Serre’s open image theorem plan

Pip Goodman

Below is the plan to prove Serre’s open image theorem. I've somewhat
modified Serre’s original argument to make it easier. In particular, this
includes using Falting’s [sogeny Theorem, Raynaud’s Theorem and replacing
Serre’s Tori with algebraic Hecke characters.

Feel free to email me if you have any questions pip.goodman@ub.edu.

The expected length of every talk is 75 minutes.

Background talk

Date: 23/1/2025
Speaker: Roberto Gualdi
Time and room: at 15:00 in T2 of UB

In this talk, the speaker should state the Criterion of Néron—Ogg—Shafarevich
(see [Sil09, Thm. 7.1|) along with its corollary given as Exercise 7.9 on page
204 of [SII09).

To do this, the speaker may also wish to include various other pieces of
background information, definition of inertia groups etc.

First talk

Date: 30/1/2025
Speaker: Francesc Pedret
Time and room: at 15:00 in T2 of UB

See |here| for a brief summary of Class Field Theory. This talk should roughly
cover the material in Sections 1.1 to 1.5 of Serre’s paper [Ser72|. Here’s a
rough plan including the essentials:

e Recall main statements of local class field theory.

e Global class field theory in terms of the adeles. Also ray class groups
in terms of the adeles (finiteness is what’s important here really).

e Explicit examples of ray class groups using CFT.


https://math.mit.edu/~poonen/papers/cft.pdf

Introduce fundamental characters (see §1.3 [Ser72]).

Prove [Ser72, Prop. 3, pg 265|.

Second talk

Date: 13/2/2025
Speaker: Filip Gawron
Time and room: at 17:00 in T2 of UB

The plan of this talk is essentially to replace the content covered in Serre’s
§1.8 to §2.7 with the statement of a couple of theorems and then introduce
compatible systems of ¢-adic representations and prove a basic result about

them.

State Raynaud’s Theorem (see [ALS16, Thm. 4| for it specialised to
abelian varieties).

Make Raynaud’s Theorem explict for elliptic curves (use determinant
= cyclotomic character = fundamental character of level 1).

State classification of maximal subgroups of GLa(F;). Google gave me
this reference, but there’s plenty available. The most accurate (but
also perhaps most complicated) is [BHRD13|.

Deduce the image of Galois can only be contained in subgroups whose
size doesn’t grow with ¢ for only finitely many .

Define compatible systems of ¢-adic representations [Ser68, I-10].

Prove [Ser68, I-10, Theorem| (a unicity statement about semisimple
compatible systems).

Third talk

Date: 6/3/2025
Speaker: Xavier Guitart
Time and room: at 17:00 in T2 of UB

Here we are essentially following an alternative way to cover the material
in Serre’s §3.1-3.4, along with examples.

Define algebraic Hecke characters and their ¢-adic avatars (see [Sch88,
Chp. 0, §5]).


https://people.math.harvard.edu/~landesman/assets/subgroups-of-gl2.pdf

e Define algebraic homomorphisms and show which ones arise as the
infinity type of an algebraic Hecke character (see [Sch88, Chp. 0 §2,

3]).

e Give explicit examples of algebraic Hecke characters. Of particular
relevance here are the ones which arise from CM elliptic curves (see
[SiI94, §IT, Thm. 9.2, pg 168]).

e Show why the image of a CM elliptic curve can’t be open in GLQ(Z).

Fourth talk

Date: 13/3/2025
Speaker: Josu Pérez
Time and room: at 17:00 in T2 of UB

In an effort to simplify the material we need to cover, I've removed Serre’s
Tori from the picture, which he spends a lot of time on. These are essentially
just Serre’s way of reformulating algebraic Hecke characters so that they be-
come characters of certain algebraic groups. This is explained in Chapter 0
§7 of [SchS8§].

Here’s the basic dictionary for Serre’s Tori T, T;,,, Sps via their character
groups X (1), X (T)n), X (Sm)-

e X(T) algebraic homomorphisms.

e X(T),) algebraic homomorphisms which are infinity types of algebraic
Hecke characters.

e X(S,,) algebraic Hecke characters.

The results you will prove in this talk (listed below) are the essential step
in the paper towards proving the main theorem. Essentially they’ll allow us
to show that if there are infinitely many reducible mod ¢ representations,
then they must come from an algebraic Hecke character.

This material essentially covers §3.5 & §3.6 of Serre’s article.

e Prove [Ser72, Prop. 20, pg 289].

e Prove [Ser72, Thm. 1, pg 291].

Fifth talk

Date: 3/4/2025
Speaker: Marc Masdeu



Time and room: at 17:00 in IC of UB

This talk focuses on ellitpic curves. You'll prove that the Tate module V; of
an elliptic curve is irreducible and show that multiplicative reduction gives
rise to transvections in the image of the mod ¢ representations.

e Prove the Irreducibility Theorem [Ser68, 1V-9,82.1] (you’ll need to at
least state the theorem and corollary on page IV-7).

e State the basics of Tate curves [Sil94, pg 422| to let you prove [Sil94]
pgdd7, Cor. 6.2].

Sixth talk

Date: 10/4/2025
Speaker: Enric Florit
Time and room: at 17:00 in T2 of UB

In this talk you’ll need to develop some background from ¢-adic Lie groups
and Lie algebras and use it prove the ¢-adic images are open. One reference
for this is [Hoo42].

e Show the image of Galois on Vj is a Lie group (use that the image is
closed).

e Prove [Ser68, IV-11,Theorem| using Falting’s Isogeny Theorem. Serre
explains a bit about this in his paper [Ser66]. (Ribet also does this in
his paper [Rib76| for a larger class of abelian varieties.)

Seventh talk

Date: 24/4/2025
Speaker: Francesc Fité
Time and room: at 17:00 in T2 of UB

State Theorem 2 and prove it (proof of surjecting at all but finitely many
primes mod ¢). Sections 4.1 and 4.2 of [Ser72].

Eighth talk

Date: 22/5/2025
Speaker: Pip Goodman
Time and room: at 17:00 in T2 of UB



The purpose of this talk is to give some explicit examples and make a start
on why the image is actually open in GLy(Z).

e Explicit examples (see e.g. Section 5 of Serre’s article).

e State Theorem 3 in [Ser72|, along with the Proposition and main
lemma on page IV-19 of [Ser68].

e Prove Lemma 3 on page IV-23 [Ser68]. (This essentially shows that for
¢ > 3 surjecting mod / is equivalent to surjecting f-adically.)

Ninth talk

Date: 5/6/2025
Speaker: Santi Molina
Time and room: at 17:00 in S3 of UB

Finish the proof that the adelic image is open. The essence of this talk is in
proving that the images for the individual #’s do not ‘mix’ via a Goursat’s
Lemma type argument.

e Finish the proof of the main lemma. Pages IV-24 to IV-27.

Tenth talk

Left as individual summer homework.

Let A be an abelian variety of dimension ¢ defined over a number field
K with geometric endomorphism ring Z.

Theorem (Serre). Suppose g either equals 2, 6 or is odd. Then for ¢ suffi-
ciently large the mod £ representation is surjective.

We could have a look at covering the proof of this result, or outlining its
proof. Otherwise, Mumford has constructed an interesting example which
shows the above result of Serre cannot be generalised to g = 4 [Mum69]. It
could make for a nice talk or two to go over his construction.
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