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Introduction

s SHEPHERDSON [6]: The models of Open Induction (OI) are
the Integer Parts (IP) of real closed fields (RCF).

s WILKIE [7]: Each discretely ordered Z-ring can be embedded
in a model of OL.

m VAN DEN DRIES [3]: The previous result is extended for the
normal (integrally closed) case.

m MACINTYRE & MARKER [4]: Some classical theorems on
primes fail in some nonstandard (normal) models of OI.

m MOURGUES & RESSAYRE [5]: Each RCF has an IP (the IP
they constructed 1s not normal for non-trivial cases).

s S. KUHLMANN & AL. [2]: Does every RCF have a normal IP?

s BERARDUCCI and OTERO [1] constructed a nonstandard nor-
mal model of OI with cofinal set of primes. This model was an

IP of k(1) " (t < 1, k is recursive RCF, k C R, trdeg(k) = Xy).
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Objectives

to give a recurrent construction which
allows to generate new IP’s based on
the existed ones.

to construct normal IP’s for a class of
RCF’s (a partial answer to a question
in [2]).

to show that each field from that class
possesses an IP which satisfies the
same homogeneous existential for-
mulae (in the language without <)
as a prescribed subfield ky C R with
trdeg(R /ky) = 2%,

to present continuumly many elemen-
tary non-equivalent IP’s for each field
from the considered class.



Main Results

Proposition (Basic Construction). Let K C F C;, K((G)),
M 1s an IP and H 1s a subfield of K and M C H. Also, let

u 4 trdeg(K/H) > |Neg(F)| and cf(u) > |Supp(u)| for all
u € Neg(F). Then there exists T C F NK((GS)) such that the el-
ements of T are algebraically independent over H and H |7'|o > M

1s an IP of F.

Theorem 1. Let G be a divisible ordered abelian (non-trivial)
group with anti-well-ordered value set o*. Let

s R(G) CF C; R((G)) and

o (5> (Y< o).

Then, assuming GCH, there exists an IP M of F such that
THgﬁh(M) — THgfh(k()).

Theorem 2. Under the same assumptions as in Theorem 1,
s The number of elementary non-equivalent IP’s of F 1s
continuum.

m F has a normal IP.

Theorem 3. Let ' be an RCF with the residue field R and a
value group G. Let G have an anti-well-ordered value set o¢* with
o < @;. Then F has a normal IP, and the number of elementary
non-equivalent IP’s of F' 1s continuum.

Definitions

. Neg(F) YFNK(GY)),G=E {geGlg <0}
H|X], is the set of those polynomials of
H|[X]| whose constant term is 0, and H|7|, =

{p(ala ..,Cln) ‘Cl,‘ S T, P EH[X]()}

m 0" is an ordinal with its order reversed. We
consider the groups G with value set o*. We
identify the natural valuation on G by the cor-
responding surjective map v: G — ™.

m ko C R, trdeg(R /kq) = 2%0.

m Given R(G) C F C; R((G)), we define C, =
{8€Glvig) <7} (y<a) and F, = F
R((Cy)).

m TH-, (M) denotes the part of existential the-
ory of M (in the language without <) consist-
ing of homogeneous formulae.

Remarks

s R((G)) (with G as above) satisfies the
hypotheses of Theorem 1.

s The field k(7)"" has infinitely many
elementary non-equivalent IP’s.



Outline of the Proofs

1) Basic Construction. E is a transcendence base of K/H.
m choose a suitable well-order < on E,

||| : Neg(F) — E,

= construct a suitable well-order on Neg(F'),

m define A : Neg(F) — E so that ||u|| < A(u) (u € Neg(F)).
» define 77 C Neg(F') by transfinite induction.

m induce functions |- || : K — E,

a prove that T & {u+A(u)|lu € Ty} is the desired set.

2) The proof of Theorem 1 1s by transfinite induction and 1is
mainly based on Proposition. Set ko = Q({p'/?|p € A}) (A is a
subset of primes) to prove Theorem 2 (for normality, set A = &).
Theorem 3 1s a direct consequence of Proposition.
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Definitions

m K 1s an ordered field, G is an ordered abelian
group (orders are total).

m A discretely ordered ring (DOR) is an ordered
ring having 1 as its least positive element.

m A discretely ordered subring M C K 1s called
an Integer Part (IP) of K if for each x € K
there exists z€ M suchthat z <x < z+ 1.

m M is called normal if (x,y,cq,...,c, € M):

Xt ly+- 4,y =0
= dz€ M(x =yz).

= A subfield F C K((G)) is called truncation
closedif: } a it €F, g0 € G =) ;. ast* €F.
In symbols F Ci K((G)).

m Ol 1s a first order theory in the language
{0,1,4,—,-,<} which has the axioms of
DOR and the following scheme of axioms (¥
1s quantifier-free):

(W(X,0) AVy=olw(X,y) — w(X,y+1)])
- Vy>OW(fvy)



