corollary 16.12 If T is simple, a partial type forks over a hyperimaginary e if and only
if it divides over e.

Proof: By Proposition 16.11 and Proposition 5.14. a

Proposition 16.13 Let T be simple. For any hyperimaginaries a, b, c,d:

1. Ifab | d, thena | danda |, d.
2. Ifa ] cd, thena | danda |, d.
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S.al,b.

4. There is some a’ =y, a such that a’ J/b c.
5. Ifa | dandb | d, thenab | d.
6. a |, bdd(b).

7. Ifd | ab, thena | biffa | b

Proof: 1 and 2 follow straightforward from Corollary 16.12 and the definition of dividing.
To check that @ |, din 1 it could be convenient to use Remark 16.7 applied to tp(a/bed).

3. Write tp(a/b) = w(x, by), where by is a representative of b. By Corollary 4.14, 7 (x, by)
does not fork over by. If we choose another representative by of b we get equivalent partial
types m(z,bg) y w(z, by) and hence 7(z, by) does not fork over b; either. By Proposicién 16.6,
m(x,by) does not fork over b.

4 follows from & and Proposition 16.10, while 5 follows from Proposition 16.9 and
Corollary 16.12.

6. By 4 there is some a’ = a such that a’ |, bdd(b). There is some f € Aut(€/b) such
that f(a’) = a. Since f fixes setwise bdd(b), if we apply f we obtain a |, bdd(b).

7. Assume d | abanda | b. By 2d | bandthenby 5da | b By1al ,b
Assume now d | abandaJ/ b. By 2d |, bandby5 ad | b. ThenbyIaJ/ 4o

Proposition 16.14 (Symmetry and transitivity) If T is simple, then independence is
symmetric and transitive for hyperimaginaries, that is, for any hyperimaginaries a,b,c,d:

1..a |, cifand only ifc |, a.
2. Ifa ] ,canda |, d, thena |, cd.

Proof: 2 is a consequence of I and of point 5 of Proposition 16.13. For 1, we show first
that we may assume that a is a sequence of elements in €. For this we use several times
Proposition 16.13. Choose with point 4 some representative ag of a such that ag \La bec. By
point 2 ag | , c. If we assume a |, ¢ by point 5 we get aag |, ¢ and by point 1 ag |, c.

Since a € dcl™(ag), it follows that tp(c/bag) F tp(c/ba). If we were able to prove then
that ¢ |, ag we would conclude that ¢ | , a. Thus we assume a € €.

As a second step we show now that we can also assume c is a sequence of elements in €.
Choose representatives by of b and ¢ of ¢ and let 7(z, bo, co) = tp(a/bc). It is a partial type
over bpcg and it does not fork over b since we assume a |, ¢. By Proposition 16.10, some
completion p(x) € S(boco) of w(x, by, cp) does not fork over b. Let a’ = p. Then o’ =p. a and
a’ L, boco (note that tp(a’/boco) F tp(a’/bocob)). Since these are sequences in €, boco |, @’
and then by Proposition 16.13 ¢o |, a’. Let f € Aut(€/bc) be such that f(a’) = a. Then
f(co) L, a and f(co) is a representative of c. Since tp(f(co)/ba) I tp(c/ba), we conclude
that ¢ |, a.

Thus we must finally consider the case where a and c are sequences of elements of
€. Assume a | ,c. Choose a representative b of b such that b | , ac. By point 7 of

Proposition 16.13, a | ,; c. Since b € dc1"®(b), b ~ bb and therefore a L ;¢ By symmetry
of independence in €, ¢ JJ a. Again, we get ¢ J/ a and by point 7 of Proposmon 16.13,

cl,a |
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Proposition 16.15 (Local character) Let T be simple, let a be a hyperimaginary and
let b= (b; :i € I) be a sequence of hyperimaginaries. Then a J/(b’_:iej) b for some J C I
such that |J) < |T).

Proof: We may assume I = {i : i < s} for some cardinal x. Choose inductively
representatives b; of b; such that b; |, b(b; : j < i) for all ¢ < x. It is then easy to

see that for all subsets J of k, (b} : i € J) \L(b::iEJ) b. We can find a subset Jy C & such

i
that |Jo| < |T| and tp(a/b) (represented as a partial type over (b} : i < k)) does not fork
over (b : i € Jp). By symmetry and transitivity it does not fork over (b; : ¢ € Jp) either. O

Corollary 16.16 Let T be simple. For any hyperimaginaries a,b there is some hyperimag-
inary e of length < |T| such that e € dc1™4(b) and a L.b

Proof: By Lemma 15.4 there is a sequence (b; : i € I) of countable hyperimaginaries b;
such that b ~ (b; : @ € I). By Proposition 16.15 there is some J C I such that |J| < |T|
and a L(b eJ)(b 1 €1). Then e = (b; : i € J) satisfies the requirements. O

Proposition 16.17 (Independence Theorem) Let T be simple, let a,b,c,d be hyper-
imaginaries such thata |, b, c |, a, d |, bandc =y d. Then there is some hyper-
mmaginary e J/M ab such that e =p14 ¢ and e =y d.

Proof: We may assume that c¢ and d are sequences of elements of € (replace ¢ by a
representative ¢ such that ¢ J/ Ma and then replace d by some representative d such that

¢ =m d and d L., .b). Choose representatives ag, by of a and b such that ag J/ bo.
Consider tp(c/aM j\/[tp (d/bM) as partial types over May and Mb, respectively. They can
be extended to complete types p(x) € S(Map) and ¢(z) € S(Mby) which do not fork over
M. Note that p | M = q | M. By the Independence Theorem for ordinary types there is
some ¢ |= pU ¢ such that ey | o agbg. Then e is a representative of the hyperimaginary
e we seek. a

Definition 16.18 For any hyperimaginary e, the group of strong automorphisms over
e is the group Autf(C/e) generated by all Aut(€/M) where e € dcl"®d(M). The Lascar
strong type over e of a hyperimaginary a is the orbit Lstp(a/e) of a under Autf(€/e).
Hence Lstp(a/e) = Lstp(b/e) if and only if for some n < w there are models M; and
hyperimaginaries a; such that e € del™4(M;) and

a=a9=p, A1 =M, 02 =My - =M, Q1 =0
Remark 16.19 For any hyperimaginaries a, b, e:

1. Lstp(a/e) = Lstp(b/e) if and only if Lstp(a’/e) = Lstp(b'/e) for some representatives
a’ of a and b’ of b.

2. If a =y b and e € dcl™3(M) then for some hyperimaginary c, there are infinite
e-indiscernible sequences I, J, such that a,c € I and c,b € J.

8. If a,b € I for some infinite e-indiscernible sequence I, then a =p; b for some model
M such that e € dcl"I(M).

4. Lstp(a/e) = Lstp(b/e) if and only if for some n < w there are infinite e-indiscernible
sequences I; and hyperimaginaries a; such that a = ag, a;,a;+1 € I; and an4+1 =D.
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Proof: 1 is clear. For 2, take representatives a’, b’ of a,b such that a’ =;; /. By pomt 2
of Lemma 9.10, there is some ¢ and some M -1ndlscern1ble sequences I, J such that a’,c’ € I
and ¢/, b € J. The corresponding sequences of equivalence classes are as required.

3. Let I be a e-indiscernible sequence such that a,b € I. By Proposition 16.3, there are
representatives a’,b’, e’ of a,b, e such that for some e’-indiscernible sequence .J, a’,b’ € J.
By point 1 of Lemma 9.10, a’ =y b for some model M 3 ¢/. Then e € dcl™(M) and
a =png b.

4 is a consequence of points 2 and 3. O

Definition 16.20 Le e be a hyperimaginary. A type-definable relation E is type-definable
over e if it is e-invariant. Note that this is equivalent to say that E is type-definable over any
representative of e. An equivalence class of a sequence in a type-definable over e equivalence
relation is an e-hyperimaginary.

Lemma 16.21 Let e be a hyperimaginary. For any e-hyperimaginary h there is a hyper-
imaginary h' such that h' ~ he, that is Aut(€/h') = Aut(€/he). Moreover h' is e-bounded
if h is e-bounded.

Proof: It is a generalization of Lemma 15.15, with a similar proof. Let h = bg where E
is a type-definable over e equivalence relation. Let é be a representative of e, say éq = e,
let p(x) = tp(é), and let E = E(x,y;¢é). We define

F(zz,yu) & (G(z,u) Ap(z) Ap(u) N E(z,y;2)) V 2z = yu

It is a O-type-definable equivalence relation and it is easy to see that h' = bép is as required.
O

Lemma 16.22 LetT be szmple Let a, b, e be hyperimaginaries such that a J/ banda =, b.
For any representative a’ of a there is some representative b’ of b such that o L b and
a =.b.

Proof: Choose as b’ some representative of b such that v’ = o’ and 0" |, a'. O

Lemma 16.23 Let T be simple. Let a,b, e be hyperimaginaries such that a =p; b for some
model M such that e € dc1™*(M). Then a =y b for some model N such that e € dcI"*I(N)
andab | N.

Proof: We may assume that a, b are sequences of elements of €. Choose a model M’ =, M
such that M’ | M and then choose a model N such that N =y, M’ and tp(N/Mab) is
a coheir of tp(N/M) Then N | M and by Proposition 7.6 N |, ab. By transitivity,
N L ab. Since tp(N/Mab) does not split over M and a =ps b, it follows that a =yb O

Proposition 16.24 Let T be simple. For any hyperimaginaries a, b, e such that Lstp(a/e) =
Lstp(b/e) anda | b there is some model M such thata = b, ab | M ande € del™ (M),
Moreover a,b € I for some infinite M -indiscernible sequence I.

Proof: Fix n < w, fix models M; for i < n and sequences a; for ¢ < n + 1 such that
e € dcl"(M;) and

a=ag =M, @1 =M, A2 =My --- =M,, On+1 =b

By Lemma 16.23 we may assume that a;a;41 J—’eMi' Hence we can also assume that
M; J/e ag, ..., anp1(M; 1 j < @). It follows that ag,...,ant1 J/e My, ..., M,. Note that
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ap J/MO AL Onl Let by = ag, let byy1 = an41 and for 1 < ¢ < n choose b; =p,,..., M, Qi
and such that b; J/Mo,..‘,Mn bry1(bj : j < i) for any ¢ < n. It follows that (b; : j <n+1) is
independent over M, ..., M, . Note that

a = b(] =My b1 =M bg =Mz -+ =M, bn+1 =b

Since b; \J/(; Moy, ..., M, the sequence (b; : j < n+1) is also independent over e. By changing
the models M; as we did before if necessary we may assume that by, ..., b,41 J/e My, ..., M,.
Independency of (b; : j < n+1) over My, ..., M, still holds. Now we proceed by induction
on n. The case n = 0 follows directly from Lemma 16.23. Using the inductive hypothesis
it is enough now to consider the case n = 1.

We have a = by =py, b1 =p, b2 = b, Let f € Aut(€/My) such that f(by) = bg. Then
M, J/MD biba, f(My) J/MO b and by J/MO b1by and by the Independence Theorem (Proposi-
tion 16.17) there is a model N such that N LMO bob1ba, N =pro,6, My and N =pyop, f(M1).
Then by N = by f (M) = by My = bo M7 = bo N and clearly bgbo J/e N.

The last assertion follows from Proposition 10.11 since a | o b and by Lemma 16.22 we
can assume a, b are sequences of elements in €. a

Proposition 16.25 If T is simple, then for any hyperimaginaries a,b, e the following are
equivalent:

1. Lstp(a/e) = Lstp(b/e)

2. For some hyperimaginary c there are infinite e-indiscernible sequences I,J, such that
a,c€ 1l andc,be J.

3. a Ebdd(e) b.

Proof: By Remark 16.19 it is clear that 2 implies 7 and that I implies 3. To prove 2 from
1 find c such that ¢ | _ab and Lstp(a/e) = Lstp(c/e) and then use Proposition 16.24. To
find such c one needs to adapt the proof of Lemma 10.7, but this is straightforward. Finally
we show that 1 follows from 3. We may assume that a, b are sequences of elements in €. The
condition in 2 can be expressed by a partial type ®(x,y,d) over any representative d of e.
Hence ®(z,y, d) defines equality of Lascar strong type over e, a bounded equivalence relation
E which is type-definable over e. Now ag is an e-hyperimaginary and by Lemma 16.21 there
is a hyperimaginary ¢ such that ¢ ~ e,ag. Since ag is e-bounded, ¢ € bdd(e). By 3, there
is some f € Aut(€/bdd(e)) such that f(a) = b. Since f(¢) = ¢, bg = f(ag) = ag and
hence Lstp(a/e) = Lstp(b/e). O

Corollary 16.26 (Independence theorem for hyperimaginary Lascar strong types)
Let T be simple, let a,b,c,d, h be hyperimaginaries such that a Lh b, ¢ \Lh a, d J/h b and

¢ =pad(n) d- Then there is some hyperimaginary e\J/hab such that € =paqnya ¢ and

€ =pdd(h)b -

Proof: By Proposition 16.25, Lstp(c/h) = Lstp(d/h) and then by Proposition 16.24

¢ =um d for some model M such that cd |, M and h € dcl™®(M). We can assume that
M |, ab and therefore M | , abed. It follows that a |, b, ¢ |, aandd |, b By
Proposition 16.17 there is some e | ~ab such that e =y cande |, d. Cleatly e | , ab,

€ =pdd(h)a € and e =pgq(n)s d- o
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Chapter 17

Canonical bases revisited

Definition 17.1 Let p(x) be a complete type over the hyperimaginary h in the real variables
x, that is, p(z) = tp(c/h) where h is a hyperimaginary and c is a sequence of elements of
¢. We say that p(x) is an amalgamation base if the independence theorem is true for
p(z). That is, if for any hyperimaginaries a,b such that a |, b, for any c,d such that
tp(c/h) = p(z) =tp(d/h), c L, a, andd |, b, thereis somee |, ab such that e =p, c and
e =pp d. As shown in Proposition 16.17 and in Corollary 16.26, in a simple theory any type
over a model and any type over a hyperimaginary of the form bdd(h) is an amalgamation
base.

If p(z) is an amalgamation base, the amalgamation class of p is the class P, consisting
in all amalgamation bases q(x) such that for some n < w there are amalgamation bases
(pi(z) : i < n) such that p = po, ¢ = pn and for every i < n, p; and p;+1 have a common
nonforking extension. Note that P, = Py if ¢ € Pp.

Remark 17.2 1. In a simple theory, any stationary type is an amalgamation base.

2. In a stable theory, any amalgamation base is a stationary type.

Proof: 1. Given a,b,c,d,h and a stationary type p(x) over h as in the definition of
amalgamation base, any realization e of the unique nonforking extension of p over h,a,b
satisfies the requirements.

2. Let T be stable, let p(x) a complete type over the hyperimaginary h and let us assume
p is an amalgamation base. If p is not stationary, then it has two different nonforking
extensions over ah for some hyperimaginary a. We can assume that a enumerates a model
M such that h € dclheq(M ). Then p has two different nonforking extensions pi,ps over
M. Choose now a model N such that h € dcl"I(N) and N L, M. By stability, p1 is
stationary. Let ¢1(z) € S(IN) be the unique type over N which is parallel to p;. Since
p is an amalgamation base, we can amalgamate ¢ and po, that is, for some e | N MN,
tp(e/N) = ¢1 and tp(e/M) = py. But tp(e/M) is parallel to tp(e/N) and hence py,p; are
parallel and they must be the same type over M. a

Proposition 17.3 Let T be simple, let A be a set of parameters in € and p(z) € S(A). If
p s finitely satisfiable in A, then it is an amalgamation base.

Proof: We prove that tp(a/A) F tp(a/bdd(A)). The rest follows from Corollary 16.26.
Assume a =4 b. By Proposition 15.16 it is enough to check that a b%dA b. Let E be a
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type-definable over A bounded equivalence relation and let us prove that E(a,b). Consider
some ¢(x,y) € E(z,y) and choose some thick formula ¢ (z,y) € E(x,y) such that &=
U(z,y) ANY(y, z) — p(x, 2). Since A # () we can choose a maximal sequence ag, - . .,a, in A
such that —¢(a;,a;) for all i < j < n. We claim that |= ¢(a, a;) for some ¢ < n. Otherwise
Nicn, ~¥(x,a;) € tp(a/A) and by finite satisfiability we find some o’ € A realizing this
formula, contradicting the maximality of ay, ..., a,. Similarly, = ¢(b,a;) for some j < n.
Since a =4 b, i = j. Then = 9¥(a,a;) A (a;,b) and by choice of ¥, = ¢(a,b). O

Corollary 17.4 Let T be simple. If (a; : i < w) is indiscernible, then tp(ay/(a; 1 i < w))
s an amalgamation base.

Proof: Tt is a consequence of Proposition 17.3 since tp(a,/(a; : ¢ < w)) is finitely satisfiable
in {a; : 1 < w}. O

Lemma 17.5 Let T be simple, let R be a type-definable over O symmetric and reflexive
relation on sequences of a given length. Assume that whenever R(a,b), R(a,c), and b ia c,
then R(b,c). Then the transitive closure of R is the two step composition R> = Ro R.
Therefore the transitive closure of R is type-definable over §. In fact, for any sequences a,b
the following are equivalent:

1. For some n < w there are ag,...,a, such that a = ag, b = a, and for each i < n,
R(ai,aiﬂ).

2. There is some ¢ such that R(a,c), R(b,c), a |, ¢, andb | c.
3. There is some ¢ such that R(a,c) and R(b,c).

Proof: Let us fix an equivalence class C' of the transitive closure of R. We will restrict our
attention to sequences a,b € C. Choose a complete type p(xz) = tp(a) of some a € C. Let
k = |T| + length(z) and fix an enumeration ((y;, k;) : ¢ < k) of all pairs consisting in some
formula ¢(z,y) € L and some natural number k < w. We inductively define the sequence
(n; 14 < K): n; is the greatest n < w for which there are a,b € C such that a = p, R(a,b),
D(tp(b/a), @;, ki) = n and for each j < i, D(tp(b/a),¢;,k;) > n;. By compactness, there
are a,b € C such that a = p and D(tp(b/a), i, k;) = n; for all i < k.

Claim 1. If p/(x) = tp(a’) for some other ¢’ € C and we define a similar sequence (n} : i < k)
for p/, then n; = n} for all i < k

Proof of the claim: by induction on the length of an R-path in C' connecting a real-
ization of p’ with a realization of p. Assume o’ is connected to a realization of p by
an R-path of length n + 1, and hence R(a’,a”) for some a” connected to a realization
of p by an R-path of length n. By the inductive hypothesis we may choose some b
such that R(a”,b) and D(tp(b/a”), @, k;) = n; for all i < k. We may assume that
bj/a,, @', and hence the hypothesis of our Lemma gives R(a’,b). Then, for all i < k&,
ni > D(tp(b/a’), v, ki) > D(tp(b/a’a’), pi, ki) = D(tp(b/a”), i, ki) = n;. Since the situa-
tion is completely symmetric, n; > n} for all i < k. Oclaim 1
We need only to prove I = 2, and it is enough to do it for sequences in C'. This can
be done by induction on the length n of an R-path joining a and a’. The starting case is
clear, and for the case n + 1 we will need the following
Claim 2. Assume aq,as9,as, a4 are an R-path in C, R(as,b) and D(tp(b/a2),¢i, ki) > n;
for all i < k. If as LQS ai, as J/al as, as \Lalas a4, and bJ/az ajaszays then R(aj,b) and
b \Laj aiasazay for all j.
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Proof of the claim: by the hypothesis of the Lemma we easily see that R(a;,b) for j =
1,2,3. Since as \Lag ay, we see that R(as2,a4) and since moreover bLaQ a4 we conclude
that also R(a4,b). We show by induction on ¢ < k that n, = D(tp(b/a;),pi ki) =
D(tp(b/ajasasay), i, k;). By the inductive hypothesis and by construction of the sequence

(n; : i < k) we see that n; > D(tp(b/a;), i, k;). But since b Laz ajazay

D(tp(b/aj), ¢i, ki) > D(tp(b/arazazas), i, ki) = D(tp(b/az), vi, ki) > n;.

Hence b J/a_ 010203G4. Oclaim 2

J
We continue with the case n + 1. Assume there is an R-path of length n + 1 joining
a; and ay. For some a3, R(as,as) and there is an R-path of length n joining a; and as.
By inductive hypothesis, there is some ay such that R(aq1,as2), R(as,as), as \La3 ai, and
as J/al az. We may clearly assume that as J/alas ay. If we now choose b such that R(as,b),
D(tp(b/az), i, k;) > n; for all i < x and b \Laz ayazay, by claim 2 we get R(aq,b), R(a4,b),
bj/al a4, and bJ/(M ai. a

Notation 17.6 We say p(x,a) is an amalgamation base to mean that a is a sequence of
elements of €, p(x,y) is a complete type over O implying q(y) = tp(a/0) and p(z,a) € S(a)
is an amalgamation base. Note that in a simple theory if q(x) is an arbitrary amalgamation
base there is always some amalgamation base p(x,a) (where a enumerates a model) with
the same amalgamation class Ppz,a) = Py(z)-

Lemma 17.7 Le T be simple and let p(x,a) be an amalgamation base. If q(x,b) € Pp(z.q)
is another amalgamation base, then for some n < w there are ag, . . ., a, realizing tp(a) such
that a = ag, and p(x,a;), p(x,a;11) have a common nonforking extension for all i < n and
also p(x,a,) and q(z,b) have a common nonforking extension.

Proof: It is enough to prove that for any amalgamation bases ¢(z,c), r(x,d), if p(z,a)
and ¢(z, ¢) have a common nonforking extension and also ¢(x, ¢) and r(z, d) have a common
nonforking extension, then for some b = a, p(z,a) and p(x,b) have a common nonforking
extension and also p(z,b) and r(x,d) have a common nonforking extension. To check this,
let us choose b =, a such that b J/cad. Since b =. a, it is clear that p(z,b) and ¢(x,c)
have a common nonforking extension s;(z,b,c). Now let sa(x,¢,d) a common nonforking
extension of ¢(z, ¢) and r(z,d). Since b | _d and g(z, c) is an amalgamation base, s1(z,b, )
and sq(z,c,d) have a common extension s(x,b,c,d) which does not fork over ¢. Then
s(z,b,c¢,d) is a common nonforking extension of r(z,d) and p(x,b). We finish the proof
showing that also p(z,a) and p(z,b) have a common nonforking extension. On the one
hand s (z, b, ¢) is a common nonforking extension of p(x,b) and ¢(x,c). On the other hand
q(z,c) and p(z,a) have a common nonforking extension s3(z,a,c). Since a | b, we see
that s1(x,b,¢) v s3(x,a,c) have a common extension s'(x,a, b, ¢) which does not fork over
c. Clearly it is a common nonforking extension of p(z, a) and p(x,b). O

Definition 17.8 Let p(z) be an amalgamation base and let P, be its amalgamation class.
A canonical base of p is a hyperimaginary e such that for any f € Aut(€), f(e) = e if and
only if f fizes setwise Py,. Clearly, if ¢’ is another canonical base of p then e ~ ¢’. Note
that e € dcl"(a) if p(z) is a type over a. Moreover if q(x) € P,, then e is also a canonical

base of q(x).

Theorem 17.9 In a simple theory, any amalgamation base has a canonical base.
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Proof: As remarked above, it is enough to consider an amalgamation base of the form
p(z,a) (that is, where a is a sequence in €). Consider the binary relation R on realizations of
tp(a) defined by: R(a1,as) iff p(x, a1) and p(x, as) have a common nonforking extension. It
is reflexive and symmetric. For each ¢(x,y) € L, for each k < w let n, r = D(p(z, a), ¢, k).
It is then easy to see that R is type-definable by the partial type (over () expressing that
a1, ap realize tp(a) and for all p € L, for all k < w, D(p(x,a1) Up(x,asz), ¢, k) > ng k.

It is easy to check that R satisfies the other conditions of Lemma 17.5 and therefore
its transitive closure E is also type-definable. Note that E is an equivalence relation on
realizations of tp(a) and by Lemma 17.7 E(a,b) holds if and only if p(z,b) € Pp(y,q). By
Lemma 15.5 we can extend E to a 0-type-definable equivalence relation on all sequences of
the length of a. Hence we can consider the hyperimaginary e = ag. It is clear that e is a
canonical base of p(z, a). O

Lemma 17.10 Let T be simple, let p(x, a) be an amalgamation base and let e be a canonical
base of p(x,a). If q(x,b) € Pyz.a) and a\Leb then p(x,a) and q(x,b) have a common
nonforking extension.

Proof: Fix amalgamation bases po(x,ag),...,pn(2,a,) such that po(x,a0) = p(z,a),
Pn(x,ayn) = q(z,b) and for all i < n, p;(x,a;) and p;y1(z,a;+1) have a common nonforking
extension. We may assume that all the sequences a; are of the same length. We may
apply 17.5 to the relation R defined by R(b1,bs) iff there are i,5 < n such that b; = ay,
by = a; and p;(x,b1), pj(x,bs) have a common nonforking extension. Hence there is an
amalgamation base r(x,c) such that p(z,a),r(z,c) have a common nonforking extension,
r(z,c),q(x,b) have a common nonforking extension, ¢ J/a b, and ¢ J/b a. Since a \Le b and

e € del™9(b) N del™(¢) from this it follows that a L. b. By amalgamating these types we
conclude that p(x,a) y ¢(z,b) have a common nonforking extension. O

Notation 17.11 Ifp(x) is a complete type over a hyperimaginary a and e € dclheq(a), then
by p(x) | e we refer to the type tp(b/e) where b is an arbitrary realization of p. Note that if
q(z) is another complete type and e is also definable over its domain, then the consistency

of p(x) Ug(x) impliesp | e=q | e.

Theorem 17.12 Let T be simple, let p(x,a) be an amalgamation base, and let e be a
canonical base of p(x,a). Then

1. Any q(x) € Ppyz,q) is a nonforking extension of p(x,a) [ e.
2. p(x,a) [ e € Pyza)-

3. If q(x,b) is an amalgamation base and p(x,a), q(x,b) have a common nonforking
extension, then e € dcl"(b).

4. If p(x,a) and q(x,b) € S(b) have a common nonforking extension, then e € bdd(b).

Proof: 1. We first show that p(z,a) does not fork over e. Choose b = a such that b | _a.
Then p(x,b) € Pp(g,q) and by Lemma 17.10 p(z,a) and p(x,b) have a common nonforking
extension. Hence, for some ¢ |= p(z,a) Up(z,b), ¢ | band ¢ |, a. Since e € de1™a(b), by
transitivity c Le a and thus p(z, a) does not fork over e. Clearly this implies that any other
q(,b) € Pp(z,q) (where b is a sequence in €) does not fork either over e. But we need also
to consider the case of a type q(z) € Pp(s,q) Over a hyperimaginary h. Choose a sequence
m enumerating a model such that h € del™%(m) and let r(z,m) € Pp(a,a) be a nonforking
extension of ¢(z). Then r(x,m) does not fork over e and hence ¢(x) does not fork over e.



95

2. Let po(x) = p(x,a) [ e and P = Py, 4). Choose g(x,m) € P such that m enumerates
a model and e € dcl™¥(m). Then py = g(z,m) | e. Since bdd(e) C del™¥(m) and
q(z,m) | bdd(e) is an amalgamation base, by 1 g(x,m) | bdd(e) € P. Therefore some
extension pf, of py over bdd(e) belongs to P. We will see now that this implies that all
extensions of py over bdd(e) belong to P. Let pjj(x) = tp(c/bdd(e)) be any such extension
and choose b such that p, = tp(b/bdd(e)). Then f(b) = ¢ for some f € Aut(¢/e). Clearly,
f fixes setwise bdd(e) and (p))? = p{j. Since f(e) = e, f fixes setwise P, and thus p{ € P,
as we wanted to show.

Next we check that py is an amalgamation base. By 1 from this it will follow that
po € P. Let m,n enumerate models such that e € dcl"*(m) N del"®(n) and m L.n
Assume ¢y (x,m), go(x,n) are nonforking extensions of pg. Note that bdd(e) C dcl"®(m)
and hence q; (z, m) extends ¢;(z,m) | bdd(e), which is an extension of py and therefore an
element of P. This implies g1 (x,m) € P. By similar reasons g2(x,n) € P. By Lemma 17.10
q1(x,m), g2(x,n) have a common nonforking extension which, by transitivity, does not fork
over e.

8 is clear since q(x,b) € Pp(z,q), and 4 follows from 3 because some extension of q(z,b)
over bdd(b) belongs to Pp(z.q)- O

Definition 17.13 If p(x) is an amalgamation base in a simple theory, Cb(p) is, by defini-
tion, dclheq(e) where e is a canonical base of p. The canonical type of P, will be po =p | e.
Notice that po € P, and that P, is precisely the set of all nonforking extensions of py. For
any a,b we define Cb(a/b) = Cb(Lstp(a/b)). This notation agrees with the one introduced
for canonical bases of stationary types in stable theories.

Lemma 17.14 For simple T the following are equivalent:

l.al,c

2. Cb(a/bec) = Cb(a/b)

3. Cb(a/bc) C bdd(b)
Proof: 1= 2 Ifa | ,c, then Lstp(a/bc) and Lstp(a/b) belong to the same amalgamation
class.

2 = 3. Since Cb(a/b) C bdd(b).

3 = 1. This follows from the fact that a J/Cb(a/bc) be. O

Proposition 17.15 Let T be simple. If p(xz) € S(A) is an amalgamation base and (a; :
i < w) is a Morley sequence in p, then Cb(p) C del™%(a; : i < w). Moreover, if T is
supersimple, then Cb(p) C bdd(a; : i <n) for some n < w.

Proof: Extend the Morley sequence (a; : i < w) to a Morley sequence (a; : ¢ < w) in p.
By Corollary 17.4 tp(a,/(a; : i < w) is an amalgamation base. Since tp(a,/A(a; : i < w))
is finitely satisfiable in {a; : i < w} by Remark 4.4 a,, J/(a%_<w) A. Since ay, | ,(a; 11 <w)
and ay, J/(a_:Kw) A, p = tp(aw/A) and tp(a,/(a; : ¢ < w)) have the same amalgamation
class. Therefore by Theorem 17.12 Cb(p) = Cb(tp(aw/(a; : i < w)) C del"(a; : i < w).

Assume now T is supersimple. Choose n < w such that a, L(a‘:Kn)(ai 11 < w). Then
Ay L(GV:KH) A and therefore Cb(p) C bdd(a; : i < n). O
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Chapter 18

Elimination of hyperimaginaries

Definition 18.1 T eliminates a hyperimaginary e if there is a sequence of imaginaries
(e; :i € I) such that e ~ (e; : i € I). T eliminates hyperimaginaries if T' eliminates every
hypermaginary.

Proposition 18.2 Let e = ag a hyperimaginary and let p(x) = tp(a). Then T eliminates
e if and only if there is a family (E; : i € I) of 0-definable equivalence relations such that
E 1p= (e £i) I p. In fact it suffices to require that the E; are 0-definable relations
whose restrictions F; | p to p(€) are equivalence relations.

Proof: It is enough to require that the F; are equivalence relations on p(€) since, by
compactness, it is always possible to find a formula ¢;(x) € p such that E; is an equivalence
relation on ¢, ().

Assume e = ag is a hyperimaginary and choose a family (F; : ¢ € I) of 0-definable
equivalence relations such that on p(z) = tp(a) the equivalence relation E agrees with
ﬂiel E;. Then e ~ (e; : i € I) where e; = a;,, if a; is the subtuple of a corresponding to
the variables of E;. For the other direction, by assumption there is a sequence (e; : i € I)
of imaginaries e; such that e ~ (e; : 4 € I). Let p;(z,y) = tp(aa;) for each i € I. Then:

1. E(z,2") Upi(z,y) Upi(2',y') - Ei(y,y')
2. pi(a,ai)

3. p(x) - 3ypi(z,y)

By compactness we can substitute a single formula ¢;(z,y) € p; for p;(z,y) and still have
these properties. We then define

Fi(y,z) & Juv(E;i(u,v) A pi(y,u) A p;i(z,v)).

Clearly F; is definable over ), F; | p is an equivalence relation, and E [ p = (,c; F3) | p.
O

Corollary 18.3 T eliminates hyperimaginaries if and only if for any p(x) € S(0) for any
0-type-definable equivalence relation on p(€) there is a family (E; : i € I) of 0-definable
equivalence relations such that E = ((;c; E) | p. In fact it suffices to require that the E;
are 0-definable relations whose restrictions E; | p to p(€) are equivalence relations.
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Proof: By Proposition 18.2. |

Lemma 18.4 Let E be an intersection of definable (possibly with parameters) equivalence
relations. If E is type-definable over (), then E is an intersection of 0-definable equivalence
relations.

Proof: Let £ = (), ; E; where every E; is an equivalence relation, defined by ¢;(,y, a;),
with o;(z,y,2) € L. Assume X(z,y) is a type over @) defining FE and let p;(z) = tp(a;).
Then X(x,y) Upi(2) F pi(x,y,2), and thus X(x,y) b Vz (¥;(2) — pi(x,y,2)) for some
¥;(z) € p;. We can choose it so that i;(z) implies p;(x,y, z) is an equivalence relation in
x,y. Then

defines (over () an equivalence relation F; such that F C F; C F;. Hence E = Nicr Fio O
Proposition 18.5 IfT eliminates hyperimaginaries, then also T(A) eliminates hyperimag-
mnaries.

Proof: By Lemma 15.15. O

Lemma 18.6 If a is a sequence of imaginaries, e € dclheq(a) s a hyperimaginary and
a € bdd(e), then e ~ b for some sequence b of imaginaries.

Proof: Let a = (a; : i € I) where every a; is a imaginary. For each finite J C I let
aj = (a; : 1 € J). Then ay € acl®l(e). Consider the finite set by = {f(ay) : f € Aut(€/e)}
as a single imaginary. This means that by € €% and f(b;) = by if and only if f permutes
the orbit of a; in Aut(¢/e). Now let b= (by : J C I is finite ). It is clear that b € dcl"*(e).
We check now that e € dcl™4(b). Assume f fixes b. Then for each finite .J, ay =, f(as
and therefore a =, f(a). Hence f(a)e = ae = f(a)f(e). Since e € dcl™d(a), also f(e)
dc"®(f(a)) and hence e = f(e).

Dm\_/

Lemma 18.7 Let T be simple. If tp(a/e) is an amalgamation base, then tp(a/e) =
Lstp(a/e).

Proof: Assume o’ =, a. Then a | _bdd(e), " | bdd(e), and bdd(e) | bdd(e). By
definition of amalgamation base, for some b | bdd(e), b =pqae) @, and b =pqq() @’
Therefore a =pqa(ey @', that is, Lstp(a/e) = Lstpfa’/e). ad

Proposition 18.8 Let T be simple. If e = ag is a hyperimaginary, then e € dc™3(Cb(a/e)).

Proof: We first show that e € bdd(Cb(a/e)). By Theorem 17.12, aJ/Cb(a/e) e and

since e € dcl™(a), eJ/Cb(a/e) e. Therefore e € bdd(Cb(a/e)). Since tp(a/Cb(a/e)) is
an amalgamation base, by Lemma 18.7 tp(a/Cb(a/e)) = tp(a/bdd(Cb(a/e))) F tp(a/e).
Let f € Aut(€/Cb(a/e)). Then a =cp(q/e) f(a) and therefore a =, f(a). It follows that
E(a, f(a)) and hence f(e) =e. O

Proposition 18.9 Let T be simple. If for each amalgamation base p(x), the canonical base
Cb(p) is equivalent to a sequence of imaginaries, then T eliminates hyperimaginaries.

Proof: Let e = ag be an hyperimaginary. By assumption there is a sequence d of
imaginaries such that Cb(a/e) ~ d. Then d € bdd(e). By Proposition 18.8

e € dcl"(Cb(a/e)) C dc1™(d).

By Lemma 18.6 ¢ ~ d’ for some sequence of imaginaries d’. O
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Corollary 18.10 Stable theories eliminate hyperimaginaries.

Proof: By Proposition 18.9 and by the fact that canonical bases in stable theories are
sequences of imaginaries. a

Proposition 18.11 Let E be a 0-type-definable equivalence relation and let E* be the equiv-
alence relation given by

E*(a,b) & E(d',b") for somead =a, V =b

Then E is an intersection of 0-definable equivalence relations if and only if E* is an intersec-
tion of 0-definable equivalence relations and for each p(z) € S(0), E [ p = EN(p(€) x p(€))
s an intersection of 0-definable equivalence relations.

Proof: Note that the two following conditions are equivalent to E*(a, b):

1. E(a,c) for some ¢ = b.

2. E(a,a’) and E(b,b) for some o' =¥'.

If E(a,b) is witnessed by E(a’,b") where ¢’ = a and & = b, and we choose ¢ such that
ac = a'b’ then ¢ witness that 7 holds. For I = 2 just take ¢’ = ¢ and V' = b. Finally if
a', b are as in 2 and we choose ¢, d such that a’ad = b'cb, then E(c,b), a = c and b =b.

Now assume E = (., E; for 0-definable equivalence relations F;. Then obviously for
each p € S(0), E agrees with (,.; E; on p. Moreover E* = () E;, where E;,(x,y)
is the equivalence relation defined by

i€l,pel

Fz(p(2) A Ei(z, 2)) < 3z(p(2) A Ei(y, 2))

For the other direction, assume E* is an intersection of 0-definable equivalence relations
and for each p(z) € S(0), E | p = ;e 1, Eip [ p for a family of 0-definable equivalence
relations E;,. We can assume that the type E(x,y) defining the equivalence relation E is
made of reflexive and symmetric formulas. Fix some p(z) € S(0) and choose some a = p.
For each ¢ € I, we can find some formula o, (z,y) € E(z,y) and some 9;,(z) € p such that

O'ip(xa y) A %‘p(%) A %p(y) + Eip(xv y)
We can also find some 7;,(z,y) € E(z,y) such that
Tip(T,y) NTip(y, 2) NTip(z,u) F oip(x, w)

and some O-definable equivalence relation E7, in the family whose intersection is E* such
that
E;"p(:r, CL) F Ely(d)ip(y) A Eip(xa y))

Consider the relation Fj,(z,y) defined by the disjunction of (=E},(z,a) A =E},(y,a)) with
(Eip (@, a) N B (y, a) A Juv(@ip(u) A ip(0) ATip(2,w) ATip(y, v) A Bip(u, v)))

Note that the definition is in fact independent of the choice of the realization a of p. It is
clearly reflexive and symmetric. It is not difficult to see that it is also transitive. We claim
that
E=E'n () Fy
peS(0),icl,
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By Lemma 18.4 this will show that E is an intersection of 0-definable equivalence relations.

Assume E(b,c). Then E*(b,c). Let p(z) € S(0), let i € I,,, and let a = p. We want to
check that Fj,(c,d). We may assume E} (b,a) A E},(c,a). By choice of Ej, we know that
there are ¢/, d’ such that |= ¢;, () ATip(c,¢’) and |= ¥ip(d) ANTip(d,d’). Then = 04p(c, d')
and therefore Ey,(c/,d’).

For the other direction, assume E*(¢,d) and Fjpy(c,d) for all p,i. Let p(z) = tp(c).
As remarked above, E(c/,d) for some ¢ = ¢. It is enough to show that E(c,¢’) and for
this we have to check that E;,(c, ') for all ¢ € I,. Note that Fj,(c,d) and Fj,(d, ') since
we have already shown that E(z,y) implies Fip(z,y). Hence Fp(c,¢’) and by definition
of F;, there are b,b" such that = 1;,(b) A Tip(c,b) A (V') ATip(c/, V) A Eyy(b,b'). Note
that = ¥ip(c) A ¥ip(b) A 0ip(c, b) and thus E;,(c,b). Similarly E;,(c/,b") and we conclude
Eip(c, CI) . O

Lemma 18.12 Let T be small and let E be a 0-type-definable equivalence relation on €"
such that: if E(a,b), a = a and b = V', then E(a’,V'). Then E is an intersection of
0-definable equivalence relations.

Proof: We claim that whenever —=E(a,b) then for some @qu, € L, = @ap(a) A —pqp(b) and
E(z,y) A @ap N —pap(y) is inconsistent. If this is the case we can then express E as an
intersection of 0-definable equivalence relations as follows:

E@y) e N ew@) < eunl)
- E(a,b)

In order to prove this claim, assume —F(a,b) and set p(x) = tp(a), g(x) = tp(b). We first
observe that E(x,y)Up(z)Ug(y) is inconsistent and hence we can choose p(x) € p(x), ¥ (y) €
q(y) such that E(x,y) Ap(z) A(y) is inconsistent and —p(z) A—tp(z) is of minimal Cantor-
Bendixson rank « in the space S, () and of minimal degree in this rank. If —p(x) A =) (z)
is inconsistent we set ., = ¢ and this choice satisfies the requirements. Otherwise we
choose a type p'(z) € S,(0) of rank « containing the formula —(x) A —1)(z) and also a
realization ¢ = p’. Now, if there if some a’ = ¢ and some V' |= ¢ such that E(a’,c) and
E,c) then E(x,y) A ¢(x) A(y) turns out to be consistent. Hence we may assume that
there is no a’ = ¢ such that E(d/, ¢), that is, E(x,y) Ap(x) Ap'(y) is inconsistent. Therefore
E(z,y) A o(x) A (y) is inconsistent for some ¢’ € p’. Note that either —p(z) A =)' (z)
has rank < « or has rank o and smaller degree than —(z) A —)(x). This contradicts the
previous choice of ¢(x) and (). o

Theorem 18.13 Let T be small.

1. If E is a O-type-definable equivalence relation on €™, then E is an intersection of
0-definable equivalence relations.

2. T eliminates all finitary hyperimaginaries.

s

3. For any finite set A, bédA ==4.

4. If T is simple, then EA ==, for any A.

Proof: 1. We apply Proposition 18.11. It is clear that E* satisfies the hypothesis of
Lemma 18.12 and therefore it is an intersection of O-definable equivalence relations. Now
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fixe some p(z) € S,(P) and choose some ¢ = p. We have to show that for some family

(E; i € I) of 0-definable equivalence relations, £ [ p = (,c; £; [ p. Consider the relation

F(z,y) & for some z, cx = zy and E(c, 2)

It is an equivalence relation and it is type-definable over c. Since T'(c) is small and in T'(c)
the relation F' satisfies the hypothesis of Lemma 18.12, there is some family (F; : i € I) of
equivalence relations I such that F' = (1,.; F; and for each 1 € I there is some <p1(33, Y, 2) €
L such that p;(x,y,c) defines F;. Now let

Ei(z,y) < Yu(pi(u,r,7) < 0i(u,y,y))

It is clearly an equivalence relation. We check that £ [ p = [;c; E; [ p. It suffices to see
that for any a = p, E(a,c) iff E;(a,c) for all i € I. Assume E(a,c), let i € I, let b be
arbitrary and choose b’ such that ab = cb’. Then F(b,b’) and therefore = ¢;(b,V', c). Since
vi(z,y,c) defines an equivalence relation, = ¢;(b,c,¢) « ¢;(V',¢,¢). By automorphism,
E pi(b,c,c) < ¢i(b,a,a) and thus E;(a,c). For the other direction, assume F;(a,c) for
all ¢ € I. Since | p;(a,a,a), we get = ¢;(a,c,c) and hence F(a,c). This clearly implies
E(a,c).

2. Tt follows from 1 and Corollary 18.3.

3. Since T'(A) is again small we may assume A = (). It is enough to check the equality
for finite sequences and this case follows straightforward from 1 since it implies that on
n-tuples = is an intersection of finite 0-definable equivalence relations.

4. If T is simple, T(A) is also simple and by Corollary 10.14 =, ==, By Corol-

lary 10.13, a 2,4 b iff a EA/ b for all finite A’ C A. Same for =4. Then we can apply
3.

a

Example 18.14 1. (Pillay-Poizat) There is a superstable theory T (of U-rank 1) where
we can find a O-type-definable equivalence relation which is mot an intersection of
0-definable equivalence relations.

2. (Adler) There is an w-categorical (hence small) theory which does not eliminate hy-
perimaginaries. It is a theory with the strict order property.

Definition 18.15 A formula ¢(x,y) € L is low if there is some n < w such that for
any indiscernible sequence (a; : i < w), if {o(x,a;) : i < w} is inconsistent, then it is
n-inconsistent. We say that T is low if it is simple and every formula is low in T.

Definition 18.16 Let p(x,y) € L. For any set of formulas w(x) we define the rank D(m, @)
as follows

D(m, ) >0 iff 7(x) is consistent.
D(m,p) > « —|— 1 sz for some a, p(z,a) divides over the parameters of m and D(w U
{sa( ya)}s @
3. D(m, @) > a iff D(m, ) > 0 for all B < « if « is a limit ordinal number.

Remark 18.17 1. D(m, ¢, k) < D(m,¢) < D(m)
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2. If m(x) is a partial type over A, then D(m, @) > a+ 1 iff for some a, p(x,a) divides
over A and D(m U {p(z,a)},p) > «

Proposition 18.18 Let T be simple and let ¢(x,y) € L. Those following are equivalent:

1. o(z,y) is low.

There is some k < w such that for all m, D(m,p) = D(m, ¢, k).
D(x=z,¢) <w.

There is some n < w such that for all k < w, D(z = z,p,k) < n.

There is some n < w such that ¢ divides at most n times.

S G e e

{(a,b) € €: p(x,a) divides over b} is type-definable over ().

Proof: 1 = 2. Fix n < w as in the definition of low. If p(x,a) divides over A, it divides
over A with respect to n. Hence D(w, ) = D(m, ¢, n).

2 = 3. By simplicity, D(z = z, ¢, k) < w.
3 = 4 is clear since D(z =z, p,k) < D(x =z, p).

4 = 5. Fix n asin 4. If ¢ divide m times, there are sequences (a; : i < m) and
(ki : i < m) such that {¢(x,a;) : i < m} is consistent and for each i < m, p(x,a;) divides
over (a; : j < 1) with respect to k;. If k = max; <, k; then p(x,a;) divides over (a; : j < )
with respect to k and hence m < n.

5 = 3. By Proposition 3.7.

5= 1. If (a; : i < w) is indiscernible, and {p(z,a;) : i < w} is inconsistent but not
k + l-inconsistent, then (a; : i < k) witnesses that ¢(x,y) divides k times.

1 = 6. It follows from 1 that there is some k < w such that for all sequences a,b
if p(x,a) divides over b, then ¢(z,a) divides over b with respect to k. But {(a,b) € € :
©(x,a) divides over b with respect to k} is type-definable over {).

6 = 1. Assume ¢(z,y) is not low. For each k < w let (a¥ : i < w+w) be an indiscernible
sequence such that {¢(z,a¥) : i < w + w} is inconsistent but not k-inconsistent. Choose a
nonprincipal ultrafilter D over w and let (¢; : i < w+w) be a realization of the ultraproduct
of types [ (pk : k < w) where py, = tp(al : i < w+w). Then (¢; : i < w+w) is indiscernible
and {¢(x,¢;) : w < i < w+ w} is k-consistent for every k < w and hence it is consistent.
Let ¢ = (¢; : i < w). By Lemma 10.1, (¢; : w < i < w 4 w) is a Morley sequence over c.
By Proposition 5.13 ¢(z, ¢,,) does not divide over ¢. Assume 7(z,y) is a partial type over
() defining dividing as in 6. Since, for each k < w, ¢(z,a”) divides over by = (af : i < w),
we have |= 7(ak, by) and therefore |= 7(c,,, c). But then ¢(z,c,) divides over c. a
Remark 18.19 Conditions 3, 4, 5 of Proposition 18.18 are equivalent in any theory T.
Moreover, if they hold for any ¢, the theory T is simple.

Remark 18.20 If T is low, then T(A) is also low for any set A.

Proof: This is clear, for instance, from point 6 of Proposition 18.18 since ¢(z,a, b, c)
divides over be in T' if and only if ¢(x, a, b, ¢) divides over b in T'(c). |

Proposition 18.21 1. Any stable theory is low.
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2. Any supersimple theory of finite D rank is low.

Proof: By Proposition 18.18 2 is clear, since D(z = z,¢) < D(x = z). For 1, assume
{¢(x,a;) : i < n} is consistent and ¢(z,a;) divides over (a; : j < i) for each ¢ < n. Let
b Nicne(z,a;) and let pi(x) = tp(b/{a; : j < i}) fori = 1,...,n. By Corollary 8.7,
CBy(pi) > CBy(pit1) for all i < n and therefore w > CBy(x = x) > D(xz =z, ¢). O

Example 18.22 (Casanovas-Kim) There are supersimple nonlow theories.

Definition 18.23 The Zariski topology in €I is the topology whose closed sets are the type-
definable (over subsets of €) subsets of €1. If E is a O-type-definable equivalence relation in
a type-definable over () subclass of €, the logic topology or the Kim-Pillay topology is the
quotient topology of the Zariski topology. If w(x) is the type defining the domain of E and
X = w(€)/E is the quotient, then A C X is closed iff {a |= 7 : ag € A} is type-definable.
In this context we will always identify E with the type defining it and we will assume that
the type E(z,y) is closed under finite conjunctions and that E(z,y) b n(z) Um(y).

Proposition 18.24 Let w(x) be a type over 0, let E be a O-type-definable equivalence rela-
tion on w(€), and consider the Kim-Pillay space X = w(C)/E.

1. Y C X is closed iff for some type-definable class A, Y = {ag : a € A}.
2. X is Hausdorff.
3. A basis of open sets is given by the collection of all
Uap = {bE :E= p(d' V) for all a’,V such that E(a,a’), E(b,b'}
where a = and ¢ = p(z,y) € E.

4. X is compact iff E is bounded.
Proof: 1. If A= ®(C), then {a:ap € Y} is defined by the type

V() = Fy(E(z,y) A 2(y))

2 is clear. We check 3. Note that {b = 7 : bp & U,p,} is type-definable and hence
Uqy is open. Let U be open and agp € U. We will show that agp € Uy, € U for some
o(z,y) € E(x,y). We may assume that {b =7 : bg € U} = {b = 7 = ¢(b)} for some
formula ¢ (z) € L(€). Then E(x,y) A (z) - ¥(y). By compactness p(z,y) A (x) F ¥(y)
for some @(z,y) € E(x,y). It is easily seen that ¢ works.

4. Assume first F is bounded and let (F; : ¢ € I) be a family of closed sets with the finite
intersection property. For each i € I choose a type ®;(z) such that F; = {ag : a = ®;}.
If the number of E-classes is bounded by k, the number of closed sets in X is bounded by
2" and hence [I| < 2%. Therefore | J;.; ®; is a partial type over a subset of € and we can
realize it by some a € €. Clearly, ag € F; for all ¢ € I. For the other direction, assume now
X is compact. Fix o(z,y) € E(z,y). We will show that ¢ is finite on 7, that is, there is no
infinite sequence (a; : @ € w) of realizations a; of 7 such that = —p(a;, a;) for all i < j < w.
From this it follows that F is bounded. Assume there is such a sequence (a; : i € w). We
can extend it to a maximal one (a; : ¢ € I). Then for any a |= 7 there is some i € I such
that = ¢(a,a;), that is X C (J;c; Ua,p- By compactness of X, for some finite Iy C I,

X C Uier, Uasp- This contradicts the choice of the sequence. O
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Proposition 18.25 Let m(x) be a type over 0, let E be a 0-type-definable equivalence re-
lation on w(€), and consider the Kim-Pillay space X = w(€)/E. The following conditions
are equivalent.

1. X is 0-dimensional.
2. E is an intersection of 0-definable equivalence relations.

3. For each o(x,y) € E there is some @' (x,y) € E such that

(a) w(z) Un(y) b ¢'(2,y) — o(,y).

(b) E(x,2")UE(y,y) - ¢'(z,y) — ¢'(«",y/).
Proof: 1 = 2. Let (O; : i € I) be a basis of clopen sets. For each i € I there is some
formula ¢;(z) € L(€) such that {a = 7 := pi(a)} = {a 7 :ap € O;}. Let a = 7.
Since {ag} is closed, there is a subset I, C I such that {ag} = (;c; O;. For eachi € I,

(¢i(x) <> ©i(y)) defines an equivalence relation. It is easy to check that E can be defined
by

A N (ei@) < 0i(y)

al=mi€l,

2 = 3. Let E = (),c; E; where each Ej is a 0-definable equivalence relation. If p(z,y) €
E(z,y), then for some i € I, E;(z,y) F ¢(x,y) and clearly ¢'(x,y) = E;(z,y) satisfies all
the requirements.

3= 1. Let (Uyy : a =7, ¢ € E) be the basis of open sets described in Proposition 18.24.
For each ¢ € E choose ¢’ as in 8. Then (Uyy : a =7, ¢ € E) is again a basis of open sets.
It is easy to check that in fact each U, is clopen. O

Proposition 18.26 If T is simple, then T eliminates all bounded hyperimaginaries if and
only if Lstp = stp, that is, if and only if for all sequences a,b: a =) iff a =b.
Proof: It is clear that if T eliminates all bounded hyperimaginaries, then Aut(€/bdd(0)) =

Aut(€/acl®l(0)) and therefore Lstp = stp. For the other direction, let e = ag be a bounded
hyperimaginary. By Proposition 15.21 we can assume F is a bounded equivalence rela-

tion. By Corollary 10.14, = is the least bounded 0-type-definable equivalence relation and
therefore ag splits into a bounded number of Lascar strong types. By assumption and by
Proposition 18.2 for each bFEa there is a sequence of imaginaries b’ such that by, ~ o'. Let

(b; : i € I) be a sequence of representatives of Lascar strong types of elements ina g. Then
e € dc"(b;:ieI)and (b, :ieI)cbdd(e). By Lemma 18.6 e is equivalent to a sequence
of imaginaries. O

Lemma 18.27 Let T be simple, p(y) € S(0) and let ¥1(z,y),...,¢¥n(z,y) € L. Then
{(a1,...,a,) : a1,...,ay, are independent realizations of p and the formula
Y1(z,a1) Ao A (2, an) does not fork over 0}
is type-definable over (.

Proof: The case n = 1 is clear by Proposition 5.13 and Corollary 5.20. For the general
case, notice that it is enough to deal with Morley sequences in p since we only are interested
in independent ay, ..., a,. O
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Theorem 18.28 Let T' be a low theory.

1. T eliminates all bounded hyperimaginaries.

2. For any set A, for any sequences a,b: a =, b iff a EA b.
Proof: 1 follows from 2 and Proposition 18.26.

2. By Remark 18.20, we can assume A = ). Let F =Z and consider ¢ = ap, a
bounded hyperimaginary. We will show that we can eliminate e using Proposition 18.2.
Let p(z) = tp(a). We use point & of Proposition 18.25 to show that on F | p is an
intersection of 0-definable equivalence relations. Let o(z,y) € E | p. We need to find
¢'(z,y) € E | p such that '(z,y) = ¢(z,y) and E(z,2") A E(y,y') A ¢'(z,y) B ' (2", y).
Choose ¢ € E(x,y) | p such that

@(z,y) Ay, 2) A @(z,u) Ag(u,v) oz, v)
Consider the following binary relation R(b, c) on realizations b, c of p :
o(z, ') A p(z, ) does not fork over () for some V', ¢’ = p such that E(b, V'), E(c,c'),b" | ¢

We will check that R is definable by some formula ¢’ as above. Since e € bdd(f), for any
b |= p the type E(z,b) does not fork over (. This implies that we can find an independent
sequence by, by, b in the E-class bg, which shows that ¢(x, b1)A@(z, bs) does not fork over (.
It follows that whenever b, ¢ = p and E(b, ¢) then R(b,c). By choice of ¢, whenever R(b, c)
then = ¢(b, ¢). Finally, it is obvious that if E(b,b'), E(c,c), and R(b,c¢), then R(V,c).

To check the definability of R we show that R and its complement are type-definable.
Type-definability of R follows from Lemma 18.27 and Corollary 5.20. For the complement

R of R we need to use lowness of 7. First note that, since F :;, by Corollary 10.5, for
all b,c, V', ¢ realizing p, if b | ¢, b | ¢, E(b,V), and E(c, ), if g(z,b) A g(x,c) does not
fork over (), then also @(z,b) A @(z,c’) does not fork over (). Hence for b,c = p, R(b,c)
if and only if there are b, ¢ |= p such that E(b, V), E(c,c'), v | ¢ and @¢(x,b') A ¢(x, )
forks over (). By Proposition 18.18 and Corollary 5.20 it is easily seen that this relation is
type-definable over (. O
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