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Universität Zürich, Institut für Mathematik, Winterthur-
erstrasse 190, 8057 Zürich, Switzerland, &
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§1.2. A review on the Laplace equation 9

§1.3. Probabilistic interpretation of harmonic functions 21

Chapter 2. Linear elliptic PDE 25

§2.1. Harnack’s inequality 26

§2.2. Schauder estimates for the Laplacian 33

§2.3. Schauder estimates for operators in non-divergence form 46

§2.4. Schauder estimates for operators in divergence form 59

§2.5. The case of continuous coefficients 64

§2.6. Boundary regularity 68

Chapter 3. Nonlinear variational PDE & Hilbert’s XIXth problem 71

§3.1. Overview 72

§3.2. Existence and basic estimates 75

§3.3. De Giorgi’s proof 81

§3.4. Solution to Hilbert’s XIXth problem 94

§3.5. Further results and open problems 95

Chapter 4. Fully nonlinear elliptic PDE 97

§4.1. What is ellipticity? 98

§4.2. Equations in two variables 102

v



vi Contents

§4.3. Existence of solutions 105

§4.4. Regularity of solutions: an overview 115

§4.5. Further results and open problems 121

Chapter 5. The obstacle problem 125

§5.1. Some motivations and applications 128

§5.2. Basic properties of solutions I 130

§5.3. Basic properties of solutions II 141

§5.4. Regularity of free boundaries: an overview 147

§5.5. Classification of blow-ups 150

§5.6. Regularity of the free boundary 161

§5.7. Singular points 171

§5.8. On the size of the singular set 175

Appendix A. Some properties of Hölder spaces 179
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Preface

One of the most basic and important questions in PDE is that of regularity.
It is also a unifying problem in the field, since it affects all kinds of PDEs.
A classical example is Hilbert’s XIXth problem (1900), which roughly speak-
ing asked to determine whether all solutions to uniformly elliptic variational
PDEs are smooth. The question was answered positively by De Giorgi and
Nash in 1956 and 1957, and it is now one of the most famous and important
theorems in the whole field of PDE.

The question of regularity has been a central line of research in elliptic
PDE since the mid-20th century, with extremely important contributions by
Nirenberg, Caffarelli, Krylov, Evans, Figalli, and many others. Their works
have enormously influenced many areas of Mathematics linked one way or
another with PDE, including: Harmonic Analysis, Calculus of Variations,
Differential Geometry, Geometric Measure Theory, Continuum and Fluid
Mechanics, Probability Theory, Mathematical Physics, and Computational
and Applied Mathematics.

This text emerged from two PhD courses on elliptic PDE given by the
second author at the University of Zürich in 2017 and 2019. It aims to pro-
vide a self-contained introduction to the regularity theory for elliptic PDE,
focusing on the main ideas rather than proving all results in their greatest
generality. The book can be seen as a bridge between an elementary PDE
course and more advanced textbooks such as [GT77] or [CC95]. Moreover,
we believe that the present selection of results and techniques complements
nicely other books on elliptic PDE such as [Eva98], [HL97], and [Kry96],
as well as the recent book [ACM18]. For example, we give a different proof
of the Schauder estimates (due to L. Simon) which is not contained in other
textbooks; we prove some basic results for fully nonlinear equations that

vii
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are not covered in [CC95]; and we also include a detailed study of the ob-
stacle problem, often left to more specialized textbooks such as [Fri88] or
[PSU12]. Furthermore, at the end of Chapters 3, 4, and 5 we provide a
review of some recent results and open problems.

We would like to thank Alessio Figalli, Thomas Kappeler, Alexis Michelat,
Joaquim Serra, and Wei Wang, for several comments and suggestions on this
book.

Finally, we acknowledge the support received from the following funding
agencies: X.F. was supported by the European Research Council under the
Grant Agreement No. 721675 “Regularity and Stability in Partial Differen-
tial Equations (RSPDE)”, by the Swiss National Science Foundation (SNF
grants 200021 182565 and PZ00P2 208930), and by the Swiss State Secre-
tariat for Education, Research and lnnovation (SERI) under contract num-
ber M822.00034; X.R. was supported by the European Research Council un-
der the Grant Agreement No. 801867 “Regularity and singularities in elliptic
PDE (EllipticPDE)”, by the Swiss National Science Foundation (SNF grant
200021 178795), by AEI project PID2021-125021NA-I00 (Spain), by the
grant RED2018-102650-T funded by MCIN/AEI/10.13039/501100011033,
and by the Spanish State Research Agency through the Maŕıa de Maeztu
Program for Centers and Units of Excellence in R&D (CEX2020-001084-M).

Zürich, 2020



Chapter 1

Overview and
Preliminaries

A beautiful result in Complex Analysis states that because the real part
u(x, y) of any holomorphic function satisfies

uxx + uyy = 0,

it must be real analytic. Moreover, the oscillation of u in any given domain
controls all the derivatives in any (compactly contained) subdomain.

In higher dimensions, the same phenomenon occurs for solutions to

(1.1) ∆u = 0 in Ω ⊂ Rn.

These are harmonic functions, and (1.1) is the simplest elliptic partial dif-
ferential equation (PDE). Any solution to this equation is smooth (real an-
alytic), and satisfies

‖u‖Ck(Q) ≤ Ck,Q‖u‖L∞(Ω) for all k = 1, 2, 3, ...

for any compact subdomain Q ⊂⊂ Ω. That is, all derivatives are controlled
by the supremum of u.

Here, and throughout the book, Ω is any bounded domain of Rn.

• Regularity for Laplace’s equation:

∆u = 0 in Ω ⊂ Rn =⇒ u is C∞ inside Ω.

This kind of regularization property is common in elliptic PDEs and is
the topic of the present book.

1



2 1. Overview and Preliminaries

One can give three different kinds of explanations for this phenomenon:

(a) Integral representation of solutions: Poisson kernels, fundamental
solutions, etc.

(b) Energy considerations: Harmonic functions are local minimizers of
the Dirichlet energy

E(u) :=

∫
Ω
|∇u|2 dx

(i.e., if we change u to w in Ω̃ ⊂ Ω, then E(w) ≥ E(u)).

(c) Comparison principle: A harmonic function cannot have any inte-
rior maximum point (maximum principle).

These three approaches are extremely useful in different contexts, as well
as in the development of the regularity theory for nonlinear elliptic PDEs.

The structure of the book is as follows:

? First, in Chapter 2 we will study linear elliptic PDEs
n∑

i,j=1

aij(x)∂iju = f(x) in Ω ⊂ Rn

and
n∑

i,j=1

∂i
(
aij(x)∂ju

)
= f(x) in Ω ⊂ Rn,

where the coefficients aij(x) and the right-hand side f(x) satisfy appropriate
regularity assumptions. In the simplest case, (aij)i,j ≡ Id, we have

∆u = f(x) in Ω ⊂ Rn.

The type of result we want to prove is: “u is two derivatives more regular
than f”.

? Then, in Chapter 3 we will turn our attention to nonlinear variational
PDEs:

minimizers of E(u) :=

∫
Ω
L(∇u)dx, L smooth and uniformly convex.

The regularity for such kind of nonlinear PDEs was Hilbert’s XIXth problem
(1900).

? In Chapter 4 we will study nonlinear elliptic PDEs in their most
general form

F (D2u,∇u, u, x) = 0 in Ω ⊂ Rn,
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or simply

F (D2u) = 0 in Ω ⊂ Rn.
These are called fully nonlinear elliptic equations, and in general they do
not have a variational formulation in terms of an energy functional.

? In Chapter 5 we will study the obstacle problem, a constrained min-
imization problem:

minimize

∫
Ω
|∇u|2dx, among functions u ≥ ϕ in Ω,

where ϕ is a given smooth “obstacle”. This is the simplest and most impor-
tant elliptic free boundary problem. Moreover, it can be seen as a nonlinear
PDE of the type min{−∆u, u− ϕ} = 0 in Ω.

As we will see, in each of these contexts we will use mainly: (b) energy
considerations, or (c) maximum principle.

At the end of the book, we have also included four appendices to com-
plement the theory from the main chapters.

1.1. Preliminaries: Sobolev and Hölder spaces

We next give a quick review on Lp, Sobolev, and Hölder spaces, stating the
results that will be used later in the book.

Lp spaces. Given Ω ⊂ Rn and 1 ≤ p <∞, the space Lp(Ω) is the set

Lp(Ω) :=

{
u measurable in Ω :

∫
Ω
|u|pdx <∞

}
.

It is a Banach space, with the norm ‖u‖Lp(Ω) := (
∫

Ω |u|
p)1/p.

When p = ∞, the space L∞(Ω) is the set of bounded functions (up to
sets of measure zero), with the norm ‖u‖L∞(Ω) := esssupΩ|u|.

A well-known result in this setting is the Lebesgue differentiation theo-
rem (see, for example, [EG92]).

Theorem 1.1. If u ∈ L1(Ω), then for almost every x ∈ Ω we have

lim
r→0

∫
Br(x)

∣∣u(x)− u(y)
∣∣dy = 0.

When this holds at a point x ∈ Ω, we say that x is a Lebesgue point of u.

Here, and throughout the book,
∫
A denotes the average 1

|A|
∫
A, where

A ⊂ Rn is any set of finite and positive measure.

A useful consequence of this result is the following.
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Corollary 1.2. Assume u ∈ L1(Ω), and∫
Ω
uv dx = 0 for all v ∈ C∞c (Ω).

Then, u = 0 a.e. in Ω.

Integration by parts. A fundamental identity in the study of PDEs is the
following.

Theorem 1.3 (Integration by parts). Assume Ω ⊂ Rn is any bounded C1

domain1. Then, for any u, v ∈ C1(Ω) we have

(1.2)

∫
Ω
∂iu v dx = −

∫
Ω
u ∂iv dx+

∫
∂Ω
uv νi dS,

where ν is the unit (outward) normal vector to ∂Ω, and i = 1, 2, ..., n.

Notice that, as an immediate consequence, we find the divergence theo-
rem, as well as Green’s first identity∫

Ω
∇u · ∇v dx = −

∫
Ω
u∆v dx+

∫
∂Ω
u
∂v

∂ν
dS.

The regularity requirements of Theorem 1.3 can be relaxed. For instance,
the domain Ω need only be Lipschitz, while only u, v ∈ H1(Ω) is necessary
in (1.2) — where H1 is a Sobolev space, defined below.

Sobolev spaces. Given any domain Ω ⊂ Rn and 1 ≤ p ≤ ∞, the Sobolev
spacesW 1,p(Ω) consist of all functions whose (weak) derivatives are in Lp(Ω),
namely

W 1,p(Ω) := {u ∈ Lp(Ω) : ∂iu ∈ Lp(Ω) for i = 1, ..., n} .
We refer to the excellent books [Eva98, Bre11] for the definition of weak
derivatives and a detailed exposition on Sobolev spaces.

A few useful properties of Sobolev spaces are the following (see [Eva98]):

(S1) The spaces W 1,p(Ω) are complete.

(S2) The inclusion W 1,p(Ω) ⊂ Lp(Ω) is compact.

(S3) The spaceH1(Ω) := W 1,2(Ω) is a Hilbert space with the scalar product

(u, v)H1(Ω) =

∫
Ω
uv +

∫
Ω
∇u · ∇v.

(S4) Any bounded sequence {uk} in the Hilbert space H1(Ω) contains a
weakly convergent subsequence {ukj}, that is, there exists u ∈ H1(Ω)
such that

(1.3) (ukj , v)H1(Ω) → (u, v)H1(Ω) for all v ∈ H1(Ω).

1We refer to the Notation section (page 221) for the definition of C1 domains.
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In addition, such u will satisfy

(1.4) ‖u‖H1(Ω) ≤ lim inf
j→∞

‖ukj‖H1(Ω),

and since H1(Ω) is compactly embedded in L2(Ω) one has

(1.5) ‖u‖L2(Ω) = lim
j→∞

‖ukj‖L2(Ω).

(S5) Let Ω be any bounded Lipschitz domain, and 1 ≤ p ≤ ∞. Then, there
is a continuous (and compact for p > 1) trace operator from W 1,p(Ω)
to Lp(∂Ω). For C0 functions, such trace operator is simply u 7→ u|∂Ω.

Because of this, for any function u ∈ H1(Ω) we will still denote by
u|∂Ω its trace on ∂Ω.

(S6) For 1 ≤ p < ∞, C∞(Ω) functions are dense in W 1,p(Ω). Moreover, if
Ω is bounded and Lipschitz, C∞(Ω) functions are dense in W 1,p(Ω).

(S7) For 1 ≤ p <∞, we define the space W 1,p
0 (Ω) as the closure of C∞c (Ω)

in W 1,p(Ω). Similarly, we denote H1
0 (Ω) := W 1,2

0 (Ω). When Ω is
bounded and Lipschitz, it is the space of functions u ∈ W 1,p(Ω) such
that u|∂Ω = 0.

(S8) If u ∈W 1,p(Ω), 1 ≤ p ≤ ∞, then for any subdomain K ⊂⊂ Ω we have∥∥∥∥u(x+ h)− u(x)

|h|

∥∥∥∥
Lp(K)

≤ C ‖∇u‖Lp(Ω)

for all h ∈ Bδ, with δ > 0 small enough.
Conversely, if u ∈ Lp(Ω), 1 < p ≤ ∞, and∥∥∥∥u(x+ h)− u(x)

|h|

∥∥∥∥
Lp(K)

≤ C

for every h ∈ Bδ, then u ∈ W 1,p(K) and ‖∇u‖Lp(Ω) ≤ C. (However,

this property fails when p = 1.)

(S9) Given any function u, define u+ = max{u, 0} and u− = max{−u, 0},
so that u = u+ − u−. Then, for any u ∈ W 1,p(Ω) we have u+, u− ∈
W 1,p(Ω), and ∇u = ∇u+ −∇u− a.e. in Ω.

In particular, the gradient of Sobolev functions vanishes almost
everywhere on level sets, ∇u(x) = 0 for a.e. x ∈ {u = 0}.

An important inequality in this context is the following.

Theorem 1.4 (Sobolev inequality). If p < n, then(∫
Rn
|u|p∗dx

)1/p∗

≤ C
(∫

Rn
|∇u|pdx

)1/p

,
1

p∗
=

1

p
− 1

n
,

for some constant C depending only on n and p. In particular, we have a
continuous inclusion W 1,p(Rn) ⊂ Lp∗(Rn).
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Notice that, as p ↑ n we have p∗ → ∞. In the limiting case p = n,
however, it is not true that W 1,n functions are bounded. This can be seen

by taking, for example, u(x) = log log
(

1 + 1
|x|

)
∈ W 1,n(B1). Still, in case

p > n, the following occurs.

Theorem 1.5 (Morrey inequality). If p > n, then

sup
x 6=y

∣∣u(x)− u(y)
∣∣

|x− y|α
≤ C

(∫
Rn
|∇u|pdx

)1/p

, α = 1− n

p
,

for some constant C depending only on n and p.

In particular, when p > n any function in W 1,p is continuous (after
possibly being redefined on a set of measure 0).

Finally, we will also use the following inequalities in bounded domains.

Theorem 1.6 (Poincaré inequality). Let Ω ⊂ Rn be any bounded Lipschitz
domain, and let p ∈ [1,∞). Then, for any u ∈W 1,p(Ω) we have∫

Ω
|u− uΩ|pdx ≤ CΩ,p

∫
Ω
|∇u|pdx,

where uΩ :=
∫

Ω u, and∫
Ω
|u|pdx ≤ C ′Ω,p

(∫
Ω
|∇u|pdx+

∫
∂Ω

∣∣u|∂Ω

∣∣pdσ) .
The constants CΩ,p and C ′Ω,p depend only on n, p, and Ω.

Hölder spaces. Given α ∈ (0, 1), the Hölder space C0,α(Ω) is the set of
continuous functions u ∈ C(Ω) such that the Hölder semi-norm is finite,

[u]C0,α(Ω) := sup
x,y∈Ω
x 6=y

∣∣u(x)− u(y)
∣∣

|x− y|α
<∞.

The Hölder norm is

‖u‖C0,α(Ω) := ‖u‖L∞(Ω) + [u]C0,α(Ω).

When α = 1, this is the usual space of Lipschitz continuous functions.

More generally, given k ∈ N and α ∈ (0, 1), the space Ck,α(Ω) is the set
of functions u ∈ Ck(Ω) such that the following norm is finite

‖u‖Ck,α(Ω) = ‖u‖Ck(Ω) + [Dku]C0,α(Ω),

where

‖u‖Ck(Ω) :=

k∑
j=1

‖Dju‖L∞(Ω).
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Notice that this yields the inclusions

C0 ⊃ C0,α ⊃ Lip ⊃ C1 ⊃ C1,α ⊃ ... ⊃ C∞.

We will often write ‖u‖Ck,α(Ω) instead of ‖u‖Ck,α(Ω).

Finally, it is sometimes convenient to use the following notation. When
β > 0 is not an integer, we define Cβ(Ω) := Ck,α(Ω), where β = k + α,
k ∈ N, α ∈ (0, 1).

There are many properties or alternative definitions of Hölder spaces
that will be used throughout the book. They are valid for all α ∈ (0, 1), and
are proved in Appendix A.

(H1) Assume

oscBr(x)u ≤ C◦rα for all Br(x) ⊂ B1,

where oscAu := supA u− infA u.
Then, u ∈ C0,α(B1) and [u]C0,α(B1) ≤ CC◦, with C depending

only on n, α.

(H2) Let ux,r :=
∫
Br(x) u. Assume

‖u− ux,r‖L∞(Br(x)) ≤ C◦rα for all Br(x) ⊂ B1.

Then, u ∈ C0,α(B1) and [u]C0,α(B1) ≤ CC◦, with C depending

only on n, α.

(H3) Let ux,r :=
∫
Br(x) u. Assume( ∫

Br(x)
|u− ux,r|2

)1/2

≤ C◦rα for all Br(x) ⊂ B1.

Then, u ∈ C0,α(B1) and [u]C0,α(B1) ≤ CC◦, with C depending only
on n, α.

(H4) Assume that for every x there is a constant Cx such that

‖u− Cx‖L∞(Br(x)) ≤ C◦rα for all Br(x) ⊂ B1.

Then, u ∈ C0,α(B1) and [u]C0,α(B1) ≤ CC◦, with C depending only
on n, α.

Assume that for every x there is a linear function `x(y) = ax +
bx · (y − x) such that

‖u− `x‖L∞(Br(x)) ≤ C◦r1+α for all Br(x) ⊂ B1.

Then, u ∈ C1,α(B1) and [Du]C0,α(B1) ≤ CC◦, with C depending only
on n, α.
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Assume that for every x there is a quadratic polynomial Px(y)
such that

‖u− Px‖L∞(Br(x)) ≤ C◦r2+α for all Br(x) ⊂ B1.

Then, u ∈ C2,α(B1) and [D2u]C0,α(B1) ≤ CC◦, with C depending only
on n, α.

(H5) Let ρ◦ ∈ (0, 1). Assume that, for every x ∈ B1/2, there exists a
sequence of quadratic polynomials, (Pk)k∈N, such that

(1.6) ‖u− Pk‖L∞(B
ρk◦

(x)) ≤ C◦ρ
k(2+α)
◦ for all k ∈ N.

Then, u ∈ C2,α(B1/2) and [D2u]C0,α(B1/2) ≤ CC◦, with C depending

only on n, α, and ρ◦.

(H6) Assume that α ∈ (0, 1), ‖u‖L∞(B1) ≤ C◦, and

sup
x∈B1

x±h∈B1

∣∣u(x+ h) + u(x− h)− 2u(x)
∣∣

|h|α
≤ C◦.

Then, u ∈ C0,α(B1) and ‖u‖C0,α(B1) ≤ CC◦, with C depending only
on n, α.

Assume that α ∈ (0, 1), ‖u‖L∞(B1) ≤ C◦, and

sup
x∈B1

x±h∈B1

∣∣u(x+ h) + u(x− h)− 2u(x)
∣∣

|h|1+α
≤ C◦.

Then, u ∈ C1,α(B1) and ‖u‖C1,α(B1) ≤ CC◦, with C depending only
on n, α.

However, such property fails when α = 0.

(H7) Assume that α ∈ (0, 1], ‖u‖L∞(B1) ≤ C◦, and that for every h ∈ B1

we have

(1.7)

∥∥∥∥u(x+ h)− u(x)

|h|α

∥∥∥∥
Cβ(B1−|h|)

≤ C◦,

with C◦ independent of h. Assume in addition that α + β is not
an integer. Then, u ∈ Cα+β(B1) and ‖u‖Cα+β(B1) ≤ CC◦, with C

depending only on n, α, β.
However, such property fails when α+ β is an integer.

(H8) Assume that ui → u0 uniformly in Ω ⊂ Rn, and that ‖ui‖Ck,α(Ω) ≤ C◦,
with α ∈ (0, 1] and for some C◦ independent of i. Then, we have that
u0 ∈ Ck,α(Ω), and

‖u0‖Ck,α(Ω) ≤ C◦.
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Finally, an important result in this context is the following particular
case of the Arzelà–Ascoli theorem.

Theorem 1.7 (Arzelà–Ascoli). Let Ω ⊂ Rn, α ∈ (0, 1), and let {fi}i∈N be
any sequence of functions fi satisfying

‖fi‖C0,α(Ω) ≤ C◦.

Then, there exists a subsequence fij which converges uniformly to a func-

tion f ∈ C0,α(Ω).

More generally, this result — combined with (H8) — implies that if

‖ui‖Ck,α(Ω) ≤ C◦,

with α ∈ (0, 1), then a subsequence uij will converge in the Ck(Ω) norm to

a function u ∈ Ck,α(Ω).

Interpolation inequalities in Hölder spaces. A useful tool that will be
used throughout the book is the following. For each 0 ≤ γ < α < β ≤ 1 and
every ε > 0, we have

(1.8) ‖u‖C0,α(Ω) ≤ Cε‖u‖C0,γ(Ω) + ε‖u‖C0,β(Ω),

where C is a constant depending only on n and ε. (When γ = 0, C0,γ should
be replaced by L∞.) This follows from the interpolation inequality

‖u‖C0,α(Ω) ≤ ‖u‖
t
C0,γ(Ω)

‖u‖1−t
C0,β(Ω)

t =
β − α
β − γ

.

More generally, (1.8) holds for higher-order Hölder norms too. In par-
ticular, we will use that for any ε > 0 and α ∈ (0, 1)

‖∇u‖L∞(Ω) ≤ Cε‖u‖L∞(Ω) + ε[∇u]C0,α(Ω),

and

(1.9) ‖u‖C2(Ω) = ‖u‖C1,1(Ω) ≤ Cε‖u‖L∞(Ω) + ε[D2u]C0,α(Ω).

We refer to [GT77, Lemma 6.35] for a proof of such inequalities.

1.2. A review on the Laplace equation

Elliptic equations are those that share some common properties with the
Laplace equation. (We will be more rigorous about this in the subsequent
chapters.) Thus, we start with a quick review about the Laplace equation
and harmonic functions.

The Dirichlet problem for this equation is the following:

(1.10)

{
∆u = 0 in Ω
u = g on ∂Ω,
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where the boundary condition g is given. The domain Ω ⊂ Rn is bounded
and smooth (or at least Lipschitz). The Dirichlet problem is solvable, and
it has a unique solution.

A useful way to think of the Laplacian ∆ is to notice that, up to a
multiplicative constant, it is the only linear operator of second order which
is translation invariant and rotation invariant. Indeed, it can be seen as an
operator which measures (infinitesimally) the difference between u at x and
the average of u around x, in the following sense: for any C2 function w we
have

∆w(x) = lim
r→0

cn
r2

{ ∫
Br(x)

w(y)dy − w(x)

}

= lim
r→0

cn
r2

∫
Br(x)

(
w(y)− w(x)

)
dy,

(1.11)

for some positive constant cn. This can be shown, for example, by using the
Taylor expansion of w(y) around x. Moreover, a similar formula holds with
integrals in ∂Br(x) instead of Br(x). See, for example, [DV21].

Actually, one can show by using the divergence theorem that

(1.12)
n

r

d

dr

∫
∂Br(x)

w dσ =

∫
Br(x)

∆w,

from which (1.11) also follows.

Existence of solutions: energy methods. The most classical way to
construct solutions of (1.10) is by “energy methods”. Namely, we consider
the convex functional

E(u) :=
1

2

∫
Ω
|∇u|2dx among functions satisfying u|∂Ω = g,

and then look for the function u that minimizes the functional — see Theo-
rem 1.10 below for more details about the existence of a minimizer. Notice
that such minimizer u will clearly satisfy the boundary condition u = g on
∂Ω, so we only have to check that it will satisfy in addition ∆u = 0 in Ω.

If u is the minimizer, then E(u) ≤ E(u+εv) for every v ∈ C∞c (Ω). Since,
for every fixed v, such function in ε has a minimum at ε = 0, we have

d

dε

∣∣∣∣
ε=0

E(u+ εv) = 0.
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Thus,

0 =
d

dε

∣∣∣∣
ε=0

E(u+ εv) =
d

dε

∣∣∣∣
ε=0

1

2

∫
Ω
|∇u+ εv|2dx

=
d

dε

∣∣∣∣
ε=0

1

2

∫
Ω

(
|∇u|2 + 2ε∇u · ∇v + ε2|∇v|2

)
dx

=

∫
Ω
∇u · ∇v dx.

Hence, if u is the minimizer of the functional, then

(1.13)

∫
Ω
∇u · ∇v dx = 0 for all v ∈ C∞c (Ω).

If u is regular enough (say, u ∈ C2), then we can integrate by parts (Theo-
rem 1.3) to find that∫

Ω
∆u v dx = 0 for all v ∈ C∞c (Ω).

Thus, using Corollary 1.2 we deduce that ∆u = 0 in Ω, as wanted.

Remark 1.8. As mentioned above, one should prove regularity of u before
integrating by parts — a priori the minimizer u will only satisfy u ∈ H1(Ω).
We will prove this in Corollary 1.12 below.

If no extra regularity of u is available, then the above argument shows
that any minimizer u of E is a weak solution, in the following sense.

Definition 1.9. We say that u is a weak solution of the Dirichlet problem
(1.10) whenever u ∈ H1(Ω), u|∂Ω = g, and∫

Ω
∇u · ∇v dx = 0 for all v ∈ H1

0 (Ω).

Here, u|∂Ω is the trace of u on ∂Ω; recall (S5) above.

More generally, given f ∈ L2(Ω), we say that u satisfies −∆u = f in Ω
in the weak sense whenever u ∈ H1(Ω) and∫

Ω
∇u · ∇v dx =

∫
Ω
fv for all v ∈ H1

0 (Ω).

Finally, we say that u is weakly superharmonic (resp. weakly subharmonic)
in Ω, or satisfies ∆u ≤ 0 in Ω in the weak sense (resp. ∆u ≥ 0 in the weak
sense) if∫

Ω
∇u·∇v dx ≥ 0

(
resp.

∫
Ω
∇u · ∇v dx ≤ 0

)
for all v ∈ H1

0 (Ω), v ≥ 0.
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Notice that, if H1(Ω) 3 uk ⇀ u ∈ H1(Ω) weakly in H1, and L2(Ω) 3
fk ⇀ f ∈ L2(Ω) weakly in L2 are such that ∆uk = fk in Ω in the weak
sense, then ∆u = f in the weak sense as well (by taking the limits in the pre-
vious definitions). Similarly, the weak limit of weakly (sub-)superharmonic
functions is (sub-)superharmonic.

We next show the following:

Theorem 1.10 (Existence and uniqueness of weak solutions). Assume that
Ω ⊂ Rn is any bounded Lipschitz domain, and that

(1.14)
{
w ∈ H1(Ω) : w|∂Ω = g

}
6= ∅.

Then, there exists a unique weak solution to the Dirichlet problem (1.10).

Proof. Existence. Let

θ◦ := inf

{
1

2

∫
Ω
|∇w|2dx : w ∈ H1(Ω), w|∂Ω = g

}
,

that is, the infimum value of E(w) among all admissible functions w.

Let us take a sequence of functions {uk} such that

• uk ∈ H1(Ω)

• uk|∂Ω = g

• E(uk)→ θ◦ as k →∞.

By the Poincaré inequality (Theorem 1.6 with p = 2), the sequence {uk}
is uniformly bounded in H1(Ω), and therefore a subsequence {ukj} will

converge to a certain function u strongly in L2(Ω) and weakly in H1(Ω)
(recall (1.3)-(1.5) in (S4)). Moreover, by compactness of the trace operator,
we will have ukj |∂Ω → u|∂Ω in L2(∂Ω), so that u|∂Ω = g. Furthermore, such
function u will satisfy E(u) ≤ lim infj→∞ E(ukj ) (by (1.4) and (1.5)), and
therefore it will be a minimizer of the energy functional.

Thus, we have constructed a minimizer u of the energy functional E(u)
satisfying the boundary condition u|∂Ω = g. By the argument above, for
any minimizer u we have that (1.13) holds. Since C∞c (Ω) is dense in H1

0 (Ω),
it follows that (1.13) holds for all v ∈ H1

0 (Ω), and thus it is a weak solution
of (1.10).
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Uniqueness. If u is any weak solution to (1.10), then for every v ∈
H1

0 (Ω) we have

E(u+ v) =
1

2

∫
Ω
|∇u+∇v|2dx

=
1

2

∫
Ω
|∇u|2dx+

∫
Ω
∇u · ∇v dx+

1

2

∫
Ω
|∇v|2dx

= E(u) + 0 +
1

2

∫
Ω
|∇v|2dx ≥ E(u),

with strict inequality if v 6≡ 0. Thus, if u solves (1.10), then it is unique. �

In other words, we have shown that u is a weak solution of (1.10) if
and only if it minimizes the functional E(u) and, moreover, the minimizer
of such energy functional exists and it is unique.

Remark 1.11. An interesting question is to determine the set of possible
boundary data g : ∂Ω → R such that (1.14) holds. Of course, when Ω is
any bounded Lipschitz domain, and g is Lipschitz, then it is easy to show
that g has a Lipschitz extension inside Ω, and in particular (1.14) holds.
However, if g is very irregular then it might happen that it is not the trace
of any H1(Ω) function, so that (1.14) fails in this case. It turns out that the
right condition on g is the following: Given any bounded Lipschitz domain
Ω, (1.14) holds if and only if∫

∂Ω

∫
∂Ω

|g(x)− g(y)|2

|x− y|n+1
dx dy <∞.

We refer to [Eva98] for more details.

Poisson kernel and fundamental solution. The unique weak solution
to the Dirichlet problem in a ball is explicit:{

∆u = 0 in B1

u = g on ∂B1,
=⇒ u(x) = cn

∫
∂B1

(1− |x|2)g(σ)

|x− σ|n
dσ,

where cn is a positive dimensional constant. By an easy rescaling argument,
a similar formula holds in any ball Br(x◦) ⊂ Rn.

Thus, we deduce that for any harmonic function ∆u = 0 in Ω, with
Br ⊂ Ω, we have

(1.15) u(x) =
cn
r

∫
∂Br

(r2 − |x|2)u(y)

|x− y|n
dy.

By taking x = 0, this yields the mean value property u(0) =
∫
∂Br

u. More-
over, an immediate consequence of the Poisson kernel representation is the
following.
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Corollary 1.12. Let Ω ⊂ Rn be any open set, and u ∈ H1(Ω) be any
function satisfying ∆u = 0 in Ω in the weak sense. Then, u is C∞ inside Ω.

Moreover, if u is bounded and ∆u = 0 in B1 in the weak sense, then we
have the estimates

(1.16) ‖u‖Ck(B1/2) ≤ Ck‖u‖L∞(B1),

for all k ∈ N, and for some constant Ck depending only on k and n.

Proof. For any ball Br(x◦) ⊂ Ω, we will have (1.15). Thanks to such
representation, it is immediate to see then that u ∈ C∞(Br/2(x◦)) and the
estimates (1.16) hold. Since this can be done for any ball Br(x◦) ⊂ Ω, we
deduce that u is C∞ inside Ω. �

On the other hand, we recall that the fundamental solution for the Lapla-
cian is given by

(1.17) Φ(x) :=


κn
|x|n−2

if n ≥ 3

κ2 log
1

|x|
if n = 2,

for some explicit positive dimensional constant κn. Such function satisfies
∆Φ = 0 in Rn \ {0}, but it is singular at x = 0. In fact, it satisfies

−∆Φ = δ0 in Rn,

where δ0 is the Dirac delta function. In particular, we have that w := Φ ∗ f
solves −∆w = f in Rn, for any given f with appropriate decay at infinity.

Maximum principle. The maximum principle states the following: If
∆u ≥ 0 in Ω, and u ∈ C(Ω), then

max
Ω

u = max
∂Ω

u.

In particular, we also deduce the comparison principle: if ∆u ≥ ∆v in Ω,
and u ≤ v on ∂Ω, then u ≤ v in the whole domain Ω.

Recall that a function is said to be subharmonic if −∆u ≤ 0, and super-
harmonic if −∆u ≥ 0.

As shown next, the maximum principle actually holds for any weak
solution u.

Proposition 1.13. Let Ω ⊂ Rn be any bounded open set. Assume that
u ∈ H1(Ω) satisfies, in the weak sense,{

−∆u ≥ 0 in Ω
u ≥ 0 on ∂Ω.

Then, u ≥ 0 in Ω.
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Proof. Notice that −∆u ≥ 0 in Ω if and only if

(1.18)

∫
Ω
∇u · ∇v dx ≥ 0 for all v ≥ 0, v ∈ H1

0 (Ω).

Let us consider u− := max{−u, 0} and u+ := max{u, 0}, so that u = u+ −
u−. By (S9) we have that u± ∈ H1(Ω) whenever u ∈ H1(Ω), and thus
we can choose v = u− ≥ 0 in (1.18). Namely, using that u+u− = 0 and
∇u = ∇u+ −∇u−, we get

0 ≤
∫

Ω
∇u · ∇u− dx = −

∫
Ω
|∇u−|2 dx.

Since u−|∂Ω ≡ 0 this implies u− ≡ 0 in Ω, that is, u ≥ 0 in Ω. �

A useful consequence of the maximum principle is the following.

Lemma 1.14. Let u be any weak solution of{
∆u = f in Ω
u = g on ∂Ω.

Then,

‖u‖L∞(Ω) ≤ C
(
‖f‖L∞(Ω) + ‖g‖L∞(∂Ω)

)
,

for a constant C depending only on the diameter of Ω.

Proof. Let us consider the function

ũ(x) := u(x)/
(
‖f‖L∞(Ω) + ‖g‖L∞(∂Ω)

)
.

We want to prove that |ũ| ≤ C in Ω, for some constant C depending only
on the diameter of Ω.

Notice that such function ũ solves{
∆ũ = f̃ in Ω
u = g̃ on ∂Ω,

with |g̃| ≤ 1 and |f̃ | ≤ 1.

Let us choose R large enough so that BR ⊃ Ω; after a translation, we
can take R = 1

2diam(Ω). In BR, let us consider the function

w(x) =
R2 − x2

1

2
+ 1.

Such function w satisfies{
∆w = −1 in Ω
w ≥ 1 on ∂Ω,

Therefore, by the comparison principle, we deduce that

ũ ≤ w in Ω.
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Since w ≤ C (with C depending only on R), we deduce that ũ ≤ C in Ω.
Finally, repeating the same argument with −ũ instead of ũ, we find that
|ũ| ≤ C in Ω, and thus we are done. �

Finally, another important result which follows from the maximum prin-
ciple is the following. Here, we say that Ω satisfies the interior ball condition
whenever there exists ρ◦ > 0 such that every point on ∂Ω can be touched
from inside with a ball of radius ρ◦ contained in Ω. That is, for any x◦ ∈ ∂Ω
there exists Bρ◦(y◦) ⊂ Ω with x◦ ∈ ∂Bρ◦(y◦).

It is not difficult to see that any C2 domain satisfies such condition, and
also any domain which is the complement of a convex set.

Lemma 1.15 (Hopf Lemma). Let Ω ⊂ Rn be any domain satisfying the
interior ball condition. Let u ∈ C(Ω) be any positive harmonic function in
Ω ∩B2, with u ≥ 0 on ∂Ω ∩B2.

Then, u ≥ c◦d in Ω ∩B1 for some c◦ > 0, where d(x) := dist(x,Ωc).

Proof. Since u is positive and continuous in Ω∩B2, we have that u ≥ c1 > 0
in {d ≥ ρ◦/2} ∩B3/2 for some c1 > 0.

Let us consider the solution of ∆w = 0 in Bρ◦ \ Bρ◦/2, with w = 0 on
∂Bρ◦ and w = 1 on ∂Bρ◦/2. Such function w is explicit — it is simply a
truncated and rescaled version of the fundamental solution Φ in (1.17). In
particular, it is immediate to check that w ≥ c2(ρ◦ − |x|) in Bρ◦ for some
c2 > 0.

By using the function c1w(x◦+x) as a subsolution in any ball Bρ◦(x◦) ⊂
Ω ∩B3/2, we deduce that u(x) ≥ c1w(x◦ + x) ≥ c1c2(ρ◦ − |x− x◦|) ≥ c1c2d
in Bρ◦(x◦). Setting c◦ = c1c2 and using the previous inequality for every
ball Bρ◦(x◦) ⊂ Ω ∩B3/2, the result follows. �

Mean value property and Liouville theorem. If u is harmonic in Ω
(i.e., ∆u = 0 in Ω), then

(1.19) u(x) =

∫
Br(x)

u(y)dy for any ball Br(x) ⊂ Ω.

This is called the mean value property.

Conversely, if u ∈ C2(Ω) satisfies the mean value property, then ∆u = 0
in Ω. This can be seen for example by using (1.11) above.

In fact, the mean value property (1.19) can be used to give yet another
(weak) definition of harmonic functions that only requires u to be locally
integrable. Similarly, it is not difficult to deduce the corresponding pro-
perty arising from the definitions of weak super- and subharmonicity (see
Definition 1.9):
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From (1.12), if u is weakly superharmonic in Ω (∆u ≤ 0 in Ω in the
weak sense) then for all x ∈ Ω
(1.20)

r 7→
∫
Br(x)

u(y) dy is monotone non-increasing for r ∈ (0, dist(x, ∂Ω)).

(And it is monotone non-decreasing for weakly subharmonic functions.)

Thus, we can define (weak) super- and subharmonicity for L1
loc functions:

we say that u ∈ L1
loc(Ω) is superharmonic in Ω if (1.20) holds for all x ∈ Ω.

Similarly, we say that u ∈ L1
loc(Ω) is subharmonic in Ω if the map in (1.20)

is monotone non-decreasing for all x ∈ Ω and r ∈ (0, dist(x, ∂Ω)).

We now give two lemmas that will be used in Chapter 5. The first
lemma says that the pointwise limit of a sequence of superharmonic uni-
formly bounded functions is superharmonic.

Lemma 1.16. Let Ω ⊂ Rn, and let {wn}n∈N be a sequence of uniformly
bounded functions wn : Ω → R satisfying (1.20), converging pointwise to
some w : Ω→ R. Then w satisfies (1.20).

Proof. Let w∞ := w and let us define for n ∈ N ∪ {∞}, ϕx,n(r) :=∫
Br(x)wn. Notice that ϕx,n(r) is non-increasing in r for all n ∈ N. In

particular, given 0 < r1 < r2 < Rx, we have that ϕx,n(r1) ≥ ϕx,n(r2) for
n ∈ N. Now we let n → ∞ and use that wn → w pointwise to deduce, by
the dominated convergence theorem (notice that wn are uniformly bounded),
that ϕx,∞(r1) ≥ ϕx,∞(r2). That is, w∞ = w satisfies (1.20). �

The second lemma shows that superharmonic functions are lower semi-
continuous.

Lemma 1.17. Let us assume that w is bounded and satisfies (1.20) in
Ω ⊂ Rn. Then, up to changing w in a set of measure 0, w is lower semi-
continuous.

Proof. The proof is standard. If we define w0(x) := limr↓0
∫
Br(x)w (which

is well defined, since the average is monotone non-increasing), then w0(x) =
w(x) if x is a Lebesgue point, and thus w0 = w almost everywhere in Ω.
Let us now consider x◦ ∈ Ω, and let xk → x◦ as k → ∞. Then, by the
dominated convergence theorem we have that∫

Br(x◦)
w = lim

k→∞

∫
Br(xk)

w ≤ lim inf
k→∞

w0(xk)

for 0 < r < 1
2dist(x◦, ∂Ω). Now, by letting r ↓ 0 on the left-hand side, we

reach that

w0(x◦) ≤ lim inf
k→∞

w0(xk),
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that is, w0 is lower semi-continuous. �

On the other hand, a well-known theorem that can be deduced from
the mean value property is the classification of global bounded harmonic
functions.

Theorem 1.18 (Liouville’s theorem). Any bounded solution of ∆u = 0 in
Rn is constant.

Proof. Let u be any global bounded solution of ∆u = 0 in Rn. Since
u is smooth (by Corollary 1.12), each derivative ∂iu is well-defined and is
harmonic too. Thus, thanks to the mean-value property and the divergence
theorem, for any x ∈ Rn and R ≥ 1 we have

|∂iu(x)| =

∣∣∣∣∣ cnRn
∫
BR(x)

∂iu

∣∣∣∣∣ =

∣∣∣∣∣ cnRn
∫
∂BR(x)

u(y)
yi
|y|

dy

∣∣∣∣∣ ≤ C

Rn

∫
∂BR(x)

|u|.

Thus, using that |u| ≤M in Rn, we find

|∂iu(x)| ≤ cn
Rn
|∂BR(x)|M

=
cn
Rn
|∂B1|Rn−1M =

cnM

R
→ 0, as R→∞.

Therefore, ∂iu(x) = 0 for all x ∈ Rn, and u is constant. �

More generally, one can even prove a classification result for functions
with polynomial growth. Here, for γ ∈ R, bγc denotes the floor function,
that is, the largest integer less or equal to γ.

Proposition 1.19 (Liouville’s theorem with growth). Assume that u is a
solution of ∆u = 0 in Rn satisfying |u(x)| ≤ C(1+ |x|γ) for all x ∈ Rn, with
γ > 0. Then, u is a polynomial of degree at most bγc.

Proof. Let us define uR(x) := u(Rx), and notice that ∆uR = 0 in Rn.
From Corollary 1.12 and the growth assumption

Rk‖Dku‖L∞(BR/2) = ‖DkuR‖L∞(B1/2)

≤ Ck‖uR‖L∞(B1) = Ck‖u‖L∞(BR) ≤ CkRγ .

In particular, if k = bγc+ 1,

‖Dku‖L∞(BR/2) ≤ CkRγ−k → 0 as R→∞.

That is, Dku ≡ 0 in Rn, and u is a polynomial of degree k − 1 = bγc. �
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u

x◦ y◦

v

w

Figure 1.1. v touches u from above at x◦, w touches u from above at y◦.

Existence of solutions: comparison principle. We saw that one way to
prove existence of solutions to the Dirichlet problem for the Laplacian is by
using energy methods. With such approach, one proves in fact the existence
of a weak solution u ∈ H1(Ω).

Now, we will see an alternative way to construct solutions: via the com-
parison principle. With this method, one can show the existence of a vis-
cosity solution u ∈ C(Ω).

For the Laplace equation, these solutions (weak or viscosity) can then
be proved to be C∞(Ω), and thus they coincide.

We start by giving the definition of sub- and superharmonicity in the
viscosity sense. It is important to remark that in such definition the function
u is only required to be continuous.

Definition 1.20. A function u ∈ C(Ω) is subharmonic (in the viscosity
sense) if for every function v ∈ C2 such that v touches u from above at
x◦ ∈ Ω (that is, v ≥ u in Ω and v(x◦) = u(x◦)), we have ∆v(x◦) ≥ 0. See
Figure 1.1.

The definition of superharmonicity for u ∈ C(Ω) is analogous (touching
from below and with ∆v(x◦) ≤ 0).

A function u ∈ C(Ω) is harmonic if it is both sub- and superharmonic
in the above viscosity sense.

This definition obviously coincides with the one we know in case u ∈ C2.
However, it allows non-C2 functions u, for example u(x) = |x| is subhar-
monic and −|x| is superharmonic.

A useful property of viscosity sub-/supersolutions is the following.
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u1

u2

max{u1, u2}

Figure 1.2. The maximum of two functions u1 and u2.

Proposition 1.21. The maximum of two subharmonic functions is also
subharmonic. That is, if u1, u2 ∈ C(Ω) are subharmonic, then the function
v := max{u1, u2} is subharmonic as well. See Figure 1.2.

Similarly, the minimum of two superharmonic functions is superhar-
monic.

The proof follows easily from Definition 1.20 above, and it is left as an
exercise to the reader.

Moreover, we also have the following:

Proposition 1.22. Let Ω ⊂ Rn be a bounded domain, and assume that
u ∈ C(Ω) satisfies, in the viscosity sense,{

−∆u ≥ 0 in Ω
u ≥ 0 on ∂Ω.

Then, u ≥ 0 in Ω.

Proof. After a rescaling, we may assume Ω ⊂ B1.

Assume by contradiction that u has a negative minimum in Ω. Then,
since u ≥ 0 on ∂Ω, we have minΩ u = −δ, with δ > 0, and the minimum is
achieved in Ω.

Let us now consider 0 < ε < δ, and v(x) := −κ+ ε(|x|2− 1), with κ > 0
(that is, a sufficiently flat paraboloid).

Now, notice that u − v > 0 on ∂Ω, and that we can choose κ > 0 so
that minΩ(u− v) = 0. That is, we can slide the paraboloid from below the
solution u until we touch it, by assumption, at an interior point. Thus, there
exists x◦ ∈ Ω such that u(x◦) − v(x◦) = minΩ(u − v) = 0. Therefore, with
such choice of κ, the function v touches u from below at x◦ ∈ Ω, and hence,
by definition of viscosity solution, we must have

∆v(x◦) ≤ 0.

However, a direct computation gives ∆v ≡ 2nε > 0 in Ω, a contradiction. �

Thanks to these two propositions, the existence of a (viscosity) solution
to the Dirichlet problem can be shown as follows.
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Let

Sg :=
{
v ∈ C(Ω) : v is subharmonic, and v ≤ g on ∂Ω

}
,

and define the pointwise supremum

u(x) := sup
v∈Sg

v(x).

Then, it can be shown that, if Ω is regular and g is continuous, then u ∈
C(Ω), and ∆u = 0 in Ω, with u = g on ∂Ω. This is the so-called Perron
method. We refer to [HL97] for a complete description of the method in
case of the Laplace operator.

In Chapter 3 we will study the existence of viscosity solutions in the
more general setting of fully nonlinear elliptic equations.

Short summary on existence of solutions. We have two completely dif-
ferent ways to construct solutions: by energy methods; or by the maximum
(or comparison) principle.

In the first case, the constructed solution belongs to H1(Ω), in the second
case to C(Ω). In any case, one can then prove that u ∈ C∞(Ω)∩C(Ω) — as
long as Ω and g are regular enough — and therefore u solves the Dirichlet
problem in the usual sense.

1.3. Probabilistic interpretation of harmonic functions

To end this introductory chapter, we give a well-known probabilistic inter-
pretation of harmonic functions. The discussion will be mostly heuristic,
just to give an intuition on the Laplace equation in terms of stochastic pro-
cesses. We refer to Appendix C for further probabilistic interpretations for
fully nonlinear equations and for the obstacle problem.

Recall that the Brownian motion is a stochastic process Xt, t ≥ 0,
satisfying the following properties:

(1) X0 = 0 almost surely.

(2) Xt has no memory (is independent of the past, or it has indepen-
dent increments).

(3) Xt has stationary increments: Xt+s − Xs is equal in distribution
to Xt.

(4) Xt has continuous paths (t 7→ Xt is continuous) almost surely.

(5) Xt is isotropic, i.e., it is rotationally symmetric in distribution.

The previous properties actually determine the stochastic process Xt up to
a multiplicative constant. Another important property of Brownian motion
is that it is scale invariant, i.e.,
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x

z

∂Ω

Figure 1.3. A stochastic process Xx
t defined in Ω starting at x until it

hits the first point on the boundary z ∈ ∂Ω.

(6) r−1Xr2t equals Xt in distribution, for any r > 0.

As we will see next, there is a strong connection between the Brownian
motion and the Laplace operator.

Expected payoff. Given a regular domain Ω ⊂ Rn, and a Brownian motion
Xx
t starting at x (i.e., Xx

t := x+Xt), we play the following stochastic game:
When the process Xx

t hits the boundary ∂Ω for the first time we get a payoff
g(z), depending on the hitting point z ∈ ∂Ω. (See Figure 1.3.)

We then ask ourselves:

What is the expected payoff?

To answer this question, we define

τ := first hitting time of Xx
t ,

u(x) := E [g(Xx
τ )] (value function).

The value of u(x) is, by definition, the answer to the question above. Namely,
it is the expected value of g at the first point where Xx

t hits the boundary
∂Ω.

To find u(x), we try to relate it with values of u(y) for y 6= x. Then, we
will see that this yields a PDE for u, and by solving it we can find u(x).

Indeed, let us consider a ball Br(x) ⊂ Ω, with r > 0. For any such ball,
we know that the process Xx

t will hit (before reaching ∂Ω, by property (4))
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some point on ∂Br(x), and moreover any point on ∂Br(x) will be hit with
the same probability. This is because the process is rotationally symmetric
in distribution, (5).

Since the process has no memory, (2), and stationary increments, (3),
this means that

(1.21) u(x) =

∫
∂Br(x)

u(y)dy.

Heuristically, this is because when the process hits the boundary ∂Br(x) at
a point y, it simply starts again the game from such point y. But because all
points y ∈ ∂Br(x) are reached for the first time with the same probability,
then (1.21) holds.

Now, since this can be done for every x ∈ Ω and r > 0, we deduce that
u(x) satisfies the mean value property, and therefore it is harmonic, ∆u = 0
in Ω, (1.11).

Moreover, since we also know that u = g on ∂Ω (since when we hit the
boundary we get the payoff g surely), then u must be the unique solution of{

∆u = 0 in Ω
u = g on ∂Ω.

We refer to [Law10] for a nice introduction to this topic.

Expected hitting time. A similar stochastic problem is the following.
Given a smooth domain Ω ⊂ Rn, and a Brownian motion Xx

t , we ask:

What is the expected first time at which Xx
t will hit ∂Ω ?

To answer this question, we argue as before, using that the process must
first hit the boundary of balls Br(x) ⊂ Ω. Indeed, we first denote by u(x)
the expected hitting time that we are looking for. Then, for any such ball we
have that the process Xx

t will hit (before reaching ∂Ω) some point on ∂Br(x),
and moreover any point y ∈ ∂Br(x) will be hit with the same probability.
Thus, the total expected time u(x) will be the expected time it takes to hit
∂Br(x) for the first time, plus the expected time when we start from the
corresponding point y ∈ ∂Br(x), which is u(y). In other words, we have

u(x) = T (r) +

∫
∂Br(x)

u(y)dy.

Here, T (r) is the expected first time at which Xx
t hits ∂Br(x) — which

clearly depends only on r and n.

Now, using the scale-invariance property of the Brownian motion, i.e.
r−1Xr2t ∼ Xt, we see that T (r) = T (1)r2 = c1r

2 for some constant c1 > 0.
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Thus, we have

u(x) = c1r
2 +

∫
∂Br(x)

u(y)dy,

and by rearranging terms we find

− 1

r2

{ ∫
Br(x)

u(y)dy − u(x)

}
= c1.

Finally, taking r → 0 and using (1.11), we deduce that −∆u = c2, for some
constant c2 > 0. Since we clearly have u = 0 on ∂Ω, the expected hitting
time u(x) is the unique solution of the problem{

−∆u = c2 in Ω
u = 0 on ∂Ω.

By considering a non-homogeneous medium (in which it takes more time
to move in some regions than others), the same argument leads to the prob-
lem with a right-hand side{

−∆u = f(x) in Ω
u = 0 on ∂Ω,

with f ≥ 0.



Chapter 2

Linear elliptic PDE

In this chapter we will study linear elliptic PDEs of the type

(2.1) tr
(
A(x)D2u(x)

)
=

n∑
i,j=1

aij(x)∂iju = f(x) in Ω ⊂ Rn,

as well as

(2.2) div
(
A(x)∇u(x)

)
=

n∑
i,j=1

∂i
(
aij(x)∂ju(x)

)
= f(x) in Ω ⊂ Rn.

These are elliptic PDEs in non-divergence and divergence form, respectively.

The coefficients (aij(x))ij and the right-hand side f(x) satisfy appropri-
ate regularity assumptions. In addition, we will assume that the coefficient
matrix A(x) = (aij(x))ij satisfies the uniform ellipticity condition

0 < λ Id ≤ (aij(x))ij ≤ Λ Id,

for some ellipticity constants 0 < λ ≤ Λ < ∞. (For two matrices A,B ∈
Mn, we say A ≥ B if the matrix A−B is positive semi-definite.)

We will show that, under appropriate regularity assumptions on A(x),
solutions u to (2.1) “gain two derivatives” with respect to f and the coef-
ficients A(x). On the other hand, for the divergence-form equation, (2.2),
we expect solutions to “gain one derivative” with respect to the coefficients
A(x).

In order to do that, we will use perturbative methods, by “freezing”
the coefficients around a certain point and studying the constant coefficient
equation first. After a change of variables, one can transform the constant
coefficient equation into the most ubiquitous and simple elliptic equation:

25



26 2. Linear elliptic PDE

Laplace’s equation, where (aij(x))ij is the identity. Thus, we will begin
the chapter by studying properties of Laplace’s equation such as Harnack’s
inequality and the Hölder regularity with bounded right-hand side. After
that, we proceed by showing Schauder estimates for the Laplacian to con-
tinue with the main theorems of the current chapter: Schauder estimates
for (2.1) and (2.2).

We finish the chapter by studying equations of the type (2.1) and (2.2)
with continuous coefficients. In this case we do not gain two (resp. one)
derivatives, and instead we lose an arbitrarily small Hölder exponent of
regularity.

Equations in non-divergence and divergence form will become particu-
larly useful in Chapters 3 and 4 in the context of nonlinear variational PDEs
and fully nonlinear elliptic PDEs.

For both equations in non-divergence and divergence form, we establish
a priori estimates. That is, rather than proving that the solution is regular,
we show that if the solution is regular, then one can actually estimate the
norm of respectively two and one derivative higher in terms of the Hölder
norms of the coefficients (aij(x))ij and the right-hand side f . This is enough
for the application to nonlinear equations in Chapters 3 and 4.

When the operator is the Laplacian, thanks to the a priori estimates,
and by means of an approximation argument, we show that weak solutions
are in fact smooth. For more general elliptic operators, a priori estimates
together with the continuity method yield the existence of regular solutions.
We refer the reader to [GT77] for such an approach.

2.1. Harnack’s inequality

We start this chapter with one of the most basic estimates for harmonic
functions. It essentially gives a kind of “maximum principle in quantitative
form”.

We will usually write that u ∈ H1 is harmonic, meaning in the weak
sense. Recall from the introduction, however, that as soon as a function is
harmonic, it is immediately C∞.

Theorem 2.1 (Harnack’s inequality). Assume u ∈ H1(B1) is a non-negative,
harmonic function in B1. Then the infimum and the supremum of u are
comparable in B1/2. That is,{

∆u = 0 in B1

u ≥ 0 in B1
⇒ sup

B1/2

u ≤ C inf
B1/2

u,

for some constant C depending only on n.
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∂B1∂B1
∂B1/2 ∂B1/2O

1
C

1

u

Figure 2.1. Graphic representation of Harnack’s inequality for a har-
monic function u > 0 such that supB1

u = 1.

Proof. This can be proved by the mean value property. Alternatively, we
can also use the Poisson kernel representation,

u(x) = cn

∫
∂B1

(1− |x|2)u(z)

|x− z|n
dz.

Notice that, for any x ∈ B1/2 and z ∈ ∂B1, we have 2−n ≤ |x−z|n ≤ (3/2)n

and 3/4 ≤ 1− |x|2 ≤ 1. Thus, since u ≥ 0 in B1,

C−1

∫
∂B1

u(z) dz ≤ u(x) ≤ C
∫
∂B1

u(z) dz, for all x ∈ B1/2,

for some dimensional constant C. In particular, for any x1, x2 ∈ B1/2 we

have that u(x1) ≤ C2u(x2). Taking the infimum for x2 ∈ B1/2 and the

supremum for x1 ∈ B1/2, we reach that supB1/2
u ≤ C̃ infB1/2

u, for some

dimensional constant C̃, as desired. �

Remark 2.2. This inequality says that, if u ≥ 0 in B1, then not only
u > 0 in B1/2 (strong maximum principle), but also we get quantitative

information: u ≥ C−1 supB1/2
u in B1/2, for some constant C depending

only on n. See Figure 2.1.

Notice that there is nothing special about B1/2. We can obtain a similar
inequality in Bρ with ρ < 1, but the constant C would depend on ρ as well.
Indeed, repeating the previous argument, one gets that if ∆u = 0 and u ≥ 0
in B1, then

(2.3) sup
Bρ

u ≤ C

(1− ρ)n
inf
Bρ
u,

for some C depending only on n, and where ρ ∈ (0, 1).
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From Harnack’s inequality, we deduce the oscillation decay for harmonic
functions. That is, the oscillation of a harmonic function is reduced (quan-
titatively) in smaller domains. The oscillation in a domain Ω is defined
as

osc
Ω
u := sup

Ω
u− inf

Ω
u.

We remark that the following lemma is valid for all harmonic functions, not
necessarily positive.

Corollary 2.3 (Oscillation decay). Let u ∈ H1(B1) be a harmonic function
in B1, i.e. ∆u = 0 in B1. Then

osc
B1/2

u ≤ (1− θ) osc
B1

u

for some small θ > 0 depending only on n.

Proof. Let

w(x) := u(x)− inf
B1

u,

which satisfies w ≥ 0 in B1 and oscB1/2
w = oscB1/2

u. Since ∆w = 0 in B1,
we get by Harnack’s inequality

sup
B1/2

w ≤ C inf
B1/2

w,

so that

osc
B1/2

u = osc
B1/2

w = sup
B1/2

w − inf
B1/2

w ≤
(

1− 1

C

)
sup
B1/2

w ≤
(

1− 1

C

)
sup
B1

w.

Now notice that supB1
w = oscB1 u, and we are done. �

Remark 2.4 (Alternative proof of Corollary 2.3). Alternatively, we can
rewrite the previous proof of Corollary 2.3 by taking advantage of the in-
variance of the estimate.

Indeed, the function u− infB1 u is non-negative and harmonic. Since the
estimate we want to prove is invariant under addition and multiplication by
constants, we may assume that infB1 u = 0 and supB1

u = 1. Let θ := 1
C+1 ,

where C is the constant in Harnack’s inequality, Theorem 2.1. Now we have
two options:

• If supB1/2
u ≤ 1− θ, we are done,

• If supB1/2
u ≥ 1− θ we use Harnack’s inequality to get

inf
B1/2

u ≥ 1

C
(1− θ) ≥ θ.

In any case, we get oscB1/2
u ≤ 1− θ, so we are done.
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Remark 2.5. We have proved that Harnack’s inequality implies the oscil-
lation decay. This is always true, we did not use the fact that we are dealing
with harmonic functions. In general, we have(

Harnack’s
inequality

)
=⇒

(
Oscillation

decay

)
=⇒

(
Hölder

regularity

)
Harnack’s inequality and the oscillation decay are scale invariant. That

is, the following corollary holds:

Corollary 2.6 (Rescaled versions). Let u ∈ H1(Br) be such that ∆u = 0
in Br. Then

• (Harnack’s inequality) If u ≥ 0 in Br, then

sup
Br/2

u ≤ C inf
Br/2

u,

for some C depending only on n.

• (Oscillation decay) One has

osc
Br/2

u ≤ (1− θ) osc
Br

u,

for some small θ > 0 depending only on n.

Proof. Define ũ(x) := u(rx), which fulfills ∆ũ = 0 in B1 and therefore

sup
Br/2

u = sup
B1/2

ũ ≤ C inf
B1/2

ũ = C inf
Br/2

u,

by Theorem 2.1. Similarly,

osc
Br/2

u = osc
B1/2

ũ ≤ (1− θ) osc
B1

ũ = (1− θ) osc
Br

u

by Corollary 2.3. �

A standard consequence of the quantitative oscillation decay proved
above is the Hölder regularity of solutions.

Corollary 2.7 (Hölder regularity). Let u ∈ H1(B1) ∩L∞(B1) be such that
∆u = 0 in B1. Then

‖u‖C0,α(B1/2) ≤ C‖u‖L∞(B1)

for some constants α > 0 and C depending only on n.

Proof. If we denote ũ := (2‖u‖L∞(B1))
−1u, then ũ ∈ H1 ∩ L∞(B1) fulfills

∆ũ = 0 in B1 and ‖ũ‖L∞(B1) ≤ 1
2 . If we show ‖ũ‖C0,α(B1/2) ≤ C, then the

result will follow.
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O

0

1

B1B 1
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B 1
4

B 1
8

(
Oscillation

decay

)

⇓(
Hölder

regularity

)

Figure 2.2. Graphical representation of the fact that oscillation decay-
type lemmas imply Hölder regularity.

Thus, dividing u by a constant if necessary, we may assume that ‖u‖L∞(B1) ≤
1
2 . We need to prove that

|u(x)− u(y)| ≤ C|x− y|α for all x, y ∈ B1/2,

for some small α > 0. We do it at y = 0 for simplicity.

Let x ∈ B1/2 and let k ∈ N be such that x ∈ B2−k \B2−k−1 . Then,

|u(x)− u(0)| ≤ osc
B

2−k
u ≤ (1− θ)k osc

B1

u ≤ (1− θ)k = 2−αk,

with α = − log2(1 − θ). (Notice that we are using Corollary 2.6 k-times,
where the constant θ is independent from the radius of the oscillation decay.)

Now, since 2−k ≤ 2|x|, we find

|u(x)− u(0)| ≤ (2|x|)α ≤ C|x|α,

as desired. See Figure 2.2 for a graphical representation of this proof. �

Finally, another important consequence of Harnack’s inequality is the
Liouville theorem for non-negative harmonic functions.

Corollary 2.8. Let u be a non-negative harmonic function, that is, u ≥ 0
and ∆u = 0 in Rn. Then, u is constant.

Proof. Let

v = u− inf
Rn
u,

where infRn u is well-defined and finite since u ≥ 0. Then, thanks to Har-
nack’s inequality in arbitrary balls from Corollary 2.6, we get that for any
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R > 0,

sup
BR

v ≤ C inf
BR

v = C

(
inf
BR

u− inf
Rn
u

)
→ 0,

as R→∞. That is, supRn u = infRn u and therefore u is constant in Rn. �

Of course, the previous result also holds if u ≥ −M in Rn, for some
constant M , since then u+M is non-negative and harmonic.

Harnack’s inequality with a right-hand side. We can prove a Harnack
inequality for equations with a right-hand side, that is, when the Laplacian
is not necessarily zero, ∆u = f . Again, we will be dealing with functions
u ∈ H1, so that we have to understand the equation ∆u = f in the weak
sense.

Theorem 2.9. Let f ∈ L∞(B1), and u ∈ H1(B1). Then,{
∆u = f in B1

u ≥ 0 in B1
⇒ sup

B1/2

u ≤ C
(

inf
B1/2

u+ ‖f‖L∞(B1)

)
,

for some C depending only on n.

Proof. We express u as u = v + w with{
∆v = 0 in B1

v = u on ∂B1

{
∆w = f in B1

w = 0 on ∂B1.

Then, we have

sup
B1/2

v ≤ C inf
B1/2

v and sup
B1

w ≤ C‖f‖L∞(B1)

by Theorem 2.1 and Lemma 1.14. Thus,

sup
B1/2

u ≤ sup
B1/2

v + C‖f‖L∞(B1)

≤ C inf
B1/2

v + C‖f‖L∞(B1) ≤ C
(

inf
B1/2

u+ ‖f‖L∞(B1)

)
,

where we are taking a larger constant if necessary. Notice that we have also
used here that v ≤ u+ C‖f‖L∞(B1). �

Thus, as before, we also get an oscillation decay, but now involving an
error term of size ‖f‖L∞ .

Corollary 2.10. Let f ∈ L∞(B1) and u ∈ H1(B1). If ∆u = f in B1 and
f ∈ L∞(B1), then

osc
B1/2

u ≤ (1− θ) osc
B1

u+ 2‖f‖L∞(B1),

for some θ > 0 depending only on n.
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Proof. The proof is the same as in the case f ≡ 0, see the proof of Corol-
lary 2.3. �

Remark 2.11. Now, with the right-hand side f = f(x), the equation ∆u =
f and Harnack’s inequality are not invariant under rescalings in x. In fact,
as we zoom-in, the right-hand side gets smaller!

Namely, if ∆u = f in Br, then ũ(x) := u(rx) satisfies ∆ũ(x) = r2f(rx)
in B1 so that

sup
B1/2

ũ ≤ C
(

inf
B1/2

ũ+ 2r2‖f‖L∞(Br)

)
,

and therefore

sup
Br/2

u ≤ C
(

inf
Br/2

u+ 2r2‖f‖L∞(Br)

)
for some constant C depending only on n.

Even if the previous oscillation decay contains an error depending on f ,
it is enough to show Hölder regularity of the solution.

Corollary 2.12 (Hölder regularity). Let f ∈ L∞(B1) and u ∈ H1∩L∞(B1).
If ∆u = f in B1, then

‖u‖C0,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖L∞(B1)

)
,

for some constants α > 0 and C depending only on n.

Proof. If we denote ũ := (2‖u‖L∞(B1)+2‖f‖L∞(B1))
−1u, then ũ ∈ H1(B1)∩

L∞(B1) fulfills ∆ũ = f̃ in B1 with ‖ũ‖L∞(B1) ≤ 1
2 and ‖f̃‖L∞(B1) ≤ 1

2 . If
we show that ‖ũ‖C0,α(B1/2) ≤ C, then the result will follow.

Thus, after dividing u by a constant if necessary, we may assume that
‖u‖L∞(B1) ≤ 1

2 and ‖f‖L∞(B1) ≤ 1
2 .

As in Corollary 2.7 we want to prove that |u(x◦)−u(0)| ≤ C|x◦|α for all
x◦ ∈ B1/2 and for some constant C depending only on n.

Let us show that it is enough to prove that

(2.4) osc
B

2−k
u ≤ C2−αk for all k ∈ N, k ≥ k◦,

for some α > 0, C, and for some fixed k◦, all three depending only on
n. Indeed, let k ∈ N be such that x ∈ B2−k \ B2−k−1 . If k < k◦, then
|x| ≥ 2−k◦−1 and

|u(x)− u(0)| ≤ osc
B1

u ≤ 1 ≤ 2α(k◦+1)|x|α.

On the other hand, if k ≥ k◦, by (2.4)

|u(x)− u(0)| ≤ osc
B

2−k
u ≤ C2−αk ≤ C(2|x|)α,



2.2. Schauder estimates for the Laplacian 33

where in the last inequality we used that |x| ≥ 2−k−1. Thus, it will be
enough to show (2.4).

Let k ∈ N and k ≥ k◦ for some k◦ to be chosen, and define

ũ(x) := u(rx), r = 2−k+1.

Then ũ satisfies ∆ũ = r2f(rx) in B1 (in fact, in B2k−1), and thus, by
Corollary 2.10

osc
B1/2

ũ ≤ (1− θ) osc
B1

ũ+ 2r2‖f‖L∞(Br).

Since oscB1 ũ = oscB
2−k+1

u and ‖f‖L∞(Br) ≤
1
2 , we find

osc
B

2−k
u ≤ (1− θ) osc

B
2−k+1

u+ 4−k+2.

Now, take k◦ ∈ N large enough so that 4−k◦+1 ≤ θ
2 . Then,

osc
B

2−k
u ≤ (1− θ) osc

B
2−k+1

u+
θ

2
4k◦−k.

It is immediate to check by induction that this yields

osc
B

2−k+1

u ≤ 2α(k◦−k), for all k ∈ N.

Indeed, the induction step follows as

osc
B

2−k
u ≤ (1− θ)2α(k◦−k) +

θ

2
4k◦−k ≤ (1− θ)2α(k◦−k) +

θ

2
2α(k◦−k)

=

(
1− θ

2

)
2α(k◦−k) = 2α(k◦−k−1) if 1− θ

2
= 2−α.

Thus, (2.4) holds with C = 2αk◦ . �

Summarizing, we have checked that Harnack’s inequality for harmonic
functions yields the Hölder regularity of solutions, even with a right-hand
side f ∈ L∞.

This is a general fact, and holds for other types of elliptic equations, too.

2.2. Schauder estimates for the Laplacian

We now want to establish sharp results for the equation

∆u = f(x) in B1 (or in Ω ⊂ Rn) .

This will serve as an introduction for the more general case of equations in
non-divergence and divergence form.

The philosophy is that the sharp results should state that “u is two
derivatives more regular than f(x)”.

The main known results in that directions are the following:
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(a) Schauder estimates. If f ∈ C0,α then u ∈ C2,α, for α ∈ (0, 1).

(b) Calderón–Zygmund estimates. If f ∈ Lp then u ∈ W 2,p, for p ∈
(1,∞).

(c) When α is an integer, or when p ∈ {1,∞}, the above results do not
hold. For example, if f ∈ C0, it is not true in general that u ∈ C2,
not even C1,1. (In that case, u ∈ C1,1−ε for all ε > 0, and u ∈W 2,p

for all p <∞.)

Two counterexamples. Let us provide two counterexamples to show that
Schauder and Calderón–Zygmund estimates in general do not hold for the
limiting values, α = 0 and p = 1 or p =∞.

We start with an example of a function u whose Laplacian is bounded
(∆u ∈ L∞), but whose second derivatives are not bounded (u /∈ W 2,∞).
Thus, we give a counterexample to Calderón–Zygmund estimates for p =∞.

Let

u(x, y) = (x2 − y2) log(x2 + y2) in R2.

Then,

∂xxu = 2 log(x2 + y2) +
8x2

x2 + y2
− 2

(
x2 − y2

x2 + y2

)2

,

∂yyu = −2 log(x2 + y2)− 8y2

x2 + y2
+ 2

(
x2 − y2

x2 + y2

)2

,

that is, both ∂xxu and ∂yyu are unbounded, and u /∈W 2,∞. However,

∆u = ∂xxu+ ∂yyu = 8
x2 − y2

x2 + y2
∈ L∞(R2).

One can modify such construction in order to make ∆u continuous and
u /∈ C1,1, thus giving a counterexample to Schauder estimates for α = 0, by
taking u(x, y) = (x2− y2) log | log(x2 + y2)|. (However, recall that Schauder
estimates tell us that this is not possible if ∆u is Hölder continuous (C0,α).)

Let us now provide a counterexample for Calderón–Zygmund estimates
when p = 1. The fact that the estimate does not hold can be seen by taking
smooth approximations of the Dirac delta (with constant integral) as right-
hand side, so that the solution converges to the fundamental solution, which
is not in W 2,1.

Let us, however, give a specific example of a function u whose Laplacian
is integrable (∆u ∈ L1) but whose second derivatives are not (u /∈W 2,1).

Let

u(x, y) = log log
1

x2 + y2
= log log r−2 in R2,
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where we are using polar coordinates and denote r2 := x2 + y2. Since
u = u(r) and ur = 1

r log r we have that

∆u = urr +
1

r
ur = − log r + 1

r2(log r)2
+

1

r2 log r
= − 1

r2(log r)2
∈ L1(B1/2),

since
∫
B1/2

∆u = −2π
∫ 1/2

0
dr

r(log r)2
< ∞. On the other hand, a direct com-

putation gives that ∂xxu (and ∂yyu) are not absolutely integrable around
the origin, and thus u /∈ W 2,1. (Alternatively, since one has the embed-
ding W 2,1(R2) ⊂ L∞(R2) [Bre11, Corollary 9.13] and u /∈ L∞, we deduce
u /∈W 2,1).

A similar counterexample can be built in any dimension n ≥ 2, by taking

as function u an appropriate primitive of r1−n

log r .

In this book we focus our attention on proving (a) Schauder estimates,
but not (b) Calderón–Zygmund estimates. Later in the book we will see
applications of Schauder-type estimates to nonlinear equations.

Remark 2.13 (Calderón-Zygmund estimates for p = 2). In the case p = 2,
one can prove a priori Calderón-Zygmund estimates with a simple compu-
tation. That is, let u, f ∈ C∞(B1), be such that

∆u = f in B1.

Then,

(2.5) ‖u‖W 2,2(B1/2) ≤ C
(
‖u‖L2(B1) + ‖f‖L2(B1)

)
for some constant C depending only on n. Indeed, let w := ηu for some
fixed test function η ∈ C∞c (B1) such that η ≡ 1 in B1/2, η ≡ 0 in B1 \B3/4

and η ≥ 0. Then, integrating by parts gives

‖D2u‖L2(B1/2) =
n∑

i,j=1

∫
B1/2

|D2
iju|2 ≤

n∑
i,j=1

∫
B1

|D2
ijw|2

= −
n∑

i,j=1

∫
B1

(Diijw)(Djw) =

n∑
i,j=1

∫
B1/2

(Diiw)(Djjw)

=

∫
B1

(∆w)2 ≤ C
∫
B1

(
u2 + (∆u)2 + |∇η|2|∇u|2

)
,

where in the last equality we can take C = C ′ supB1

(
η2 + |∆η|2

)
for some

dimensional constant C ′. Then, again integrating by parts twice and using
2ab ≤ a2 + b2, we get∫
B1

|∇η|2|∇u|2 = −
∫
B1

|∇η|2u∆u+

∫
B1

1

2
u2∆|∇η|2 ≤ C̃

∫
B1

(
u2 + (∆u)2

)
,

where C̃ = supB1

(
|∇η|2 + ∆|∇η|2

)
.
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This directly yields the result (2.5) for smooth functions u and f such
that ∆u = f . Arguing as in the proof of Corollary 2.16 below, the same
result also holds as long as u ∈ H1(B1) is a weak solution to ∆u = f in B1

for f ∈ L2(B1) .

Proofs of Schauder estimates: some comments. There are various
proofs of Schauder estimates, mainly using:

(1) integral representation of solutions (fundamental solutions);

(2) energy considerations;

(3) comparison principle.

The most flexible approaches are (2) and (3). Here, we will see different
proofs of type (3).

The common traits in proofs of type (2)-(3) are their “perturbative char-
acter”, that is, that by zooming in around any point the equation gets closer
and closer to ∆u = constant, and thus (after subtracting a paraboloid) close
to ∆u = 0. Thus, the result can be proved by using the information that
we have on harmonic functions.

Let us start by stating the results we want to prove in this section:
Schauder estimates for the Laplacian.

Theorem 2.14 (Schauder estimates for the Laplacian). Let α ∈ (0, 1), and
let u ∈ C2,α(B1) satisfy

∆u = f in B1,

with f ∈ C0,α(B1). Then

(2.6) ‖u‖C2,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
.

The constant C depends only on α and the dimension n.

We will, in general, state our estimates in balls B1/2 and B1. By means
of a covering argument explained below, this allows us to obtain interior
regularity estimates in general domains.

Remark 2.15 (Covering argument). Let us assume that we have an esti-
mate, like the one in (2.6), but in a ball Br1 for some r1 ∈ (0, 1), which will
be typically very close to zero. Namely, we know that if ∆u = f in B1, then

(2.7) ‖u‖C2,α(Br1 ) ≤ C
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
.

Let us suppose that we are interested in finding an estimate for a bigger
ball, Br2 with r1 < r2 ∈ (0, 1), where r2 will be typically close to one. We
do that via a “covering argument”. (See Figure 2.3.)

That is, let us cover the ball Br2 with smaller balls Br(xi) such that
xi ∈ Br2 and r = (1 − r2)r1. We can do so with a finite number of balls,
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B1/4

B1/2

xi

Br(xi)

B4r(xi)

B1

Figure 2.3. Graphical representation of the “covering argument” in
the case r1 = 1

4
, r2 = 1

2
, and r = 1

8
.

so that i ∈ {1, . . . , N}, for some N depending on r1, r2, and n. Notice that
Br/r1(xi) ⊂ B1.

We apply our estimate (2.7) (translated and rescaled) at each of these
balls Br/r1(xi) (we can do so, because ∆u = f in Br/r1(xi) ⊂ B1). Thus,
we obtain a bound for ‖u‖C2,α(Br(xi))

‖u‖C2,α(Br(xi)) ≤ C(r1, r2)
(
‖u‖L∞(Br/r1 (xi)) + ‖f‖C0,α(Br/r1 (xi))

)
≤ C(r1, r2)

(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
.

Now, since Br2 can be covered by a finite number of these balls, we obtain

‖u‖C2,α(Br2 ) ≤
n∑
i=1

‖u‖C2,α(Br(xi)) ≤ NC(r1, r2)
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
.

This is the type of bound we wanted, where the constant now also depends
on r1 and r2.

As a consequence of the “a priori” estimate for the Laplacian we will
show:

Corollary 2.16. Let u be any bounded weak solution to

∆u = f in B1,
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with f ∈ C0,α(B1) for some α ∈ (0, 1). Then, u is in C2,α inside B1, and
the estimate (2.6) holds.

Furthermore, iterating the previous estimate we will establish the fol-
lowing.

Corollary 2.17 (Higher order regularity estimates). Let u be any bounded
weak solution to

∆u = f in B1,

with f ∈ Ck,α(B1) for some α ∈ (0, 1), and k ∈ N. Then, u is in Ck+2,α

inside B1 and

‖u‖Ck+2,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖Ck,α(B1)

)
,

for some constant C that depends only on k, α, and the dimension n.

In case f ∈ L∞, we will prove the following.

Proposition 2.18. Let u be any solution to

∆u = f in B1,

with f ∈ L∞(B1). Then, u is in C1,1−ε inside B1, for any ε > 0, with the
estimate

‖u‖C1,1−ε(B1/2) ≤ Cε
(
‖u‖L∞(B1) + ‖f‖L∞(B1)

)
for some constant Cε depending only on ε and n.

We will give two different proofs of Theorem 2.14. The first proof follows
a method introduced by Wang in [Wan06] and shows the a priori estimate
using a very much self-contained approach. For the second proof we use an
approach à la Caffarelli from [Moo12, Caf89].

Before doing so, let us observe the following:

• If ∆u = f ∈ L∞ then ũ(x) := u(rx) solves ∆ũ = r2f(rx). In
other words, if |∆u| ≤ C, then |∆ũ| ≤ Cr2 (and if r is small, the
right-hand side becomes smaller and smaller).

• If ∆u = f ∈ C0,α, ũ(x) = u(rx)− f(0)
2n |x|

2 solves ∆ũ = r2(f(rx)−
f(0)), so that |∆ũ| ≤ Cr2+α in B1. This, by the comparison prin-
ciple, means that ũ is “very close” to a harmonic function.

Let us now show that Corollary 2.16 holds assuming Theorem 2.14. This
follows by an approximation argument.

Proof of Corollary 2.16. We will deduce the result from Theorem 2.14.
Let u be any solution to ∆u = f in B1, with f ∈ C0,α(B1), and let η ∈
C∞c (B1) be any smooth function with η ≥ 0 and

∫
B1
η = 1. Let

ηε(x) := ε−nη
(x
ε

)
,
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which satisfies
∫
Bε
ηε = 1, ηε ∈ C∞c (Bε). Consider the convolution

uε(x) := u ∗ ηε(x) =

∫
Bε

u(x− y)ηε(y) dy,

which is C∞ and satisfies

∆uε = f ∗ ηε =: fε in B1−ε.

(Notice that for smooth functions, derivatives and convolutions commute;
the same can be done for weak derivatives.) Since uε ∈ C∞, we can use
Theorem 2.14 to get

‖uε‖C2,α(B1/2) ≤ C
(
‖uε‖L∞(B1−ε) + ‖fε‖C0,α(B1−ε)

)
,

where we are also using the covering argument in Remark 2.15 to write it
in a ball B1−ε in the right-hand side. Observe now that for any x, y ∈ B1−ε

|uε(x)| ≤
∫
Bε

|u(x− z)|ηε(z) dy ≤ ‖u‖L∞(B1)

∫
Bε

ηε(z) dz = ‖u‖L∞(B1),

and

|fε(x)− fε(y)| ≤
∫
Bε

|f(x− z)− f(y − z)|ηε(z) dz = [f ]C0,α(B1)|x− y|α.

From here, we deduce ‖uε‖L∞(B1−ε) ≤ ‖u‖L∞(B1) and ‖fε‖C0,α(B1−ε) ≤
‖f‖C0,α(B1). Thus, the sequence uε is uniformly bounded in C2,α(B1/2),

‖uε‖C2,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
.

Moreover, since u is continuous (see Corollary 2.12), arguing as before we
get ‖uε − u‖L∞(B1) → 0 as ε ↓ 0, so that uε → u uniformly. We can use

(H8) from Chapter 1 to deduce that u ∈ C2,α and

‖u‖C2,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
.

By a covering argument (see Remark 2.15) we can get a similar estimate in
any ball Bρ with ρ < 1,

‖u‖C2,α(Bρ) ≤ Cρ
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
,

where now the constant Cρ depends also on ρ, and in fact, blows up when
ρ ↑ 1. In any case, we have that u ∈ C2,α(Bρ) for any ρ < 1, i.e., u is in
C2,α inside B1. �

The previous proof is an example of a recurring phenomenon when prov-
ing regularity estimates for PDEs. If one can get estimates of the kind

‖u‖C2,α ≤ C (‖u‖L∞ + ‖f‖C0,α) ,

for all C∞ functions u, and with a constant C that depends only on α and
n (but independent of u and f), then, in general, the estimate holds as well
for all solutions u. Thus, if one wants to prove the higher-order regularity
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estimates from Corollary 2.17, it is enough to get a priori estimates in the
spirit of Theorem 2.14. As a consequence, assuming that Theorem 2.14
holds, we can prove Corollary 2.17.

Proof of Corollary 2.17. As mentioned above, we just need to show that
for any u ∈ C∞ such that ∆u = f , one has

(2.8) ‖u‖Ck+2,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖Ck,α(B1)

)
.

for some constant C depending only on n, α, and k; and then we are done
by a covering argument (see Remark 2.15). We prove it by induction on k,
and it follows applying the induction hypothesis to derivatives of u. Notice
that (2.8) deals with balls B1/2 and B1, but after a rescaling and covering
argument (see Remark 2.15), it could also be stated in balls B1/2 and B3/4

(we will use it in this setting).

The base case, k = 0, already holds by Theorem 2.14. Let us now assume
that (2.8) holds for k = m− 1, and we will show it for k = m.

In this case, let us differentiate ∆u = f to get ∆∂iu = ∂if , for i ∈
{1, . . . , n}. Applying (2.8) for k = m− 1 to ∂iu in balls B1/2 and B3/4, we
get

‖∂iu‖Cm+1,α(B1/2) ≤ C
(
‖∂iu‖L∞(B3/4) + ‖∂if‖Cm−1,α(B3/4)

)
≤ C

(
‖u‖C2,α(B3/4) + ‖f‖Cm,α(B3/4)

)
.

Using now Theorem 2.14 in balls B3/4 and B1,

‖∂iu‖Cm+1,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖Cα(B1) + ‖f‖Cm,α(B3/4)

)
This, together with the basic estimate from Theorem 2.14 for ∆u = f , and
used for each i ∈ {1, . . . , n}, directly yields that (2.8) holds for k = m. �

Similarly, if one wants to prove regularity estimates in other contexts, it
is often enough to obtain the corresponding a priori estimate. For instance,
using an estimate that we prove later in the chapter (in the more general
context of non-divergence-form equations) we can immediately obtain also
the proof of Proposition 2.18.

Proof of Proposition 2.18. The proof is exactly the same as the proof
of Corollary 2.16 but using Proposition 2.31 from below instead of Theo-
rem 2.14. (Alternatively, see Remark 2.19.) �

Let us now provide the first proof of Theorem 2.14. The method used
here was introduced by Wang in [Wan06].



2.2. Schauder estimates for the Laplacian 41

First proof of Theorem 2.14. We will prove that

|D2u(z)−D2u(y)| ≤ C|z − y|α
(
‖u‖L∞(B1) + [f ]C0,α(B1)

)
,

for all y, z ∈ B1/32. After a translation, we assume that y = 0, so that the
proof can be centered around 0. This will prove our theorem with estimates
in a ball B1/32, and the desired result in a ball of radius 1

2 follows by a
covering argument. Moreover, after dividing the solution u by ‖u‖L∞(B1) +
[f ]C0,α(B1) if necessary, we may assume that ‖u‖L∞(B1) ≤ 1 and [f ]C0,α(B1) ≤
1, and we just need to prove that for all z ∈ B1/16,

|D2u(z)−D2u(0)| ≤ C|z|α.

Throughout the proof, we will use the following basic estimates for har-
monic functions:

(2.9) ∆w = 0 in Br ⇒ ‖Dκw‖L∞(Br/2) ≤ Cr−κ‖w‖L∞(Br),

where C depends only on n and κ ∈ N. (In fact, we will only use κ ∈
{1, 2, 3}.) Such estimate follows by rescaling the estimate (1.16) — which
corresponds to the case r = 1.

We will also use the estimate
(2.10)

∆w = λ in Br ⇒ ‖D2w‖L∞(Br/2) ≤ C
(
r−2‖w‖L∞(Br) + |λ|

)
,

for some constant C depending only on n. This estimate follows from (2.9)
after subtracting λ

2n |x|
2.

For k = 0, 1, 2, . . . , let uk be the solution to{
∆uk = f(0) in B2−k

uk = u on ∂B2−k .

Then, ∆(uk − u) = f(0)− f , and by the rescaled version of Lemma 1.14

(2.11) ‖uk − u‖L∞(B
2−k ) ≤ C(2−k)2‖f(0)− f‖L∞(B

2−k ) ≤ C2−k(2+α),

where we are using that [f ]C0,α(B1) ≤ 1. Hence, the triangle inequality yields

‖uk+1 − uk‖L∞(B
2−k−1 ) ≤ C2−k(2+α).

Since uk+1 − uk is harmonic, we have
(2.12)

‖D2(uk+1 − uk)‖L∞(B
2−k−2 ) ≤ C22(k+1)‖uk+1 − uk‖L∞(B

2−k−1 ) ≤ C2−kα.

Now, notice that

(2.13) D2u(0) = lim
k→∞

D2uk(0).
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Indeed, let ũ(x) := u(0) + x · ∇u(0) + 1
2x · D

2u(0)x be the second order

expansion of u at 0. Then, since u ∈ C2,α, we have ‖ũ−u‖L∞(Br) ≤ Cr2+α =

o(r2). Using that ũ− uk is harmonic together with (2.9) we deduce

|D2uk(0)−D2u(0)| ≤ ‖D2(uk − ũ)‖L∞(B
2−k−1 )

≤ C22k‖uk − ũ‖L∞(B
2−k )

= C22k‖u− ũ‖L∞(∂B
2−k ) → 0 as k →∞.

Now, for any point z near the origin, we have

|D2u(z)−D2u(0)| ≤ |D2uk(0)−D2u(0)|
+ |D2uk(0)−D2uk(z)|+ |D2uk(z)−D2u(z)|.

For a given z ∈ B1/16, we choose k ∈ N such that

2−k−4 ≤ |z| ≤ 2−k−3.

Thanks to (2.12)-(2.13), and by the triangle inequality, we get

|D2uk(0)−D2u(0)| ≤
∞∑
j=k

|D2uj(0)−D2uj+1(0)| ≤ C
∞∑
j=k

2−jα = C2−kα,

where we use that α ∈ (0, 1).

In order to estimate |D2u(z) − D2uk(z)|, the same argument can be
repeated around z instead of 0. That is, take solutions of ∆vj = f(z) in
B2−j(z) and vj = u on ∂B2−j (z). Then,

|D2uk(z)−D2u(z)| ≤ |D2uk(z)−D2vk(z)|+ |D2vk(z)−D2u(z)|.

The second term above can be bounded by C2−kα arguing as before. For
the first term, we use (2.10) by noticing that ∆(uk − vk) = f(0) − f(z) in
B2−k ∩ B2−k(z) ⊃ B2−k−1(z) (recall |z| ≤ 2−k−3), so that, in B2−2−k(z) we
have

|D2uk(z)−D2vk(z)| ≤ ‖D2(uk − vk)‖L∞(B
2−2−k (z))

≤ C22k‖uk − vk‖L∞(B
2−k−1(z)

) + C|f(z)− f(0)|

≤ C22k‖uk − vk‖L∞(B
2−k−1(z)

) + C2−kα,

where we use, again, that |z| ≤ 2−k−3, and [f ]C0,α(B1) ≤ 1

Finally, from (2.11), we know that

‖uk − u‖L∞(B
2−k−1 (z)) ≤ ‖uk − u‖L∞(B

2−k ) ≤ C2−k(2+α),

and

‖u− vk‖L∞(B
2−k−1(z)

) ≤ C2−k(2+α),
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which gives

‖uk − vk‖L∞(B
2−k−1(z)

) ≤ C2−k(2+α).

Thus, we deduce that

|D2uk(z)−D2u(z)| ≤ C2−kα.

Finally, to estimate |D2uk(z) − D2uk(0)|, we denote hj := uj − uj−1 for
j = 1, 2, . . . , k. Since hj are harmonic, by (2.9) with κ = 3 and using that
B2−k−3 ⊂ B2−j−1 , we see that∣∣∣∣D2hj(z)−D2hj(0)

|z|

∣∣∣∣ ≤ ‖D3hj‖L∞(B
2−k−3 )

≤ C23j‖hj‖L∞(B
2−j ) ≤ C2j(1−α).

Hence,

|D2uk(0)−D2uk(z)| ≤ |D2u0(z)−D2u0(0)|+
k∑
j=1

|D2hj(z)−D2hj(0)|

≤ C|z|‖u0‖L∞(B1) + C|z|
k∑
j=1

2j(1−α).

We have also used here that, if we define w := u0− f(0)
2n |x|

2 + f(0)
2n then w is

harmonic, D3w = D3u0, and w = u0 on ∂B1, and

|z|−1|D2u0(z)−D2u0(0)| ≤ ‖D3u0‖L∞(B1/2) = ‖D3w‖L∞(B1/2)

≤ C‖w‖L∞(B1) = C‖u0‖L∞(∂B1) ≤ C‖u0‖L∞(B1),

by higher order regularity estimates for harmonic functions (see (2.9)) and
the maximum principle (Lemma 1.14). Note that here the constant C de-
pends only on n.

Combined with the fact that, from (2.11),

‖u0‖L∞(B1) ≤ C,

(where we also use ‖u‖L∞(B1) ≤ 1) and |z| ≤ 2−k−3, we deduce that

|D2uk(0)−D2uk(z)| ≤ C|z|+ C|z|2k(1−α) ≤ C2−kα.

We finish by noticing that |z| ≥ 2−k−4 and combining all the last in-
equalities we reach

|D2u(z)−D2u(0)| ≤ C2−kα ≤ C|z|α

for all z ∈ B1/16. That is,

[D2u]C0,α(B1/16) ≤ C.



44 2. Linear elliptic PDE

Now, thanks to the interpolation inequalities (see (1.9) with ε = 1),

‖u‖C2,α(B1/16) = ‖u‖C2(B1/16) + [D2u]C0,α(B1/16)

≤ C‖u‖L∞(B1/16) + 2[D2u]C0,α(B1/16) ≤ C.

We finish by recalling that we divided the solution u by ‖u‖L∞(B1)+[f ]C0,α(B1),
and we use a covering argument to get the desired result (see Remark 2.15).

�

For the second proof of Theorem 2.14, we use the methods from [Moo12],
originally from [Caf89].

Second proof of Theorem 2.14. After subtracting f(0)
2n |x|

2 we may as-

sume that f(0) = 0. After dividing u by ‖u‖L∞(B1) + ε−1‖f‖C0,α(B1) if
necessary, we may also assume that ‖u‖L∞(B1) ≤ 1 and ‖f‖C0,α(B1) ≤ ε,
where ε > 0 is a constant to be chosen depending only on n and α. After
these simplifications, it is enough to show that

(2.14) ‖u‖C2,α(B1/2) ≤ C

for some constant C depending only on n and α.

We will show that, for every x ∈ B1/2, there exist a sequence of quadratic
polynomials, (Pk)k∈N, and a ρ◦ < 1 such that

(2.15) ‖u− Pk‖L∞(B
ρk◦

(x)) ≤ C◦ρ
k(2+α)
◦ for all k ∈ N,

for some constant C◦. By property (H5) from Chapter 1, this yields that
[D2u]C0,α(B1/2) ≤ CC◦. After using an interpolation inequality (1.9), we get

(2.14).

We will prove (2.15) for x = 0 (after a translation, it follows for all
x ∈ B1/2). We are going to use that ∆u = f , ‖u‖L∞(B1) ≤ 1, f(0) = 0 and
[f ]C0,α(B1) ≤ ε.

Notice that ‖∆u‖C0,α(B1) = ‖f‖C0,α(B1) ≤ 2ε, i.e., u is 2ε-close in Hölder
norm to a harmonic function: let w be such that ∆w = 0 and w = u on ∂B1.
Then, ∆(u− w) = f in B1, and u− v = 0 on ∂B1, so that by Lemma 1.14,

(2.16) ‖u− w‖L∞(B1) ≤ C ′‖f‖L∞(B1) ≤ Cε,

for some C universal (we are only using ‖f‖L∞(B1) ≤ 2ε, and not using its
Cα norm at this point). The function w is harmonic and |w| ≤ 1 (since
|u| ≤ 1). Therefore, it has a quadratic Taylor polynomial P1 at the origin,
which satisfies ∆P1 ≡ 0 and |P1| ≤ C. Moreover, since w is harmonic (and
in particular w ∈ C3), we have

(2.17) ‖w − P1‖L∞(Br) ≤ Cr
3 for all r ≤ 1,

for some C depending only on n.
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Combining (2.16) and (2.17) we obtain

‖u− P1‖L∞(Br) ≤ C(r3 + ε) for all r ≤ 1.

Choose now r◦ small enough such that Cr3
◦ ≤ 1

2r
2+α
◦ (notice α < 1), and

ε small enough such that Cε < 1
2r

2+α
◦ . (Notice that both r◦ and ε can be

chosen depending only on n and α.) Then,

‖u− P1‖L∞(Br◦ ) ≤ r2+α
◦ .

Let us now define

u2(x) :=
(u− P1)(r◦x)

r2+α
◦

.

Notice that ‖u2‖L∞(B1) ≤ 1 and ∆u2(x) = r−α◦ f(r◦x) =: f2(x). Then,
f2(0) = 0 and [f2]C0,α(B1) ≤ [f ]C0,α(B1) ≤ ε. That is, the same hypotheses as
before are fulfilled. Repeating the same procedure, there exists a polynomial
P2 such that

‖u2 − P2‖L∞(Br◦ ) ≤ r2+α
◦ .

That is, substituting back,∥∥u− P1 − r2+α
◦ P2(x/r◦)

∥∥
L∞(B

r2◦
)
≤ r2(2+α)
◦ .

Continuing iteratively, for every k ∈ N we can define

uk+1(x) :=
(uk − Pk)(r◦x)

r2+α
◦

,

which satisfies

‖uk+1‖L∞(B1) ≤ 1, ∆uk+1(x) = r−α◦ fk(r◦x) = r−kα◦ f(rk◦x) =: fk+1(x),

and there exists some Pk+1 such that

‖uk+1 − Pk+1‖L∞(Br◦ ) ≤ r2+α
◦ .

Substituting back,∥∥u− P1 − r2+α
◦ P2(x/r◦)− · · · − rk(2+α)

◦ Pk+1(x/rk◦)
∥∥
L∞(B

rk+1
◦

)
≤ r(k+1)(2+α)
◦ .

That is, we have constructed a sequence of quadratic polynomials approxi-
mating u in a decreasing sequence of balls around 0; which shows that (2.15)
holds around 0. After a translation, the same argument can be repeated
around any point x ∈ B1/2, so that, by (H5) we are done. �

Remark 2.19. When α = 0, the previous proof implies that if f ∈ L∞(B1)
then, by (2.15), ∇u is in the Zygmund space Λ1(B1); see Remark A.1 in
the Appendix A for more details. In particular, we also get a proof of
Proposition 2.18.
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Notice that in the previous proof we have not directly used that u is C2.
In fact, the only properties of u (and the Laplacian) we have used are that
the maximum principle holds and that ∆(u(rx)) = r2(∆u)(rx).

In particular, the second proof of Theorem 2.14 is not an a priori esti-
mate, and rather it says that any weak solution to the Laplace equation with
Cα right-hand side is C2,α. That is, we have directly proved Corollary 2.16.

2.3. Schauder estimates for operators in non-divergence form

After proving the Schauder estimates for the Laplacian, we will study now
more general second order linear elliptic operators. We start with operators
in non-divergence form. The type of equation we are interested in is

tr
(
A(x)D2u(x)

)
=

n∑
i,j=1

aij(x)∂iju(x) = f(x) in B1

where the matrix A(x) = (aij(x))ij is uniformly elliptic — in the sense that
(2.18) below holds — and aij(x) ∈ C0,α(B1). We will prove the following a
priori estimates.

Theorem 2.20 (Schauder estimates in non-divergence form). Let α ∈ (0, 1),
and let u ∈ C2,α be any solution to

n∑
i,j=1

aij(x)∂iju = f(x) in B1,

with f ∈ C0,α(B1) and aij(x) ∈ C0,α(B1), and (aij(x))ij fulfilling the ellip-
ticity condition

(2.18) 0 < λ Id ≤ (aij(x))ij ≤ Λ Id in B1,

for some 0 < λ ≤ Λ <∞. Then,

‖u‖C2,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
for some constant C depending only on α, n, λ, Λ, and ‖aij‖C0,α(B1).

As for the Laplacian, we will provide two different proofs of the previous
result. On the other hand, as a consequence of the previous result, we also
obtain higher order Schauder estimates in non-divergence form.

Corollary 2.21 (Higher order Schauder estimates in non-divergence form).
Let u ∈ Ck+2,α be a solution to

n∑
i,j=1

aij(x)∂iju = f(x) in B1,
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with f ∈ Ck,α(B1) and aij(x) ∈ Ck,α(B1) for some α ∈ (0, 1), k ∈ N, and
(aij(x))ij fulfilling the ellipticity conditions (2.18) for some 0 < λ ≤ Λ <∞.
Then,

‖u‖Ck+2,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖Ck,α(B1)

)
for some constant C depending only on α, k, n, λ, Λ, and ‖aij‖Ck,α(B1).

Remark 2.22 (Ellipticity condition). The uniform ellipticity condition in
B1, (2.18), is a quantification of the fact that the matrix

A(x) := (aij(x))ij

is uniformly positive definite and uniformly bounded as well. Notice that
we can always assume that A(x) is symmetric (from ∂iju = ∂jiu). We recall
that the inequality A1 ≤ A2 for symmetric matrices A1, A2 ∈Mn has to be
understood in the sense that A2−A1 is positive semi-definite. Alternatively,
(2.18) will hold if

0 < λ|ξ|2 ≤
n∑

i,j=1

ξiξjaij(x) ≤ Λ|ξ|2 for all x ∈ B1

for all ξ ∈ Rn.

Remark 2.23 (Constant coefficients). Let us start by understanding the
case of constant coefficients,

n∑
i,j=1

aij∂iju(x) = 0 in B1,

where aij are constants and satisfy the uniform ellipticity assumption,

0 < λId ≤ (aij)ij ≤ ΛId,

for 0 < λ ≤ Λ <∞.

Let us denote A := (aij)ij ∈ Mn. Then, A is a symmetric positive
definite matrix, and therefore has a unique positive definite square root
A1/2. After an affine change of variables

z = A1/2x,

the equation
n∑

i,j=1

aij∂xixju = 0 becomes

n∑
i=1

∂ziziu = 0

or ∆zu = 0. Indeed,
n∑

i,j=1

aij∂xixju = tr(AD2
xu) = tr(A1/2D2

xuA
1/2) = tr(D2

zu) = ∆zu.
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Therefore (and since 0 < λId ≤ A ≤ ΛId), the case of constant coefficients
(uniformly elliptic) can be reduced to the case of harmonic functions.

Thanks to the uniform ellipticity, the change of variables is not degen-
erate, and thus the estimates on ‖u‖C2,α that we get depend only on α, n,
λ, and Λ (but not on A). Similarly, after changing variables, there could
be a shrinking of the domain, say that the C2,α norm of u is bounded in
Bρ instead of B1/2, for some ρ < 1/2. Once again, since the change is non-
degenerate, such ρ depends only on n, λ, and Λ, and one can complete the
proof by a covering argument in B1/2 (see Remark 2.15).

The maximum principle. We state the maximum principle for equations
in non-divergence form, which will be used in this section.

Proposition 2.24 (Maximum Principle in non-divergence form). Let Ω ⊂
Rn be any bounded open set. Suppose that u ∈ C0(Ω) ∩ C2(Ω) satisfies

n∑
i,j=1

aij(x)∂iju ≥ 0 in Ω,

where (aij(x))ij satisfy

0 < λ Id ≤ (aij(x))ij in Ω.

Then,

sup
Ω
u = sup

∂Ω
u.

Proof. Let us begin by showing the maximum principle in the case

(2.19)
n∑

i,j=1

aij(x)∂iju > 0 in B1,

that is, when we have a strict inequality. We show it by contradiction:
suppose that there exists some x◦ ∈ Ω such that supΩ u = u(x◦). Since it is
an interior maximum, we must have ∇u(x◦) = 0 and D2u(x◦) ≤ 0, that is,
D2u(x◦) is a negative semi-definite symmetric matrix. In particular, all its
eigenvalues are non-positive, and after a change of variables we have that

P TD2u(x◦)P = diag(λ1, . . . , λn) := Dx◦

for some orthogonal n × n matrix P , and with λi ≤ 0 for all 1 ≤ i ≤ n.
Let A(x) = (aij(x))ij , and let AP (x◦) := P TA(x◦)P . Then, since A(x◦) is
positive definite, so is AP (x◦) = (aPij(x◦))ij . In particular, aPii (x◦) ≥ 0 for
all 1 ≤ i ≤ n. Then,

tr(A(x◦)D
2u(x◦)) = tr(A(x◦)PDx◦P

T ) = tr(P TA(x◦)PDx◦)
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and, therefore

0 < tr(A(x◦)D
2u(x◦)) = tr(AP (x◦)Dx◦) =

n∑
i=1

aPii (x◦)λi ≤ 0,

a contradiction. Here, we used that aPii (x◦) ≥ 0 and λi ≤ 0 for all 1 ≤ i ≤ n.
This shows that the maximum principle holds when the strict inequality
(2.19) is satisfied.

Let us now remove this hypothesis. Let R be large enough such that
BR ⊃ Ω — after a translation, we can take R = 1

2diam(Ω). Consider now
the function

uε(x) := u(x) + εex1 for x ∈ Ω,

for ε > 0. Notice that,

n∑
i,j=1

aij(x)∂ijuε(x) ≥ λεex1 > 0 in Ω.

In particular, we can apply the result for (2.19) to obtain that

sup
Ω
u ≤ sup

Ω
uε = sup

∂Ω
uε ≤ sup

∂Ω
u+ εeR.

By letting ε ↓ 0, we obtain the desired result. �

As a consequence, we find:

Lemma 2.25. Let Ω ⊂ Rn be a bounded open set, and let u ∈ C0(Ω)∩C2(Ω)
be a function satisfying{ ∑n

i,j=1 aij(x)∂iju = f in Ω

u = g on ∂Ω,

where (aij)ij fulfill the ellipticity conditions (2.18) for some 0 < λ ≤ Λ <∞.
Then,

‖u‖L∞(Ω) ≤ C
(
‖f‖L∞(Ω) + ‖g‖L∞(∂Ω)

)
,

for a constant C depending only on the diameter of Ω, λ, and Λ.

Proof. This follows exactly as in the proof of Lemma 1.14 using Proposi-
tion 2.24. �

Proof of Schauder estimates. Let us now proceed with the proof of
Schauder estimates for equations in non-divergence form, Theorem 2.20. We
will first prove (in two ways) the following proposition, which is a weaker
version of the estimate we want to show.

We will later prove that, in fact, such estimate is enough to prove The-
orem 2.20.
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Proposition 2.26. Let u ∈ C2,α be a solution to
n∑

i,j=1

aij(x)∂iju = f(x) in B1,

with f ∈ C0,α(B1) and aij(x) ∈ C0,α(B1) for some α ∈ (0, 1), and (aij(x))ij
fulfilling the ellipticity condition

0 < λId ≤ (aij(x))ij ≤ ΛId in B1,

for some 0 < λ ≤ Λ <∞. Then, for any δ > 0,

[D2u]C0,α(B1/2) ≤ δ[D2u]C0,α(B1) + Cδ
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
,

for some constant Cδ depending only on δ, α, n, λ, Λ, and ‖aij‖C0,α(B1).

Notice that, the previous statement is almost what we want: if we could
let δ ↓ 0 and Cδ remained bounded, Theorem 2.20 would be proved (after
using interpolation inequalities (1.9)). On the other hand, if the Hölder
norm was in B1/2 instead of B1, choosing δ = 1

2 would also complete the
proof. As we will see, although it is not so straightforward, Proposition 2.26
is just one step away from the final result.

Let us provide two different proofs of Proposition 2.26. The first proof
is a sketch that follows the same spirit as the first proof of Theorem 2.20.
The second proof is through a blow-up argument (by contradiction).

First Proof of Proposition 2.26. The proof is very similar to the case of
the Laplacian, the first proof of Theorem 2.14.

We define uk as the solution to{ ∑n
i,j=1 aij(0)∂ijuk = f(0) in B2−k

uk = u on ∂B2−k .

(We freeze the coefficients at zero.) Then,

vk := u− uk
satisfies

n∑
i,j=1

aij(0)∂ijvk = f(x)− f(0) +

n∑
i,j=1

(
aij(0)− aij(x)

)
∂iju in B2−k .

By the maximum principle (Lemma 2.25) we get

‖u− uk‖L∞(B
2−k ) ≤ C2−2k

(
2−αk‖f‖C0,α(B

2−k )

+ 2−αk‖D2u‖L∞(B
2−k )

n∑
i,j=1

‖aij‖C0,α(B
2−k )

)
.
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Thus,

‖uk − uk+1‖L∞(2−k−1) ≤ C2−k(2+α)
(
‖f‖C0,α(B

2−k ) + ‖D2u‖L∞(B
2−k )

)
,

where the constant C depends only on α, n, λ, Λ, and ‖aij‖C0,α(B1).

Following the exact same proof as in the case of the Laplacian, ∆u =
f(x), we now get

[D2u]C0,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖C0,α(B1) + ‖D2u‖L∞(B1)

)
.

This is almost exactly what we wanted to prove. However, we have an
extra term ‖D2u‖L∞(B1) on the right-hand side. This can be dealt with by
means of interpolation inequalities.

We use that, for any ε > 0, there is Cε such that

(2.20) ‖D2u‖L∞(B1) ≤ ε[D2u]C0,α(B1) + Cε‖u‖L∞(B1)

see (1.9) in Chapter 1.

The idea is that, since the ‖D2u‖L∞ term is lower order, we can absorb
it in the left-hand side by paying the price of adding more ‖u‖L∞ norm on
the right-hand side.

Namely, we have

[D2u]C0,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖C0,α(B1) + ‖D2u‖L∞(B1)

)
(by interpolation) ≤ C

(
Cε‖u‖L∞(B1) + ‖f‖C0,α(B1) + ε[D2u]C0,α(B1)

)
≤ Cδ

(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
+ δ[D2u]C0,α(B1),

where we have used the interpolation inequality, and in the last step we have
chosen ε = δ/C > 0. The constant Cδ depends only on δ, α, n, λ, Λ, and
‖aij‖C0,α(B1). This concludes the proof. �

For the second proof of Proposition 2.26 we use a robust blow-up method
due to L. Simon, [Sim97]. For simplicity, we will first prove it for the
Laplacian case. After proving it for the Laplacian, we explain in detail how
to adapt the method for the more general non-divergence operators.

Second Proof of Proposition 2.26. Assume first that (aij(x))ij = Id,
that is, ∆u = f in B1. We then explain the modifications needed to show
the result in the general case,

∑n
i,j=1 aij(x)∂iju(x) = f(x) in B1.

Thanks to interpolation inequalities we only need to prove the following
estimate for any δ > 0 sufficiently small,

(2.21) [D2u]C0,α(B1/2) ≤ δ[D2u]C0,α(B1) + Cδ
(
‖D2u‖L∞(B1) + [f ]C0,α(B1)

)
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for all u ∈ C2,α(B1) with ∆u = f in B1. Indeed, if (2.21) holds then, by
interpolation (2.20), with ε = δ/Cδ,

[D2u]C0,α(B1/2) ≤ 2δ[D2u]C0,α(B1) + Cδ
(
‖u‖L∞(B1) + [f ]C0,α(B1)

)
for some new Cδ depending only on δ, n and α, which is the desired result.

We will now show that (2.21) holds by contradiction, for some Cδ de-
pending only on δ, n, and α. Indeed, suppose that it does not hold. Then,
there exist sequences uk ∈ C2,α(B1) and fk ∈ C0,α(B1) for k ∈ N such that

∆uk = fk in B1,

and for a fixed small constant δ◦ > 0 we have
(2.22)

[D2uk]C0,α(B1/2) > δ◦[D
2uk]C0,α(B1) + k

(
‖D2uk‖L∞(B1) + [fk]C0,α(B1)

)
.

We now have to reach a contradiction.

Select xk, yk ∈ B1/2 such that

(2.23)
|D2uk(xk)−D2uk(yk)|

|xk − yk|α
≥ 1

2
[D2uk]C0,α(B1/2)

and let

ρk := |xk − yk|.
Observe that we must necessarily have ρk → 0 as k →∞, since

1

2
[D2uk]C0,α(B1/2) ≤

|D2uk(xk)−D2uk(yk)|
ραk

≤
2‖D2uk‖L∞(B1)

ραk
≤

2[D2uk]C0,α(B1/2)

kραk
,

where we have used (2.22) in the last inequality. Thus,

ρk ≤ Ck−
1
α → 0 as k →∞

Now, we rescale and blow up. Define

ũk(x) :=
uk(xk + ρkx)− pk(x)

ρ2+α
k [D2uk]C0,α(B1)

, f̃k(x) :=
fk(xk + ρkx)− fk(xk)
ραk [D2uk]C0,α(B1)

,

where the quadratic polynomial pk is chosen so that

(2.24) ũk(0) = |∇ũk(0)| = |D2ũk(0)| = 0.

Namely,

pk(z) := uk(xk) + ρk

n∑
i=1

∂iuk(xk)zi +
1

2
ρ2
k

n∑
i,j=1

∂ijuk(xk)zizj .

It is now a simple computation to check that

(2.25) ∆ũk = f̃k in B1/(2ρk).
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Let us also denote

ξk :=
yk − xk
ρk

∈ Sn−1.

Notice that

(2.26) [D2ũk]C0,α
(
B1/(2ρk)

) ≤ 1, and
∣∣D2ũk(ξk)

∣∣ > δ◦
2
,

where for the second inequality we use (2.22)-(2.23).

Since ũk are uniformly bounded in compact subsets, and bounded in the
C2,α norm (see (2.24)-(2.26)), we have by Arzelà–Ascoli that the sequence
ũk converges (up to a subsequence and in the C2 norm) to a C2,α function
ũ on compact subsets of Rn. Moreover, again up to a subsequence, we have
that ξk → ξ ∈ Sn−1.

By the properties of ũk, we deduce that ũ satisfies
(2.27)

ũ(0) = |∇ũ(0)| = |D2ũ(0)| = 0, [D2ũ]C0,α(Rn) ≤ 1, |D2ũ(ξ)| > δ◦
2
.

On the other hand, for any R ≥ 1 we have

‖f̃k‖L∞(BR) = sup
x∈BR

|fk(xk + ρkx)− fk(xk)|
ραk [D2uk]C0,α(B1)

≤
(ρkR)α[fk]C0,α(B1)

ραk [D2uk]C0,α(B1)

≤
Rα[D2uk]C0,α(B1/2)

k[D2uk]C0,α(B1)
≤ Rα

k
→ 0, as k →∞.

Thus, f̃k → 0 uniformly on compact sets of Rn. Together with the fact that
ũk → ũ in the C2 norm in compact sets, we deduce (recall (2.25))

∆ũ = 0 in Rn.

That is, ũ is harmonic and, in particular, so is ∂ij ũ for any i, j = 1, . . . , n.

Let us now use the three properties in (2.27) to get a contradiction.
First notice that we have [D2ũ]C0,α(Rn) ≤ 1. Thus, D2ũ has sub-linear
growth at infinity, and by Liouville’s theorem (Proposition 1.19) we find
that D2ũ is constant. That is, ũ is a quadratic polynomial, which also
fulfills ũ(0) = |∇ũ(0)| = |D2ũ(0)| = 0. The only possibility is that ũ ≡ 0 in
Rn, which is a contradiction with |D2ũ(ξ)| > δ◦

2 .

Thus, the proposition is proved in the case of the Laplacian.

We now treat the case of variable coefficients,
n∑

i,j=1

aij(x)∂iju(x) = f(x) in B1,

with aij(x) uniformly elliptic in B1 (i.e., 0 < λId ≤ (aij(x))ij ≤ ΛId for
x ∈ B1) and with ‖aij‖C0,α(B1) ≤ M < ∞ for some M . The proof is
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essentially the same. As before, we proceed by contradiction, by assuming

that there exist sequences uk, fk, and a
(k)
ij such that

n∑
i,j=1

a
(k)
ij (x)∂ijuk(x) = fk(x) in B1,

and (2.22) holds.

The only difference with respect to the Laplacian case is the equation
satisfied by ũk. Let us define,

ã
(k)
ij (x) := a

(k)
ij (xk + ρkx).

Notice that

[ã
(k)
ij ]C0,α(B1/(2ρk)

) ≤ ραk [a
(k)
ij ]C0,α(B1) → 0, as k →∞.

In particular, up to subsequences, ã
(k)
ij converges uniformly in compact sets

to some ãij with [ã
(k)
ij ]C0,α(Rn) = 0, i.e., ãij is constant. Then ũk satisfies

n∑
i,j=1

ã
(k)
ij ∂ij ũk = f̃k(x)−

n∑
i,j=1

(
a

(k)
ij (xk + ρkx)− a(k)

ij (xk)
)
∂ijuk(xk)

ραk [D2uk]C0,α(B1)
.

Thus,∣∣∣∣∣∣
n∑

i,j=1

ã
(k)
ij ∂ij ũk − f̃k(x)

∣∣∣∣∣∣ ≤
n∑

i,j=1

|x|αραk [a
(k)
ij ]C0,α(B1)‖∂ijuk‖L∞(B1)

ραk [D2uk]C0,α(B1)

≤ C|x|α
‖D2uk‖L∞(B1)

[D2uk]C0,α(B1)
≤ C|x|α

‖D2uk‖L∞(B1)

[D2uk]C0,α(B1/2)
.

Using (2.22) we deduce that, for any x ∈ Bσ for some fixed σ ∈ (0,∞), and
for k large enough,∣∣∣∣∣∣

n∑
i,j=1

ã
(k)
ij ∂ij ũk − f̃k(x)

∣∣∣∣∣∣ ≤ C(σ)
‖D2uk‖L∞(B1)

[D2uk]C0,α(B1/2)
≤ C(σ)

k
.

Taking the limit k → ∞ (and recalling that f̃k → 0 uniformly in compact
sets) we get

n∑
i,j=1

ãij∂ij ũ = 0 in Rn,

an equation with constant coefficients, which is equivalent to ∆ũ = 0 in Rn
(see Remark 2.23), and we reach a contradiction as well. �
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We can now proceed with the proof of the Schauder estimates in non-
divergence form. Namely, we will show how to go from Proposition 2.26 to
Theorem 2.20. As with the previous results, we will do it in two different
ways. In this case, however, both ways reduce to the same idea.

First Proof of Theorem 2.20. Define the semi-norm

[D2u]∗α;B1
:= sup

Bρ(x◦)⊂B1

ρ2+α[D2u]C0,α(Bρ/2(x◦)).

Notice that this norm measures in a precise way how the C2,α norm of U
blows up as we approach ∂B1.

From the fact that Hölder semi-norms are sub-additive with respect to
unions of convex sets,

(2.28) [D2u]∗α;B1
≤ C sup

Bρ(x◦)⊂B1

ρ2+α[D2u]C0,α(Bρ/4(x◦))

(and, in fact, they are comparable) for some constant C depending only on
α and n. Indeed, for any fixed ball Bρ(x◦) ⊂ B1, we cover Bρ/2(x◦) with N
smaller balls (Bρ/8(zj))1≤j≤N , which, since Bρ/2(zj) ⊂ B1, gives(ρ

2

)2+α
[D2u]C0,α(Bρ/8(zj)) ≤ sup

Bρ(x◦)⊂B1

ρ2+α[D2u]C0,α(Bρ/4(x◦)).

Thus,

ρ2+α[D2u]C0,α(Bρ/2(x◦)) ≤ ρ
2+α

N∑
j=1

[D2u]C0,α(Bρ/8(zj))

≤ 22+αN sup
Bρ(x◦)⊂B1

ρ2+α[D2u]C0,α(Bρ/4(x◦)).

Taking the supremum on the left-hand side gives (2.28).

Applying the inequality

[D2u]C0,α(B1/2) ≤ δ[D2u]C0,α(B1) + Cδ
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
from Proposition 2.26 to any ball Bρ/2(x◦) ⊂ Bρ(x◦) ⊂ B1 we get

ρ2+α[D2u]C0,α(Bρ/4) ≤ δρ2+α[D2u]C0,α(Bρ/2) + Cδ
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
≤ δ[D2u]∗α;B1

+ Cδ
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
.

Taking the supremum and using (2.28) we get

1

C
[D2u]∗α;B1

≤ sup
Bρ(x◦)⊂B1

ρ2+α[D2u]C0,α(Bρ/4(x◦))

≤ δ[D2u]∗α;B1
+ C

(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
.
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Now, if we fix a small enough δ > 0, we can absorb the [D2u]∗α;B1
term on

the left-hand side to get

[D2u]C0,α(B1/2) ≤ [D2u]∗α;B1
≤ Cδ

(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
,

which, after interpolation (see (1.9)) gives the desired result. �

We also give an alternative proof of Theorem 2.20 by directly using the
following abstract lemma. Such lemma constitutes a generalization of the
previous proof.

Lemma 2.27. Let k ∈ R and γ > 0. Let S be a non-negative function on
the class of open convex subsets of B1, and suppose that S is sub-additive.
That is, if A,A1, . . . , AN are open convex subsets of B1 with A ⊂

⋃N
j=1Aj,

then S(A) ≤
∑N

j=1 S(Aj).

Then, there is δ > 0 small (depending only on n and k) such that, if

ρkS(Bρ/2(x◦)) ≤ δρkS(Bρ(x◦)) + γ for all Bρ(x◦) ⊂ B1,

then

S(B1/2) ≤ Cγ,
for some C depending only on n and k.

Proof. Let

Q := sup
Bρ(x◦)⊂B1

ρkS(Bρ/2(x◦)).

Thanks to the assumption in the Lemma, we get(ρ
2

)k
S(Bρ/4(x◦)) ≤ δ

(ρ
2

)k
S(Bρ/2(x◦))+γ ≤ δQ+γ, for all Bρ(x◦) ⊂ B1.

Taking now the supremum for all Bρ(x◦) ⊂ B1 we get

Q̃ := sup
Bρ(x◦)⊂B1

(ρ
2

)k
S(Bρ/4(x◦)) ≤ δQ+ γ.

We now claim that

(2.29) Q ≤ CQ̃,

for some C depending only on n and k. This will yield

1

C
Q ≤ Q̃ ≤ δQ+ γ ⇒ Q ≤ C̃γ

if δ > 0 is small enough depending only on n and k. Thus, we have to show
(2.29).

Take any Bρ(x◦) ⊂ B1, and cover Bρ/2(x◦) with a finite collection of
smaller balls Bρ/8(zj) (j = 1, 2, . . . , N), with zj ∈ Bρ/2(x◦) and N ≤ C
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(universally bounded depending only on the dimension). Since Bρ/2(zj) ⊂
B1 we then have (ρ

4

)k
S(Bρ/8(zj)) ≤ Q̃.

Adding up over all indices j, and using the sub-additivity of S, we obtain

ρkS(Bρ/2(x◦)) ≤
N∑
j=1

ρkS(Bρ/8(zj)) ≤ N4kQ̃ = CQ̃.

Taking the supremum, we reach (2.29). �

Second Proof of Theorem 2.20. We use Lemma 2.27, with k = α and

S(A) := [D2u]C0,α(A),

which is sub-additive on open convex subsets. From the estimate in Propo-
sition 2.26, fixing δ > 0 from Lemma 2.27 (which depends only on α and n)
we know

[D2u]C0,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
+ δ[D2u]C0,α(B1).

Rescaling1 to Bρ(x◦) with ρ ≤ 1 we obtain

ρ2+α[D2u]C0,α(Bρ/2(x◦)) ≤

≤ δρ2+α[D2u]C0,α(Bρ(x◦))

+ C
(
‖u‖L∞(Bρ(x◦)) + ρ2‖f‖L∞(Bρ(x◦)) + ρ2+α[f ]C0,α(Bρ(x◦))

)
≤ δρ2+α[D2u]C0,α(Bρ) + C

(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
.

This is exactly

ρkS(Bρ/2(x◦)) ≤ δρkS(Bρ(x◦)) + γ,

with

γ = Cδ
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
.

Thus, thanks to Lemma 2.27, we immediately deduce

S(B1/2) ≤ Cγ,
that is,

[D2u]C0,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
.

Therefore, after using interpolation inequalities (see (1.9)) we get

‖u‖C2,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖C0,α(B1)

)
as desired. �

1The rescaling is done by considering the estimate on uρ(x) = u(x◦ + ρx), which ful-

fills
∑
a
(ρ)
ij (x)∂ijuρ(x) = ρ2f(x◦ + ρx) =: fρ(x) in B1, with a

(ρ)
ij (x) = aij(x◦ + ρx) (notice

that ‖a(ρ)ij ‖C0,α(B1)
≤ ‖aij‖C0,α(B1)

). Then, [D2uρ]C0,α(B1/2)
= ρ2+α[D2u]C0,α(Bρ/2(x◦))

and

[fρ]C0,α(B1)
= ρ2+α[f ]C0,α(Bρ(x◦)).
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We finish this section by proving Corollary 2.21.

Proof of Corollary 2.21. We follow the proof of Corollary 2.17. We will
show by induction on k that

(2.30) ‖u‖Ck+2,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖Ck,α(B1)

)
for some constant C depending only on n, α, k, λ, Λ, and ‖aij‖Ck,α(B1).
We apply the induction hypothesis to derivatives of the equation in non-
divergence form.

As in the proof of Corollary 2.17, (2.30) deals with balls B1/2 and B1,
but after a rescaling and covering argument (see Remark 2.15), it could also
be stated in balls B1/2 and B3/4.

The base case, k = 0, already holds by Theorem 2.20. Let us now assume
that (2.30) holds for k = m− 1, and we will show it for k = m.

We differentiate the non-divergence-form equation with respect to ∂e to
get

n∑
i,j=1

aij(x)∂ij∂eu(x) = ∂ef(x)−
n∑

i,j=1

∂eaij(x)∂iju(x) in B1.

Now, we apply the estimate (2.30) with k = m−1 to ∂eu in the previous
expression, in balls B1/2 and B3/4, to get

‖∂eu‖Cm+1,α(B1/2) ≤ C
(
‖∂eu‖L∞(B3/4) + ‖∂ef‖Cm−1,α(B3/4)

+
n∑

i,j=1

‖∂eaij∂iju‖Cm−1,α(B3/4)

)
.

Notice that

‖∂eaij∂iju‖Cm−1,α(B3/4) ≤ ‖∂eaij‖Cm−1,α(B3/4)‖∂iju‖Cm−1,α(B3/4)

= C‖∂iju‖Cm−1,α(B3/4)

≤ C
(
‖u‖L∞(B1) + ‖f‖Cm−1,α(B1)

)
,

where in the last inequality we have used the induction hypothesis in balls
B3/4 and B1 (see Remark 2.15). Using that ‖∂eu‖L∞(B3/4) ≤ ‖u‖C2,α(B3/4)

we can use the base case (with balls B3/4 and B1) of (2.30) to bound this
term. In all, we obtain that

‖∂eu‖Cm+1,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖Cm−1,α(B1)

)
,

which, combined with the base case, and for every e ∈ Sn−1, yields the
desired estimate. �
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2.4. Schauder estimates for operators in divergence form

We will next prove Schauder estimates for operators in divergence form. In
particular, we will study the equation

(2.31) div
(
A(x)∇u(x)

)
=

n∑
i,j=1

∂i
(
aij(x)∂ju(x)

)
= f(x) in B1,

whereA(x) := (aij(x))ij is uniformly elliptic, and aij(x) ∈ C0,α. Notice that,
a priori, the expression (2.31) does not make sense even for C∞ functions u:
we are taking derivatives of aij(x), which is only C0,α. That is why we
need to define a weak notion of solution to (2.31). Thus, we will say that
u ∈ H1(B1) solves (2.31) weakly if∫

B1

∇φ(y) ·A(y)∇u(y) dy = −
∫
B1

φ(y)f(y) dy for all φ ∈ C∞c (B1).

We will prove the following:

Theorem 2.28 (Schauder estimates in divergence form). Let u ∈ C1,α be
a weak solution to

n∑
i,j=1

∂i
(
aij(x)∂ju(x)

)
= f(x) in B1,

with f ∈ Lq(B1) for q ≥ n
1−α , and aij(x) ∈ C0,α(B1) for some α ∈ (0, 1),

such that (aij(x))ij fulfills the ellipticity condition

(2.32) 0 < λ Id ≤ (aij(x))ij ≤ Λ Id in B1,

for some 0 < λ ≤ Λ <∞. Then,

‖u‖C1,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖Lq(B1)

)
for some constant C depending only on α, n, λ, Λ, and ‖aij‖C0,α(B1).

And as a consequence, we also get higher order Schauder estimates for
operators in divergence form.

Corollary 2.29 (Higher order Schauder estimates in divergence form). Let
u ∈ Ck+1,α be a weak solution to

n∑
i,j=1

∂i
(
aij(x)∂ju(x)

)
= f(x) in B1,

with f ∈ Ck−1+α(B1) and aij(x) ∈ Ck,α(B1) for some α ∈ (0, 1), k ∈ N,
such that (aij(x))ij fulfills the ellipticity condition (2.32) for some 0 < λ ≤
Λ <∞. Then,

‖u‖Ck+1,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖Ck−1,α(B1)

)
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for some constant C depending only on α, k, n, λ, Λ, and ‖aij‖Ck,α(B1).

The maximum principle. As in the case of operators in non-divergence
form, we also have a maximum principle for equations in divergence form.

Proposition 2.30 (Maximum Principle in divergence form). Let Ω ⊂ Rn
be a bounded open set. Suppose that u ∈ H1(Ω) satisfies, in the weak sense,

n∑
i,j=1

∂i
(
aij(x)∂ju(x)

)
≥ 0 in Ω,

where (aij(x))ij ∈ L∞(Ω) fulfill the pointwise ellipticity condition,

0 < (aij(x))ij in Ω.

Then,

sup
Ω
u = sup

∂Ω
u.

Proof. We know that, denoting A(x) = (aij(x))ij ,∫
Ω
∇φ ·A(x)∇u dx ≤ 0 for all φ ∈ C∞c (Ω), φ ≥ 0.

In particular, by approximation (see (S6) in Chapter 1), the previous ex-
pression holds for all φ ∈ H1

0 (Ω) such that φ ≥ 0. We take, as test function,
φ(x) := (u− sup∂Ω u)+ ∈ H1

0 (Ω), where f+ := max{f, 0} denotes the posi-
tive part. Then,∫

Ω
∇φ ·A(x)∇φdx =

∫
Ω
∇φ ·A(x)∇u dx ≤ 0.

Since A(x) > 0, this implies that ∇φ ≡ 0, and φ is constant. Since φ ∈
H1

0 (Ω), this implies that φ ≡ 0, that is, u ≤ sup∂Ω u in Ω, as wanted. �

Proof of Schauder estimates. We proceed with the proof of Theorem 2.28.
We will do so via a blow-up argument, in the spirit of the second proof of
Proposition 2.26.

Proof of Theorem 2.28. As in the (second) proof of Proposition 2.26, we
will show that, for any δ > 0,

(2.33) [∇u]C0,α(B1/2) ≤ δ[∇u]C0,α(B1) + Cδ
(
‖∇u‖L∞(B1) + ‖f‖Lq(B1)

)
for all u ∈ C1,α(B1) such that

div(A(x)∇u(x)) =
n∑

i,j=1

∂i (aij(x)∂ju(x)) = f(x), weakly in B1.

This yields

‖u‖C1,α(B1/2) ≤ δ[∇u]C0,α(B1) + Cδ
(
‖u‖L∞(B1) + ‖f‖Lq(B1)

)
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and so, proceeding as in the proof of Theorem 2.20 by using Lemma 2.27, (or,
alternatively, adapting the first proof of Theorem 2.20), we get the desired
result. Let us focus, therefore, on the proof of (2.33):

Suppose that it does not hold. Then, there exist sequences uk ∈ C1,α(B1)
and fk ∈ Lq(B1) for k ∈ N such that

div
(
Ak(x)uk(x)

)
= fk(x) weakly in B1,

and for a fixed small constant δ◦ > 0 we have

(2.34) [∇uk]C0,α(B1/2) > δ◦[∇uk]C0,α(B1) + k
(
‖∇uk‖L∞(B1) + ‖fk‖Lq(B1)

)
.

We now have to reach a contradiction.

Select xk, yk ∈ B1/2 such that

(2.35)
|∇uk(xk)−∇uk(yk)|

|xk − yk|α
≥ 1

2
[∇uk]C0,α(B1/2)

and let

ρk :=
|xk − yk|

2
, and zk :=

xk + yk
2

.

Then, as in Proposition 2.26, ρk ≤ Ck−
1
α → 0 as k →∞. Define

ũk(x) :=
uk(zk + ρkx) + uk(zk − ρkx)− 2uk(zk)

ρ1+α
k [∇uk]C0,α(B1)

.

Then,

(2.36) ũk(0) = |∇ũk(0)| = 0.

We remark that here, instead of defining ũk as in Proposition 2.26 (i.e.,
subtracting a quadratic polynomial), we have used second order incremental
quotients.

Let us also denote

ξk :=
yk − xk

2ρk
∈ Sn−1.

Notice that

(2.37) [∇ũk]C0,α(B1/(2ρk)
) ≤ 2, and |∇ũk(ξk)| >

δ◦
2
,

where for the second inequality we use (2.34) and (2.35).

Since ũk are uniformly bounded in compact subsets, and bounded in the
C1,α norm (due to (2.36) and (2.37)), it follows by Arzelà–Ascoli that the
sequence ũk converges (in the C1 norm) to a C1,α function ũ on compact
subsets of Rn (up to a subsequence). Moreover, again up to a subsequence,
we have that ξk → ξ ∈ Sn−1.

By the properties of ũk, we deduce that ũ satisfies

(2.38) ũ(0) = |∇ũ(0)| = 0, [∇ũ]C0,α(Rn) ≤ 2, |∇ũ(ξ)| > δ◦
2
.
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Let us check which equation does ũk satisfy. Let

ã
(k)
ij (x) := a

(k)
ij (zk + ρkx),

so that, as in Proposition 2.26, ã
(k)
ij converges uniformly in compact sets to

some ãij constant. For any φ ∈ C∞c (B1), we know that

(2.39)

∫
B1

∇φ ·Ak(x)∇uk = −
∫
B1

fkφ.

Let Ãk(x) := Ak(zk + ρkx) = (ã
(k)
ij (x))ij . Let φ ∈ C∞c (Rn), and let k be

large enough so that suppφ ⊂ B1/(2ρk). Let∫
∇φ · Ãk(x)∇ũk = I− II,

where

I =
1

ραk [∇uk]C0,α(B1)

∫
∇φ(x) ·Ak(zk + ρkx)∇uk(zk + ρkx) dx

=
1

ραk [∇uk]C0,α(B1)

∫
∇y
(
φ
(
ρ−1
k (y − zk)

))
·Ak(y)∇uk(y)ρ−n+1

k dy

=
−ρ1−α

k

[∇uk]C0,α(B1)

∫
φ(x)fk(zk + ρkx) dx,

thanks to (2.39), and

II =
1

ραk [∇uk]C0,α(B1)

∫
∇φ(x) ·Ak(zk + ρkx)∇uk(zk − ρkx) dx = IIi + IIii.

Here, we have denoted by IIi and IIii the following quantities:

IIi =
1

ραk [∇uk]C0,α(B1)

∫
∇φ(x)·(Ak(zk+ρkx)−Ak(zk−ρkx))∇uk(zk−ρkx) dx

and

IIii =
1

ραk [∇uk]C0,α(B1)

∫
∇φ(x) ·Ak(zk − ρkx)∇uk(zk − ρkx) dx

=
ρ1−α
k

[∇uk]C0,α(B1)

∫
φ(x)fk(zk − ρkx) dx.

Let us now show that∣∣∣∣∫ ∇φ · Ãk∇ũk∣∣∣∣→ 0, as k →∞

for all φ ∈ C∞c (Rn), by bounding each term separately.
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Notice that, for 1
q + 1

q′ = 1,∣∣∣∣∫ φ(x)fk(zk + ρkx) dx

∣∣∣∣ ≤ (∫ |φ|q′) 1
q′
(∫
|fk(zk + ρkx)|q dx

) 1
q

≤ C(φ)‖fk‖Lq(B1)ρ
−n
q

k .

Then,

|I| ≤ C(φ)ρ
1−α−n

q

k

‖fk‖Lq(B1)

[∇uk]C0,α(B1)
≤ C(φ)ρ

1−α−n
q

k k−1 → 0, as k →∞,

as long as 1 − α − n
q ≥ 0, that is, q ≥ n

1−α . In the last step we have used

(2.34). Similarly,

|IIii| → 0, as k →∞,
since q ≥ n

1−α . Finally,

|IIi| ≤
[Ak]C0,α(B1)

[∇uk]C0,α(B1)

∫
|∇φ||x|α‖∇u‖L∞(B1) dx

≤ C(φ)
‖∇u‖L∞(B1)

[∇uk]C0,α(B1)
≤ C(φ)

k
→ 0, as k →∞.

Here, we used again (2.34). That is, |IIi| → 0 uniformly in compact sets
of Rn.

Then we conclude that, for any φ ∈ C∞c (Rn),∣∣∣∣∫ ∇φ · Ãk(x)∇ũk
∣∣∣∣→ 0, as k →∞.

By taking limits, up to a subsequence we will have that Ãk → Ã uniformly
in compact sets, where Ã is a constant coefficient matrix. Thus, we deduce
that ∫

∇φ · Ã∇ũ = 0 for all φ ∈ C∞c (Rn).

This means that, after a change of variables, ũ is harmonic (recall Re-
mark 2.23). By Liouville’s theorem (Proposition 1.19) we obtain that ∇ũ
must be constant (since it is harmonic, and [∇ũ]C0,α(Rn) ≤ 2). However,
∇ũ(0) = 0 and ∇ũ(ξ) 6= 0 (see (2.38)), a contradiction. �

Proof of Corollary 2.29. We proceed by induction on k. The case k = 0
is due to Theorem 2.28. Then, let us assume that

(2.40) ‖u‖Ck+1,α(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖Ck−1,α(B1)

)
holds for all k ≤ m− 1, and let us show it for k = m.
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To do so, notice that, since aij(x) ∈ Cm,α, and m ≥ 1, we can compute
the derivatives in the divergence-form equation, to get

n∑
i,j=1

aij(x)∂iju = f(x)−
n∑

i,j=1

∂iaij(x)∂ju in B1,

that is, a non-divergence-form equation, where the right-hand side is in
Cm−1,α. Applying the higher order Schauder estimates for equations in
non-divergence form, Corollary 2.21 (in balls B1/2 and B3/4), we get that

‖u‖Cm+1,α(B1/2) ≤ C
(
‖u‖L∞(B3/4) + ‖f‖Cm−1,α(B3/4)+

+

n∑
i,j=1

‖∂i(aij)‖Cm−1,α(B3/4)‖∂ju‖Cm−1,α(B3/4)

)
,

that is,

‖u‖Cm+1,α(B1/2) ≤ C
(
‖u‖L∞(B3/4) + ‖f‖Cm−1,α(B3/4) + ‖u‖Cm,α(B3/4)

)
,

where the constant C depends only on n, α, λ, Λ, and ‖aij‖Cm,α(B1). Using
now the hypothesis induction, (2.40) for k = m − 1, in balls B3/4 and B1,
completes the proof. �

2.5. The case of continuous coefficients

Let us finish this chapter by studying equations in divergence and non-
divergence form with continuous coefficients.

In this section we establish a priori Schauder estimates for (2.1) and
(2.2) whenever aij ∈ C0(B1) (and the right-hand side is bounded or in Ln

respectively). This kind of estimates will be useful in the next chapters.

In this limiting case (when α ↓ 0), one could extrapolate from the pre-
vious results that the solution has respectively bounded C2 and C1 norm.
However, this is not true.

We will show, instead, that we gain almost two derivatives. Namely, for
any ε > 0, the solution has bounded C2−ε and C1−ε norm. More precisely,
we prove below the following results:

Proposition 2.31. Let u ∈ C2 be any solution to
n∑

i,j=1

aij(x)∂iju = f(x) in B1,

with f ∈ L∞(B1) and aij ∈ C0(B1) for some (aij(x))ij satisfying (2.18) for
some 0 < λ ≤ Λ. Then, for any ε > 0,

‖u‖C1,1−ε(B1/2) ≤ Cε
(
‖u‖L∞(B1) + ‖f‖L∞(B1)

)
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for some constant Cε depending only on ε, n, λ, Λ, and (aij)ij.

That is, we are not gaining two full derivatives, but instead we are losing
an arbitrarily small factor. This loss is paired with the fact that the constant
Cε diverges when ε ↓ 0; see [JMV09, EM17] for counterexamples in the
case ε = 0. This is also consistent with what occurs with the Laplacian (see
the counterexample at the beginning of Section 2.2).

We remark that the dependence of C on (aij)i,j in the previous propo-
sition is a dependence on the modulus of continuity of (aij)i,j . That is, if
ω : [0,∞) → [0,∞) is a continuous monotone function with ω(0) = 0 and
such that

|aij(x)− aij(y)| ≤ ω(|x− y|), for all x, y ∈ B1,

then the constant in the previous proposition depends on ω rather than
on (aij)i,j .

For divergence-form equations we have the following:

Proposition 2.32. Let u ∈ C1 be a weak solution to

n∑
i,j=1

∂i
(
aij(x)∂ju

)
= f(x) in B1,

with f ∈ Ln(B1) and aij(x) ∈ C0(B1) satisfying the ellipticity conditions
(2.32) for some 0 < λ ≤ Λ. Then, for any ε > 0,

‖u‖C1−ε(B1/2) ≤ Cε
(
‖u‖L∞(B1) + ‖f‖L∞(B1)

)
for some constant Cε depending only on ε, n, λ, Λ, and (aij)ij.

The proofs of the previous two propositions are analogous to those of
the Schauder estimates for operators in non-divergence and divergence form
respectively.

We give short sketches of the proofs of Propositions 2.31 and 2.32 that
contain all the essential information regarding the steps to take.

Sketch of the proof of Proposition 2.31. We give a short sketch of the
proof in the case (aij(x))ij = Id, and leave the details to the reader. The
proof sketched follows the same steps and arguments as the second proof of
Proposition 2.26.

Proceeding analogously, and after using Lemma 2.27, (cf. first or second
proof of Theorem 2.20), we just need to show that for any δ > 0

[∇u]C1−ε(B1/2) ≤ δ[∇u]C1−ε(B1) + Cδ(‖∇u‖L∞(B1) + ‖f‖L∞(B1)),

for some Cδ.
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By contradiction, suppose that we have a sequence fk ∈ L∞(B1), uk ∈
C2(B1), and coefficients (a

(k)
ij )ij with a common modulus of continuity, such

that
∑n

i,j=1 a
(k)
ij ∂ijuk = fk and

(2.41) [∇uk]C1−ε(B1/2) > δ◦[∇uk]C1−ε(B1) + k(‖∇uk‖L∞(B1) + ‖fk‖L∞(B1)),

for some δ◦ > 0.

Select xk, yk ∈ B1/2 such that

(2.42)
|∇uk(xk)−∇uk(yk)|
|xk − yk|1−ε

≥ 1

2
[∇uk]C1−ε(B1/2)

and let ρk := |xk − yk|, so that as in the second proof of Proposition 2.26
ρk ↓ 0. Define

ũk(x) :=
uk(xk + ρkx)− uk(xk)− ρk∇uk(xk) · x

ρ2−ε
k [∇uk]C1−ε(B1)

and

f̃k(x) := ρεk
fk(xk + ρkx)− fk(xk)

[∇uk]C1−ε(B1)
,

so that

(2.43) ũk(0) = |∇ũk(0)| = 0,

n∑
i,j=1

ã
(k)
ij ∂ij ũk = f̃k in B1/(2ρk).

where
ã

(k)
ij (x) := a

(k)
ij (zk + ρkx).

Denoting ξk := yk−xk
ρk
∈ Sn−1, we have

[∇ũk]C1−ε
(
B 1

2ρk

) ≤ 1, and
∣∣∇ũk(ξk)∣∣ > δ◦

2
,

by means of (2.41) and (2.42).

As in Proposition 2.26, ũk converges (up to a subsequence and in the C1

norm) to a C1,1−ε function ũ on compact subsets of Rn, and ξk → ξ ∈ Sn−1.
Furthermore,

ũ(0) = |∇ũ(0)| = 0, [∇ũ]C1−ε(Rn) ≤ 1, |∇ũ(ξ)| > δ◦
2
.

On the other hand, for any R ≥ 1 we have

‖f̃k‖L∞(BR) ≤
ρεk
k
→ 0, as k →∞,

and that, from the uniform modulus of continuity of a
(k)
ij , ã

(k)
ij (x) → ãij

locally uniformly in Rn, where the limiting coefficients ãij are constant. At
this point, in the equation (2.43) the coefficients converge locally uniformly
to constant coefficients, and the solutions ũk converge simply in C1. The
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passage to the limit is now more involved than before: in order to do it, we
need the notion of viscosity solutions (see Definition 1.20 and Section 4.3)
and the fact that they are stable under uniform limits (see Proposition 4.20).
In all, we can show that the limiting ũ satisfies

n∑
i,j=1

ãij∂ij ũ = 0 in Rn

(in the viscosity sense). Hence, the limiting solution ũ is harmonic (after
changing variables) and we reach a contradiction as in the second proof of
Proposition 2.26. �

In order to prove the convergence of the sequence in the proof of Propo-
sition 2.32 we will need the following lemma:

Lemma 2.33. Let u ∈ H1(B1) satisfy

(2.44) div(A(x)∇u(x)) = f(x) in B1,

in the weak sense, for some f ∈ L2(B1) and A(x) = (aij(x))ij uniformly
elliptic with ellipticity constants λ and Λ (see (2.18)). Then

‖∇u‖L2(B1/2) ≤ C(‖u‖L2(B1) + ‖f‖L2(B1))

for some C depending only on λ, Λ, and n.

Proof. Let us prove the lemma in the case A(x) is symmetric for all x ∈ B1.

Let η ∈ C∞c (B1) be arbitrary with η ≡ 1 in B1/2, and observe that∫
B1/2

|∇u|2 ≤ C
∫
B1

∇(uη) ·A(x)∇(uη) dx

by ellipticity. In particular, since A(x) is symmetric for all x ∈ B1 we can
use that ∇(uη) · A∇(uη) = u2∇η · A∇η +∇(uη2) · A∇u and the equation
(2.44) to get ∫

B1/2

|∇u|2 ≤ C
∫
B1

u2|∇η|2 + C

∫
B1

|fu|η2.

By Hölder’s inequality, we get the desired estimate. We refer to the proof
of Lemma 3.8 for more details on the proof and on the non-symmetric case
in a very similar situation. �

Let us now give the proof of Proposition 2.32.

Proof of Proposition 2.32. The proof is by contradiction and proceeds
as the proof of Theorem 2.28, with the analogous modifications introduced
in the Sketch of the proof of Proposition 2.31 with respect to the proof of
Proposition 2.26.
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Observe that, in this case, we should define ũk(x) as first order incre-
mental quotients:

ũk(x) =
uk(xk + ρkx)− uk(xk)

ρ1−ε
k [uk]C1−ε(B1)

so that we directly have (differently from the proof of Theorem 2.28) that
ũk satisfies:
(2.45)

div(Ãk(x)∇ũk(x)) = f̃k(x) in B1/(2ρk), f̃k(x) =
ρ1+ε
k fk(xk + ρkx)

[uk]C1−ε(B1)
,

in the weak sense, where Ãk(x) := Ak(xk + ρkx) and ‖f̃k‖Ln(B1/(2ρk)
) ↓ 0 as

k →∞. In particular, Ãk(x) converges to some constant matrix Ã∞ locally
uniformly by uniform continuity of Ak.

On the other hand, observe that each ũk is in H1 (since they are C1 by
assumption), and they are locally uniformly in L2 (since they are uniformly
locally bounded). Hence, we can apply Lemma 2.33 to get that ũk are locally
uniformly bounded in H1. In particular, by (S4) from Chapter 1 (see (1.3))
∇ũk converges weakly to ∇ũ∞. Thus:∫

Rn
∇φ · Ãk∇ũk →

∫
Rn
∇φ · Ã∞∇ũ∞ as k →∞, for all φ ∈ C∞c (Rn),

and from (2.45) we have that u∞ is harmonic (after changing variables)
in Rn. The contradiction is now reached, again, by the Liouville theorem,
Proposition 1.19. �

Remark 2.34. The blow-up technique is a common tool in analysis that
has great versatility. In particular, the technique presented in this section
is due to L. Simon, [Sim97], and can be applied in a similar fashion to
many different situations. We have seen the technique applied in interior
a priori estimates for linear second-order equations, both in divergence and
non-divergence form, and blow-up arguments like the one presented above
can be adapted also to boundary estimates, parabolic equations, nonlinear
equations, and even integro-differential equations.

2.6. Boundary regularity

We finish the chapter by stating the corresponding results to Corollaries 2.16
and 2.17 for the global (up to the boundary) estimates, for a sufficiently
smooth domain.

For the sake of readability we state the result for the Laplacian, but there
exists an analogous result for uniformly elliptic equations in non-divergence
form (with the corresponding regularity on the coefficients).
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Theorem 2.35 (Boundary regularity). Let α ∈ (0, 1) and k ∈ N with k ≥ 2,
and let Ω be a bounded Ck,α domain of Rn. Let u ∈ H1(Ω) be a weak solution
to

(2.46)

{
∆u = f in Ω
u = g on ∂Ω,

for some f ∈ Ck−2,α(Ω), g ∈ Ck,α(∂Ω).

Then, u ∈ Ck,α(Ω) and

‖u‖Ck,α(Ω) ≤ C
(
‖f‖Ck−2,α(Ω) + ‖g‖Ck,α(∂Ω)

)
,

for some constant C depending only on α, n, k, and Ω.

Remark 2.36. Notice that in this case we do not need a term ‖u‖L∞(Ω) on
the right-hand side because, thanks to the maximum principle (Lemma 2.25),

max
Ω

u ≤ C
(

max
∂Ω

g + ‖f‖L∞(Ω)

)
for some C depending only on Ω, λ, Λ, and M .

Theorem 2.35 can be proved using similar techniques (correspondingly
adapted) to the ones in the previous sections: after a blow-up, points near
the boundary behave like in a local problem in the half-space (that is, the
blow-up flattens ∂Ω), and we can reach a contradiction with Liouville’s
theorem in the half-space.

One might wonder what happens under lower regularity assumptions
on the domain (we refer to [Ken94, Kry96] for further reading in this
direction). In such case, similar regularity results hold in C1,α (and even
C1) domains, but when Ω is merely Lipschitz, almost all regularity is lost.
Namely, assume that u solves (2.46), with f and g smooth enough. Then,

• If Ω is a C1,α domain, then solutions are C1,α(Ω).

• If Ω is a C1 domain, then solutions are C1−ε(Ω) for all ε > 0, but
not C0,1(Ω) in general.

• If Ω is a Lipschitz domain, then solutions are Cγ(Ω) for some small
γ > 0 that depends on the Lipschitz norm of the domain, and this
is optimal.

We see that, if Ω is a Lipschitz domain, then essentially all regularity is
lost. If one thinks on the blow-up and compactness method, it is clear that
Lipschitz domains are quite different from C1. Indeed, Lipschitz domains
do not get flatter by doing a blow-up (they remain Lipschitz, with the
same Lipschitz norm). Thus, one cannot improve regularity by blowing
up. Solutions turn out to be Cγ for some small γ > 0 and, in general, not
better.





Chapter 3

Nonlinear variational
PDE & Hilbert’s
XIXth problem

Eine der begrifflich merkwürdigsten Thatsachen in den Elementen der Theorie der

analytischen Functionen erblicke ich darin, daß es partielle Differentialgleichungen

giebt, deren Integrale sämtlich notwendig analytische Funktionen der unabhängigen

Variabeln sind, die also, kurz gesagt, nur analytischer Lösungen fähig sind.

— David Hilbert (1900).

Up until this point, we have studied linear elliptic PDEs. In this chapter
we start the study of nonlinear elliptic PDEs.

More precisely, we study variational nonlinear PDEs, that is, those that
appear in the Calculus of Variations (minimizing an energy functional). In
particular, our main goal is to introduce and solve Hilbert’s XIXth problem1.

•Hilbert’s XIXth problem (1900): Consider any local min-
imizer of energy functionals of the form

E(w) :=

∫
Ω
L(∇w) dx,

where L : Rn → R is smooth and uniformly convex, and Ω ⊂ Rn.
Is is true that all local minimizers to this type of problems are
smooth?

1The original statement by Hilbert says that “there exist partial differential equations whose
integrals are all of necessity analytic functions of the independent variables, that is, in short,

equations susceptible of none but analytic solutions”, and refers to solutions to what he calls

“regular variational problems”, involving convex (in ∇w) and analytic operators of the form
L(∇w,w, x). We deal here with L(∇w) for simplicity.

71
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Notice that, given a boundary condition

u = g on ∂Ω,

one can show that there is a unique minimizer to this problem, u ∈ H1(Ω),
with u|∂Ω = g. That is, there exists a unique u ∈ H1(Ω) such that u
minimizes the functional E(w) :=

∫
Ω L(∇w) dx, among all functions w ∈

H1(Ω) such that w|∂Ω = g. We will be more precise about this in the first
two sections of this chapter.

The question in Hilbert’s XIXth problem is that of regularity: Is such
minimizer u smooth?

Remark 3.1 (On the convexity assumption). The uniform convexity of
the function is what gives us existence and uniqueness of a minimizer (see
Theorem 3.3 below). Moreover, from the point of view of regularity, if L is
not convex and reaches its minimum at two different points, then even in
dimension n = 1 there exist counterexamples to regularity.

If n = 1 and L has a minimum at two points p1 < p2, then we can
construct Lipschitz only minimizers zigzagging with slopes p1 and p2 (e.g.,
if p1 = −1 and p2 = 1, then u(x) = |x| would be a minimizer).

Thus, the convexity assumption is needed.

3.1. Overview

Hilbert’s XIXth problem as posed above is a generalization of the minimiza-
tion of the Dirichlet integral, ∫

Ω
|∇w|2 dx.

Local minimizers of the Dirichlet integral verify the corresponding Euler–
Lagrange equation, which in this case is the Laplace equation

∆w = 0 in Ω.

Solutions to this PDE, as seen in Chapter 2, are known to be C∞ in the
interior of Ω.

Thus, the Dirichlet integral case L(p) = |p|2 is extremely simple. Sur-
prisingly, the general case is far more difficult, and its resolution took more
than 50 years.

First, let us be more precise about the problem: by a local minimizer of
E(w) =

∫
Ω L(∇w) dx, we mean a function u ∈ H1(Ω) such that

E(u) ≤ E(u+ φ) for all φ ∈ C∞c (Ω).

The uniform convexity of the functional is equivalent to

(3.1) 0 < λId ≤ D2L(p) ≤ ΛId for all p ∈ Rn,
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(i.e., uniform convexity of L). Notice the analogy with the uniform ellipticity
from the previous chapter.

Now, what is the PDE satisfied by minimizers of E(u)? (Namely, the
Euler–Lagrange equation of the problem.) If u ∈ H1(Ω) is a local minimizer,
then

E(u) ≤ E(u+ εφ) for all φ ∈ C∞c (Ω), and all ε ∈ R.
Hence,∫

Ω
L(∇u) dx ≤

∫
Ω
L(∇u+ ε∇φ) dx for all φ ∈ C∞c (Ω), and all ε ∈ R,

and thus, as a function of ε, it has a minimum at ε = 0. Taking derivatives
in ε we reach

0 =
d

dε

∣∣∣∣
ε=0

∫
Ω
L(∇u+ ε∇φ) dx =

∫
Ω
DL(∇u)∇φdx.

The weak formulation of the Euler–Lagrange equation is then

(3.2)

∫
Ω
DL(∇u)∇φdx = 0 for all φ ∈ C∞c (Ω).

That is, u solves in the weak sense the PDE

(3.3) div (DL(∇u)) = 0 in Ω.

(This derivation will be properly justified in Theorem 3.3 below.)

If u is C2, (3.3) is equivalent to

(3.4)
n∑

i,j=1

(∂ijL)(∇u)∂iju = 0 in Ω.

By uniform convexity of L, this is a (nonlinear) uniformly elliptic PDE.
What can we say about the regularity of u?

Regularity of local minimizers: First approach. Let us assume that
u is smooth enough so that it solves (3.4). We can regard (3.4) as a linear
equation with variable coefficients, by denoting

aij(x) := (∂ijL)(∇u(x)),

and we notice that, by uniform convexity of L, we have

0 < λ Id ≤ (aij(x))ij ≤ Λ Id.

Moreover, if ∇u ∈ C0,α, then aij ∈ C0,α. In particular, using Schauder
estimates (see Theorem 2.20), we have

(3.5) u ∈ C1,α ⇒ aij ∈ C0,α ⇒ u ∈ C2,α.
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We can then bootstrap the regularity and get C∞:

u ∈ C2,α ⇒ ∇u ∈ C1,α ⇒ aij ∈ C1,α ⇒ u ∈ C3,α ⇒ · · · ⇒ u ∈ C∞.

In fact, using the linear estimates for continuous coefficients, one can
actually get u ∈ C1 ⇒ aij ∈ C0 ⇒ u ∈ C1,α. We remark that while the
previous implications are true at a formal level, we did not properly argue the
use of Schauder estimates. Indeed, our results for Schauder estimates in both
non-divergence form (Theorem 2.20) and divergence form (Theorem 2.28)
are a priori, i.e., they already assume regularity on u. We show how to use
them in Theorem 3.5 below to prove the results we want and expect.

Equations with bounded measurable coefficients. We have argued
that using perturbative results for linear equations (Schauder estimates),
one expects to prove that

u ∈ C1 =⇒ u ∈ C∞.

However, this approach does not allow us to prove any regularity if we
do not know a priori that u ∈ C1. The main open question in Hilbert’s
XIXth problem was then

is it true that u ∈ H1 ⇒ u ∈ C1 ?

This problem was open for many years, and it was finally solved (inde-
pendently and almost at the same time) by De Giorgi [DeG57] and Nash
[Nas57, Nas58].

Theorem 3.2 (De Giorgi–Nash). Let u be a local minimizer of

E(w) =

∫
Ω
L(∇w) dx,

with L uniformly convex and smooth. Then, u ∈ C1,α for some α > 0.

This theorem solved Hilbert’s XIXth problem.

In order to show regularity of local minimizers u of E(w) =
∫

Ω L(∇w) dx,

with w ∈ H1(Ω), we first notice that they solve (in the weak sense) the
nonlinear elliptic equation

div (DL(∇u)) = 0 in Ω.

The first idea in the proof is to consider derivatives of u, v = ∂eu, and
to show that they solve an elliptic PDE as well.

If we differentiate the equation div (DL(∇u)) = 0 with respect to e ∈
Sn−1, we get

div
(
D2L(∇u)∇∂eu

)
= 0 in Ω.
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Denoting (as before) v := ∂eu, aij(x) := ∂ijL(∇u(x)) and A(x) := (aij(x))ij ,

we can write this equation as

div (A(x)∇v) = 0 in Ω.

This is a linear, uniformly elliptic equation in divergence form, but we
do not have any regularity of A(x) in the x-variable. We only know that
the equation is uniformly elliptic.

This is called a (uniformly elliptic) equation in divergence form with
bounded measurable coefficients. (Recall that the uniform convexity of L
yields 0 < λId ≤ A(x) ≤ ΛId.)

De Giorgi and Nash established a new regularity result for such type of
equations, see Theorem 3.7.

The aim of this Chapter is to provide a complete and detailed proof of the
solution to Hilbert’s XIXth problem. We will follow De Giorgi’s approach.

3.2. Existence and basic estimates

We start by showing the existence and uniqueness of minimizers of E among
the class of H1(Ω) functions with prescribed boundary data. That is, we
want a statement analogous to Theorem 1.10, but with the functional in-
volving L instead. We recall that we denote by u|∂Ω the trace of u on ∂Ω;
see (S5) in Chapter 1.

Theorem 3.3 (Existence and uniqueness of minimizers). Assume that Ω ⊂
Rn is any bounded Lipschitz domain, and that

(3.6)
{
w ∈ H1(Ω) : w|∂Ω = g

}
6= ∅.

Let L : Rn → R be smooth and uniformly convex, see (3.1). Let

E(w) :=

∫
Ω
L(∇w) dx.

Then, there exists a unique minimizer u ∈ H1(Ω) with u|∂Ω = g. Moreover,
u solves (3.3) in the weak sense.

In order to prove the existence and uniqueness theorem for minimizers,
we need first to show the following result on the lower semi-continuity of the
energy in this context. We provide two different proofs.

Lemma 3.4 (Lower semi-continuity of the functional). Let Ω ⊂ Rn be a
bounded domain. Let L : Rn → R be smooth and uniformly convex, see
(3.1); and let

E(w) :=

∫
Ω
L(∇w) dx.
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Then, E is weakly lower semi-continuous in H1(Ω). That is, if H1(Ω) 3
wk ⇀ w ∈ H1(Ω) weakly in H1(Ω), then

E(w) ≤ lim inf
k→∞

E(wk).

First proof. Let us define the set

A(t) :=
{
v ∈ H1(Ω) : E(v) ≤ t

}
.

Notice that, by convexity of E , A(t) is convex as well. Let us show that it
is closed, i.e., if A(t) 3 wk → w strongly in H1(Ω), then w ∈ A(t). This
simply follows by noticing that, up to a subsequence, ∇wk → ∇w almost
everywhere, so that, by Fatou’s lemma,

E(w) =

∫
Ω
L(∇w) ≤ lim inf

k→∞

∫
Ω
L(∇wk) ≤ t,

that is, w ∈ A(t). Therefore, A(t) is closed (with respect to the H1(Ω)
convergence), and it is convex. By a standard result in functional analysis
(closed and convex sets are weakly closed; see, for example, [Bre11, The-
orem 3.7]), A(t) is also closed under weak convergence; namely, if A(t) 3
wk ⇀ w weakly in H1(Ω) then w ∈ A(t).

Let us now consider a sequence weakly converging in H1(Ω), wk ⇀ w,
and let us denote t∗ := lim infk→∞ E(wk). For any ε > 0, there exists some
subsequence kj,ε such that wkj,ε ⇀ w weakly in H1(Ω) and E(wkj,ε) ≤ t∗+ε.
That is, wkj,ε ∈ A(t∗ + ε), and therefore, since A(t) is weakly closed (in

H1(Ω)) for all t, we have w ∈ A(t∗+ ε) and E(w) ≤ t∗+ ε. Since this can be
done for any ε > 0, we reach that E(w) ≤ t∗, and therefore, we have shown
the weak lower semi-continuity of E in H1(Ω). �

Second proof. Let us prove the lower semi-continuity of the functional by
means of a different proof, from [Mag11]. We will actually show that if
uk, u ∈W 1,1(Ω) and uk → u in L1

loc(Ω), then∫
Ω
L(∇u) ≤ lim inf

k→∞

∫
Ω
L(∇uk).

In particular, since Ω is bounded, we can apply this result to the sequences
in H1(Ω) converging weakly in H1(Ω) (by (S2) from Chapter 1). Let η ∈
C∞c (B1) be a smooth function with η ≥ 0 and

∫
B1
η = 1, and let ηε(x) =

ε−nη(x/ε), so that we can consider the mollifications

(uk)ε(x) := (uk ∗ ηε)(x) =

∫
Bε

u(x− y)ηε(y) dy, uε(x) := (u ∗ ηε)(x).

Let Ω′ ⊂ Ω be such that for all x ∈ Ω′, Bε(x) ⊂ Ω. In particular, since
uk → u in L1

loc(Ω), we have ∇(uk)ε(x) → ∇uε(x) for every x ∈ Ω′. From
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the smoothness of L we also have that L(∇(uk)ε(x)) → L(∇uε(x)) and by
Fatou’s lemma (recall that we may assume L ≥ 0)

(3.7)

∫
Ω′
L(∇uε) ≤ lim inf

k→∞

∫
Ω′
L(∇(uk)ε).

Noticing now that ∇(uk)ε = (∇uk)ε and using Jensen’s inequality (since L
is convex and

∫
ηε = 1) we have

L(∇(uk)ε) = L

(∫
Bε(x)

ηε(x− y)∇uk(y) dy

)
≤
∫
Bε(x)

ηε(x−y)L(∇uk(y)) dy

which leads to∫
Ω′
L(∇(uk)ε) ≤

∫
Ω′

{∫
Bε(x)

ηε(x− y)L(∇uk(y)) dy

}
dx

≤
∫
Iε(Ω′)

L(∇uk(y))

∫
Bε(y)∩Ω′

ηε(x− y) dx dy ≤
∫

Ω
L(∇uk),

where Iε(Ω
′) ⊂ Ω denotes an ε-neighborhood of Ω′. Combined with (3.7),

this yields ∫
Ω′
L(∇uε) ≤ lim inf

k→∞

∫
Ω
L(∇uk).

Now, since u ∈W 1,1(Ω), we have ∇uε → ∇u as ε ↓ 0 almost everywhere
in Ω′ and so, again by Fatou’s Lemma, we can let ε ↓ 0 to deduce∫

Ω′
L(∇u) ≤ lim inf

k→∞

∫
Ω
L(∇uk).

By taking an increasing sequence of sets Ω′ whose union is Ω we reach the
desired result. �

We can now prove Theorem 3.3.

Proof of Theorem 3.3. We divide the proof into three different parts.

Step 1. If u is a local minimizer, then it solves (3.3) in the weak sense. This
follows from the fact that∫

Ω
L(∇u) dx ≤

∫
Ω
L(∇u+ ε∇φ) dx for all ε, for all φ ∈ C∞c (Ω).

Indeed, notice that the integrals are bounded (L being uniformly convex,
i.e., at most quadratic at infinity, and ∇u ∈ L2). Since L is smooth, we can
take a Taylor expansion

L(∇u+ ε∇φ) ≤ L(∇u) + εDL(∇u)∇φ+
ε2

2
|∇φ|2 sup

p∈Rn

∣∣D2L(p)
∣∣ .
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Recalling from (3.1) that
∣∣D2L

∣∣ is bounded by Λ, and plugging it back into
the integral we obtain

−Λ
ε

2
|∇φ|2 ≤

∫
Ω
DL(∇u)∇φdx for all ε > 0, for all φ ∈ C∞c (Ω).

Letting ε go to zero, we reach that∫
Ω
DL(∇u)∇φdx ≥ 0 for all φ ∈ C∞c (Ω).

On the other hand, taking −φ instead of φ, we reach the equality (3.2), as
we wanted to see.

Step 2. Let us now show the existence of a solution.

Since L is uniformly convex (see (3.1)) it has a unique minimum. That
is, there exists pL ∈ Rn such that L(p) ≥ L(pL) for all p ∈ Rn. In particular,
since L is smooth, ∇L(pL) = 0 and thus, from the uniform convexity (3.1)
we have that

0 < λ|p|2 ≤ L(p− pL)− L(pL) ≤ Λ|p|2, for all p ∈ Rn.

Without loss of generality, by taking L̃(p) = L(p− pL)−L(pL) if neces-
sary, we may assume that L(0) = 0 and ∇L(0) = 0, so that we have

(3.8) 0 < λ|p|2 ≤ L(p) ≤ Λ|p|2, for all p ∈ Rn.

(Notice that we may assume that because if u is a minimizer for L, then

u+ 〈pL, x〉 is a minimizer for L̃, since the domain is bounded and therefore
the integral of L(pL) is finite.)

Let

E◦ = inf

{∫
Ω
L(∇w) dx : w ∈ H1(Ω), w|∂Ω = g

}
,

that is, the infimum value of E(w) among all admissible functions w. Notice
that, by assumption (3.6), such infimum exists. Indeed, if w ∈ H1(Ω), by
(3.8) we have that

E(w) =

∫
Ω
L(∇w) ≤ Λ

∫
Ω
|∇w|2 = Λ‖∇w‖2L2(Ω) <∞

that is, the energy functional is bounded for functions in H1(Ω).

Let us take a minimizing sequence of functions. That is, we take {uk}
such that uk ∈ H1(Ω), uk|∂Ω = g, and E(uk) → E◦ as k → ∞. We begin
by showing that E(uk) are bounded, and that uk is a sequence bounded in
H1(Ω). By (3.8),

λ‖∇uk‖2L2(Ω) ≤ λ
∫

Ω
|∇uk|2 ≤

∫
Ω
L(∇uk) ≤ E(uk) <∞,
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That is, since E(uk) is uniformly bounded (being a convergent sequence
with non-infinite elements), we reach that ‖∇uk‖2L2(Ω) is uniformly bounded.

Thus, by the Poincaré inequality (see Theorem 1.6) the sequence uk is uni-
formly bounded in H1(Ω).

In particular, there exists a subsequence ukj converging strongly in L2(Ω)

and weakly in H1(Ω) to some u ∈ H1(Ω), uk ⇀ u weakly in H1(Ω). By the
weak lower semi-continuity (Lemma 3.4) we reach that

E(u) ≤ lim inf
k→∞

E(uk) = E◦,

so that E(u) = E◦ (by minimality) and therefore u is a minimizer.

Step 3. We finish the proof by showing the uniqueness of such minimizer.

This follows from the uniform convexity. Indeed, since L is uniformly
convex, if p 6= q, then

L(p) + L(q)

2
> L

(
p+ q

2

)
.

Let u, v ∈ H1(Ω) be two distinct minimizers with the same boundary data
(E(u) = E(v) = E◦). In particular, ∇u 6≡ ∇v in Ω, so that U := {x ∈ Ω :
∇u 6= ∇v} ⊂ Ω has positive measure. Thus,

L(∇u) + L(∇v)

2
> L

(
∇u+∇v

2

)
in U,

so that, since |U | > 0,

1

2

∫
U

{
L(∇u) + L(∇v)

}
>

∫
U
L

(
∇u+∇v

2

)
.

Since the integrals are equal in Ω \ U , we reach

E◦ =
1

2

∫
Ω

{
L(∇u) + L(∇v)

}
>

∫
Ω
L

(
∇u+∇v

2

)
≥ E◦,

where the last inequality comes from the minimality of E◦. We have reached
a contradiction, and thus, the minimizer is unique. �

We next give a complete and rigorous proof of the formal argumentation
from the previous section, where we explained that C1 solutions are C∞.

Theorem 3.5. Let u ∈ H1(Ω) be a local minimizer of

E(w) =

∫
Ω
L(∇w) dx,

with L uniformly convex and smooth. Assume that u ∈ C1. Then u ∈ C∞.
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Proof. We know that if u ∈ C1 and u is a minimizer of E(w), then∫
Ω
DL(∇u(x))∇φ(x) dx = 0 for all φ ∈ C∞c (Ω).

Let h ∈ Rn, and assume that |h| is small. We have, in particular, that∫
Ω

(
DL(∇u(x+ h))−DL(∇u(x))

)
∇φ(x) dx = 0 for all φ ∈ C∞c (Ωh),

where Ωh := {x ∈ Ω : dist(x, ∂Ω) > |h|}. Notice that, by the fundamental
theorem of calculus for line integrals, we can write

DL(∇u(x+ h))−DL(∇u(x)) =

=

∫ 1

0
D2L

(
t∇u(x+ h) + (1− t)∇u(x)

)(
∇u(x+ h)−∇u(x)

)
dt.

If we define

Ã(x) :=

∫ 1

0
D2L

(
t∇u(x+ h) + (1− t)∇u(x)

)
dt,

then Ã(x) is uniformly elliptic (since L is uniformly convex), and continuous
(since L is smooth and ∇u is continuous). Then, by the previous argumen-
tation,∫

Ω
∇
(
u(x+ h)− u(x)

|h|

)
· Ã(x)∇φ(x) dx = 0 for all φ ∈ C∞c (Ωh),

that is, u(·+h)−u
|h| solves weakly

div

(
Ã(x)∇

[
u(x+ h)− u(x)

|h|

])
= 0 for x ∈ Ωh.

Moreover, notice that u(·+h)−u
|h| is C1 for all h 6= 0, since u is C1. Thus, by

the Schauder-type estimates for operators in divergence form and continuous
coefficients(Proposition 2.32),∥∥∥∥u(·+ h)− u

|h|

∥∥∥∥
Cβ(Bρ/2(x◦))

≤ C(ρ)

∥∥∥∥u(·+ h)− u
|h|

∥∥∥∥
L∞(Bρ(x◦))

≤ C,

for all Bρ(x◦) ⊂ Ωh and β ∈ (0, 1). In the last inequality we used that
∇u is continuous (and thus, bounded). Notice that the constant C(ρ) is
independent of h (but might depend on β). In particular, from (H7) in
Chapter 1, namely (1.7) with α = 1, we obtain that u ∈ C1,β(Ωh) for all
h ∈ Rn. Letting |h| ↓ 0 we get that u ∈ C1,β inside Ω.

We want to repeat the previous reasoning, noticing now that Ã(x) is

C0,β (since ∇u ∈ C0,β and L is smooth). That is, u(·+h)−u
|h| ∈ C1,β(Ω) and
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fulfills

div

(
Ã(x)∇

[
u(x+ h)− u(x)

|h|

])
= 0 for x ∈ Ωh,

in the weak sense, with Ã ∈ Cβ and uniformly elliptic. By Theorem 2.28,∥∥∥∥u(·+ h)− u
|h|

∥∥∥∥
C1,β(Bρ/2)

≤ C(ρ)

∥∥∥∥u(·+ h)− u
|h|

∥∥∥∥
L∞(Bρ)

≤ C,

for all Bρ ⊂ Ωh, and again, thanks to (H7), (1.7), we obtain that u ∈
C2,β(Ω). We can now proceed iteratively using the higher order interior
Schauder estimates in divergence form (Corollary 2.29) to obtain that u ∈
Ck(Ω) for all k ∈ N, i.e, u ∈ C∞ inside Ω. �

Remark 3.6. Notice that in the formal proof (3.5) we were using Schauder
estimates in non-divergence form, since we were already assuming that the
solution u was C2. Here, in the proof of Theorem 3.5, we need to differentiate
the equation (in incremental quotients) and then we obtain an equation in
divergence form whose coefficients have the right regularity. Thus, in the
actual proof we are using Schauder estimates for equations in divergence
form instead.

3.3. De Giorgi’s proof

The result of De Giorgi and Nash regarding the regularity of solutions to
equations with bounded measurable coefficients is the following (see the
discussion in Section 3.1).

Theorem 3.7 (De Giorgi–Nash). Let v ∈ H1(Ω) be any weak solution to

(3.9) div (A(x)∇v) = 0 in Ω,

with 0 < λId ≤ A(x) ≤ ΛId. Then, there exists some α > 0 such that

v ∈ C0,α(Ω̃) for any Ω̃ ⊂⊂ Ω, with

‖v‖C0,α(Ω̃) ≤ C‖v‖L2(Ω).

The constant C depends only on n, λ, Λ, Ω, and Ω̃. The constant α > 0
depends only on n, λ, and Λ.

This theorem yields Theorem 3.2, and combined with previous discus-
sions, solved Hilbert’s XIXth problem. Indeed, if u ∈ H1(Ω) is any local
minimizer of E(w) =

∫
Ω L(∇w) dx, then any derivative of u, v = ∂eu, solves

(3.9).

Thanks to Theorem 3.7 we will have

u ∈ H1(Ω)⇒ v ∈ L2(Ω) ======⇒
DeGiorgi
−Nash

v ∈ C0,α(Ω̃)⇒ u ∈ C1,α ======⇒
Schauder

u ∈ C∞.
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This will be proved in detail in Section 3.4.

Theorem 3.7 is significantly different in spirit than all the results on
elliptic regularity which existed before.

Most of the previous results can be seen as perturbation of the Laplace
equation (they are perturbative results). In Schauder-type estimates, we
always use that, when zooming in a solution at a point, the operator gets
closer and closer to the Laplacian.

In De Giorgi’s theorem, this is not true anymore. The uniform ellipticity
is preserved by scaling, but the equation is not better, nor closer to the
Laplace equation.

General ideas of the proof. We will follow the approach of De Giorgi.

From now on, we denote L any operator of the form

(3.10) Lv := −div(A(x)∇v),
where A(x) is uniformly elliptic
with ellipticity constants 0 < λ ≤ Λ.

By a standard covering argument (cf. Remark 2.15), we only need to

prove the estimate for Ω = B1 and Ω̃ = B1/2.

Throughout the proof, we will use that, if v solves Lv = 0, then ṽ(x) :=

Cv(x◦+rx) solves an equation of the same kind, L̃ṽ = 0, for some operator L̃
with the same ellipticity constants as L— given by L̃ṽ = div

(
A(x◦+rx)∇ṽ

)
.

De Giorgi’s proof is split into two steps:

First step: Show that ‖v‖L∞ ≤ C‖v‖L2

Second step: Show that ‖v‖C0,α ≤ C‖v‖L∞ .

In the first step, we work on the family of balls (see Figure 3.1)

B̃k :=

{
x : |x| ≤ 1

2
+ 2−k−1

}
.

Note that B̃0 = B1, and B̃k converges to B1/2 as k →∞.

We assume ‖v‖L2(B1) ≤ δ � 1 and then consider the truncated functions

vk := (v − Ck)+ with Ck := 1− 2−k,

and the numbers

Vk ≈
∫
B̃k

|vk|2 dx.

Then, the main point is to derive an estimate of the form

(3.11) Vk ≤ CkV β
k−1 for some β > 1,

for some constant C depending only on n, λ, and Λ. This previous inequality
implies that Vk → 0 as k → ∞ if V0 is small enough. In particular, v∞ =
(v − 1)+ is equal to zero in B1/2, and so v ≤ 1 in B1/2.
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B1/2

B1

Figure 3.1. Representation of the family of balls B̃k.

Notice that our equation Lv = 0 in B1 is linear, while the bound (3.11)
is nonlinear. The “game” consists in using the Sobolev inequality (which
gives control of Lp norms of vk in terms of L2 norms of ∇vk), combined
with an energy inequality, which gives a “reversed” Poincaré inequality, i.e.,
a control of ‖∇vk‖L2 in terms of ‖vk‖L2 .

Once we have the first step v ∈ L2 ⇒ v ∈ L∞, the second step consists
of showing an oscillation-decay lemma

Lv = 0 in B1 =⇒ osc
B1/2

v ≤ (1− θ) osc
B1

v.

This implies the C0,α regularity of v (as we saw in Corollary 2.7).

In the next proofs we follow [CV10, Vas16].

De Giorgi’s first step: from L2 to L∞. The two main ingredients are
the Sobolev inequality

‖v‖Lp(Rn) ≤ C‖∇v‖L2(Rn), p =
2n

n− 2
,

(see Theorem 1.4) and the following energy inequality (the Caccioppoli in-
equality):
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Lemma 3.8 (Energy inequality). Let v ∈ H1(B1) with v ≥ 0 such that
Lv ≤ 0 in B1, for some L of the form (3.10). Then, for any ϕ ∈ C∞c (B1)
we have ∫

B1

|∇(ϕv)|2 dx ≤ C‖∇ϕ‖2L∞(B1)

∫
B1∩suppϕ

v2 dx,

where C depends only on n, λ, and Λ.

Proof. Notice that the weak formulation of −div(A(x)∇v) ≤ 0 in B1 is

∫
B1

∇η ·A(x)∇v dx ≤ 0 for all η ∈ H1
0 (B1), η ≥ 0.

Take η = ϕ2v, to get ∫
B1

∇(ϕ2v) ·A(x)∇v dx ≤ 0.

Now, we want to “bring one of the ϕ from the first gradient to the second
gradient”. Indeed, using

∇(ϕ2v) = ϕ∇(ϕv) + (ϕv)∇ϕ,
∇(ϕv) = ϕ∇v + v∇ϕ,

we get

0 ≥
∫
B1

∇(ϕ2v) ·A(x)∇v dx

=

∫
B1

ϕ∇(ϕv) ·A(x)∇v dx+

∫
B1

ϕv∇ϕ ·A(x)∇v dx

=

∫
B1

∇(ϕv) ·A(x)∇(ϕv) dx−
∫
B1

v∇(ϕv) ·A(x)∇ϕdx

+

∫
B1

ϕv∇ϕ ·A(x)∇v dx

=

∫
B1

∇(ϕv) ·A(x)∇(ϕv) dx−
∫
B1

v∇(ϕv) · (A(x)−AT (x))∇ϕdx

−
∫
B1

v2∇ϕ ·A(x)∇ϕdx.
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Let us first bound the term involving (A − AT ). By Hölder’s inequality,
using the uniform ellipticity of A and that (A−AT )2 ≤ 4Λ2Id, we get∫

B1

v∇(ϕv) · (A(x)−AT (x))∇ϕdx

≤
(∫

B1

|v (A(x)−AT (x))∇ϕ|2 dx
) 1

2
(∫

B1

|∇(ϕv)|2 dx
) 1

2

≤ 2
Λ

λ
1
2

(∫
B1

|v∇ϕ|2 dx
) 1

2
(∫

B1

∇(ϕv)A(x)∇(ϕv) dx

) 1
2

≤ 1

2

∫
B1

∇(ϕv)A(x)∇(ϕv) dx+ 2
Λ2

λ

∫
B1

|v∇ϕ|2 dx,

where in the last inequality we are using that 2ab ≤ a2 + b2. Combining the
previous inequalities, we obtain that

2
Λ2

λ

∫
B1

|v∇ϕ|2 dx ≥ 1

2

∫
B1

∇(ϕv) ·A(x)∇(ϕv) dx−
∫
B1

v2∇ϕ ·A(x)∇ϕdx.

Therefore, we deduce

λ

∫
B1

|∇(ϕv)|2 dx ≤
∫
B1

∇(ϕv) ·A(x)∇(ϕv) dx

≤ 2

∫
B1

v2∇ϕ ·A(x)∇ϕdx+ 4
Λ2

λ

∫
B1

|v∇ϕ|2 dx

≤
(

2Λ + 4
Λ2

λ

)
‖∇ϕ‖2L∞(B1)

∫
B1∩suppϕ

v2 dx,

and the lemma is proved. �

We will use the energy inequality (from the previous lemma) applied to
the function

v+ := max{v, 0}.
Before doing so, let us show that if Lv ≤ 0 (i.e., v is a subsolution), then
Lv+ ≤ 0 (i.e., v+ is a subsolution as well). (More generally, the maximum
of two subsolutions is always a subsolution.)

Lemma 3.9. Let L be of the form (3.10), let v ∈ H1(B1) be such that
Lv ≤ 0 in B1. Then, Lv+ ≤ 0.

Proof. We proceed by approximation. Let F ∈ C∞(R) be a smooth, non-
decreasing, convex function, with globally bounded first derivatives. We
start by showing that L(F (v)) ≤ 0 in B1.

Notice that if v ∈W 1,2(B1), then F (v) ∈W 1,2(B1) as well.
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We know that L(v) ≤ 0, i.e.,∫
B1

∇η ·A∇v dx ≤ 0 for all η ∈ H1
0 (B1), η ≥ 0.

Let us now compute, for any fixed η ∈ H1
0 (Ω) satisfying η ≥ 0, L(F (v)).

Notice that the weak formulation still makes sense.∫
B1

∇η ·A∇F (v) dx =

∫
B1

F ′(v)∇η ·A∇v dx

=

∫
B1

∇(F ′(v)η) ·A∇v dx−
∫
B1

ηF ′′(v)∇v ·A∇v dx.

The first term is non-positive, since F ′(v)η ∈ H1
0 (B1) and F ′(v) ≥ 0 (F is

non-decreasing), so that F ′(v)η is an admissible test function. The second
term is also non-positive, since ηF ′′(v) ≥ 0 and ∇v ·A∇v ≥ 0 by ellipticity
(and the integral is well defined, since ηF ′′(v) can be assumed to be bounded
by approximation, and

∫
B1
∇v ·A∇v ≤ Λ‖∇v‖2L2(B1)). Therefore,∫
B1

∇η ·A∇F (v) dx ≤ 0,

and the proof is complete. We finish by taking smooth approximations
of the positive part function, Fε, converging uniformly in compact sets
to F (x) = max{x, 0}. Notice that this can be done in such a way that
‖Fε(v)‖W 1,2(B1) ≤ C, for some C independent of ε > 0, which gives the
desired result. �

We want to prove the following.

Proposition 3.10 (from L2 to L∞). Let L be of the form (3.10), and let
v ∈ H1(B1) be a solution to

Lv ≤ 0 in B1.

Then

‖v+‖L∞(B1/2) ≤ C‖v+‖L2(B1),

for some constant C depending only on n, λ, and Λ.

We will prove, in fact, the following (which is actually equivalent):

Proposition 3.11 (from L2 to L∞). Let L be of the form (3.10). There
exists a constant δ > 0 depending only on n, λ, and Λ, such that if v ∈
H1(B1) solves

Lv ≤ 0 in B1 and

∫
B1

v2
+ ≤ δ,

then

v ≤ 1 in B1/2.
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Proof. Define, as introduced in the general ideas of the proof, for k ≥ 0,

B̃k :=

{
|x| ≤ 1

2
+ 2−k−1

}
,

vk := (v − Ck)+ with Ck = 1− 2−k,

and let ϕk be a family of shrinking cut-off functions 0 ≤ ϕk ≤ 1 that fulfill

ϕk ∈ C∞c (B1), ϕk =

{
1 in B̃k
0 in B̃c

k−1

, and |∇ϕk| ≤ C2k in B̃k−1\B̃k,

where C here depends only on n.

Let

Vk :=

∫
B1

ϕ2
kv

2
k dx.

Now, the Sobolev inequality, and the energy inequality (Lemma 3.8) give(∫
B1

|ϕk+1vk+1|p dx
) 2
p

≤ C
(∫

B1

|∇(ϕk+1vk+1)|2 dx
)

≤ C22k

∫
B̃k

|vk+1|2 dx

≤ C22k

∫
B1

(ϕkvk)
2 dx = C22kVk,

for p = 2n
n−2 if n ≥ 3. If n = 1 or n = 2, we can take p = 4.

On the other hand, by Hölder’s inequality,

Vk+1 =

∫
B1

ϕ2
k+1v

2
k+1 dx ≤

(∫
B1

(ϕk+1vk+1)p dx

) 2
p ∣∣{ϕk+1vk+1 > 0}

∣∣γ ,
where γ := 2

n (if n = 1 or n = 2, γ = 1
2). Here, we are using that

∫
A f ≤

(
∫
A |f |

p/2)2/p|A|γ .

Now, from Chebyshev’s inequality and the definition of vk and ϕk,∣∣{ϕk+1vk+1 > 0}
∣∣ ≤ ∣∣{ϕkvk > 2−k−1}

∣∣
=
∣∣{ϕ2

kv
2
k > 2−2k−2}

∣∣
≤ 22(k+1)

∫
B1

ϕ2
kv

2
k dx = 22(k+1)Vk.

Apart from Chebyshev’s inequality, we are using here that if vk+1 > 0
and ϕk+1 > 0, then vk > 2−k−1 and ϕk = 1. Thus, combining the previous
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inequalities, we get

Vk+1 ≤
(∫

B1

(ϕk+1vk+1)p dx

) 2
p ∣∣{ϕk+1vk+1 > 0}

∣∣γ
≤ C22kVk

(
22(k+1)Vk

)γ ≤ Ck+1V 1+γ
k ,

where we recall γ = 2
n if n ≥ 3, and γ = 1

2 otherwise; and C depends only
on n, λ, and Λ.

Now, we claim that, if δ > 0 is small enough, then{
0 ≤ Vk+1 ≤ Ck+1V 1+γ

k
0 ≤ V0 ≤ δ

=⇒ Vk → 0 as k →∞.

Indeed, in order to see this it is enough to check by induction that if

V0 ≤ C−1/γ−1/γ2 then

V γ
k ≤

C−k−1

(2C)
1
γ

,

which is a simple computation. Alternatively, one could check by induction

that Vk ≤ C
(1+γ)k

(∑k
i=1

i

(1+γ)i

)
V

(1+γ)k

0 .

Hence, we have proved that

Vk =

∫
B1

(ϕkvk)
2 dx→ 0 as k →∞.

Passing to the limit, we get∫
B1/2

(v − 1)2
+ dx = 0,

and thus, v ≤ 1 in B1/2, as wanted. �

Proof of Proposition 3.10. To deduce the Proposition 3.10 from Propo-
sition 3.11, just use ṽ :=

√
δ v/‖v+‖L2(B1) (which solves the same equa-

tion). �

This proves the first part of the estimate

(3.12) Lv ≤ 0 in B1 =⇒ ‖v+‖L∞(B1/2) ≤ C‖v+‖L2(B1).

Notice that, as a direct consequence, we have the L2 to L∞ estimate.
Indeed, if Lv = 0 then Lv+ ≤ 0 (see Lemma 3.9) but also Lv− ≤ 0,
where v− := max{0,−v}. Thus, ‖v−‖L∞(B1/2) ≤ C‖v−‖L2(B1), and since

‖v‖L2(B1) = ‖v+‖L2(B1) + ‖v−‖L2(B1), combining the estimate for v+ and v−
we get

(3.13) Lv = 0 in B1 =⇒ ‖v‖L∞(B1/2) ≤ C‖v‖L2(B1),

as we wanted to see.
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Remark 3.12 (Moser’s proof). The proof of (3.12) here presented is the
original proof of De Giorgi. The first ingredient in the proof was to use
ϕ2v+ as a test function in the weak formulation of our PDE to get the
energy inequality from Lemma 3.8,∫

B1

|∇(ϕv)2| dx ≤ C
∫
B1

v2|∇ϕ|2 dx for all ϕ ∈ C∞c (B1).

Roughly speaking, this inequality said that v cannot jump too quickly
(the gradient is controlled by v itself).

Moser did something similar, but taking η = ϕ2(v+)β instead, for some
β ≥ 1, to get the inequality∫

B1

∣∣∣∣∇(v β+1
2 ϕ

)2
∣∣∣∣ dx ≤ C ∫

B1

vβ+1|∇ϕ|2 dx for all ϕ ∈ C∞c (B1).

Combining this with Sobolev’s inequality, one gets(∫
Br1

vqγ dx

) 1
qγ

≤

(
C

|r2 − r1|2

∫
Br2

vq dx

) 1
q

,

where γ = 2∗

2 > 1 and q = β + 1. Taking a sequence of rk ↓ 1
2 as in De

Giorgi’s proof, one obtains

‖v‖
L2γk (Brk )

≤ C‖v‖L2(B1),

and taking k →∞ we obtain the L∞ bound in B1/2.

We refer the interested reader to [HL97, Chapter 4] for a full proof.

De Giorgi’s second step: L∞ to C0,α. We next prove the second step of
De Giorgi’s estimate. We want to prove:

Proposition 3.13 (Oscillation decay). Let L be of the form (3.10). Let
v ∈ H1(B2) be a solution to

Lv = 0 in B2.

Then,

osc
B1/2

v ≤ (1− θ) osc
B2

v

for some θ > 0 small depending only on n, λ, and Λ.

As we saw in Chapter 2 (see Corollary 2.7), this proposition immediately
implies C0,α regularity of solutions.

As shown next, Proposition 3.13 follows from the following lemma.
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B2

1
v ≤ 1

B1

v ≤ 1− γ in B1/2

|{v ≤ 0} ∩B1| ≥ µ > 0

1 − γ

B1/2

Figure 3.2. Graphical representation of v with Lv ≤ 0 from Lemma 3.14.

Lemma 3.14. Let L be of the form (3.10), and let v ∈ H1(B2) be such that

v ≤ 1 in B2, and Lv ≤ 0 in B2.

Assume that ∣∣{v ≤ 0} ∩B1

∣∣ ≥ µ > 0.

Then,

sup
B1/2

v ≤ 1− γ,

for some small γ > 0 depending only on n, λ, Λ, and µ.

In other words, if v ≤ 1, and it is “far from 1” in a set of non-zero
measure, then v cannot be close to 1 in B1/2. (See Figure 3.2.)

Let us show how this lemma yields the oscillation decay:

Proof of Proposition 3.13. Consider the function

w(x) :=
2

oscB2 v

(
v(x)−

supB2
v + infB2 v

2

)
and notice that

−1 ≤ w ≤ 1 in B2,

(in fact, oscB2 w = 2). Let us assume that
∣∣{w ≤ 0}∩B1

∣∣ ≥ 1
2 |B1| (otherwise,

we can take −w instead). Then, by Lemma 3.14, we get

w ≤ 1− γ in B1/2,
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and thus

osc
B1/2

w ≤ 2− γ.

This yields

osc
B1/2

v ≤
(

1− γ

2

)
osc
B2

v,

and thus the proposition is proved. �

To prove Lemma 3.14, we will need the following De Giorgi isoperimetric
inequality. It is a kind of a quantitative version of the fact that an H1

function cannot have a jump discontinuity.

Lemma 3.15. Let w ∈ H1(B1) be such that∫
B1

|∇w|2 dx ≤ C◦.

Let

A := {w ≤ 0} ∩B1, D :=

{
w ≥ 1

2

}
∩B1, E :=

{
0 < w <

1

2

}
∩B1.

Then, we have

C◦|E| ≥ c|A|2 · |D|2

for some constant c depending only on n.

Proof. We define w̄ in B1 as w̄ = w in E, w̄ ≡ 0 in A and w̄ = 1
2 in D. In

this way, ∇w̄ ≡ 0 in B1 \ E and
∫
B1
|∇w̄|2 ≤ C◦.

Let us denote the average of w̄ in B1 by w̄B1 :=
∫
B1
w̄(x) dx. Then,

|A| · |D| ≤ 2

∫
A

∫
D
|w̄(x)− w̄(y)| dx dy

≤ 2

∫
B1

∫
B1

(∣∣w̄(x)− w̄B1

∣∣+
∣∣w̄(y)− w̄B1

∣∣) dx dy
= 4|B1|

∫
B1

∣∣w̄(x)− w̄B1

∣∣ dx ≤ C ∫
E
|∇w̄(x)| dx,

where in the last step we have used the Poincaré inequality (Theorem 1.6
with p = 1) and the fact that∇w̄ ≡ 0 in B1\E. Thus, by Hölder’s inequality
we reach

|A| · |D| ≤ C
∫
E
|∇w̄| ≤ C

(∫
E
|∇w̄|2

)1/2

|E|1/2 ≤ CC1/2
◦ |E|1/2,

as we wanted to see. �

Finally, we prove Lemma 3.14:
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Proof of Lemma 3.14. Consider the sequence

wk := 2k
[
v − (1− 2−k)

]
+
.

Notice that wk ≤ 1 in B2 since v ≤ 1 in B2. Moreover, Lwk ≤ 0 in B2.

Using the energy inequality (Lemma 3.8), we easily get that∫
B1

|∇wk|2 ≤ C
∫
B2

w2
k ≤ C◦ (notice 0 ≤ wk ≤ 1 in B2).

We also have ∣∣{wk ≤ 0} ∩B1

∣∣ ≥ µ > 0

(by the assumption on v). We now apply Lemma 3.15 recursively to wk, as
long as ∫

B1

w2
k+1 ≥ δ2.

We get∣∣∣∣{wk ≥ 1

2

}
∩B1

∣∣∣∣ ≥ ∣∣{wk+1 > 0} ∩B1

∣∣ ≥ ∫
B1

w2
k+1 ≥ δ2.

Thus, from Lemma 3.15,∣∣∣∣{0 < wk <
1

2

}
∩B1

∣∣∣∣ ≥ c

C◦
δ4µ2 = β > 0,

where β > 0 is independent of k, and depends only on n, δ, and µ.

But notice that the sets
{

0 < wk <
1
2

}
are disjoint for all k ∈ N, therefore

we cannot have the previous inequality for every k. This means that, for
some k◦ ∈ N (depending only on n and β) we have∫

B1

w2
k◦ < δ2

and, hence, by the L2 to L∞ estimate from Proposition 3.10

‖w+‖L∞(B1/2) ≤ C‖w+‖L2(B1).

We get

‖wk◦‖L∞(B1/2) ≤ Cδ ≤
1

2
,

provided that δ > 0 is small enough, depending only on n, λ, and Λ. This
means that wk◦ ≤ 1

2 in B1/2, and thus

v ≤ 1

2
2−k◦ +

(
1− 2−k◦

)
≤ 1− 2−k◦−1 = 1− γ

as desired, where k◦ (and therefore, γ) depends only on n, λ, Λ, and µ. �
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Summarizing, we have now proved Lemma 3.14 (by using the L2 to L∞

estimate and Lemma 3.15). Then, Lemma 3.14 implies the oscillation decay,
and the oscillation decay implies the Hölder regularity.

Theorem 3.16. Let L be of the form (3.10), and let v ∈ H1(B1) solve

Lv = 0 in B1.

Then,

‖v‖C0,α(B1/2) ≤ C‖v‖L∞(B1)

for some α > 0 and C depending only on n, λ, and Λ.

Proof. The theorem follows from the oscillation decay, in much the same
way as Corollary 2.7). �

Combining this last result with the L2 to L∞ estimate, Proposition 3.10,
we finally obtain the theorem of De Giorgi–Nash.

Theorem 3.17. Let v ∈ H1(B1) be a weak solution to div (A(x)∇v) = 0
in B1, with 0 < λ Id ≤ A(x) ≤ Λ Id. Then, there exists some α > 0 such
that v ∈ C0,α(B1/2) and

‖v‖C0,α(B1/2) ≤ C‖v‖L2(B1).

The constants C and α > 0 depend only on n, λ, and Λ.

Proof. The result follows from Theorem 3.16 combined with Proposition 3.10
(by (3.13)). �

As a consequence of the previous result, we have:

Proof of Theorem 3.7. It follows by Theorem 3.17 by a covering argu-
ment. �

In particular, as shown below, Theorem 3.17 solved Hilbert’s XIXth
problem.

This is one of the main results for which De Giorgi got the Wolf Prize
in 1990, and Nash got the Abel Prize in 2015. It has been speculated that
if only one of them had solved Hilbert’s XIXth problem, he would also have
received the Fields Medal for the proof.

Remark 3.18 (Harnack’s inequality). Even though it is not needed to prove
Theorem 3.17, it is interesting to notice that with some more work one can
also prove Harnack’s inequality for operators of the form div (A(x)∇v); see
[LZ17, Mos61].
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3.4. Solution to Hilbert’s XIXth problem

In this chapter, we have proved the interior regularity result for v ∈ H1(B1)

div
(
A(x)∇v

)
= 0 in B1 =⇒ ‖v‖C0,α(B1/2) ≤ C‖v‖L2(B1),

for some small α > 0 depending only on n, λ, and Λ.

For a general domain Ω ⊂ Rn, this gives the estimate for v ∈ H1(Ω)

div
(
A(x)∇v

)
= 0 in Ω =⇒ ‖v‖C0,α(Ω̃) ≤ C‖v‖L2(Ω),

for any Ω̃ ⊂⊂ Ω (with a constant C that depends only on n, λ, Λ, Ω, and Ω̃).

Thanks to this, one can in fact solve Hilbert’s XIXth problem:

Theorem. Let u ∈ H1(Ω) be any local minimizer of

E(w) :=

∫
Ω
L(∇w) dx,

where L is smooth and uniformly convex, and Ω ⊂ Rn is bounded.
Then, u is C∞ in Ω.

Proof. Any local minimizer u satisfies∫
Ω
DL(∇u)∇φdx = 0, for all φ ∈ C∞c (Ω).

(This is the weak formulation of div(DL(∇u)) = 0 in Ω.)

As in the proof of Theorem 3.5, if we define for any h ∈ Rn,

Ã(x) :=

∫ 1

0
D2L

(
t∇u(x+ h) + (1− t)∇u(x)

)
dt,

then Ã(x) is uniformly elliptic (since L is uniformly convex, 0 < λId ≤
D2L(p) ≤ ΛId). We have that u(·+h)−u

|h| ∈ H1(Ωh) fulfills (again, see Theo-

rem 3.5)∫
Ω
∇
(
u(x+ h)− u(x)

|h|

)
· Ã(x)∇φ(x) dx = 0 for all φ ∈ C∞c (Ωh),

that is, u(·+h)−u
|h| solves weakly

div

(
Ã∇

[
u(·+ h)− u

|h|

])
= 0, in Ωh.

(We recall Ωh := {x ∈ Ω : dist(x, ∂Ω) > |h|}.)
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By the estimate of De Giorgi and Nash (Theorem 3.7), we find that∥∥∥∥u(·+ h)− u
|h|

∥∥∥∥
C0,α(Ω̃)

≤ C
∥∥∥∥u(·+ h)− u

|h|

∥∥∥∥
L2(Ωh)

≤ C‖∇u‖L2(Ω)

for any Ω̃ ⊂⊂ Ωh (see (S8) in Chapter 1). By (H7), since the constant C
is independent of h, this yields

‖u‖C1,α(Ω̃) ≤ C‖u‖H1(Ω).

Now, once u is C1,α, we are done by Theorem 3.5. �

3.5. Further results and open problems

Let us finish this chapter by mentioning some state-of-the art results and
open problems regarding the minimization of convex energy functionals.

As we have explained, the minimization of a convex functional is a clas-
sical problem in the Calculus of Variations. Namely,

(3.14) min
w∈W

∫
Ω
L(∇w) dx,

with L : Rn → R convex, Ω ⊂ Rn, and some appropriate class of functions
W, say, with prescribed trace on ∂Ω. Hilbert’s XIXth problem deals with
the case in which L is uniformly convex and smooth, to obtain nice reg-
ularity results. In Remark 3.1 we discuss that lack of convexity can yield
non-uniqueness of minimizers, but it is not that clear what occurs if we sim-
ply remove the condition on the uniform convexity, but maintain the strict
convexity. In fact, functionals involving functions L that only involve strict
convexity (that is, D2L could have 0 and ∞ as eigenvalues in some sets)
appear naturally in some applications: anisotropic surface tensions, traffic
flow, and statistical mechanics (see [Moo20] and the references therein).

Minimizers of (3.14) are known to be Lipschitz (under enough smooth-
ness of the domain and boundary data) by the comparison principle. Thus,
the following natural question is to whether first derivatives of minimizers
are continuous:

If L is strictly convex, are minimizers to (3.14) C1?

The answer to that question has been investigated in the last years. The
problem was first addressed by De Silva and Savin in [DS10], where they
studied the case of dimension 2:

Theorem 3.19 ([DS10]). Let u be a Lipschitz minimizer to (3.14) in R2,
and suppose that L is strictly convex. Assume that the set of points where
D2L has some eigenvalue equal to 0 or ∞ is finite. Then, u ∈ C1.
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Later, Mooney in [Moo20] studied the problem in higher dimensions
and showed that the question has a negative answer, in general, in dimen-
sions n ≥ 4:

Theorem 3.20 ([Moo20]). In R4 there exists a Lipschitz minimizer to
(3.14), with L strictly convex, that is not C1.

In the example by Mooney, the minimizer is analytic outside the origin
(having a singularity there), and the corresponding functional has a Hessian
with an eigenvalue going to∞ in {x2

1 +x2
2 = x2

3 +x2
4}∩
√

2S3, but otherwise,
the eigenvalues are uniformly bounded from below away from zero.

It is currently an open question what happens in dimension n = 3, as
well as what happens for general strictly convex functionals in R2.



Chapter 4

Fully nonlinear elliptic
PDE

Second order nonlinear elliptic PDEs in their most general form can be
written as

(4.1) F (D2u,∇u, u, x) = 0 in Ω ⊂ Rn.

Understanding the regularity of solutions to these equations has been a
major research direction since the mid-20th century.

These are called fully nonlinear elliptic equations. Besides their own
interest in PDE theory, they arise in Probability Theory (stochastic control,
differential games; see Appendix C for a probabilistic interpretation), and
in Geometry.

Thanks to Schauder-type estimates, under natural assumptions on the
dependence on ∇u, u, and x, the regularity for (4.1) can be reduced to
understanding solutions to

(4.2) F (D2u) = 0 in Ω ⊂ Rn.

Indeed, some of the “perturbative” methods that we used in Chapter 2
to prove Schauder estimates for linear equations

∑
aij(x)∂iju = f(x) in

Ω ⊂ Rn work in such fully nonlinear setting, too. For simplicity, we will
focus here on the study of (4.2).

In the next sections we will discuss the following:

– What is ellipticity for solutions to (4.2)?

– Existence and uniqueness of solutions.

– Regularity of solutions to (4.2).

97
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We will not prove all the main known results of this Chapter, but only
give an overview of what is known. We refer to the books [CC95] and
[NTV14] for more details about this topic.

4.1. What is ellipticity?

There are (at least) two possible ways to define ellipticity:

– Linearizing the equation.

– “Imposing” that the comparison principle holds.

We will see that they are essentially the same.

Definition 4.1. Let F : Rn×n → R. We say that F is elliptic if for any two
symmetric matrices A,B ∈ Rn×n such that A ≥ B (i.e., A − B is positive
semi-definite) we have

F (A) ≥ F (B),

with strict inequality if A > B (i.e., A−B positive definite).

The Laplace equation ∆u = 0 corresponds to the case F (M) = trM .
For a linear equation (with constant coefficients)

n∑
i,j=1

aij∂iju = 0,

F is given by F (M) = tr (AM), where A = (aij)i,j . This equation is elliptic
if and only if the coefficient matrix A is positive definite. Therefore, it
coincides with our notion of ellipticity for linear equations.

Remark 4.2 (Comparison Principle). If a C2 function v touches u ∈ C2

from below at a point x◦ (i.e. u ≥ v everywhere, and u(x◦) = v(x◦); see
Figure 4.1), then it follows that

∇u(x◦) = ∇v(x◦), D2u(x◦) ≥ D2v(x◦).

Therefore, for these functions we would have F (D2u(x◦)) ≥ F (D2v(x◦)) if
F is elliptic. This is essential when proving the comparison principle.

Proposition 4.3 (Comparison Principle). Assume that F is elliptic, and
Ω ⊂ Rn is bounded. Let u, v ∈ C2(Ω) ∩ C0(Ω). Then,{

u ≥ v on ∂Ω
F (D2u) ≤ F (D2v) in Ω.

=⇒ u ≥ v in Ω.

Proof. We separate into two cases.

Case 1. Assume first that F (D2u) < F (D2v) in Ω (with strict inequal-
ity). If the conclusion is false, then the function u − v would have an
interior minimum inside Ω, say at x◦ ∈ Ω. Then, we would have D2(u −
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v

x◦

u

Figure 4.1. The function v touches u from below at x◦.

v)(x◦) ≥ 0. Therefore, D2u(x◦) ≥ D2v(x◦) and by ellipticity of F , this yields
F (D2u(x◦)) ≥ F (D2v(x◦)). This is a contradiction with F (D2u) < F (D2v)
in Ω, and hence u ≥ v in Ω.

Case 2. Assume now F (D2u) ≤ F (D2v) in Ω. Then, we can define

ū(x) := u(x) + ε
(
cΩ − |x|2

)
,

where cΩ > 0 is a constant such that cΩ − |x|2 > 0 in Ω (recall that Ω is
bounded).

Then, we have ū ≥ u on ∂Ω, and D2ū = D2u−2εId. Thus, by ellipticity,

F (D2ū) = F (D2u− 2εId) < F (D2u) ≤ F (D2v) in Ω.

By Case 1,{
ū ≥ v on ∂Ω,

F (D2ū) < F (D2v) in Ω.
=⇒ ū ≥ v in Ω.

This gives

u(x) + ε
(
cΩ − |x|2

)
≥ v(x) in Ω.

Letting ε ↓ 0 we deduce that u ≥ v in Ω. �

Thus, we see that ellipticity is exactly what we need in order to prove
the comparison principle. We will see that uniform ellipticity (analogously
to the case of linear equations) implies, in fact, the regularity of solutions.

Definition 4.4. Let F : Rn×n → R. Then F is uniformly elliptic if there
are 0 < λ ≤ Λ (the ellipticity constants), such that for every symmetric
matrices M , N with N ≥ 0 (that is, positive semi-definite), we have

λ‖N‖ ≤ F (M +N)− F (M) ≤ Λ‖N‖,

where ‖N‖ := tr
(
(NTN)1/2

)
= tr(N) is the sum of the (absolute value of

the) eigenvalues.
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We remark that our choice of matrix norm in the previous definition
is not standard. In Rn, all norms are equivalent and thus we could have
chosen any other norm. This definition of norm, however, avoids dealing
with constants in future computations.

Of course, uniform ellipticity implies ellipticity, in a quantitative way.

For linear equations, i.e. F (M) = tr (AM), uniform ellipticity is equiv-
alent to

0 < λId ≤ A ≤ ΛId,

as usual.

The alternative way to see ellipticity is by linearizing the equation:

Assume F ∈ C1 (which is not always the case!). We consider the func-
tions

Fij(M) :=
∂F

∂Mij
(M),

i.e., the first derivative of F (M) with respect to the component Mij of the
matrix M .

Then, it is immediate to see that

F is uniformly elliptic ⇐⇒ 0 < λ Id ≤ (Fij(M))i,j ≤ Λ Id, ∀M
⇐⇒ the linearized equation is uniformly elliptic.

Therefore, at least when F is C1, uniform ellipticity can be seen as
uniform ellipticity of the linearized equation.

In general, though, the uniform ellipticity condition implies that F is
Lipschitz, but not always C1. There are, in fact, important examples of
equations F (D2u) = 0 in which the corresponding F is Lipschitz but not C1.
In this case, the previous characterization of ellipticity through the deriva-
tives of F still holds, understanding now that they are defined almost every-
where.

Remark 4.5 (Convex (or concave) equations). An important subclass of
equations F (D2u) = 0 are those for which F is convex (or concave). Namely,
F (M) as a function F : Rn×n → R is convex (or concave). In this case, the
equation can be written as a Bellman equation (see (C.3)), as

F (D2u) = max
α∈A
{Lαu} = 0,

where {Lα}α∈A is a family of linear operators of the form

Lαu :=

n∑
i,j=1

aαij∂iju+ cα,

for a family of coefficients {aαij}α∈A uniformly elliptic, with ellipticity con-
stants λ and Λ.
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Notice that if u solves F (D2u) = 0, with F convex, then v = −u solves
G(D2v) = 0, with G(M) = −F (−M), and therefore, G is concave.

Pucci operators. Within the class of fully nonlinear uniformly elliptic
operators with ellipticity constants λ and Λ, the extremal or Pucci operators,
denoted by M+ and M−, are those that attain the extreme values (from
above and below, respectively). Alternatively, every other elliptic operator
with the same ellipticity constants is ordered with respect to them in the
sense of (4.6) below.

We define M± as follows.

Definition 4.6. Given 0 < λ ≤ Λ, the extremal or Pucci operators with
ellipticity constants λ and Λ, M± : Rn×n → R, are defined as

M−(M) := inf
λId≤(aij)i,j≤ΛId

{ n∑
i,j=1

aijMij

}
= inf

λId≤A≤ΛId
{tr (AM)}

M+(M) := sup
λId≤(aij)i,j≤ΛId

{ n∑
i,j=1

aijMij

}
= sup

λId≤A≤ΛId
{tr (AM)} ,

(4.3)

for any symmetric matrix M . They are uniformly elliptic operators, with
ellipticity constants λ and Λ.

In particular, from the definition we have

M±(αM) = αM±(M), for all α ≥ 0.

Notice that M± =M±n,λ,Λ. In general, however, the dependence on the

ellipticity constants and the dimension will be clear in the corresponding
context, and thus we will drop it in the notation.

Sometimes, it is easier to define the Pucci operators through the eigenval-
ues of the corresponding matrix, appropriately weighted with the ellipticity
constants, in the following way.

Lemma 4.7. The Pucci operators as defined in (4.3) can be equivalently
defined as

M−(M) = λ
∑
µi>0

µi + Λ
∑
µi<0

µi = λ‖M+‖ − Λ‖M−‖,

M+(M) = Λ
∑
µi>0

µi + λ
∑
µi<0

µi = Λ‖M+‖ − λ‖M−‖,
(4.4)

where µi = µi(M) denote the eigenvalues of the symmetric matrix M , the
matrices M+ and M− are such that M± ≥ 0, M = M+ −M−, and ‖A‖ =

tr
(
(ATA)1/2

)
.
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Proof. The proof follows directly using the following rearrangement-type
inequalities involving the eigenvalues and the product of two symmetric
matrices A and B:

n∑
i=1

λi(A)λn−i(B) ≤ tr(AB) ≤
n∑
i=1

λi(A)λi(B),

where λ1(A) ≤ · · · ≤ λn(A) denote the ordered eigenvalues of A, and
λ1(B) ≤ · · · ≤ λn(B) denote the ordered eigenvalues of B. �

From the definition of uniform ellipticity of F (Definition 4.4) it follows
that, given two symmetric matrices M , N ,

λ‖N+‖ − Λ‖N−‖ ≤ F (M +N)− F (M) ≤ Λ‖N+‖ − λ‖N−‖,
where N = N+ −N−, and N± ≥ 0. Thus, by Lemma 4.7,

(4.5) M−(N) ≤ F (M +N)− F (M) ≤M+(N).

If we take M = 0, we see that

(4.6) M−(N) ≤ F (N)− F (0) ≤M+(N),

so these operators are like the “worse case” from above and below — up
to a constant, F (0). (Recall that M± are fully nonlinear uniformly elliptic
operators with ellipticity constants λ, Λ.)

If we further assume that F (0) = 0, we see that if u solves any equation
of the form F (D2u) = 0 then in particular

(4.7) M−(D2u) ≤ 0 ≤M+(D2u).

Remark 4.8. Equation (4.7) is called equation in non-divergence form with
bounded measurable coefficients. Indeed, notice that given some uniformly
elliptic coefficients (aij(x))i,j with no regularity assumption on x, if u ∈ C2

fulfills
∑

i,j aij(x)∂iju then in particular (4.7) holds. On the other hand,

if (4.7) holds for some u ∈ C2, one can recover some uniformly elliptic
coefficients (aij(x))i,j such that

∑
i,j aij(x)∂iju.

4.2. Equations in two variables

Before going into the general theory of existence and regularity for fully non-
linear equations in Rn, let us study a simpler case: fully nonlinear equations
in two variables.

The main regularity estimate in this context is due to Nirenberg [Nir53],
and reads as follows.

Theorem 4.9. Let F : R2×2 → R be uniformly elliptic with ellipticity
constants λ and Λ. Let u ∈ C2(B1) solve

F (D2u) = 0 in B1 ⊂ R2.
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Then,

‖u‖C2,α(B1/2) ≤ C‖u‖L∞(B1),

for some constants α > 0 and C depending only on λ and Λ.

The idea of the proof is the following: define v := ∂eu, and differentiate
the equation F (D2u) = 0 in the e direction, to get

(4.8)
2∑

i,j=1

aij(x)∂ijv(x) = 0 in B1 ⊂ R2,

where aij(x) := Fij(D
2u(x)) for i, j ∈ {1, 2}. Since F is uniformly elliptic,

we have a22(x) ≥ λ > 0. Thus, we can divide (4.8) by a22(x) to obtain

(4.9) a(x)∂11v(x) + b(x)∂12v(x) + ∂22v(x) = 0,

for some coefficients

a(x) =
a11(x)

a22(x)
and b(x) =

a12(x) + a21(x)

a22(x)
=

2a12(x)

a22(x)
.

If we write w := ∂1v and differentiate (4.9) with respect to x1, we get

∂1

(
a(x)∂1w(x) + b(x)∂2w(x)

)
+ ∂22w(x) = div(A(x)∇w) = 0,

where

A(x) :=

(
a(x) b(x)

0 1

)
.

That is, w solves an equation in divergence form, and A is uniformly elliptic,
with ellipticity constants depending on λ and Λ. Thus, by the De Giorgi–
Nash result (Theorem 3.7) one has ∂1v = w ∈ C0,α(B1/2). Since the roles

of x1 and x2 can be changed, and since v = ∂eu (with e ∈ Sn−1 arbitrary),
we deduce that u ∈ C2,α(B1/2).

Let us now formally prove it. The idea is the one presented in the lines
above, where we used that u ∈ C4. In reality we can only use that u ∈ C2,
so we proceed by means of incremental quotients.

Proof of Theorem 4.9. Let us define

v(x) =
u(x+ h)− u(x)

|h|
∈ C2(B1−|h|),

with |h| < 1
4 , and proceed similarly to Theorem 3.5. Since F is translation

invariant, we have

F (D2u(x)) = 0, F (D2u(x+ h)) = 0 in B1−|h|.

Then, by the fundamental theorem of calculus for line integrals,

0 = F (D2u(x+ h))− F (D2u(x)) =

2∑
i,j=1

aij(x)∂ij
(
u(x+ h)− u(x)

)
,
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where

aij(x) =

∫ 1

0
Fij
(
tD2u(x+ h) + (1− t)D2u(x)

)
dt.

Since F is uniformly elliptic, (aij)i,j is uniformly elliptic (with the same
ellipticity constants). That is, v ∈ C2(B1−|h|) solves an equation in non-
divergence form

a11(x)∂11v(x) + 2a12(x)∂12v(x) + a22(x)∂22v(x) = 0 in B1−|h|,

where a12 = a21 and ∂12v = ∂21v because v ∈ C2. From the ellipticity
conditions, we have λ ≤ a22(x) ≤ Λ, and we can divide by a22(x) to get

a(x)∂11v(x) + b(x)∂12v(x) + ∂22v(x) = 0 in B1−|h|.

Let

A(x) :=

(
a(x) b(x)

0 1

)
.

It is straightforward to check that A is uniformly elliptic, with ellipticity
constants λ/Λ and Λ/λ. Let η ∈ C2

c (B1−|h|) and notice that, by integration
by parts, ∫

B1−|h|

∂2η ∂12v =

∫
B1−|h|

∂1η ∂22v.

Thus,∫
B1−|h|

∇η ·A(x)∇∂1v =

∫
B1−|h|

∇η(x) ·
(
a(x)∂11v(x) + b(x)∂12v(x)

∂12v(x)

)
dx

=

∫
B1−|h|

{
∂1η

(
a(x)∂11v + b(x)∂12v

)
+ ∂2η ∂12v

}
dx

=

∫
B1−|h|

∂1η
(
a(x)∂11v + b(x)∂12v + ∂22v

)
dx

= 0.

That is, ∂1v solves an equation with bounded measurable coefficients A(x) in
divergence form. Thus, by the De Giorgi–Nash theorem (see Theorem 3.16),
we know that ∂1v ∈ Cα and

‖∂1v‖C0,α(B1/2) ≤ C‖∂1v‖L∞(B1−|h|) ≤ C‖∂1u‖C0,1(B1),

(notice that we can go from B1 to B1−|h| in Theorem 3.16 by a covering
argument for |h| small), for some constant C depending only on λ and Λ.
By letting |h| → 0, thanks to (H7), we obtain that

‖∇∂1u‖C0,α(B1/2) ≤ C‖∂1v‖L∞(B1−|h|) ≤ C‖∂1u‖C0,1(B1),

for some constant C depending only on λ and Λ. By symmetry, the same
inequality is true for ∂2v (and ∂2u), so that

‖u‖C2,α(B1/2) ≤ C‖u‖C1,1(B1).
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Notice that, by interpolation inequalities (see (1.9)), for each ε > 0,
there exists some Cε > 0 such that

‖u‖C1,1(B1/2) ≤ ε‖u‖C2,α(B1) + Cε‖u‖L∞(B1).

Now, the proof can be concluded by means of Lemma 2.27 analogously to
what has been done in the proof of Theorem 2.20. �

Thus, as we can see, in the two-dimensional case it is rather easy to
show a priori C2,α estimates for solutions to the fully nonlinear equation.
Thanks to these estimates, by means of the continuity method (see [GT77]
or [HL97]) one can actually show the existence of C2,α solutions for the
Dirichlet problem.

Nonetheless, as we will see, it turns out that in higher dimensions such
an a priori estimate is no longer available, and one needs to prove existence
of solutions in a different way, by introducing a new notion of weak solution
(viscosity solutions).

This is what we do in the next section.

4.3. Existence of solutions

We now turn our attention to fully nonlinear elliptic equations in Rn.

The first question to understand is the existence of solutions: given a
nice domain Ω ⊂ Rn, and a nice boundary data g : ∂Ω→ R, can we always
solve the following Dirichlet problem?{

F (D2u) = 0 in Ω
u = g on ∂Ω.

Notice that here we cannot construct the solution by minimizing a func-
tional, since these fully nonlinear equations do not come, in general, from
any energy functional.

To construct the solution, we only have two options:

– Prove “a priori estimates” and then use the continuity method.

– Use the comparison principle and Perron’s method.

The continuity method is reasonably easy to use, but we need C2,α

estimates for solutions up to the boundary. This is a very difficult problem,
and in fact, in general we do not have C2,α estimates for these equations
in Rn.

Therefore, we need to construct some kind of generalized notion of so-
lution: viscosity solutions.

The right concept of solution must be so that we have

• Existence of solutions.



106 4. Fully nonlinear elliptic PDE

• Comparison principle (and in particular, uniqueness of solutions).

• Stability (so that limits of solutions are solutions).

Notice that if we consider only C2 solutions, then we have the comparison
principle (and it is easy to prove), but we may not be able to prove existence.

On the other hand, if we relax the notion of solution, then we may be
able to easily prove the existence of a solution, but then it will be more
difficult to prove the uniqueness/comparison principle.

The right notion of generalized solution is the one given in Definition 4.10
below, known as viscosity solutions. For subsolutions in the viscosity sense,
this notion only requires that the function is upper semi-continuous (USC),
while for supersolutions in the viscosity sense, this notion can be checked
on lower semi-continuous (LSC) functions. This is important in the proof
of existence of solutions.

We recall that a function f is said to be upper semi-continuous at x◦ if

lim sup
x→x◦

f(x) ≤ f(x◦).

Similarly, it is lower semi-continuous at x◦ if

lim inf
x→x◦

f(x) ≥ f(x◦).

We refer to [Sil15] for a nice introduction to viscosity solutions to elliptic
equations.

Definition 4.10 (Viscosity solutions). Let F : Rn×n → R be uniformly
elliptic, and consider the PDE

F (D2u) = 0 in Ω.

• We say that u ∈ USC(Ω) is a subsolution (in the viscosity sense), and
we write F (D2u) ≥ 0, if for any φ ∈ C2(Ω) such that φ ≥ u in Ω and
φ(x◦) = u(x◦), x◦ ∈ Ω, we have F (D2φ(x◦)) ≥ 0.

• We say that u ∈ LSC(Ω) is a supersolution (in the viscosity sense), and
we write F (D2u) ≤ 0, if for any φ ∈ C2(Ω) such that φ ≤ u in Ω and
φ(x◦) = u(x◦), x◦ ∈ Ω, we have F (D2φ(x◦)) ≤ 0.

• We say that u ∈ C(Ω) solves F (D2u) = 0 in Ω in the viscosity sense if it
is both a subsolution and a supersolution.

Notice that there may be points x◦ ∈ Ω at which no function φ ∈ C2

touches u at x◦ (from above and/or from below). This is allowed by the
previous definition.

Remark 4.11 (Some history). The concept of viscosity solution was in-
troduced in 1983 by Crandall and P.-L. Lions in the study of first-order
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equations. During a few years, the work on viscosity solutions focused on
first-order equations, because it was not known whether second-order uni-
formly elliptic PDEs would have a unique viscosity solution (or if the com-
parison principle would hold for these solutions). In 1988 the comparison
principle for viscosity solutions was finally proved by Jensen [Jen88], and in
subsequent years the concept has become prevalent in the analysis of elliptic
PDEs.

In 1994, P.-L. Lions received the Fields Medal for his contributions to
nonlinear PDEs, one of his major contributions being his work on viscosity
solutions [ICM94].

A key result in the theory of viscosity solutions is the following (see
[Jen88, CC95]).

Theorem 4.12 (Comparison principle for viscosity solutions). Let Ω ⊂ Rn
be any bounded domain, and F : Rn×n → R be uniformly elliptic. Assume
that u ∈ LSC(Ω) and v ∈ USC(Ω) satisfy

(4.10) u ≥ v on ∂Ω,

and

(4.11) F (D2u) ≤ 0 ≤ F (D2v) in Ω in the viscosity sense.

Then,

u ≥ v in Ω.

We already proved this for C2 functions u in Proposition 4.3, and the
proof was very simple. For viscosity solutions the proof is more involved.

The main step in the proof of the comparison principle is the following.

Proposition 4.13. Let Ω ⊂ Rn be any bounded domain, and F : Rn×n → R
be uniformly elliptic. Assume that u ∈ LSC(Ω) and v ∈ USC(Ω) are bounded
functions that satisfy (4.10) and (4.11). Then,

M−(D2(u− v)) ≤ 0 in Ω.

We refer the reader to [CC95, Theorem 5.3] for a proof of such result,
where it is proved assuming that u, v ∈ C(Ω). The same proof works under
the hypotheses here presented.

The comparison principle follows using Proposition 4.13 and the next
lemma.

Lemma 4.14. Let Ω ⊂ Rn be any bounded domain, and assume that w ∈
LSC(Ω) satisfies

w ≥ 0 on ∂Ω,
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v

w

x◦

Figure 4.2. We slide v from below until it touches w at a point x◦.

and

M−(D2w) ≤ 0 in Ω.

Then, w ≥ 0 in Ω.

Proof. The proof is similar to that of Proposition 1.22. Indeed, first notice
that after a rescaling we may assume Ω ⊂ B1, and assume by contradiction
that w has a negative minimum in Ω. Then, since w ≥ 0 on ∂Ω, we have
minΩw = −δ, with δ > 0, and the minimum is achieved in Ω.

Let us now consider 0 < ε < δ, and v(x) := −κ+ ε(|x|2− 1), with κ > 0
(that is, a sufficiently flat paraboloid).

Now, notice that v < 0 on ∂Ω, and we can choose κ > 0 so that v touches
w from below at a point inside Ω. In other words, there is κ > 0 such that
w ≥ v in Ω, and w(x◦) = v(x◦) for some x◦ ∈ Ω. (See Figure 4.2.) Then,
by definition of viscosity supersolution, we have

M−(D2v)(x◦) ≤ 0.

However, a direct computation gives M−(D2v) = M−(2εId) ≡ 2λnε > 0
in Ω, a contradiction. �

Once we have the comparison principle for viscosity solutions, we can use
Perron’s method to prove existence of solutions. We next do this, following
[Sil15].

First let us notice that, for any bounded function u in Ω ⊂ Rn, we may
define its upper semi-continuous envelope as

u∗(x) := sup{lim sup
k

u(xk) : xk → x},

where the supremum is taken among all sequences Ω 3 xk → x. Notice that
u∗ is the smallest function satisfying u∗ ∈ USC(Ω) and u∗ ≥ u. Similarly,
we define the lower semi-continuous envelope of u as

(4.12) u∗(x) := inf{lim inf
k

u(xk) : xk → x}.

We will need the following lemma, which is a generalization of the fact
that the maximum of subsolutions is also a subsolution.
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Lemma 4.15. Let F : Rn×n → R be uniformly elliptic, and let Ω ⊂ Rn be
any bounded domain.

Let (ua)a∈A be a family of subsolutions: ua ∈ USC(Ω), and F (D2ua) ≥ 0
in Ω, for all a ∈ A. Let

u(x) := sup
a∈A

ua,

and let

u∗(x) := sup
{

lim sup
k→∞

u(xk) : xk → x
}
.

Then, u∗ ∈ USC(Ω) is a subsolution: F (D2u∗) ≥ 0 in Ω.

Proof. We divide the proof into two steps.

Step 1. In the first part, we show that if u∗ has a strict local maximum
at x◦, then one can extract sequences of indices ak ∈ A for k ∈ N, and of
points xk ∈ Ω, such that xk → x◦, uak has a local maximum at xk, and
uak(xk)→ u∗(x◦).

By definition of u∗(x◦), we can extract a sequence of indices (aj)j∈N,
aj ∈ A, and of points yj → x◦, such that uaj (yj) → u∗(x◦). Now let us
prove that we can extract a further subsequence ak := ajk such that our
desired conclusion holds.

Indeed, let r > 0 be such that u∗(y) < u∗(x◦) for y ∈ Br(x◦) \ {x◦}, and
let ρ > 0 be so small that, if Kρ := Br(x◦) \Bρ(x◦), then

max
Kρ

u∗ ≤ u∗(x◦)− δ,

for some δ > 0.

Now notice that, for j large enough, uaj ≤ u∗(x◦)−δ/2 inKρ. Otherwise,
there would be jm → ∞ and zm such that uajm (zm) > u∗(x◦) − δ/2 ≥
maxKρ u

∗ + δ/2. Since Kρ is compact, up to a subsequence, zm → z∞ for
some z∞ in Kρ such that

u∗(z∞) ≥ lim sup
m→∞

uajm (zm) > max
Kρ

u∗ + δ/2.

A contradiction. Thus, uaj ≤ u∗(x◦)− δ/2 in Kρ for j large enough.

Let now xj ∈ Br(x◦) be the point where the maximum of uaj in Br(x◦)
is attained. In particular, uaj (xj) ≥ uaj (yj) → u∗(x◦), that is, uaj (xj) ≥
u∗(x◦) − δ/4 for j large enough. Since uaj ≤ u∗(x◦) − δ/2 in Kρ (again,
for j large enough), this implies that xj ∈ Bρ(x◦). That is, ukj attains its
maximum in Br(x◦), inside Bρ(x◦). By repeating this argument choosing
smaller ρ > 0, we can extract a subsequence ak := ajk to get the desired
result. Notice that xj → x◦, and that by construction, uaj (xj) ≥ uaj (yj)→
u∗(x◦), so that uaj (xj)→ u∗(x◦). This completes the first part of the proof.

Notice that so far we have not used that ua are subsolutions.
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Step 2. Let us now proceed with the second part of the proof, which proves
the lemma. Let φ ∈ C2 be such that φ(x◦) = u∗(x◦) and u ≤ φ around x◦
(that is, u−φ attains its local maximum at x◦), with x◦ ∈ Ω. By considering
φ̄(x) = φ(x) + |x− x◦|4, we have that u− φ̄ attains a strict local maximum
at x◦. We apply now the first part of the proof with va := ua − φ̄. That
is, there exist sequences of indices (ak)k∈N, and points xk → x◦ such that
uak − φ̄ attains its local maximum at xk and uak(xk) → u∗(x◦) (since φ̄ is
continuous). In particular, since uak are subsolutions in the viscosity sense,
we have

F
(
D2φ̄(xk)

)
≥ 0 =⇒ F

(
D2φ̄(x◦)

)
= F

(
D2φ(x◦)

)
≥ 0,

by continuity of F and D2φ. Thus, u is a viscosity subsolution. �

We can now prove the existence of viscosity solutions. To do so, we
assume that we are given a bounded domain Ω ⊂ Rn such that

for every x◦ ∈ ∂Ω, there exists some ψ+ ∈ C2(Ω) such that

ψ+(x◦) = 0, ψ+|∂Ω\{x◦} > 0, and M+(D2ψ+) ≤ 0 in Ω,
(4.13)

where we recall thatM+ is the Pucci operator defined in (4.3) with ellipticity
constants λ and Λ. Notice that, if (4.13) holds, then we also have that
for every x◦ ∈ ∂Ω, there exists some ψ− ∈ C2(Ω) such that ψ−(x◦) = 0,
ψ−|∂Ω\{x◦} < 0, and

M−(D2ψ−) ≥ 0 in Ω,

where ψ− is simply given by ψ− = −ψ+.

We will later show that any bounded C2 domain satisfies (4.13), for any
constants 0 < λ ≤ Λ.

Remark 4.16. In the following results, we will often assume that F (0) = 0.
Otherwise, if F (0) 6= 0, we can consider the uniformly elliptic operator

F̃t(D
2u) := F

(
D2(u+ t|x|2/2)

)
= F (D2u + tId) instead. Then, F̃t(0) =

F (tId), and we can choose t ∈ R such that F (tId) = 0. Indeed, if F (0) > 0,

by (4.6) F̃t(0) = F (tId) ≤ M+(tId) + F (0) = tnλ + F (0) < 0 for t < 0

negative enough. Since F̃0(0) = F (0) > 0, by continuity of F̃t in t, we are

done for some t ∈
[
− F (0)

nλ , 0
)
. The case F (0) < 0 follows analogously.

Theorem 4.17 (Existence and uniqueness of viscosity solutions). Let F :
Rn×n → R be uniformly elliptic with ellipticity constants λ and Λ, let Ω ⊂ Rn
be any bounded domain such that (4.13) holds, and let g ∈ C(∂Ω).

Then, there exists a (unique) viscosity solution to the Dirichlet problem{
F (D2u) = 0 in Ω

u = g on ∂Ω.
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Proof. The uniqueness follows directly from the comparison principle, The-
orem 4.12. Thanks to Remark 4.16, we will assume F (0) = 0. The proof of
existence follows by means of Perron’s method, as shown next.

Let us define the set of all subsolutions as

A :=
{
v ∈ USC(Ω) : F (D2v) ≥ 0 in Ω, v ≤ g on ∂Ω

}
.

Then, we can define the pointwise supremum of all subsolutions in A,

u(x) := sup
v∈A

v(x).

Notice that since the constant function −‖g‖L∞(∂Ω) belongs to A, such set
is non-empty. Notice also that all elements of A must be below the constant
‖g‖L∞(∂Ω) by the comparison principle, and thus u is bounded.

We define the upper semi-continuous envelope

u∗(x) = sup
{

lim sup
k→∞

u(xk) : xk → x
}
.

Notice that, by Lemma 4.15, we have F (D2u∗) ≥ 0 in Ω.

The strategy of the proof is as follows. We first prove that u∗ = g on ∂Ω.
This implies that u∗ ∈ A, and therefore u∗ = u. Then, once this is done, we
will define u∗ as the lower semi-continuous envelope of u, and show that u∗
is a supersolution. By the comparison principle, this will imply that u∗ ≥ u,
and thus u∗ = u. This means that u is continuous, and that it is both a
subsolution and a supersolution, as wanted.

Step 1. Let us start by showing that u∗ = g on ∂Ω, and that u∗ is continuous
on ∂Ω. Namely, we show that for every x◦ ∈ ∂Ω, and every xk → x◦ with
xk ∈ Ω, then lim infk→∞ u

∗(xk) = lim supk→∞ u
∗(xk) = g(x◦).

Let ε > 0, and let us define

w−ε := g(x◦)− ε+ kεψ− = g(x◦)− ε− kεψ+,

where kε > 0 is chosen large enough (depending on ε but also on g and Ω)
such that w−ε ≤ g on ∂Ω, and ψ− = −ψ+ is the function given by property
(4.13) at x◦. Let us also define

w+
ε := g(x◦) + ε+ kεψ+,

where kε > 0 is such that w+
ε ≥ g on ∂Ω (without loss of generality, by

taking it larger if necessary, we can assume it is the same as before).

By the properties of the extremal operators (4.3), we haveM−(D2w−ε ) =
kεM−(D2ψ−) ≥ 0 and M+(D2w+

ε ) = kεM+(D2ψ+) ≤ 0 in Ω. In particu-
lar, by (4.6) (recall F (0) = 0),

F (D2w−ε ) ≥ 0 and F (D2w+
ε ) ≤ 0 in Ω,
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and w−ε ∈ A. Notice that, by continuity of ψ−, for each ε > 0 there exists
some δ > 0 such that w−ε ≥ g(x◦) − 2ε in Bδ(x◦) ∩ Ω. This yields, u∗ ≥
w−ε ≥ g(x◦)− 2ε in Bδ(x◦) ∩ Ω, so that if xk → x◦, then

lim inf
k→∞

u(xk) ≥ g(x◦)− 2ε.

On the other hand, by the comparison principle, all elements in A are
below w+

ε for any ε > 0. Again, by continuity of ψ+, for each ε > 0 there
exists some δ > 0 such that w+

ε ≤ g(x◦) + 2ε in Bδ(x◦) ∩ Ω. This yields,
u∗ ≤ w+

ε ≤ g(x◦) + 2ε in Bδ(x◦) ∩ Ω, so that if xk → x◦, then

lim sup
k→∞

u(xk) ≤ g(x◦) + 2ε.

Since ε > 0 is arbitrary, we have that if xk → x◦, then

lim
k→∞

u∗(xk) = g(x◦).

Therefore, u∗ = g on ∂Ω and u is continuous on ∂Ω. In particular, we have
u∗ ∈ A and (since u∗ ≥ u) u∗ ≡ u. This means that u ∈ USC(Ω) and
F (D2u) ≥ 0 in Ω.

Step 2. Now, we show that u is a supersolution as well. To do so, we consider
its lower semi-continuous envelope u∗, (4.12), and prove that F (D2u∗) ≤ 0
in Ω.

We start by noticing that, since u is continuous on the boundary (by
Step 1), then u∗ = g on ∂Ω. Assume by contradiction that u∗ is not a
supersolution, that is, there exists some x◦ ∈ Ω such that for some φ ∈ C2

we have φ(x◦) = u∗(x◦), φ ≤ u∗, but F (D2φ(x◦)) > 0.

By taking φ̄ = φ− |x− x◦|4 if necessary, we may assume that φ < u∗ if
x 6= x◦, and we still have F (D2φ(x◦)) > 0. Notice that, by continuity of F
and D2φ, we have F (D2φ) > 0 in Bρ(x◦) for some small ρ > 0.

On the other hand, consider φ+δ for δ > 0, and define uδ := max{u, φ+
δ}. Since φ(x) < u∗(x) ≤ u(x) for x 6= x◦, we have for δ > 0 small enough
that φδ < u outside Bρ(x◦).

Now, notice that uδ is a subsolution, since it coincides with u outside
Bρ(x◦) and it is the maximum of two subsolutions in Bρ(x◦). This means
that uδ ∈ A, and thus uδ ≤ u. However, this means that φ + δ ≤ u
everywhere in Ω, and thus φ+ δ ≤ u∗, a contradiction. Thus, u∗ had to be
a supersolution.

But then, again by the comparison principle, since u is a subsolution
and u = u∗ = g on ∂Ω, we get that u∗ ≥ u in Ω, which means that u = u∗.

Therefore, u is continuous, both a subsolution and a supersolution, and
u = g on ∂Ω. This concludes the proof. �



4.3. Existence of solutions 113

x◦
zx◦

Bρ(zx◦ )
Ω

Figure 4.3. Representation of the construction from the proof of Corollary 4.18.

As a consequence, we find the following.

Corollary 4.18. Let Ω be any bounded C2 domain, and F : Rn×n → R
be uniformly elliptic. Then, for any continuous g ∈ C(∂Ω), the Dirichlet
problem {

F (D2u) = 0 in Ω
u = g on ∂Ω,

has a unique viscosity solution.

Proof. The result follows from the previous theorem, we just need to check
that any C2 domain fulfils (4.13). To do so, we need to construct an appro-
priate barrier at every boundary point z ∈ ∂Ω.

Notice, that in the very simple case that Ω is strictly convex, such barrier
ψ+ can simply be a hyperplane with zero level set tangent to Ω at a given
boundary point, such that it is positive in Ω.

In general, since Ω is a bounded C2 domain, it satisfies the exterior ball
condition for some uniform radius ρ > 0: that is, for each point x◦ ∈ ∂Ω
there exist some point zx◦ = z(x◦) ∈ Ωc and a ball Bρ(zx◦) such that
Bρ(zx◦) ⊂ Ωc and Bρ(zx◦) ∩ ∂Ω = {x◦}. See Figure 4.3.

Let us construct the barrier ψ+ from (4.13) for C2 domains. We consider
the function ψ in Rn \Bρ, for ρ > 0 given by the exterior ball condition,

ψ(x) = e−αρ
2 − e−α|x|2 ,

for some α > 0 also to be chosen.
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Notice that

eα|x|
2
D2ψ(x) = −4α2


x2

1 x1x2 . . . x1xn
x2x1 x2

2 . . . x2xn
...

...
. . .

...
xnx1 . . . . . . x2

n

+ 2αId

= 2αId− 4α2xxT .

Then, for |x| ≥ ρ we have

eα|x|
2M+(D2ψ) ≤ 2αM+(Id)− 4α2M−(xxT ) = 2αnΛ− 4α2λ|x|2

≤ 2α(nΛ− 2αλρ2).

In particular, if we choose α ≥ nΛ
2λρ2

, we have

M+(D2ψ) ≤ 0 in Bc
ρ.

Therefore, translations of ψ are good candidates for the function ψ+ from
(4.13).

Let now x◦ ∈ ∂Ω be any point on the boundary, and take ψ+(x) :=
ψ(x − zx◦). It is clear that ψ+(x◦) = 0, and that ψ+(x) > 0 for any
x ∈ Ω \ {x◦}. On the other hand, from the discussion above we know that
M+(D2ψ+) ≤ 0. Thus, Ω fulfills (4.13). �

Remark 4.19 (Lipschitz domains). It is actually possible to show that
(4.13) holds for any bounded Lipschitz domain, too. In particular, this
yields the existence of viscosity solutions in such class of domains.

Finally, we also have the following:

Proposition 4.20 (Stability of viscosity solutions). Let Fk be a sequence
of uniformly elliptic operators (with ellipticity constants λ and Λ), and let
uk ∈ C(Ω) be such that Fk(D

2uk) = 0 in Ω in the viscosity sense.

Assume that Fk converges to F uniformly in compact sets, and uk → u
uniformly in compact sets of Ω. Then, F (D2u) = 0 in Ω in the viscosity
sense.

Proof. The proof uses the same ideas as the proof of Lemma 4.15.

Let x◦ ∈ Ω and φ ∈ C2 be such that φ(x◦) = u(x◦) and φ ≤ u in Ω.
By taking φ̄(x) = φ(x) + |x− x◦|4 we have that u− φ̄ attains a strict local
maximum at x◦.

Let now vk := uk − φ̄. Up to a subsequence, by Step 1 in the proof
of Lemma 4.15, there exists a sequence xk → x◦ such that uk − φ̄ attains
a local maximum at xk, and from the uniform convergence of uk to u, we
also have uk(xk) → u(x◦). Since uk are, in particular, subsolutions in the
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viscosity sense for the operator Fk, we have that Fk(D
2φ̄(xk)) ≥ 0. Now,

since xk → x◦, and Fk converges uniformly to F , we get that, letting k →∞,
F (D2φ̄(x◦)) = F (D2φ(x◦)) ≥ 0.

In particular, u is a viscosity subsolution for F . Doing the same for −u,
we reach that u is a viscosity solution. �

Remark 4.21. We have seen that for fully nonlinear equations F (D2u) =
0 we have existence, uniqueness, and stability of viscosity solutions. The
same can be done for more general equations like F (D2u, x) = f(x), with
continuous coefficients in x, see [CC95]. However, when we want to study
linear equations in non-divergence form

(4.14)
∑

aij(x)∂iju(x) = 0

with bounded measurable coefficients, it turns out that viscosity solutions do
not behave so well; see the counterexample in [Nad97] (see also [CCKS96]).
This is the reason why, instead of defining viscosity solutions for a specific
equation of the type (4.14), what we do is to say that u solves an equation
with bounded measurable coefficients (in non-divergence form) whenever it
satisfies

M−(D2u) ≤ 0 ≤M+(D2u)

in viscosity sense, where M± are the Pucci extremal operators (recall Def-
inition 4.6). As explained in Remark 4.8, for C2 functions u these two in-
equalities are equivalent to saying that u solves (4.14) for some coefficients
aij(x).

Summarizing: For viscosity solutions we now have all we need in order
to study regularity issues:

– Existence of solutions.

– Comparison principle.

– Stability under uniform limits.

4.4. Regularity of solutions: an overview

In the last section we saw that for any (smooth) domain Ω ⊂ Rn and any
(continuous) boundary data g, one can find a unique viscosity solution u ∈
C(Ω) to the Dirichlet problem{

F (D2u) = 0 in Ω
u = g on ∂Ω.

Now, the main question is that of regularity:

If u ∈ C(B1) solves F (D2u) = 0 in B1,
what can we say about the regularity of u?
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Is the following implication true?

(4.15)


F ∈ C∞ and

uniformly elliptic
&

F (D2u) = 0 in B1

?
=====⇒ u ∈ C∞(B1/2).

This is in some sense a question analogous to Hilbert’s XIXth problem.

Regularity for fully nonlinear equations: first results. Assume that
u has some initial regularity, and that F is C∞ and uniformly elliptic. Then,

F (D2u) = 0 −→
∂e

n∑
i,j=1

Fij(D
2u)∂ij(∂eu) = 0,

where

Fij :=
∂F

∂Mij

is the derivative of F (M) with respect to Mij . Therefore, if we denote

aij(x) := Fij(D
2u(x)),

we will then have

aij(x) is uniformly elliptic, 0 < λId ≤ (aij(x))i,j ≤ ΛId,

thanks to the uniform ellipticity of F .

Denoting

v = ∂eu,

we have

F (D2u) = 0 =⇒ v = ∂eu solves
n∑

i,j=1

aij(x)∂ij(∂eu) = 0,

where aij(x) = Fij(D
2u(x)).

Now, if u ∈ C2 (or C2,α), then the coefficients aij(x) are continuous (or
C0,α), and therefore we get, by Schauder-type estimates,

u ∈ C2 ⇒ aij ∈ C0 ⇒ v ∈ C1,α ⇒ u ∈ C2,α ⇒ · · · ⇒ u ∈ C∞,

where we use the bootstrap argument

u ∈ C2,α ⇒ aij ∈ C0,α ⇒ u ∈ C3,α ⇒ aij ∈ C1,α ⇒ · · · ⇒ u ∈ C∞.

In other words, this suggests that the following result.

Proposition 4.22. Let F be uniformly elliptic and C∞. Let u be any
solution of F (D2u) = 0 in B1, and assume that u ∈ C2. Then, u ∈ C∞.
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Proof. The idea is the one presented in the lines above, but we can only
use that u ∈ C2 (in the previous argumentation, we used that u is C3). To
do so, we make use of incremental quotients, as in Theorem 3.5.

Let u ∈ C2(B1), and let h ∈ Rn with |h| small. Notice that F is
translation invariant, so

F (D2u(x)) = 0, F (D2u(x+ h)) = 0 in B1−|h|.

Then,

0 = F (D2u(x+ h))− F (D2u(x)) =
n∑

i,j=1

aij(x)∂ij
(
u(x+ h)− u(x)

)
,

where

aij(x) =

∫ 1

0
Fij
(
tD2u(x+ h) + (1− t)D2u(x)

)
dt

(cf. the proof of Theorem 3.5 or Theorem 4.9). This is just the fundamental
theorem of calculus. In particular, since F is uniformly elliptic, (aij)i,j is
uniformly elliptic (with the same ellipticity constants). Since u ∈ C2 and

F is smooth, aij are continuous. That is, u(·+h)−u
|h| solves the equation in

non-divergence form

n∑
i,j=1

aij(x)∂ij

(
u(x+ h)− u(x)

|h|

)
= 0 in B1−|h|,

for some continuous and uniformly elliptic coefficients aij . By the a priori
estimates for equations with continuous coefficients (Proposition 2.31), we
know that for any α ∈ (0, 1) we have∥∥∥∥u(·+ h)− u

|h|

∥∥∥∥
C1,α(B1/2)

≤ C
∥∥∥∥u(·+ h)− u

|h|

∥∥∥∥
L∞(B3/4)

≤ C‖u‖C0,1(B3/4),

for some constant C that is independent of h. By (H7), (1.7), from Chap-
ter 1, we reach that u ∈ C2,α(B1/2), and by a covering argument u ∈ C2,α

inside B1.

Now, we proceed iteratively.

Since u ∈ C2,α inside B1, we have that u(·+h)−u
|h| ∈ C2,α inside B1−|h|

for all h. Together with F being smooth, this implies that aij ∈ C0,α

inside B1−|h|. That is, now u(·+h)−u
|h| solves a non-divergence-form equation

with Hölder continuous coefficients, and from Theorem 2.20 we get uniform

bounds in the C2,α norm for u(·+h)−u
|h| , thus yielding that u ∈ C3,α inside B1.

We can repeat this argument iteratively, using the higher order estimates
from Corollary 2.21, to reach the desired result. �
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This is similar to what happened in Hilbert’s XIXth problem: in that
case we proved C1 ⇒ C∞.

Notice, however, that for fully nonlinear equations, the “gap to be filled”
(from C0 to C2) is “bigger” than in Hilbert’s XIXth problem (from H1 to
C1).

Now, the central question to be answered is:

Is it true that solutions are always C2?

In particular, we wonder whether viscosity solutions are always classical
solutions or not, and thus, whether the Dirichlet problem always admits a
classical solution.

Regularity for fully nonlinear equations. An important observation in
the previous argument was the following:{

u solves
F (D2u) = 0

=⇒
{
v = ∂eu solves

∑n
i,j=1 aij(x)∂ijv = 0,

with aij(x) = Fij(D
2u(x)).

This means that, at least formally, the derivatives of any solution to
any fully nonlinear equation solve an equation with bounded measurable
coefficients.

This can be argued properly by looking at incremental quotients:

Recall from (4.5) the equivalence

F is uniformly elliptic~�
M−(D2(u− v)) ≤ F (D2u)− F (D2v) ≤M+(D2(u− v)),

where M± are the Pucci operators. Thus,

M−
(
D2(u(x+ h)− u(x))

)
≤ F (D2u(x+ h))− F (D2u(x)) ≤

≤M+
(
D2(u(x+ h)− u(x))

)
.

Using F (D2u) = 0 and denoting

vh(x) =
u(x+ h)− u(x)

|h|
,

we then reach{
M+(D2vh) ≥ 0
M−(D2vh) ≤ 0

(
equation with bounded
measurable coefficients

)
.

The question is now: in case of divergence-form equations we proved{
equation with bounded
meas. coeff. div(A(x)∇v) = 0

=⇒ v ∈ C0,α (De Giorgi-Nash).
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Is there a similar result for equations in non-divergence form? The answer
is Yes.

Theorem 4.23 (Krylov–Safonov, 1979). Let 0 < λ ≤ Λ be the ellipticity
constants, and v ∈ C(B1) be any solution to

(4.16)

{
M+(D2v) ≥ 0 in B1

M−(D2v) ≤ 0 in B1,

in the viscosity sense. Then,

‖v‖C0,α(B1/2) ≤ C‖v‖L∞(B1)

for some small α > 0 and C depending only on n, λ, and Λ.

This result was proved in [KS79] (for classical solutions); see also [Moo19]
for a more recent and simplified proof, and [DS21] for an extension of the
result.

Recall that (see the end of Section 4.1), for C2 functions, (4.16) is actu-
ally equivalent to v solving an equation of the type

∑
i,j aij(x)∂ijv for some

uniformly elliptic coefficients. This is why (4.16) is called an equation in
non-divergence form with bounded measurable coefficients.

As a consequence of this result, we find the following. We assume for
simplicity F (0) = 0, otherwise see Remark 4.16.

Theorem 4.24 (Krylov–Safonov, 1979). Let F be uniformly elliptic, F (0) =
0, and u ∈ C(B1) be any viscosity solution to

F (D2u) = 0 in B1.

Then,

‖u‖C1,α(B1/2) ≤ C‖u‖L∞(B1)

for some small α > 0 and C depending only on n, λ, and Λ.

Proof. By Proposition 4.13 (with v ≡ 0), the function u ∈ C(B1) solves
itself an equation with bounded measurable coefficients{

M+(D2u) ≥ 0 in B1

M−(D2u) ≤ 0 in B1.

Therefore, by Theorem 4.23, u ∈ C0,α inside B1. Now, for β ∈ (0, 1] take

vh(x) :=
u(x+ h)− u(x)

|h|β
,

which (again by Proposition 4.13) also solves an equation with bounded
measurable coefficients,{

M+(D2vh) ≥ 0 in B1−|h|
M−(D2vh) ≤ 0 in B1−|h|.
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Then, again by Theorem 4.23, we have

‖vh‖C0,α(B1/2) ≤ C‖vh‖L∞(B1−|h|) ≤ C‖u‖Cβ(B1).

By (H7), we deduce that

‖u‖Cα+β(B1/2) ≤ C‖u‖Cβ(B1),

provided that α+ β is not an integer and β ≤ 1.

Using this estimate with β = α, 2α, ..., kα, one gets C1,α regularity in a
finite number of steps. �

Remark 4.25. Observe that:

• The C0,α estimate for bounded measurable coefficients, Theorem 4.23,
is the best one can get in dimensions n ≥ 3; see [Saf87].

• In a sense, Theorem 4.23 is the analogue of the result of De Giorgi–
Nash for divergence-form equations. However, it is not enough to get C2

regularity for solutions to fully nonlinear equations.

Summary: We have F (D2u) = 0 ⇒ u ∈ C1,α (for some small α > 0).
Moreover, u ∈ C2 ⇒ u ∈ C∞. However, we have no idea (yet) if

u ∈ C1,α ?
=⇒ u ∈ C2.

In the two-dimensional case, as we have seen in Theorem 4.9 (as an a
priori estimate), it turns out that one can do something better, and all solu-
tions are C2,α. This is because, in R2, solutions to equations with bounded
measurable coefficients are not only C0,α, but C1,α.

As a consequence, we have the following.

Theorem 4.26. Let F : R2×2 → R be uniformly elliptic and smooth. Let
u ∈ C(B1) be any viscosity solution to

F (D2u) = 0 in B1 ⊂ R2.

Then u ∈ C∞.

This completely answers question (4.15) in two dimensions.

In higher dimensions, a famous result established (independently) by
Evans [Eva82] and Krylov [Kry82] gives the following.

Theorem 4.27 (Evans–Krylov, 1982). Let F be any convex (or concave)
uniformly elliptic operator, with F (0) = 0. Let u ∈ C(B1) be any viscosity
solution to

F (D2u) = 0 in B1.

Then,

‖u‖C2,α(B1/2) ≤ C‖u‖L∞(B1),
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for some α > 0 and C depending only on n, λ, and Λ. In particular, if F
is smooth then u ∈ C∞.

We refer to [CS10] for a shorter proof of such result.

Thus, for any solution to (4.2), with F uniformly elliptic and smooth,
we have:

• If u ∈ C2, then u ∈ C∞.

• u ∈ C1,α always (Krylov–Safonov, 1979).

• In two dimensions, u ∈ C∞ (Nirenberg, 1952).

• If F is convex, then u ∈ C∞ (Evans–Krylov, 1982)

Question: What happens in general?

For decades it was an open problem to decide whether all solutions are
C2 or not. The question was finally answered by Nadirashvili and Vladuts
in the 2000s [NV07, NV08, NV13]:

Theorem 4.28 (Nadirashvili–Vladuts, 2007-2013). There are solutions to
(4.2) that are not C2. These counterexamples exist in dimensions n ≥ 5.

Moreover, for every τ > 0, there exists a dimension n and ellipticity
constants λ and Λ, such that there are solutions u to F (D2u) = 0 with
u /∈ C1,τ .

We refer to the monograph [NTV14] for more references and details.

It is not known what happens in R3 and R4. This is one of the most
remarkable open problems in elliptic PDEs.

4.5. Further results and open problems

As explained above, one of the main open questions regarding the problem

(4.17) F (D2u) = 0 in B1 ⊂ Rn

is the following:

Let u be any solution to (4.17) in R3 or R4. Is it true that u ∈ C2?

We have seen that it is in general not true that solutions to fully nonlinear
equations (in dimension n ≥ 5) are C2 under the assumption that F is
simply uniformly elliptic. Convexity, on the other hand, is a strong condition
under which C2 regularity is achieved, which, unfortunately, does not hold
in some important applications. Even with this, it is still unclear what the
optimal regularity of solutions is when F is convex and uniformly elliptic
(not necessarily smooth). Theorem 4.27 only gives, a priori, C2,α regularity
for some small α > 0.
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These observations motivate, on the one hand, a more refined study for
the regularity (and size of singularity) of solutions to general fully nonlinear
elliptic equations, and on the other hand, the study of the optimal regularity
under the convexity assumption.

Partial regularity. Recall that the ellipticity requirement for F implies
that F is Lipschitz. Under the slightly more restrictive requirement that F
is also C1, the following partial regularity result was proved by Armstrong,
Silvestre, and Smart in [ASS12]:

Theorem 4.29 ([ASS12]). Let F be uniformly elliptic, and assume in
addition that F ∈ C1. Let u ∈ C0(B1) be any viscosity solution to (4.17).

Then, there exist some ε > 0 depending only on n, λ, Λ, and a closed
subset Σ ⊂ B1 with dimHΣ ≤ n− ε, such that u ∈ C2(B1 \ Σ).

Here, dimH denotes the Hausdorff dimension of a set; see [Mat95].
Notice that if dimHΣ ≤ n− ε then in particular Σ has zero measure.

This result is the best known partial regularity result for solutions of
(non-convex) fully nonlinear equations in dimensions n ≥ 3. Notice that
the size of the singular set is not known to be optimal (it could be much
smaller!). Moreover, it is an important open problem to decide whether the
same statement holds without the regularity assumption F ∈ C1.

Optimal regularity when F is convex. When F is convex and uniformly
elliptic, solutions to (4.17) are known to be C2,α for some small α > 0. If
F ∈ C∞, a bootstrap argument then yields higher regularity for u, but the
higher regularity of F is needed. What happens if we just require F to be
convex and uniformly elliptic?

Since F is convex, the expression (4.17) can be reformulated as a supre-
mum of linear uniformly elliptic operators as

sup
a∈A

Lau = 0 in B1 ⊂ Rn,

also known as Bellman equation (see (C.3) in the Appendix C), where each
of the operators La is a linear uniformly elliptic operator.

The question that remains open here is:

What is the optimal regularity of solutions to Bellman equations?

In the simpler model of just two different operators, the previous equa-
tion is

(4.18) max{L1u, L2u} = 0 in B1 ⊂ Rn.
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The best known result in this direction was proved by Caffarelli, De
Silva, and Savin in 2018, and establishes the optimal regularity of solutions
to (4.18) in two dimensions:

Theorem 4.30 ([CDS18]). Let u be any viscosity solution to (4.18) in
B1 ⊂ R2. Then

‖u‖C2,1(B1/2) ≤ C‖u‖L∞(B1),

for some constant C depending only on λ and Λ.

The approach used in [CDS18] to show this result does not work in
higher dimensions n ≥ 3, and thus the following question remains open:

Let u be any solution to (4.18), with n ≥ 3. Is is true that u ∈ C2,1?





Chapter 5

The obstacle problem

In this last chapter we focus our attention on a third type of nonlinear
elliptic PDE: a free boundary problem. In this kind of problems we are no
longer only interested in the regularity of a solution u, but also in the study
of an a priori unknown interphase Γ (the free boundary).

As explained later, there is a wide variety of problems in physics, indus-
try, biology, finance, and other areas which can be described by PDEs that
exhibit free boundaries. Many of such problems can be written as variational
inequalities, for which the solution is obtained by minimizing a constrained
energy functional. And one of the most important and canonical examples
is the obstacle problem.1

Given a smooth function ϕ, the obstacle problem is the following:

(5.1) minimize
1

2

∫
Ω
|∇v|2dx among all functions v ≥ ϕ.

Here, the minimization is subject to boundary conditions v|∂Ω = g.

The interpretation of such problem is clear: One looks for the least ener-
gy function v, but the set of admissible functions consists only of functions
that are above a certain “obstacle” ϕ.

In the two-dimensional case, one can think of the solution v as a “mem-
brane” which is elastic and is constrained to be above ϕ (see Figure 5.1).

1Other examples of important free boundary problems include the one-phase or Bernoulli

problem, the thin or fractional obstacle problem, etc. We refer the interested reader to [CS05,
PSU12, Vel23, Fer22] and the references therein.
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v

ϕ

−∆v ≥ 0 everywhere v ≥ ϕ everywhere

∆v = 0 in {v > ϕ}

Figure 5.1. The function v minimizes the Dirichlet energy among all
functions with the same boundary values situated above the obstacle.

The Euler–Lagrange equation of the minimization problem is the follow-
ing:

(5.2)


v ≥ ϕ in Ω

∆v ≤ 0 in Ω
∆v = 0 in the set {v > ϕ},

together with the boundary conditions v|∂Ω = g.

Indeed, notice that if we denote E(v) = 1
2

∫
Ω |∇v|

2dx, then we will have

E(v + εη) ≥ E(v) for every ε ≥ 0 and η ≥ 0, η ∈ C∞c (Ω),

which yields ∆v ≤ 0 in Ω. That is, we can perturb v with nonnegative
functions (εη) and we always get admissible functions (v + εη). However,
due to the constraint v ≥ ϕ, we cannot perturb v with negative functions in
all of Ω, but only in the set {v > ϕ}. This is why we get ∆v ≤ 0 everywhere
in Ω, but ∆v = 0 only in {v > ϕ}. (We will show later that any minimizer
v of (5.1) is continuous, so that {v > ϕ} is open.)

Alternatively, we may consider u := v−ϕ, and the problem is equivalent
to

(5.3)


u ≥ 0 in Ω

∆u ≤ f in Ω
∆u = f in the set {u > 0},

where f := −∆ϕ.

Such solution u can be obtained as follows:

(5.4) minimize

∫
Ω

{
1

2
|∇u|2 + fu

}
dx among all functions u ≥ 0.
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In other words, we can make the obstacle just zero, by adding a right-
hand side f . Here, the minimization is subject to the boundary conditions
u|∂Ω = g̃, with g̃ := g − ϕ.

On the Euler–Lagrange equations. As said above, the Euler–Lagrange
equations of the minimization problem (5.1) are:

(i) v ≥ ϕ in Ω (v is above the obstacle).

(ii) ∆v ≤ 0 in Ω (v is a supersolution).

(iii) ∆v = 0 in {v > ϕ} (v is harmonic where it does not touch the
obstacle).

These are inequalities, rather than a single PDE. Alternatively, one can
write also the Euler–Lagrange equations in the following way:

min{−∆v, v − ϕ} = 0 in Ω.

(Notice that this resembles a fully nonlinear equation min{L1u, L2u} = 0,
but in the present situation one of the two operators is of order zero.)

Of course, the same can be done for the equivalent problem (5.3). In
that case, moreover, the minimization problem (5.4) is equivalent to

(5.5) minimize

∫
Ω

{
1

2
|∇u|2 + fu+

}
dx,

where u+ = max{u, 0}. In this way, we can see the problem not as a
constrained minimization but as a minimization problem with a non-smooth
term u+ in the functional. The Euler–Lagrange equation for this functional
is then

(5.6) ∆u = fχ{u>0} in Ω.

(Here, χA denotes the characteristic function of a set A ⊂ Rn.) We will
show this in detail later.

The free boundary. Let us take a closer look at the obstacle problem (5.3).

One of the most important features of such problem is that it has two
unknowns: the solution u, and the contact set {u = 0}. In other words,
there are two regions in Ω: one in which u = 0; and one in which ∆u = f .

These regions are characterized by the minimization problem (5.4). More-
over, if we denote

Γ := ∂{u > 0} ∩ Ω,

then this is called the free boundary, see Figure 5.2.

The obstacle problem is a free boundary problem, as it involves an un-
known interface Γ as part of the problem.
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{u = 0} {u > 0}
∆u = f

Figure 5.2. The free boundary could, a priori, be very irregular.

Moreover, it is not difficult to see that the fact that u is a nonnegative
supersolution must imply ∇u = 0 on Γ, that is, we will have that u ≥ 0
solves 

∆u = f in {u > 0}
u = 0 on Γ
∇u = 0 on Γ.

This is an alternative way to write the Euler–Lagrange equation of the prob-
lem. In this way, the interface Γ appears clearly, and we see that we have
both Dirichlet and Neumann conditions on Γ.

This would usually be an over-determined problem (too many boundary
conditions on Γ), but since Γ is also free, it turns out that the problem has
a unique solution (where Γ is part of the solution, of course).

5.1. Some motivations and applications

Let us briefly comment on some of the main motivations and applications
in the study of the obstacle problem, which are further developed in Appen-
dix D (see also Appendix C). We refer to the books [DL76, KS80, Rod87,
Fri88, PSU12], for more details and further applications of obstacle-type
problems.

Fluid filtration. The so-called Dam problem aims to describe the filtration
of water inside a porous dam. One considers a dam separating two reservoirs
of water at different heights, made of a porous medium (permeable to water).
Then there is some transfer of water across the dam, and the interior of the
dam has a wet part, where water flows, and a dry part. In this setting, an
integral of the pressure (with respect to the height of the column of water at
each point) solves the obstacle problem, and the free boundary corresponds
precisely to the interphase separating the wet and dry parts of the dam.

Phase transitions. The Stefan problem, dating back to the 19th century, is
one of the most classical and important free boundary problems. It describes
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the temperature of a homogeneous medium undergoing a phase change,
typically a body of ice at zero degrees submerged in water.

In this context, it turns out that the integral of the temperature θ(x, t),

namely u(x, t) :=
∫ t

0 θ, solves the parabolic version of the obstacle problem,
ut −∆u = χ{u>0} in Ω× (0, T ) ⊂ R3 × R,

∂tu ≥ 0,
u ≥ 0.

The moving interphase separating the solid and liquid is exactly the free
boundary ∂{u > 0}.

Hele-Shaw flow. This two-dimensional model, dating back to 1898, de-
scribes a fluid flow between two flat parallel plates separated by a very thin
gap. Various problems in fluid mechanics can be approximated to Hele-Shaw
flows, and that is why understanding these flows is important.

A Hele-Shaw cell is an experimental device in which a viscous fluid is
sandwiched in a narrow gap between two parallel plates. In certain regions,
the gap is filled with fluid while in others the gap is filled with air. When
liquid is injected inside the device through some sinks (e.g. through a small
hole on the top plate) the region filled with liquid grows. In this context, an
integral of the pressure solves, for each fixed time t, the obstacle problem.
In a similar way to the Dam problem, the free boundary corresponds to the
interface between the fluid and the air regions.

Optimal stopping, finance. In probability and finance, the obstacle prob-
lem appears when considering optimal stopping problems for stochastic pro-
cesses.

Indeed, consider a random walk (Brownian motion) inside a domain
Ω ⊂ Rn, and a payoff function ϕ defined on the same domain. We can stop
the random walk at any moment, and we get the payoff at that position.
We want to maximize the expected payoff (by choosing appropriately the
stopping strategy). Then, it turns out that the highest expected payoff v(x)
starting at a given position x satisfies the obstacle problem (5.2), where
the contact set {v = ϕ} is the region where we should immediately stop
the random walk and get the payoff, while {v > ϕ} is the region where we
should wait (see Appendix C for more details).

Interacting particle systems. Large systems of interacting particles arise
in physical, biological, or material sciences.

In some models, the particles attract each other when they are far, and
experience a repulsive force when they are close. In other related models
in statistical mechanics, the particles (e.g. electrons) repel with a Coulomb
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force and one wants to understand their behavior in presence of some exter-
nal field that confines them.

In this kind of models, a natural and interesting question is to deter-
mine the “equilibrium configurations”. For instance, in Coulomb systems
the charges accumulate in some region with a well defined boundary. Inter-
estingly, these problems are equivalent to the obstacle problem — namely,
the electric potential u = u(x) generated by the charges solves such prob-
lem — and the contact set {u = 0} corresponds to the region in which the
particles concentrate.

Quasi-Steady Electrochemical Shaping. Consider a metal inside an
electrolyte under the action of an electric potential, in such a way that the
metal shrinks with time due to a chemical reaction. Then, the integral (in
time) of the potential satisfies, for each fixed time, the obstacle problem,
whose free boundary corresponds to the shape of the metal at that moment.

Heat control. Trying to automatically control the temperature of a room
using only heating devices, under suitable conditions, also yields the obsta-
cle problem (in this case, for the temperature). Here, the free boundary
separates the region where the heating devices are active and where they
are not.

Elasticity. Finally, in elasticity theory we probably find the most visual
representation of the obstacle problem. Given a thin membrane that is
affected only by tension forces (thus tries to minimize area), it approximately
satisfies the obstacle problem, where the contact region is the area where
the membrane touches the obstacle.

5.2. Basic properties of solutions I

We proceed now to study the basic properties of solutions to the obstacle
problem: existence of solutions, optimal regularity, and nondegeneracy.

We will first study all these properties for minimizers v ≥ ϕ of (5.1),
and then in the next section we will study independently minimizers u ≥ 0
of (5.4) or (5.5).

This is not only for completeness and clarity of presentation, but also to
have both points of view. For instance, the proof of the optimal regularity
of solutions can be done in two completely different ways, one for each of
the settings.

Existence of solutions. Existence and uniqueness of solutions follows eas-
ily from the fact that the functional

∫
Ω |∇v|

2dx is convex, and that we want

to minimize it in the closed convex set {v ∈ H1(Ω) : v ≥ ϕ}.
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Recall that w|∂Ω denotes the trace of w on ∂Ω whenever it is defined.

Proposition 5.1 (Existence and uniqueness). Let Ω ⊂ Rn be any bounded
Lipschitz domain, and let g : ∂Ω→ R and ϕ ∈ H1(Ω) be such that

C =
{
w ∈ H1(Ω) : w ≥ ϕ in Ω, w|∂Ω = g

}
6= ∅.

Then, there exists a unique minimizer of
∫

Ω |∇v|
2dx among all functions

v ∈ H1(Ω) satisfying v ≥ ϕ in Ω and v|∂Ω = g.

Proof. The proof is quite similar to that of Theorem 1.10. Indeed, let

θ◦ := inf

{
1

2

∫
Ω
|∇w|2dx : w ∈ H1(Ω), w|∂Ω = g, w ≥ ϕ in Ω

}
,

that is, the infimum value of E(w) = 1
2

∫
Ω |∇w|

2dx among all admissible
functions w.

Let us take a sequence of functions {vk} such that

• vk ∈ H1(Ω)

• vk|∂Ω = g and vk ≥ ϕ in Ω.

• E(vk)→ θ◦ as k →∞.

By the Poincaré inequality (Theorem 1.6), the sequence {vk} is uniformly
bounded in H1(Ω), and therefore a subsequence {vkj} will converge to a

certain function v strongly in L2(Ω) and weakly in H1(Ω). Moreover, by
compactness of the trace operator (see (S5) in Chapter 1), we will have
vkj |∂Ω → v|∂Ω in L2(∂Ω), so that v|∂Ω = g. Furthermore, such function v
will satisfy E(v) ≤ lim infj→∞ E(vkj ) (by (1.4)-(1.5) from (S4) in Chapter 1),
and therefore it will be a minimizer of the energy functional. Since vkj ≥ ϕ
in Ω and vkj → v in L2(Ω), we have v ≥ ϕ in Ω. Thus, we have proved the
existence of a minimizer v.

The uniqueness of the minimizer follows from the strict convexity of the
functional E(v), exactly as in Theorem 1.10. �

As in the case of harmonic functions, it is easy to show that if a function
v satisfies 

v ≥ ϕ in Ω
∆v ≤ 0 in Ω
∆v = 0 in the set {v > ϕ},

then it must actually be the minimizer of the functional.

There are two alternative ways to construct the solution to the obstacle
problem: as the “least supersolution above the obstacle”, or with a “penal-
ized problem”. Let us briefly describe them.
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t

βε(t) = e−t/ε

Figure 5.3. The function βε → β0 as ε ↓ 0.

• Least supersolution: This is related to the existence of viscosity solutions
described in Chapter 4. Indeed, we consider

v(x) := inf

{
w(x) : w ∈ C(Ω), −∆w ≥ 0 in Ω, w ≥ ϕ in Ω, w|∂Ω ≥ g

}
.

Here, the inequality −∆w ≥ 0 in Ω has to be understood in the viscosity
sense.

Then, as in Perron’s method (recall Chapters 1 and 4), it turns out that
v is itself a continuous supersolution, it satisfies ∆v = 0 in {v > ϕ}, and
thus it solves the obstacle problem. Therefore,{

least
supersolution

}
←→

{
minimizer of

the functional

}
.

• Penalized problem: We consider βε : R→ R smooth and convex, converg-
ing to

β0(t) :=

{
0 if t ≥ 0
∞ if t < 0.

We may take for example βε(t) := e−t/ε, see Figure 5.3.

Then, we minimize the functional

Jε(v) :=
1

2

∫
Ω
|∇v|2dx+

∫
Ω
βε(v − ϕ)dx,

subject to the appropriate boundary conditions on ∂Ω, and get a solution
vε ∈ C∞ of ∆vε = β′ε(vε − ϕ) in Ω.

Since β′ε ≤ 0 everywhere, and β′ε(t) = 0 for t ≥ 0, we have{
−∆vε ≥ 0 everywhere in Ω

∆vε = 0 in {vε > ϕ}.
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As ε→ 0, we have vε → v, where v is the solution to the obstacle problem.
We refer to [PSU12] for more details.

Basic properties of solutions. Let us next prove that any minimizer v
of (5.1) is actually continuous and solves (5.2).

From now on we will “forget” about the regularity of the obstacle, and
assume that it is as smooth as needed. This is why we will always be
dealing with obstacles ϕ ∈ C∞(Ω). One gets analogous results under much
weaker regularity assumptions on ϕ, which depend on the type of result to
be proved. The role of the regularity of the obstacle is beyond the scope of
this book, and thus we will always assume ϕ to be smooth.

We start with the following lemma.

Lemma 5.2. Let Ω ⊂ Rn be any bounded Lipschitz domain, ϕ ∈ C∞(Ω),
and v ∈ H1(Ω) be any minimizer of (5.1) subject to the boundary conditions
v|∂Ω = g.

Then, −∆v ≥ 0 in Ω.

Proof. Let

E(v) =
1

2

∫
Ω
|∇v|2dx.

Then, since v minimizes E among all functions above the obstacle ϕ (and
with fixed boundary conditions on ∂Ω), we have that

E(v + εη) ≥ E(v) for every ε ≥ 0 and η ≥ 0, η ∈ C∞c (Ω).

This yields

ε

∫
Ω
∇v · ∇η +

ε2

2

∫
Ω
|∇η|2dx ≥ 0 for every ε ≥ 0 and η ≥ 0, η ∈ C∞c (Ω),

and thus ∫
Ω
∇v · ∇η ≥ 0 for every η ≥ 0, η ∈ C∞c (Ω).

This means that −∆v ≥ 0 in Ω in the weak sense, as desired. �

From here, by showing first that {v > ϕ} is open, we obtain the Euler–
Lagrange equations for the functional:

Proposition 5.3. Let Ω ⊂ Rn be any bounded Lipschitz domain, ϕ ∈
C∞(Ω), and v ∈ H1(Ω) be any minimizer of (5.1) subject to the bound-
ary conditions v|∂Ω = g.

Then, v ∈ C(Ω) and it satisfies

(5.7)


v ≥ ϕ in Ω

∆v ≤ 0 in Ω
∆v = 0 in {v > ϕ} ∩ Ω.
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Proof. By construction, we already know that v ≥ ϕ in Ω and, thanks
to Lemma 5.2, −∆v ≥ 0 in Ω, i.e, v is (weakly) superharmonic. Up to
replacing v in a set of measure zero, we may also assume that v is lower
semi-continuous (by Lemma 1.17). Thus, we only need to prove that ∆v = 0
in {v > ϕ} ∩ Ω and that v is, in fact, continuous.

In order to do that, let us show first that {v > ϕ} ∩ Ω is open. Let
x◦ ∈ {v > ϕ} ∩ Ω be such that v(x◦) − ϕ(x◦) > ε◦ > 0. Since v is lower
semi-continuous and ϕ is continuous, there exists some δ > 0 such that
v(x) − ϕ(x) > ε◦/2 for all x ∈ Bδ(x◦), and hence Bδ(x◦) ⊂ {v > ϕ}. Since
x◦ was arbitrary, this means that {v > ϕ} is open. This implies, also,
that ∆v = 0 weakly in {v > ϕ} ∩ Ω. Indeed, for any x◦ ∈ {v > ϕ} and
η ∈ C∞c (Bδ(x◦)) with |η| ≤ 1, we have v ± εη ≥ ϕ in Ω for all |ε| < ε◦/2,
and therefore it is an admissible competitor to the minimization problem.
Thus, we have E(v + εη) ≥ E(v) for all |ε| < ε◦, and differentiating in ε we
deduce that v is harmonic in {v > ϕ} ∩ Ω.

Finally, let us show that v is continuous. We already know, by the
regularity of harmonic functions (e.g. Corollary 1.12), that v is continuous
in {v > ϕ} ∩ Ω. Let us now show that v is continuous in {v = ϕ} ∩ Ω as
well.

Let y◦ ∈ {v = ϕ} ∩ Ω, and let us argue by contradiction. That is, since
v is lower semi-continuous, let us assume that there is a sequence yk → y◦
such that v(yk) → v(y◦) + ε◦ = ϕ(y◦) + ε◦ for some ε◦ > 0. Since ϕ is
continuous, we may assume also that yk ∈ {v > ϕ}. Let us denote by zk the
projection of yk towards {v = ϕ}, so that δk := |zk − y◦| ≤ 2|yk − y◦| ↓ 0
and v(zk)→ v(y◦) = ϕ(y◦). Now, since v is superharmonic by (1.20),

v(zk) ≥
∫
B2δk

(yk)
v = (1− 2−n)

∫
B2δk

(yk)\Bδk (yk)
v+ 2−n

∫
Bδk (yk)

v = I1 + I2.

Observe that, for the first term, since v is lower semi-continuous and δk ↓ 0,
we can assume that, for k large enough, v ≥ ϕ(y◦)− 2−nε◦ in B2δk , so that
I1 ≥ (1 − 2−n)[ϕ(y◦) − 2−nε◦]. On the other hand, since v is harmonic in
Bδk(yk), we have by the mean-value property that I2 = 2−nv(yk). Combin-
ing everything, we get

v(zk) ≥ (1− 2−n)[ϕ(y◦)− 2−nε◦] + 2−nv(yk)→ ϕ(y◦) + 2−2nε◦

which contradicts the fact that we had v(zk) → v(y◦) = ϕ(y◦). Hence, v is
continuous in Ω. �

We next prove the following result, which says that v can be character-
ized as the least supersolution above the obstacle.
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v

ϕ

∆v = 0 ∆v = ∆ϕ

Figure 5.4. Second derivatives are in general discontinuous across the
free boundary.

Proposition 5.4 (Least supersolution). Let Ω ⊂ Rn be any bounded Lips-
chitz domain, ϕ ∈ H1(Ω), and v ∈ H1(Ω) be any minimizer of (5.1) subject
to the boundary conditions v|∂Ω = g.

Then, for any function w satisfying −∆w ≥ 0 in Ω, w ≥ ϕ in Ω, and
w|∂Ω ≥ v|∂Ω, we have w ≥ v in Ω. In other words, if w is any supersolution
above the obstacle ϕ, then w ≥ v.

Proof. If w is any function satisfying −∆w ≥ 0 in Ω, w ≥ ϕ in Ω,
and w|∂Ω ≥ v|∂Ω, it simply follows from the maximum principle (Propo-
sition 1.13) that w ≥ v. Indeed, we have −∆w ≥ −∆v in Ω ∩ {v > ϕ},
and on the boundary of such set we have w|∂Ω ≥ v|∂Ω and w ≥ ϕ = v on
{v = ϕ}. �

Optimal regularity of solutions. Thanks to Proposition 5.3, we know
that any minimizer of (5.1) is continuous and solves (5.7). From now on,
we will actually localize the problem and study it in a ball:

(5.8)


v ≥ ϕ in B1

∆v ≤ 0 in B1

∆v = 0 in {v > ϕ} ∩B1.

Our next goal is to answer the following question:

Question: What is the optimal regularity of solutions?

First, a few important considerations. Notice that in the set {v > ϕ}
we have ∆v = 0, while in the interior of {v = ϕ} we have ∆v = ∆ϕ (since
v = ϕ there); see Figure 5.4.

Thus, since ∆ϕ is in general not zero, ∆v is discontinuous across the
free boundary ∂{v > ϕ} in general. In particular, v /∈ C2.
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We will now prove that any minimizer of (5.1) is actually C1,1, which
gives the:

Answer: v ∈ C1,1 (second derivatives are bounded but not continuous)

The precise statement and proof are given next.

Theorem 5.5 (Optimal regularity). Let ϕ ∈ C∞(B1), and v be any solution
to (5.8). Then, v is C1,1 in B1/2, with the estimate

‖v‖C1,1(B1/2) ≤ C
(
‖v‖L∞(B1) + ‖ϕ‖C1,1(B1)

)
.

The constant C depends only on n.

To prove this, the main step is the following.

Lemma 5.6. Let ϕ ∈ C∞(B1), and v be any solution to (5.8). Let x◦ ∈ B1/2

be any point on {v = ϕ}.
Then, for any r ∈ (0, 1

4) we have

0 ≤ sup
Br(x◦)

(v − ϕ) ≤ Cr2,

with C depending only on n and ‖ϕ‖C1,1(B1).

Proof. After dividing v by a constant if necessary, we may assume that
‖ϕ‖C1,1(B1) ≤ 1.

Let `(x) := ϕ(x◦) +∇ϕ(x◦) · (x− x◦) be the linear part of ϕ at x◦. Let
r ∈ (0, 1

4). Then, by C1,1 regularity of ϕ, in Br(x◦) we have

`(x)− r2 ≤ ϕ(x) ≤ v(x).

We want to show that, in the ball Br(x◦) (see Figure 5.5), we have

v(x) ≤ `(x) + Cr2.

For this, consider

w(x) := v(x)−
[
`(x)− r2

]
.

This function w satisfies w ≥ 0 in Br(x◦), and −∆w = −∆v ≥ 0 in Br(x◦).

Let us split w into

w = w1 + w2,

with{
∆w1 = 0 in Br(x◦)
w1 = w on ∂Br(x◦)

and

{
−∆w2 ≥ 0 in Br(x◦)

w2 = 0 on ∂Br(x◦).

Notice that

0 ≤ w1 ≤ w and 0 ≤ w2 ≤ w.
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x◦

{v = ϕ}

∂Br(x◦)

Figure 5.5. The solution v and a free boundary point x◦

We have that

w1(x◦) ≤ w(x◦) = v(x◦)−
[
`(x◦)− r2

]
= r2,

and thus by the Harnack inequality

‖w1‖L∞(Br/2(x◦)) ≤ Cr
2.

For w2, notice that ∆w2 = ∆v, and in particular ∆w2 = 0 in {v > ϕ}.
This means that w2 attains its maximum on {v = ϕ}. But in the set {v = ϕ}
we have

w2 ≤ w = ϕ−
[
`− r2

]
≤ Cr2,

and therefore we deduce that

‖w2‖L∞(Br(x◦)) ≤ Cr
2.

Combining the bounds for w1 and w2, we get ‖w‖L∞(Br(x◦)) ≤ Cr2.

Translating this into v, and using that ‖ϕ‖C1,1(B1) ≤ 1, we find v−ϕ ≤ Cr2

in Br/2(x◦). �

Therefore, we have proved that:

At every free boundary point x◦, v separates from ϕ at most quadratically.

As shown next, this easily implies the C1,1 regularity.

Proof of Theorem 5.5. Dividing v by a constant if necessary, we may
assume that ‖v‖L∞(B1) + ‖ϕ‖C1,1(B1) ≤ 1.

We already know that v ∈ C∞ in the set {v > ϕ} (since v is harmonic),
and also in the interior of the set {v = ϕ} (since ϕ ∈ C∞). Moreover, on the
interface Γ = ∂{v > ϕ} we have proved the quadratic growth supBr(x◦)(v −
ϕ) ≤ Cr2. Let us prove that this yields the C1,1 bound we want.
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{v = ϕ}

x◦

x1

ρ

Bρ(x1)

{v > ϕ}
∆v = 0

Γ

Figure 5.6. A solution v satisfying ∆v = 0 in Bρ(x1) ⊂ {v > ϕ}.

Let x1 ∈ {v > ϕ} ∩ B1/2, and let x◦ ∈ Γ be the closest free boundary
point. Denote ρ = |x1 − x◦|. Then, we have ∆v = 0 in Bρ(x1) (see the
setting in Figure 5.6), and thus we have also ∆(v − `) = 0 in Bρ(x1), where
` is the linear part of ϕ at x◦.

By estimates for harmonic functions, we find

‖D2v‖L∞(Bρ/2(x1)) = ‖D2(v − `)‖L∞(Bρ/2(x1)) ≤
C

ρ2
‖v − `‖L∞(Bρ(x1)).

But by the growth proved in the previous Lemma, we have ‖v−`‖L∞(Bρ(x1)) ≤
Cρ2, which yields

‖D2v‖L∞(Bρ/2(x1)) ≤
C

ρ2
ρ2 = C.

In particular, |D2v(x1)| ≤ C. We can do this for all x1 ∈ {v > ϕ} ∩ B1/2,
and on ∂{v > ϕ} we have quadratic growth by Lemma 5.6, hence it follows
that ‖v‖C1,1(B1/2) ≤ C, as wanted. �

The overall strategy of the proof of optimal regularity is summarized in
Figure 5.7.

Nondegeneracy. We now want to prove that, at all free boundary points,
v separates from ϕ at least quadratically (we already know at most quadrat-
ically).

That is, we want

(5.9) 0 < cr2 ≤ sup
Br(x◦)

(v − ϕ) ≤ Cr2

for all free boundary points x◦ ∈ ∂{v > ϕ}.
This property is essential in order to study the free boundary later.
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{u = 0} {u = 0} {u = 0}
∂{u = 0} ∂{u = 0} ∂{u = 0}

quadratic
growth by
Lemma 5.6

u ∈ C1,1 by
interior

estimates

u u u

Cr2 Cr2

Figure 5.7. Strategy of the proof of Theorem 5.5.

Remark 5.7. Since −∆v ≥ 0 everywhere, it is clear that if x◦ ∈ ∂{v >
ϕ} is a free boundary point, then necessarily −∆ϕ(x◦) ≥ 0 (otherwise we
would have −∆ϕ(x◦) < 0, and since u touches ϕ from above at x◦, also
−∆v(x◦) < 0, a contradiction).

Moreover it can be proved that, in fact, if ∆ϕ and ∇∆ϕ do not vanish
simultaneously, then −∆ϕ > 0 near all free boundary points [Caf98].

This motivates the following:

Assumption: The obstacle ϕ satisfies

−∆ϕ ≥ c◦ > 0

in the ball B1.

In particular, by Remark 5.7, if ∆ϕ and ∇∆ϕ do not vanish simultane-
ously, then we have −∆ϕ > 0 near any free boundary point, and thus by
zooming in if necessary, we will always have that the assumption is satisfied
in B1, for some small c◦ > 0.

Thus, the only real assumption here is that ∆ϕ and ∇∆ϕ do not vanish
simultaneously, which is a very mild assumption. Moreover, this is in a
sense a necessary assumption: without this, the nondegeneracy (5.9) does
not hold, and no regularity result can be proved for the free boundary.
(Without the assumption, one can actually construct counterexamples in
which the free boundary is a fractal set with infinite perimeter.)

Proposition 5.8 (Nondegeneracy). Let ϕ ∈ C∞(B1), and v be any solution
to (5.8). Assume that ϕ satisfies −∆ϕ ≥ c◦ > 0 in B1. Then, for every free
boundary point x◦ ∈ ∂{v > ϕ} ∩B1/2, we have

0 < cr2 ≤ sup
Br(x◦)

(v − ϕ) ≤ Cr2 for all r ∈ (0, 1
4),

with a constant c > 0 depending only on n and c◦.

Proof. Let x1 ∈ {v > ϕ} be any point close to x◦ (we will then let x1 → x◦
at the end of the proof).
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Consider the function

w(x) := v(x)− ϕ(x)− c◦
2n
|x− x1|2.

Then, in {v > ϕ} we have

∆w = ∆v −∆ϕ− c◦ = −∆ϕ− c◦ ≥ 0

and hence −∆w ≤ 0 in {v > ϕ} ∩Br(x1). Moreover, w(x1) > 0.

By the maximum principle, w attains a positive maximum on ∂
(
{v >

ϕ} ∩ Br(x1)
)
. But on the free boundary ∂{v > ϕ} we clearly have w < 0.

Therefore, there is a point on ∂Br(x1) at which w > 0. In other words,

0 < sup
∂Br(x1)

w = sup
∂Br(x1)

(v − ϕ)− c◦
2n

r2.

Letting now x1 → x◦, we find sup∂Br(x◦)(v − ϕ) ≥ cr2 > 0, as desired. �

Summary of basic properties. Let v be any solution to the obstacle
problem 

v ≥ ϕ in B1

∆v ≤ 0 in B1

∆v = 0 in {v > ϕ} ∩B1.

Then, we have:

• Optimal regularity: ‖v‖C1,1(B1/2) ≤ C
(
‖v‖L∞(B1) + ‖ϕ‖C1,1(B1)

)
• Nondegeneracy: If −∆ϕ ≥ c◦ > 0, then

0 < cr2 ≤ sup
Br(x◦)

(v − ϕ) ≤ Cr2 for all r ∈ (0, 1
2)

at all free boundary points x◦ ∈ ∂{v > ϕ} ∩B1/2.

• Equivalence with zero obstacle: The problem is equivalent to
u ≥ 0 in B1

∆u ≤ f in B1

∆u = f in {u > 0} ∩B1,

where f = −∆ϕ ≥ c◦ > 0.

We will next provide an alternative approach to the optimal regularity.
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5.3. Basic properties of solutions II

We proceed now to study the basic properties of solutions u ≥ 0 to the
obstacle problem (5.4) or (5.5). As explained before, the main point here is
that we prove optimal regularity independently from the previous Section.

Throughout this section we will always assume

f ≥ 0 in Ω.

Existence of solutions. Since problem (5.4) is equivalent to (5.1), ex-
istence and uniqueness of solutions follow easily from Proposition 5.1, as
shown next.

Proposition 5.9 (Existence and uniqueness). Let Ω ⊂ Rn be any bounded
Lipschitz domain, and let g : ∂Ω→ R be such that

C =
{
u ∈ H1(Ω) : u ≥ 0 in Ω, u|∂Ω = g

}
6= ∅.

Then, for any f ∈ L2(Ω) there exists a unique minimizer of

1

2

∫
Ω
|∇u|2dx+

∫
Ω
fu

among all functions u ∈ H1(Ω) satisfying u ≥ 0 in Ω and u|∂Ω = g.

Proof. We follow the proof of Proposition 5.1. Let

θ◦ := inf

{
1

2

∫
Ω
|∇w|2dx+

∫
Ω
fw : w ∈ H1(Ω), w|∂Ω = g, w ≥ 0 in Ω

}
,

that is, the infimum value of E(w) = 1
2

∫
Ω |∇w|

2dx+
∫

Ω fw among all admis-
sible functions w. Notice that, by Hölder’s inequality, E(w) < +∞ if w ∈
H1(Ω).

We take again a sequence of functions {vk} such that vk ∈ H1(Ω),
vk|∂Ω = g, vk ≥ 0 in Ω, and E(vk)→ θ◦ as k →∞. By the Poincaré inequal-
ity (Theorem 1.6), Hölder’s inequality, and the fact that E(vk) ≤ θ◦ + 1, for
k large enough

‖vk‖2H1(Ω) ≤ C
(∫

Ω
|∇vk|2 +

∫
∂Ω
g2

)
≤ C

(
θ◦ + 1 +

∫
Ω
|fvk|+

1

2

∫
∂Ω
g2

)
≤ C

(
θ◦ + 1 + ‖f‖L2(Ω)‖vk‖H1(Ω) +

1

2

∫
∂Ω
g2

)
.

In particular, ‖vk‖H1(Ω) ≤ C for some constant C depending only on n, Ω,

g, f , and θ◦ (recall that g ∈ L2(∂Ω) by the trace theorem, (S5) in Chapter
1). Hence, a subsequence {vkj} converges to a certain function v strongly in

L2(Ω) and weakly in H1(Ω). By compactness of the trace operator vkj |∂Ω →
v|∂Ω = g in L2(∂Ω). Furthermore, v satisfies E(v) ≤ lim infj→∞ E(vkj ) (by
(1.4)-(1.5) from (S4) and weak convergence), and therefore it will be a
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minimizer of the energy functional. Since vkj ≥ 0 in Ω and vkj → v in

L2(Ω), we have v ≥ 0 in Ω. Thus, there is a minimizer v.

The uniqueness of the minimizer follows from the strict convexity of the
functional E(v), exactly as in Theorem 1.10. �

Remark 5.10. Alternatively, we could have denoted v := u+ϕ with ϕ such
that −∆ϕ = f in Ω, and use Proposition 5.1.

Furthermore, we have the following equivalence. (Recall that we denote
u+ = max{u, 0}, and u− = max{−u, 0}, so that u = u+ − u−.)

Proposition 5.11. Let Ω ⊂ Rn be any bounded Lipschitz domain, and let
g : ∂Ω→ R be such that

C =
{
u ∈ H1(Ω) : u ≥ 0 in Ω, u|∂Ω = g

}
6= ∅.

Then, the following are equivalent.

(i) u minimizes 1
2

∫
Ω |∇u|

2+
∫

Ω fu among all functions satisfying u ≥ 0
in Ω and u|∂Ω = g.

(ii) u minimizes 1
2

∫
Ω |∇u|

2 +
∫

Ω fu
+ among all functions satisfying

u|∂Ω = g.

Proof. The two functionals coincide whenever u ≥ 0. Thus, the only key
point is to prove that the minimizer in (ii) must be nonnegative, i.e., u = u+.
(Notice that C 6= ∅ implies that g ≥ 0 on ∂Ω.) To show this, recall that
the positive part of any H1 function is still in H1, and moreover |∇u|2 =
|∇u+|2 + |∇u−|2 (see (S9) in Chapter 1). Thus, we have that (recall that
f ≥ 0 in Ω)

1

2

∫
Ω
|∇u+|2 +

∫
Ω
fu+ ≤ 1

2

∫
Ω
|∇u|2 +

∫
Ω
fu+,

with strict inequality unless u = u+. This means that any minimizer u of
the functional in (ii) must be nonnegative, and thus we are done. �

Basic properties of solutions. Let us next prove that any minimizer of
(5.4) is actually a solution to (5.10) below.

We recall that we are always assuming that obstacles are as smooth as
necessary, ϕ ∈ C∞(Ω), and therefore we assume here that f ∈ C∞(Ω) as
well.

Proposition 5.12. Let Ω ⊂ Rn be any bounded Lipschitz domain, f ∈
C∞(Ω), and u ∈ H1(Ω) be any minimizer of (5.4) subject to the boundary
conditions u|∂Ω = g.

Then, u solves

(5.10) ∆u = fχ{u>0} in Ω
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in the weak sense.

In particular, u is C1,α inside Ω, for every α ∈ (0, 1).

Proof. Notice that, by Proposition 5.11, u is actually a minimizer of

E(u) =
1

2

∫
Ω
|∇u|2 +

∫
Ω
fu+

subject to the boundary conditions u|∂Ω = g.

Thus, for any η ∈ H1
0 (Ω) and ε > 0 we have

E(u+ εη) ≥ E(u).

In particular, we obtain

0 ≤ lim
ε↓0

E(u+ εη)− E(u)

ε
=

∫
Ω
∇u · ∇η + lim

ε↓0

∫
Ω
f

(u+ εη)+ − u+

ε
.

Notice that

lim
ε↓0

(u+ εη)+ − u+

ε
=

{
η in {u > 0}
η+ in {u = 0},

so that we have∫
Ω
∇u · ∇η +

∫
Ω
fηχ{u>0} +

∫
Ω
fη+χ{u=0} ≥ 0 for all η ∈ H1

0 (Ω).

Assume first that η ≥ 0, so that∫
Ω
∇u · ∇η +

∫
Ω
fη ≥ 0 for all η ∈ H1

0 (Ω), η ≥ 0,

which implies that ∆u ≤ f in the weak sense. On the other hand, if η ≤ 0,
then ∫

Ω
∇u · ∇η +

∫
Ω
fηχ{u>0} ≥ 0 for all η ∈ H1

0 (Ω), η ≤ 0,

which implies that ∆u ≥ fχ{u>0} in the weak sense. In all (recall that
f ≥ 0),

fχ{u>0} ≤ ∆u ≤ f in Ω.

(In particular, notice that ∆u = f in {u > 0}.) Now, since f is smooth, this
implies that ∆u ∈ L∞loc(Ω). By Proposition 2.18 we deduce that u ∈ C1,1−ε

for every ε > 0. Moreover, since ∆u ∈ L∞loc(Ω) we have ∆u ∈ L2
loc(Ω) and

by Calderón-Zygmund estimates (see, for example, Remark 2.13) we have

u ∈W 2,2
loc (Ω). Thus, ∆u = 0 almost everywhere in the level set {u = 0} (see

(S9) in Chapter 1) and we have

∆u = fχ{u>0} a.e. in Ω.

From here we deduce that ∆u = fχ{u>0} in Ω in the weak sense. �
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Notice that in the previous Section, when dealing with minimizers v of
(5.1), it was not easy to prove that v is continuous (see Proposition 5.3).
Here, instead, thanks to Proposition 5.12 we simply used Schauder-type
estimates for the Laplacian to directly deduce that u is C1,1−ε, which is the
almost-optimal regularity of solutions.

Optimal regularity of solutions. Thanks to the previous results, we
know that any minimizer of (5.4) is continuous and solves (5.10). From now
on, we will localize the problem and study it in a ball:

(5.11)

{
u ≥ 0 in B1

∆u = fχ{u>0} in B1.

Our next goal is to answer the following question:

Question: What is the optimal regularity of solutions?

First, a few important considerations. Notice that in the set {u > 0} we
have ∆u = f , while in the interior of {u = 0} we have ∆u = 0 (since u ≡ 0
there).

Thus, since f is in general not zero, ∆u is discontinuous across the free
boundary ∂{u > 0} in general. In particular, u /∈ C2.

We will now prove that any minimizer of (5.4) is actually C1,1, which
gives the:

Answer: u ∈ C1,1 (second derivatives are bounded but not continuous)

The precise statement and proof are given next.

Theorem 5.13 (Optimal regularity). Let f ∈ C∞(B1), and let u be any
solution to (5.11). Then, u is C1,1 inside B1/2, with the estimate

‖u‖C1,1(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖Lip(B1)

)
.

The constant C depends only on n.

To prove this, the main step is the following.

Lemma 5.14. Let u be any solution to (5.11). Let x◦ ∈ B1/2 be any point

on {u = 0}. Then, for any r ∈ (0, 1
4) we have

0 ≤ sup
Br(x◦)

u ≤ Cr2,

with C depending only on n and ‖f‖L∞(B1).
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Proof. We have that ∆u = fχ{u>0} in B1, with fχ{u>0} ∈ L∞(B1). Thus,
since u ≥ 0, we can use the Harnack inequality (Theorem 2.9) for the equa-
tion ∆u = fχ{u>0} in B2r(x◦), to find

sup
Br(x◦)

u ≤ C
(

inf
Br(x◦)

u+ r2‖fχ{u>0}‖L∞(B2r(x◦))

)
.

Since u ≥ 0 and u(x◦) = 0, this yields supBr(x◦) u ≤ C‖f‖L∞(B1)r
2, as

wanted. �

Notice that this proof is significantly shorter than the one given in the
previous Section (Lemma 5.6). This is an advantage of using the formula-
tion (5.10).

We have proved the following:

At every free boundary point x◦, u grows (at most) quadratically.

As shown next, this easily implies the C1,1 regularity.

Proof of Theorem 5.13. Dividing u by a constant if necessary, we may
assume that ‖u‖L∞(B1) + ‖f‖Lip(B1) ≤ 1.

We already know that u ∈ C∞ in the set {u > 0} (since ∆u = f ∈ C∞
there), and also inside the set {u = 0} (since u = 0 there). Moreover, on the
interface Γ = ∂{u > 0} we have proved the quadratic growth supBr(x◦) u ≤
Cr2. Let us prove that this yields the C1,1 bound we want.

Let x1 ∈ {u > 0} ∩ B1/2, and let x◦ ∈ Γ be the closest free boundary
point. Denote ρ = |x1 − x◦|. Then, we have ∆u = f in Bρ(x1).

By Schauder estimates, we find

‖D2u‖L∞(Bρ/2(x1)) ≤ C
(

1

ρ2
‖u‖L∞(Bρ(x1)) + ‖f‖Lip(B1)

)
.

But by the growth proved in the previous Lemma, we have ‖u‖L∞(Bρ(x1)) ≤
Cρ2, which yields

‖D2u‖L∞(Bρ/2(x1)) ≤ C.

In particular,

|D2u(x1)| ≤ C.
We can do this for each x1 ∈ {u > 0}∩B1/2, and therefore ‖u‖C1,1(B1/2) ≤ C,

as wanted. �

Also, notice that as a consequence of the previous results, we have that
as soon as the solution to (5.11) has non-empty contact set, then its C1,1

norm is universally bounded.
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Corollary 5.15. Let u be any solution to (5.11), and let us assume that
u(0) = 0 and ‖f‖Lip(B1) ≤ 1. Then,

‖u‖C1,1(B1/2) ≤ C

for some C depending only on n.

Proof. It is an immediate consequence of Theorem 5.13 combined with
Lemma 5.14. �

Nondegeneracy. For completeness, we now state the nondegeneracy in
this setting (analogously to Proposition 5.8). That is, at all free boundary
points, u grows at least quadratically (we already know at most quadrati-
cally). We want:

0 < cr2 ≤ sup
Br(x◦)

u ≤ Cr2

for all free boundary points x◦ ∈ ∂{u > 0}.
This property is essential in order to study the free boundary later. As

before, for this we need the following natural assumption:

Assumption: The right-hand side f satisfies

f ≥ c◦ > 0

in the ball B1.

Proposition 5.16 (Nondegeneracy). Let u be any solution to (5.11). As-
sume that f ≥ c◦ > 0 in B1. Then, for every free boundary point x◦ ∈
∂{u > 0} ∩B1/2, we have

0 < cr2 ≤ sup
Br(x◦)

u ≤ Cr2 for all r ∈ (0, 1
2),

with a constant c > 0 depending only on n and c◦.

Proof. The proof is the one from Proposition 5.8. �

Summary of basic properties. Let u be any solution to the obstacle
problem {

u ≥ 0 in B1,
∆u = fχ{u>0} in B1.

Then, we have:

• Optimal regularity: ‖u‖C1,1(B1/2) ≤ C
(
‖u‖L∞(B1) + ‖f‖Lip(B1)

)
• Nondegeneracy: If f ≥ c◦ > 0, then

0 < cr2 ≤ sup
Br(x◦)

u ≤ Cr2 for all r ∈ (0, 1
2)
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{u = 0}

∂B1

∆u = f

Γ

u ∈ C1,1

Figure 5.8. A solution to the obstacle problem in B1.

at all free boundary points x◦ ∈ ∂{u > 0} ∩B1/2.

Using these properties, we can now start the study of the free boundary.

5.4. Regularity of free boundaries: an overview

From now on, we consider any solution to

(5.12)


u ∈ C1,1(B1),

u ≥ 0 in B1,

∆u = f in {u > 0},
(see Figure 5.8) with

(5.13) f ≥ c◦ > 0 and f ∈ C∞.

Notice that on the interface

Γ = ∂{u > 0} ∩B1

we have that

u = 0 on Γ,

∇u = 0 on Γ.

The central mathematical challenge in the obstacle problem is to

understand the geometry/regularity of the free boundary Γ.

Notice that, even if we already know the optimal regularity of u (it is
C1,1), we know nothing about the free boundary Γ. A priori Γ could be a
very irregular object, even a fractal set with infinite perimeter.

As we will see, under the natural assumption f ≥ c◦ > 0, it turns out
that free boundaries are always smooth, possibly outside a certain set of
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{u = 0}
{u = 0}

∆u = f in {u > 0}

all regular points

one singular point
(the contact set has zero density)

Figure 5.9. Singular points are those where the contact set has zero density.

singular points. In fact, in our proofs we will assume for simplicity that
f ≡ 1 (or constant). We do that in order to avoid x-dependence and the
technicalities associated to it, which gives cleaner proofs. In this way, the
main ideas behind the regularity of free boundaries are exposed.

Regularity of free boundaries: main results. Assume from now on
that u solves (5.12)-(5.13). Then, the main known results on the free bound-
ary Γ = ∂{u > 0} can be summarized as follows:

• At every free boundary point x◦ ∈ Γ, we have

0 < cr2 ≤ sup
Br(x◦)

u ≤ Cr2 ∀r ∈ (0, r◦) .

• The free boundary Γ splits into regular points and singular points.

• The set of regular points is an open subset of the free boundary, and Γ is
C∞ near these points.

• Singular points are those at which the contact set {u = 0} has zero density,
and these points (if any) are contained in an (n−1)-dimensional C1 manifold.

Summarizing, the free boundary is smooth, possibly outside a certain set
of singular points. See Figure 5.9.

So far, we have not even proved that Γ has finite perimeter, or anything
at all about Γ. Our goal will be to prove that Γ is C∞ near regular points.
This is the main and most important result in the obstacle problem. It was
proved by Caffarelli in 1977, and it is one of the major results for which he
received the Wolf Prize in 2012 and the Shaw Prize in 2018.

Overview of the strategy. To prove these regularity results for the free
boundary, one considers blow-ups. Namely, given any free boundary point x◦
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u0(x) =
1
2(x · e)2+ u0(x) =

1
2x

2
1

e

Figure 5.10. Possible blow-ups of the solution to the obstacle problem
at free boundary points.

for a solution u of (5.12)-(5.13), one takes the rescalings

ur(x) :=
u(x◦ + rx)

r2
,

with r > 0 small. This is like “zooming in” at a free boundary point.

The factor r−2 is chosen so that

‖ur‖L∞(B1) ≈ 1

as r → 0; recall that 0 < cr2 ≤ supBr(x◦) u ≤ Cr
2.

Then, by C1,1 estimates, we will prove that a subsequence of ur converges
to a function u0 locally uniformly in Rn as r → 0. Such function u0 is called
a blow-up of u at x◦.

Any blow-up u0 is a global solution to the obstacle problem, with f ≡ 1
(or with f ≡ constant > 0).

Then, the main issue is to classify blow-ups: that is, to show that

either u0(x) = 1
2(x · e)2

+ (this happens at regular points)

or u0(x) = 1
2x

TAx (this happens at singular points).

Here, e ∈ Sn−1 is a unit vector, and A ≥ 0 is a positive semi-definite matrix
satisfying trA = 1. Notice that the contact set {u0 = 0} becomes a half-
space in case of regular points, while it has zero measure in case of singular
points; see Figure 5.10.

Once this is done, one has to “transfer” the information from the blow-
up u0 to the original solution u. Namely, one shows that, in fact, the free
boundary is C1,α near regular points (for some small α > 0).

Finally, once we know that the free boundary is C1,α, we will “boot-
strap” the regularity to C∞. This is in a somewhat similar spirit as in
Hilbert’s XIXth problem (Chapter 3), where the really difficult point was to
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prove that minimizers are always C1,α. Once this was done, by Schauder
estimates (Chapter 2) and a bootstrap argument we saw that solutions are
actually C∞.

Classifying blow-ups is not easy. Generally speaking, classifying blow-
ups is of similar difficulty to proving regularity estimates — recall the blow-
up arguments in Chapter 2.

Thus, how can we classify blow-ups? Do we get any extra information
on u0 that we did not have for u? (Otherwise it seems hopeless!)

The answer is yes: Convexity. We will prove that all blow-ups are
always convex. This is a huge improvement, since this yields that the contact
set {u0 = 0} is also convex. Prior to that, we will also show that blow-ups
are also homogeneous.

So, before the blow-up we had no information on the set {u = 0}, but
after the blow-up we get that {u0 = 0} is a convex cone. Thanks to this we
will be able to classify blow-ups, and thus to prove the regularity of the free
boundary.

The main steps in the proof of the regularity of the free boundary will
be the following:

(1) 0 < cr2 ≤ supBr(x◦) u ≤ Cr
2

(2) Blow-ups u0 are homogeneous and convex.

(3) If the contact set has positive density at x◦, then u0(x) = 1
2(x · e)2

+.

(4) Deduce that the free boundary is C1,α near x◦.

(5) Deduce that the free boundary is C∞ near x◦.

The proof we will present here for the convexity of blow-ups is new, based
on the fact that they are homogeneous. We refer to [Caf98], [PSU12],
[Wei99], and [KN77], for different proofs of the classification of blow-ups
and/or of the regularity of free boundaries.

5.5. Classification of blow-ups

The aim of this Section is to classify all possible blow-ups u0. For this, we
will first prove that blow-ups are homogeneous, then we will prove that they
are convex, and finally we will establish their complete classification.

Homogeneity of blow-ups. We start by proving that blow-ups are ho-
mogeneous. This is not essential in the proof of the regularity of the free
boundary (see [Caf98]), but it actually simplifies it.
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0

{u = 0}

B1

∆u = 1

Figure 5.11. A solution u to the obstacle problem with f ≡ 1.

Recall that, for simplicity, from now on we will assume that f ≡ 1 in B1.
This is only to avoid x-dependence in the equation, it simplifies some proofs.

Therefore, from now on we consider a solution u satisfying (see Fig-
ure 5.11):

(5.14)

u ∈ C1,1(B1)

u ≥ 0 in B1

∆u = 1 in {u > 0}
0 is a free boundary point.

We will prove all the results around the origin (without loss of generality).

We will show that, for the original solution u in B1, the closer we look at
a free boundary point x◦, the closer is the solution to being homogeneous.

Proposition 5.17 (Homogeneity of blow-ups). Let u be any solution to
(5.14). Then, any blow-up of u at 0 is homogeneous of degree 2.

It is important to remark that not all global solutions to the obstacle
problem in Rn are homogeneous. There exist global solutions u0 that are
convex, C1,1, and whose contact set {u0 = 0} is an ellipsoid, for example.
However, thanks to the previous result, we find that such non-homogeneous
solutions cannot appear as blow-ups, i.e., that all blow-ups must be homo-
geneous.

We provide two different proofs of Proposition 5.17. The first one uses
a monotonicity formula as introduced by Weiss; while the second one does
not require any monotonicity formula and is due to Spruck.

Homogeneity of blow-ups à la Weiss. For the first proof of Proposition 5.17,
we need the following monotonicity formula due to Weiss [Wei99].
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Theorem 5.18 (Weiss’ monotonicity formula). Let u be any solution to
(5.14). Then, the quantity

(5.15) Wu(r) :=
1

rn+2

∫
Br

{
1
2 |∇u|

2 + u
}
− 1

rn+3

∫
∂Br

u2

is monotone in r, that is,

d

dr
Wu(r) =

1

rn+4

∫
∂Br

(x · ∇u− 2u)2dx ≥ 0

for r ∈ (0, 1).

Proof. Let ur(x) = r−2u(rx), and observe that

Wu(r) =

∫
B1

{
1
2 |∇ur|

2 + ur
}
−
∫
∂B1

u2
r .

Using this, together with

d

dr
(∇ur) = ∇ d

dr
ur,

we find

d

dr
Wu(r) =

∫
B1

{
∇ur · ∇

d

dr
ur +

d

dr
ur

}
− 2

∫
∂B1

ur
d

dr
ur.

Now, integrating by parts we get∫
B1

∇ur · ∇
d

dr
ur = −

∫
B1

∆ur
d

dr
ur +

∫
∂B1

∂ν(ur)
d

dr
ur.

Since ∆ur = 1 in {ur > 0} and d
drur = 0 in {ur = 0}, we have∫

B1

∇ur · ∇
d

dr
ur = −

∫
B1

d

dr
ur +

∫
∂B1

∂ν(ur)
d

dr
ur.

Thus, we deduce

d

dr
Wu(r) =

∫
∂B1

∂ν(ur)
d

dr
ur − 2

∫
∂B1

ur
d

dr
ur.

Using that on ∂B1 we have ∂ν = x · ∇, combined with

d

dr
ur =

1

r
{x · ∇ur − 2ur}

yields
d

dr
Wu(r) =

1

r

∫
∂B1

(x · ∇ur − 2ur)
2 ,

which gives the desired result. �

We now give the:
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First proof of Proposition 5.17. Let ur(x) = r−2u(rx), and notice that
we have the scaling property

Wur(ρ) = Wu(ρr),

for any r, ρ > 0.

If u0 is any blow-up of u at 0 then there is a sequence rj → 0 satisfying
urj → u0 in C1

loc(Rn). Thus, for any ρ > 0 we have

Wu0(ρ) = lim
rj→0

Wurj
(ρ) = lim

rj→0
Wu(ρrj) = Wu(0+).

Notice that the limit Wu(0+) := limr→0Wu(r) exists by monotonicity of W
and since u ∈ C1,1 implies Wu(r) ≥ −C for all r ≥ 0.

Hence, the function Wu0(ρ) is constant in ρ. However, by Theorem 5.18
this yields that x · ∇u0− 2u0 ≡ 0 in Rn, and therefore u0 is homogeneous of
degree 2. �

Remark 5.19. Here, we used that a C1 function u0 is 2-homogeneous (i.e.
u0(λx) = λ2u0(x) for all λ ∈ R+) if and only if x · ∇u0 ≡ 2u0. This is
because ∂λ|λ=1

{
λ−2u0(λx)

}
= x · ∇u0 − 2u0.

Homogeneity of blow-ups à la Spruck. We present an alternative (and quite
different) proof of the homogeneity of blow-ups. Such proof is due to Spruck
[Spr83] and is not based on any monotonicity formula.

Second proof of Proposition 5.17. Let u0 be a blow-up given by the
limit along a sequence rk ↓ 0,

u0(x) := lim
k→∞

r−2
k u(rkx).

By taking polar coordinates (%, θ) ∈ [0,+∞)×Sn−1 with x = %θ, and by
denoting ũ0(%, θ) = u0(%θ) = u0(x), we will prove that u0(x) = %2ũ0(1, θ) =
|x|2u0(x/|x|).

Let us define τ := − log %, ũ(%, θ) = u(x), and ψ = ψ(τ, θ) as

ψ(τ, θ) := %−2ũ(%, θ) = e2τu(e−τθ)

for τ ≥ 0. We observe that, since ‖u‖L∞(Br) ≤ Cr2, ψ is bounded. Moreover,

ψ ∈ C1((0,∞)×Sn−1)∩C2({ψ > 0}) from the regularity of u; and ∂τψ and
∇θψ are not only continuous, but also uniformly bounded in [0,∞)× Sn−1.
Indeed, ∣∣∇θψ(τ, θ)

∣∣ ≤ eτ ∣∣∇u(e−τθ)
∣∣ ≤ C,

since ‖∇u‖L∞(Br) ≤ Cr by C1,1 regularity and the fact that ∇u(0) = 0. For
the same reason we also obtain∣∣∂τψ(τ, θ)

∣∣ ≤ 2ψ(τ, θ) + eτ
∣∣∇u(e−τθ)

∣∣ ≤ C.
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Observe that, by assumption, if we denote τk := − log rk,

(5.16) ψ(τk, θ)→ ũ0(1, θ) uniformly on Sn−1, as k →∞.

Let us now write an equation for ψ. In order to do that, since we know
that ∆u = χ{u>0} and χ{u>0} = χ{ψ>0}, we have

∆
(
%2ψ(− log %, θ)

)
= χ{ψ>0}.

By expanding the Laplacian in polar coordinates, ∆ = ∂%% + n−1
% ∂% +

%−2∆Sn−1 (where ∆Sn−1 denotes the spherical Laplacian, i.e. the Laplace–
Beltrami operator on Sn−1) we obtain

(5.17) 2nψ − (n+ 2)∂τψ + ∂ττψ + ∆Sn−1ψ = χ{ψ>0}.

We multiply the previous equality by ∂τψ, and integrate in [0, τ ]×Sn−1.
We can consider the terms separately, integrating in τ first,

2n

∫
Sn−1

∫ τ

0
ψ∂τψ = n

∫
Sn−1

(
ψ2(τ, θ)− ψ2(0, θ)

)
dθ

and ∫
Sn−1

∫ τ

0
∂ττψ∂τψ =

1

2

∫
Sn−1

(
(∂τψ)2(τ, θ)− (∂τψ)2(0, θ)

)
dθ,

and then integrating by parts in θ first, to integrate in τ afterwards:∫ τ

0

∫
Sn−1

∆Sn−1ψ∂τψ = −1

2

∫ τ

0

∫
Sn−1

∂τ |∇θψ|2

=
1

2

∫
Sn−1

(
|∇θψ|2(0, θ)− |∇θψ|2(τ, θ)

)
dθ.

Finally, since ∂τψ = 0 whenever ψ = 0, we have χ{ψ>0}∂τψ = ∂τψ and∫
Sn−1

∫ τ

0
χ{ψ>0}∂τψ =

∫
Sn−1

(
ψ(τ, θ)− ψ(0, θ)

)
dθ.

In all, plugging back in (5.17) the previous expressions, and using that
∂τψ and ∇θψ are uniformly bounded in [0,∞)× Sn−1, we deduce that

(5.18)

∫ ∞
0

∫
Sn−1

(∂τψ)2 =

∫ ∞
0
‖∂τψ‖2L2(Sn−1) ≤ C <∞.

To finish, now observe that for any |s| ≤ C∗ fixed and for a sufficiently
large k (such that τk + s ≥ 0),

‖ψ(τk + s, ·)− ũ0(1, ·)‖L2(Sn−1) ≤ ‖ψ(τk + s, ·)− ψ(τk, ·)‖L2(Sn−1)

+ ‖ψ(τk, ·)− ũ0(1, ·)‖L2(Sn−1).



5.5. Classification of blow-ups 155

The last term goes to zero, by (5.16). On the other hand, for the first term
and by Hölder’s inequality

‖ψ(τk + s, ·)− ψ(τk, ·)‖2L2(Sn−1) ≤
∥∥∥∥∫ s

0
∂τψ(τk + τ, ·) dτ

∥∥∥∥2

L2(Sn−1)

≤ C∗
∣∣∣∣∫ τk+s

τk

‖∂τψ‖2L2(Sn−1)

∣∣∣∣→ 0,

as k → ∞, where we are using (5.18). Hence, ψ(τk + s, ·) → ũ0(1, ·) in
L2(Sn−1) as k →∞, for any fixed s ∈ R. On the other hand,

ψ(τk + s, θ) = e2sr−2
k u(e−2rkθ)→ e2su0(e−sθ) = e2sũ0(e−s, θ).

That is, for any ρ = e−s > 0,

ũ0(1, ·) = ρ−2ũ0(ρ, θ),

as we wanted to see. �

Convexity of blow-ups. By taking advantage of the fact that we know
that blow-ups are 2-homogeneous, we can now give a short (and new) proof
of the fact that they are also convex. More precisely, we will prove that
2-homogeneous global solutions to the obstacle problem are convex (and in
particular, by Proposition 5.17, blow-ups are convex).

Theorem 5.20. Let u0 ∈ C1,1 be any 2-homogeneous global solution to
u0 ≥ 0 in Rn

∆u0 = 1 in {u0 > 0}
0 is a free boundary point.

Then, u0 is convex.

The heuristic idea behind the proof of the previous result is the following:
second derivatives D2u0 are harmonic in {u0 > 0} and satisfy that D2u0 ≥ 0
on ∂{u0 > 0} (since u0 ≥ 0, it is “convex at the free boundary”). Since D2u0

is also 0-homogeneous, we can apply the maximum principle and conclude
that D2u0 ≥ 0 everywhere. That is, u0 is convex. Let us formalize the
previous heuristic idea into an actual proof.

We state a short lemma before providing the proof, which says that if
w ≥ 0 is superharmonic in {w > 0}, then it is superharmonic everywhere.
For the sake of generality, we state the lemma for general H1 functions, but
we will use it only for functions that are also continuous.

Lemma 5.21. Let Λ ⊂ B1 be closed. Let w ∈ H1(B1) be such that w ≥ 0
on Λ and such that w is superharmonic in the weak sense in B1 \ Λ. Then
min{w, 0} is superharmonic in the weak sense in B1.
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Proof. Let us start by assuming that w is, furthermore, continuous. In
this case, we define wε = min{w,−ε} ∈ H1(B1). Then notice that (by
continuity) in a neighborhood of {w = −ε}, w is superharmonic (∆w ≤
0). By Lemma 3.9 (we apply the lemma with v = −w − ε) we have that
∆wε ≤ 0 in the weak sense, namely, wε is superharmonic. Moreover, they are
uniformly in H1, so up to subsequences they converge weakly to min{w, 0}.
Since the weak limit of weakly superharmonic functions is superharmonic,
we deduce the desired result.

Finally, to remove the continuity assumption on w ∈ H1(B1), we repeat
the proof of Lemma 3.9. The only thing we need to check is that F ′(v)η ∈
H1

0 (B1 \Λ), which follows from the fact that such function is in H1(B1) and
vanishes in Λ; see for example [AH96, Theorem 9.1.3]. �

We now give the:

Proof of Theorem 5.20. Let e ∈ Sn−1 and consider the second derivatives
∂eeu0. We define

w0 := min{∂eeu0, 0}
and we claim that w0 is superharmonic in Rn, in the sense (1.20).

Indeed, let δ2
t u0(x) for t > 0 be defined by

δ2
t u0(x) :=

u0(x+ te) + u0(x− te)− 2u0(x)

t2
.

Now, since ∆u0 = χ{u0>0}, we have that

∆δ2
t u0 =

1

t2
(
χ{u0( ·+te)} + χ{u0( · −te)} − 2

)
≤ 0 in {u0 > 0}

in the weak sense. On the other hand, δ2
t u0 ≥ 0 in {u0 = 0} and δ2

t u0 ∈ C1,1.
Thus, by Lemma 5.21, wt := min{δ2

t u0, 0} is weakly superharmonic, and
hence it satisfies (1.20). Also notice that δ2

t u0(x) is uniformly bounded
independently of t, since u0 ∈ C1,1, and therefore wt is uniformly bounded
in t and converges pointwise to w0 as t ↓ 0. In particular, by Lemma 1.16
we have that w0 is superharmonic in the sense of (1.20), as claimed.

Up to changing it in a set of measure 0, w0 is lower semi-continuous
by Lemma 1.17. In particular, since w0 is 0-homogeneous, it must attain
its minimum at a point y◦ ∈ B1. But since

∫
Br(y◦)

w0 is non-increasing

for r > 0, we must have that w0 is constant. Since it vanishes on the free
boundary, we have w0 ≡ 0. That is, for any e ∈ Sn−1 we have that ∂eeu0 ≥ 0
and therefore u0 is convex. �

Remark 5.22 (Convexity of blow-ups à la Caffarelli). The original proof
by Caffarelli on the convexity of blow-ups, [Caf77, Caf98], is more involved
than the previous one, but obtains a quantitative estimate on the convexity
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without using the homogeneity assumption (in particular, it is valid for any
global solution).

More precisely, for any solution u to (5.14) in B1

∂eeu(x) ≥ − C∣∣ log |x|
∣∣ε for all e ∈ Sn−1, x ∈ B1/2,

for some ε > 0. Notice that C
∣∣ log |x|

∣∣−ε → 0 as x → 0. Thus, u becomes
closer and closer to being convex as we approach to the free boundary.
Rescaling this result to BR, and letting R→∞, this implies that any global
solution is convex.

Finally, we refer to [PSU12, Theorem 5.1] for yet another different proof
of the convexity of blow-ups.

Classification of blow-ups. We next want to classify all possible blow-
ups for solutions to the obstacle problem (5.14). First, we will prove the
following.

Proposition 5.23. Let u be any solution to (5.14), and let

ur(x) :=
u(rx)

r2
.

Then, for any sequence rk → 0 there is a subsequence rkj → 0 such that

urkj −→ u0 in C1
loc(Rn)

as kj →∞, for some function u0 satisfying

u0 ∈ C1,1
loc (Rn)

u0 ≥ 0 in B1

∆u0 = 1 in {u0 > 0}
0 is a free boundary point

u0 is convex
u0 is homogeneous of degree 2.

Proof. By C1,1 regularity of u, and by nondegeneracy, we have that

1

C
≤ sup

B1

ur ≤ C

for some C > 0. Moreover, again by C1,1 regularity of u, we have

‖D2ur‖L∞(B1/(2r)) ≤ C.

Since the sequence {urk}, for rk → 0, is uniformly bounded in C1,1(K)
for each compact set K ⊂ Rn, there is a subsequence rkj → 0 such that

urkj −→ u0 in C1
loc(Rn)
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for some u0 ∈ C1,1(K). Moreover, such function u0 satisfies ‖D2u0‖L∞(K) ≤
C, with C independent of K, and clearly u0 ≥ 0 in K.

The fact that ∆u0 = 1 in {u0 > 0} ∩K can be checked as follows. For
any smooth function η ∈ C∞c ({u0 > 0} ∩K) we will have that, for kj large
enough, urkj > 0 in the support of η, and thus∫

Rn
∇urkj · ∇η dx = −

∫
Rn
η dx.

Since urkj → u0 in C1(K), we can take the limit kj →∞ to get∫
Rn
∇u0 · ∇η dx = −

∫
Rn
η dx.

Since this can be done for any η ∈ C∞c ({u > 0}∩K), and for every K ⊂ Rn,
it follows that ∆u0 = 1 in {u0 > 0}.

The fact that 0 is a free boundary point for u0 follows simply by taking
limits to urkj (0) = 0 and ‖urkj ‖L∞(Bρ) ≈ ρ2 for all ρ ∈ (0, 1). Finally, the

homogeneity and convexity of u0 follow from Proposition 5.17 and Theo-
rem 5.20. �

Our next goal is to prove the following.

Theorem 5.24 (Classification of blow-ups). Let u be any solution to (5.14),
and let u0 be any blow-up of u at 0. Then,

(a) either

u0(x) =
1

2
(x · e)2

+

for some e ∈ Sn−1.

(b) or

u0(x) =
1

2
xTAx

for some matrix A ≥ 0 with trA = 1.

It is important to remark here that, a priori, different subsequences could
lead to different blow-ups u0.

In order to establish Theorem 5.24, we will need the following.

Lemma 5.25. Let Σ ⊂ Rn be any closed convex cone with nonempty inte-
rior, and with vertex at the origin. Let w ∈ C(Rn) be a function satisfying
∆w = 0 in Σc, w > 0 in Σc, and w = 0 in Σ.

Assume in addition that w is homogeneous of degree 1. Then, Σ must
be a half-space.
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Proof. By convexity of Σ, there exists a half-space H = {x · e > 0}, with
e ∈ Sn−1, such that H ⊂ Σc.

Let v(x) = (x · e)+, which is harmonic and positive in H, and vanishes
in Hc. By the Hopf Lemma (see Lemma 1.15), we have that w ≥ c◦dΣ in
Σc ∩ B1, where dΣ(x) = dist(x,Σ) and c◦ is a small positive constant. In
particular, since both w and dΣ are homogeneous of degree 1, we deduce
that w ≥ c◦dΣ in all of Σc. Notice that, in order to apply the Hopf Lemma,
we used that — by convexity of Σ — the domain Σc satisfies the interior
ball condition.

Thus, since dΣ ≥ dHc = v, we deduce that w ≥ c◦v, for some c◦ > 0.
The idea is now to consider the functions w and cv, and let c > 0 increase
until the two functions touch at one point, which will give us a contradiction
(recall that two harmonic functions cannot touch at an interior point). To
do this rigorously, define

c∗ := sup{c > 0 : w ≥ cv in Σc}.

Notice that c∗ ≥ c◦ > 0. Then, we consider the function w−c∗v ≥ 0. Assume
that w − c∗v is not identically zero. Such function is harmonic in H and
hence, by the strict maximum principle, w− c∗v > 0 in H. Then, using the
Hopf Lemma in H (see Lemma 1.15) we deduce that w−c∗v ≥ c◦dHc = c◦v,
since v is exactly the distance to Hc. But then we get that w−(c∗+c◦)v ≥ 0,
a contradiction with the definition of c∗.

Therefore, it must be w − c∗v ≡ 0. This means that w is a multiple of
v, and therefore Σ = Hc, a half-space. �

Remark 5.26 (Alternative proof). An alternative way to argue in the pre-
vious lemma could be the following. Any function w which is harmonic in
a cone Σc and homogeneous of degree α can be written as a function on
the sphere, satisfying ∆Sn−1w = µw on Sn−1 ∩ Σc with µ = α(n + α − 2)
— in our case α = 1. (Here, ∆Sn−1 denotes the spherical Laplacian, i.e.
the Laplace–Beltrami operator on Sn−1.) In other words, homogeneous har-
monic functions solve an eigenvalue problem on the sphere.

Using this, we notice that w > 0 in Σc and w = 0 in Σ imply that w is
the first eigenfunction of Sn−1∩Σc, and that the first eigenvalue is µ = n−1.
But, on the other hand, the same happens for the domain H = {x · e > 0},
since v(x) = (x · e)+ is a positive harmonic function in H. This means that
both domains Sn−1∩Σc and Sn−1∩H have the same first eigenvalue µ. But
then, by strict monotonicity of the first eigenvalue with respect to domain
inclusions, we deduce that H ⊂ Σc implies H = Σc, as desired.

We will also need the following.
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Lemma 5.27. Assume that ∆u = 1 in Rn \∂H, where ∂H is a hyperplane.
If u ∈ C1(Rn), then ∆u = 1 in Rn.

Proof. Assume ∂H = {x1 = 0}. For any ball BR ⊂ Rn, we consider the
solution to ∆w = 1 in BR, w = u on ∂BR, and define v = u − w. Then,
we have ∆v = 0 in BR \ ∂H, and v = 0 on ∂BR. We want to show that u
coincides with w, that is, v ≡ 0 in BR.

For this, notice that since v is bounded, for κ > 0 large enough we have

v(x) ≤ κ(2R− |x1|) in BR,

where 2R − |x1| is positive in BR and harmonic in BR \ {x1 = 0}. Thus,
we may consider κ∗ := inf{κ ≥ 0 : v(x) ≤ κ(2R − |x1|) in BR}. Assume
κ∗ > 0. Since v and 2R− |x1| are continuous in BR, and v = 0 on ∂BR, we
must have a point p ∈ BR at which v(p) = κ∗(2R− |p1|). Moreover, since v
is C1, and the function 2R − |x1| has a wedge on ∂H = {x1 = 0}, we must
have p ∈ BR \ ∂H. However, this is not possible, as two harmonic functions
cannot touch tangentially at an interior point p. This means that κ∗ = 0,
and hence v ≤ 0 in BR. Repeating the same argument with −v instead of
v, we deduce that v ≡ 0 in BR, and thus the lemma is proved. �

Finally, we will use the following basic property of convex functions.

Lemma 5.28. Let u : Rn → R be a convex function such that the set {u = 0}
contains the straight line {te′ : t ∈ R}, e′ ∈ Sn−1. Then, u(x+ te′) = u(x)
for all x ∈ Rn and all t ∈ R.

Proof. After a rotation, we may assume e′ = en. Then, writing x =
(x′, xn) ∈ Rn−1 × R, we have that u(0, xn) = 0 for all xn ∈ R, and we
want to prove that u(x′, xn) = u(x′, 0) for all x′ ∈ Rn−1 and all xn ∈ R.

Now, by convexity, given x′ and xn, for every ε > 0 and M ∈ R we have

(1− ε)u(x′, xn) + εu(0, xn +M) ≥ u((1− ε)x′, xn + εM).

Since u(0, xn + M) = 0, choosing M = λ/ε and letting ε → 0 we deduce
that

u(x′, xn) ≥ u(x′, xn + λ).

Since this can be done for any λ ∈ R and xn ∈ R, the result follows. �

We finally establish the classification of blow-ups at regular points.

Proof of Theorem 5.24. Let u0 be any blow-up of u at 0. We already
proved that u0 is convex and homogeneous of degree 2. We divide the proof
into two cases.

Case 1. Assume that {u0 = 0} has nonempty interior. Then, we have
{u0 = 0} = Σ, a closed convex cone with nonempty interior.
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For any direction τ ∈ Sn−1 such that −τ ∈ Σ̊, we claim that

∂τu0 ≥ 0 in Rn.

Indeed, for every x ∈ Rn we have that u0(x + τt) is zero for t � −1, and
therefore by convexity of u0 we get that ∂tu0(x + τt) is monotone non-
decreasing in t, and zero for t � −1. This means that ∂tu0 ≥ 0, and thus
∂τu0 ≥ 0 in Rn, as claimed.

Now, for any such τ , we define w := ∂τu0 ≥ 0. Notice that, at least
for some τ ∈ Sn−1 with −τ ∈ Σ̊, the function w is not identically zero.
Moreover, since it is harmonic in Σc — recall that ∆u0 = 1 in Σc — then
w > 0 in Σc.

But then, since w is homogeneous of degree 1, we can apply Lemma 5.25
to deduce that we must necessarily have that Σ is a half-space.

By convexity of u0 and Lemma 5.28, this means that u0 is a one-
dimensional function, i.e., u0(x) = U(x · e) for some U : R → R and some
e ∈ Sn−1. Thus, we have that U ∈ C1,1 solves U ′′(t) = 1 for t > 0,
with U(t) = 0 for t ≤ 0. We deduce that U(t) = 1

2 t
2
+, and therefore

u0(x) = 1
2(x · e)2

+.

Case 2. Assume now that {u0 = 0} has empty interior. Then, by convexity,
{u0 = 0} is contained in a hyperplane ∂H. Hence, ∆u0 = 1 in Rn\∂H, with
∂H being a hyperplane, and u0 ∈ C1,1. It follows from Lemma 5.27 that
∆u0 = 1 in all of Rn. But then all second derivatives of u0 are harmonic
and globally bounded in Rn, so they must be constant. Hence, u0 is a
quadratic polynomial. Finally, since u0(0) = 0, ∇u0(0) = 0, and u0 ≥ 0, we
deduce that u0(x) = 1

2x
TAx for some A ≥ 0, and since ∆u0 = 1, we have

trA = 1. �

5.6. Regularity of the free boundary

The aim of this Section is to prove Theorem 5.38 below, i.e., that if u is any
solution to (5.14) satisfying

(5.19) lim sup
r→0

∣∣{u = 0} ∩Br
∣∣

|Br|
> 0

(i.e., the contact set has positive density at the origin), then the free bound-
ary ∂{u > 0} is C∞ in a neighborhood of the origin.

For this, we will use the classification of blow-ups established in the
previous Section.

C1,α regularity of the free boundary. The first step here is to transfer
the local information on u given by (5.19) into a blow-up u0. More precisely,
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we next show that

(5.19) =⇒ The contact set of a blow-up u0

has nonempty interior.

Lemma 5.29. Let u be any solution to (5.14), and assume that (5.19) holds.
Then, there is at least one blow-up u0 of u at 0 such that the contact set
{u0 = 0} has nonempty interior.

Proof. Let rk → 0 be a sequence along which

lim
rk→0

∣∣{u = 0} ∩Brk
∣∣

|Brk |
≥ θ > 0.

Such sequence exists (with θ > 0 small enough) by assumption (5.19).

Recall that, thanks to Proposition 5.23, there exists a subsequence rkj ↓
0 along which urkj → u0 uniformly on compact sets of Rn, where ur(x) =

r−2u(rx) and u0 is convex.

Assume by contradiction that {u0 = 0} has empty interior. Then, by
convexity, we have that {u0 = 0} is contained in a hyperplane, say {u0 =
0} ⊂ {x1 = 0}.

Since u0 > 0 in {x1 6= 0} and u0 is continuous, we have that for each
δ > 0

u0 ≥ ε > 0 in {|x1| > δ} ∩B1

for some ε > 0.

Therefore, by uniform convergence of urkj to u0 in B1, there is rkj > 0

small enough such that

urkj ≥
ε

2
> 0 in {|x1| > δ} ∩B1.

In particular, the contact set of urkj is contained in {|x1| ≤ δ} ∩B1, so∣∣{urkj = 0} ∩B1

∣∣
|B1|

≤
∣∣{|x1| ≤ δ} ∩B1

∣∣
|B1|

≤ Cδ.

Rescaling back to u, we find∣∣{u = 0} ∩Brkj
∣∣

|Brkj |
=

∣∣{urkj = 0} ∩B1

∣∣
|B1|

< Cδ.

Since we can do this for every δ > 0, we find that limrkj→0

|{u=0}∩Brkj |
|Brkj |

= 0,

a contradiction. Thus, the lemma is proved. �

Combining the previous lemma with the classification of blow-ups from
the previous Section, we deduce:
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τ e

{x · e > 0}

∂τu0 > 0

Figure 5.12. Derivatives ∂τu0 are nonnegative if τ · e ≥ 1
2
.

Corollary 5.30. Let u be any solution to (5.14), and assume that (5.19)
holds. Then, there is at least one blow-up of u at 0 of the form

u0(x) =
1

2
(x · e)2

+, e ∈ Sn−1.

Proof. The result follows from Lemma 5.29 and Theorem 5.24. �

We now want to use this information to show that the free boundary
must be smooth in a neighborhood of 0. For this, we start with the following.

Proposition 5.31. Let u be any solution to (5.14), and assume that (5.19)
holds. Fix any ε > 0. Then, there exist e ∈ Sn−1 and r◦ > 0 such that∣∣ur◦(x)− 1

2(x · e)2
+

∣∣ ≤ ε in B1,

and ∣∣∂τur◦(x)− (x · e)+(τ · e)
∣∣ ≤ ε in B1

for all τ ∈ Sn−1.

Proof. By Corollary 5.30 and Proposition 5.23, we know that there is a
subsequence rj → 0 for which urj → 1

2(x · e)2
+ in C1

loc(Rn), for some e ∈
Sn−1. In particular, for every τ ∈ Sn−1 we have urj → 1

2(x · e)2
+ and

∂τurj → ∂τ
[

1
2(x · e)2

+

]
uniformly in B1.

This means that, given ε > 0, there exists j◦ such that∣∣urj◦ (x)− 1
2(x · e)2

+

∣∣ ≤ ε in B1,

and ∣∣∂τurj◦ (x)− ∂τ
[

1
2(x · e)2

+

]∣∣ ≤ ε in B1.

Since ∂τ
[

1
2(x · e)2

+

]
= (x · e)+(τ · e), the proposition is proved. �

Now, notice that if (τ · e) > 0, then the derivatives ∂τu0 = (x · e)+(τ · e)
are nonnegative, and strictly positive in {x · e > 0} (see Figure 5.12).
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We want to transfer this information to ur◦ , and prove that ∂τur◦ ≥ 0
in B1 for all τ ∈ Sn−1 satisfying τ · e ≥ 1

2 . For this, we need a lemma.

Lemma 5.32. Let u be any solution to (5.14), and consider ur◦(x) =
r−2
◦ u(r◦x) and Ω = {ur◦ > 0}.

Assume that a function w ∈ C(B1) satisfies:

(a) w is bounded and harmonic in Ω ∩B1.

(b) w = 0 on ∂Ω ∩B1.

(c) Denoting Nδ := {x ∈ B1 : dist(x, ∂Ω) < δ}, we have

w ≥ −c1 in Nδ and w ≥ C2 > 0 in Ω \Nδ.

If c1/C2 is small enough, and δ > 0 is small enough, then w ≥ 0 in B1/2∩Ω.

Proof. Notice that in Ω \ Nδ we already know that w > 0. Let y◦ ∈
Nδ ∩ Ω ∩B1/2, and assume by contradiction that w(y0) < 0.

Consider, in B1/4(y◦), the function

v(x) = w(x)− γ
{
ur◦(x)− 1

2n
|x− y◦|2

}
.

Then, ∆v = 0 in B1/4(y◦)∩Ω, and v(y◦) < 0. Thus, v must have a negative

minimum in ∂
(
B1/4(y◦) ∩ Ω

)
.

However, if c1/C2 and δ are small enough, then we reach a contradiction
as follows:

On ∂Ω we have v ≥ 0. On ∂B1/4(y◦) ∩Nδ we have

v ≥ −c1 − C◦γδ2 +
γ

2n

(
1

4

)2

≥ 0 on ∂B1/4(y◦) ∩Nδ.

On ∂B1/4(y◦) ∩
(
Ω \Nδ

)
we have

v ≥ C2 − C◦γ ≥ 0 on ∂B1/4(y◦) ∩
(
Ω \Nδ

)
.

Here, we used that ‖ur◦‖C1,1(B1) ≤ C◦, and chose C◦c1 ≤ γ ≤ C2/C◦. �

Using the previous lemma, we can now show that there is a cone of
directions τ in which the solution is monotone near the origin.

Proposition 5.33. Let u be any solution to (5.14), and assume that (5.19)
holds. Let ur(x) = r−2u(rx). Then, there exist r◦ > 0 and e ∈ Sn−1 such
that

∂τur◦ ≥ 0 in B1/2

for every τ ∈ Sn−1 satisfying τ · e ≥ 1
2 .
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Proof. By Proposition 5.31, for any ε > 0 there exist e ∈ Sn−1 and r◦ > 0
such that

(5.20)
∣∣ur◦(x)− 1

2(x · e)2
+

∣∣ ≤ ε in B1

and

(5.21)
∣∣∂τur◦(x)− (x · e)+(τ · e)

∣∣ ≤ ε in B1

for all τ ∈ Sn−1.

We now want to use Lemma 5.32 to deduce that ∂τur◦ ≥ 0 if τ · e ≥ 1
2 .

First, we claim that

ur◦ > 0 in {x · e > C◦
√
ε},

(5.22) ur◦ = 0 in {x · e < −C◦
√
ε},

and therefore the free boundary ∂Ω = ∂{ur◦ > 0} is contained in the strip
{|x · e| ≤ C◦

√
ε}, for some C◦ depending only on n (see Figure 5.13). To

prove this, notice that if x · e > C◦
√
ε then

ur◦ >
1

2
(C◦
√
ε)2 − ε > 0,

while if there was a free boundary point x◦ in {x · e < −C◦ε} then by
nondegeneracy we would get

sup
BC◦

√
ε(x◦)

ur◦ ≥ c(C◦
√
ε)2 > 2ε,

a contradiction with (5.20).

Therefore, we have

∂Ω ⊂ {|x · e| ≤ C◦
√
ε}.

Now, for each τ ∈ Sn−1 satisfying τ · e ≥ 1
2 we define

w := ∂τur◦ .

In order to use Lemma 5.32, we notice:

(a) w is bounded and harmonic in Ω ∩B1.

(b) w = 0 on ∂Ω ∩B1.

(c) Thanks to (5.21), if δ �
√
ε then w satisfies

w ≥ −ε in Nδ

and

w ≥ δ/4 > 0 in (Ω \Nδ) ∩B1.
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Ω

0

2C◦
√
ε

Nδ ∩ Ω

∂Ω

Figure 5.13. The setting in which we use Lemma 5.32.

(We recall Nδ := {x ∈ B1 : dist(x, ∂Ω) < δ}.)
Indeed, to check the last inequality we use that, by (5.22), we have

{x · e < δ − C◦
√
ε} ∩ Ω ⊂ Nδ. Thus, by (5.21), we get that for all x ∈

(Ω \Nδ) ∩B1

w ≥ 1

2
(x · e)+ − ε ≥

1

2
δ − 1

2
C◦
√
ε− ε ≥ 1

4
δ,

provided that δ �
√
ε.

Using (a)-(b)-(c), we deduce from Lemma 5.32 that

w ≥ 0 in B1/2.

Since we can do this for every τ ∈ Sn−1 with τ · e ≥ 1
2 , the proposition is

proved. �

As a consequence of the previous proposition, we find:

Corollary 5.34. Let u be any solution to (5.14), and assume that (5.19)
holds. Then, there exists r◦ > 0 such that the free boundary ∂{ur◦ > 0}
is Lipschitz in B1/2. In particular, the free boundary of u, ∂{u > 0}, is
Lipschitz in Br◦/2.

Proof. This follows from the fact that ∂τur◦ ≥ 0 in B1/2 for all τ ∈ Sn−1

with τ · e ≥ 1
2 (by Proposition 5.33), as explained next.
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Σ1

Σ2

e

x◦
τ

Figure 5.14. Representation of Σ1 and Σ2.

Let x◦ ∈ B1/2 ∩ ∂{ur◦ > 0} be any free boundary point in B1/2, and let

Θ :=
{
τ ∈ Sn−1 : τ · e > 1

2

}
,

Σ1 :=
{
x ∈ B1/2 : x = x◦ − tτ, with τ ∈ Θ, t > 0

}
,

and

Σ2 :=
{
x ∈ B1/2 : x = x◦ + tτ, with τ ∈ Θ, t > 0

}
,

see Figure 5.14.

We claim that

(5.23)

{
ur◦ = 0 in Σ1,
ur◦ > 0 in Σ2.

Indeed, since ur◦(x◦) = 0, it follows from the monotonicity property ∂τur◦ ≥
0 — and the nonnegativity of ur◦ — that ur◦(x◦ − tτ) = 0 for all t > 0 and
τ ∈ Θ. In particular, there cannot be any free boundary point in Σ1.

On the other hand, by the same argument, if ur◦(x1) = 0 for some
x1 ∈ Σ2 then we would have ur◦ = 0 in

{
x ∈ B1/2 : x = x1 − tτ, with τ ∈

Θ, t > 0
}
3 x◦, and in particular x◦ would not be a free boundary point.

Thus, ur◦(x1) > 0 for all x1 ∈ Σ2, and (5.23) is proved.

Finally, notice that (5.23) yields that the free boundary ∂{ur◦ > 0} ∩
B1/2 satisfies both the interior and exterior cone condition, and thus it is
Lipschitz. �

Once we know that the free boundary is Lipschitz, we may assume with-
out loss of generality that e = en and that

∂{ur◦ > 0} ∩B1/2 = {xn = g(x′)} ∩B1/2
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wi > 0
∆wi = 0

wi = 0

B1

Ω

Figure 5.15. Setting of the boundary Harnack.

for a Lipschitz function g : Rn−1 → R. Here, x = (x′, xn), with x′ ∈ Rn−1

and xn ∈ R.

Now, we want to prove that Lipschitz free boundaries are C1,α. A key
ingredient for this will be the following basic property of harmonic functions
(see Figure 5.15 for a representation of the setting).

Theorem 5.35 (Boundary Harnack). Let w1 and w2 be positive harmonic
functions in B1 ∩ Ω, where Ω ⊂ Rn is any Lipschitz domain.

Assume that w1 and w2 vanish on ∂Ω ∩B1, and C−1
◦ ≤ ‖wi‖L∞(B1/2) ≤

C◦ for i = 1, 2. Then,

1

C
w2 ≤ w1 ≤ Cw2 in Ω ∩B1/2.

Moreover, ∥∥∥∥w1

w2

∥∥∥∥
C0,α(Ω∩B1/2)

≤ C

for some small α > 0. The constants α and C depend only on n, C◦, and Ω.

For completeness, we provide in Appendix B a proof of this result. We
refer to [DS20] for the boundary Harnack for more general operators and to
[AS19, RT21] for the boundary Harnack for equations with a right hand
side.

Remark 5.36. The main point in Theorem 5.35 is that Ω is allowed to be
Lipschitz. If Ω is smooth (say, C2 or even C1,α) then it follows from a simple
barrier argument that both w1 and w2 would be comparable to the distance
to ∂Ω, i.e., they vanish at a linear rate from ∂Ω. However, in Lipschitz
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domains the result cannot be proved with a simple barrier argument, and it
is much more delicate to establish.

The boundary Harnack is a crucial tool in the study of free boundary
problems, and in particular in the obstacle problem. Here, we use it to prove
that the free boundary is C1,α for some small α > 0.

Proposition 5.37. Let u be any solution to (5.14), and assume that (5.19)
holds. Then, there exists r◦ > 0 such that the free boundary ∂{ur◦ > 0} is
C1,α in B1/4, for some small α > 0. In particular, the free boundary of u,

∂{u > 0}, is C1,α in Br◦/4.

Proof. Let Ω = {ur◦ > 0}. By Corollary 5.34, if r◦ > 0 is small enough
then (possibly after a rotation) we have

Ω ∩B1/2 = {xn ≥ g(x′)} ∩B1/2

and the free boundary is given by

∂Ω ∩B1/2 = {xn = g(x′)} ∩B1/2,

where g is Lipschitz.

Let

w2 := ∂enur◦

and

w1 := ∂eiur◦ + ∂enur◦ , i = 1, ..., n− 1.

Since ∂τur◦ ≥ 0 in B1/2 for all τ ∈ Sn−1 with τ ·en ≥ 1
2 , we have that w2 ≥ 0

in B1/2 and w1 ≥ 0 in B1/2.

This is because ∂ei + ∂en = ∂ei+en =
√

2∂τ , with τ · en = 1/
√

2 > 1
2 .

Notice that we add the term ∂enur◦ in w1 in order to get a nonnegative
function w2 ≥ 0.

Now since w1 and w2 are positive harmonic functions in Ω ∩ B1/2, and
vanish on ∂Ω ∩ B1/2, we can use the boundary Harnack, Theorem 5.35 (or
Corollary B.2), to get ∥∥∥∥w1

w2

∥∥∥∥
C0,α(Ω∩B1/4)

≤ C

for some small α > 0. Therefore, since w1/w2 = 1 + ∂eiur◦/∂enur◦ , we
deduce

(5.24)

∥∥∥∥ ∂eiur◦∂enur◦

∥∥∥∥
C0,α(Ω∩B1/4)

≤ C.

Now, we claim that this implies that the free boundary is C1,α in B1/4.
Indeed, if ur◦(x) = t then the normal vector to the level set {ur◦ = t} is
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given by

νi(x) =
∂eiur◦
|∇ur◦ |

=
∂eiur◦/∂enur◦√

1 +
∑n−1

j=1

(
∂ejur◦/∂enur◦

)2 , i = 1, ..., n.

This is a C0,α function by (5.24), and therefore we can take t → 0 to find
that the free boundary is C1,α (since the normal vector to the free boundary
is given by a C0,α function). �

So far we have proved that(
{u = 0} has positive
density at the origin

)
=⇒

(
any blow-up is
u0 = 1

2(x · e)2
+

)
=⇒

(
free boundary
is C1,α near 0

)
As a last step in this section, we will now prove that C1,α free boundaries

are actually C∞.

Higher regularity of the free boundary. We want to finally prove the
smoothness of free boundaries near regular points.

Theorem 5.38 (Smoothness of the free boundary near regular points). Let
u be any solution to (5.14), and assume that (5.19) holds. Then, the free
boundary ∂{u > 0} is C∞ in a neighborhood of the origin.

For this, we need the following result.

Theorem 5.39 (Higher order boundary Harnack). Let Ω ⊂ Rn be any Ck,α

domain, with k ≥ 1 and α ∈ (0, 1). Let w1, w2 be two solutions of ∆wi = 0
in B1 ∩ Ω, wi = 0 on ∂Ω ∩B1, with w2 > 0 in Ω.

Assume that C−1
◦ ≤ ‖wi‖L∞(B1/2) ≤ C◦. Then,∥∥∥∥w1

w2

∥∥∥∥
Ck,α(Ω∩B1/2)

≤ C,

where C depends only on n, k, α, C◦, and Ω.

Contrary to Theorem 5.35, the proof of Theorem 5.39 is a perturba-
tive argument, in the spirit of (but much more delicate than) the Schauder
estimates from Chapter 3. We will not prove the higher order boundary
Harnack here; we refer to [DS16] for the proof of such result.

Using Theorem 5.39, we can finally prove Theorem 5.38:

Proof of Theorem 5.38. Let ur◦(x) = r−2
◦ u(r◦x). By Proposition 5.37,

we know that if r◦ > 0 is small enough then the free boundary ∂{ur◦ > 0}
is C1,α in B1, and (possibly after a rotation) ∂enur◦ > 0 in {ur◦ > 0} ∩ B1.
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Thus, using the higher order boundary Harnack (Theorem 5.39) with w1 =
∂eiur◦ and w2 = ∂enur◦ , we find that∥∥∥∥ ∂eiur◦∂enur◦

∥∥∥∥
C1,α(Ω∩B1/2)

≤ C.

Actually, by a simple covering argument we find that

(5.25)

∥∥∥∥ ∂eiur◦∂enur◦

∥∥∥∥
C1,α(Ω∩B1−δ)

≤ Cδ

for any δ > 0.

Now, as in the proof of Proposition 5.37, we notice that if ur◦(x) = t
then the normal vector to the level set {ur◦ = t} is given by

νi(x) =
∂eiur◦
|∇ur◦ |

=
∂eiur◦/∂enur◦√

1 +
∑n

j=1

(
∂ejur◦/∂enur◦

)2 , i = 1, ..., n.

By (5.25), this is a C1,α function in B1−δ for any δ > 0, and therefore we
can take t → 0 to find that the normal vector to the free boundary is C1,α

inside B1. But this means that the free boundary is actually C2,α.

Repeating now the same argument, and using that the free boundary is
C2,α in B1−δ for any δ > 0, we find that∥∥∥∥ ∂eiur◦∂enur◦

∥∥∥∥
C2,α(Ω∩B1−δ′ )

≤ Cδ′ ,

which yields that the normal vector is C2,α and thus the free boundary is
C3,α. Iterating this argument, we find that the free boundary ∂{ur◦ > 0}
is C∞ inside B1, and hence ∂{u > 0} is C∞ in a neighborhood of the
origin. �

This completes the study of regular free boundary points. It remains to
understand what happens at points where the contact set has density zero
(see e.g. Figure 5.9). This is the content of the next section.

5.7. Singular points

We finally study the behavior of the free boundary at singular points, i.e.,
when

(5.26) lim
r→0

∣∣{u = 0} ∩Br
∣∣

|Br|
= 0.

For this, we first notice that, as a consequence of the results of the previous
Section, we get the following.

Proposition 5.40. Let u be any solution to (5.14). Then, we have the
following dichotomy:
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(a) Either (5.19) holds and all blow-ups of u at 0 are of the form

u0(x) =
1

2
(x · e)2

+,

for some e ∈ Sn−1.

(b) Or (5.26) holds and all blow-ups of u at 0 are of the form

u0(x) =
1

2
xTAx,

for some matrix A ≥ 0 with trA = 1.

Points of type (a) were studied in the previous Section; they are called
regular points and the free boundary is C∞ around them (in particular, the
blow-up is unique). Points of type (b) are those at which the contact set
has zero density, and are called singular points.

To prove the result, we need the following:

Lemma 5.41. Let u be any solution to (5.14), and assume that (5.26) holds.
Then, every blow-up of u at 0 satisfies |{u0 = 0}| = 0.

Proof. Let u0 be a blow-up of u at 0, i.e., urk → u0 in C1
loc(Rn) along a

sequence rk → 0, where ur(x) = r−2u(rx).

Notice that the functions ur solve

∆ur = χ{ur>0} in B1,

in the sense that

(5.27)

∫
B1

∇ur · ∇η dx =

∫
B1

χ{ur>0}η dx for all η ∈ C∞c (B1).

Moreover, by assumption (5.26), we have
∣∣{ur = 0} ∩ B1

∣∣ −→ 0, and thus
taking limits rk → 0 in (5.27) we deduce that ∆u0 = 1 in B1. Since we
know that u0 is convex, nonnegative, and homogeneous, this implies that
|{u0 = 0}| = 0. �

We can now give the:

Proof of Theorem 5.40. By the classification of blow-ups (Theorem 5.24),
the possible blow-ups can only have one of the two forms presented. If (5.19)
holds for at least one blow-up, thanks to the smoothness of the free boundary
(by Proposition 5.37), it holds for all blow-ups, and thus, by Corollary 5.30,
u0(x) = 1

2(x · e)2
+ (and in fact, the smoothness of the free boundary yields

uniqueness of the blow-up in this case).

If (5.26) holds, then by Lemma 5.41 the blow-up u0 must satisfy
∣∣{u0 =

0}
∣∣ = 0, and thus we are in case (b) (see the proof of Theorem 5.24). �
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In the previous Section we proved that the free boundary is C∞ in a
neighborhood of any regular point. A natural question then is to understand
better the solution u near singular points. One of the main results in this
direction is the following.

Theorem 5.42 (Uniqueness of blow-ups at singular points). Let u be any
solution to (5.14), and assume that 0 is a singular free boundary point.

Then, there exists a homogeneous quadratic polynomial p2(x) = 1
2x

TAx,
with A ≥ 0 and ∆p2 = 1, such that

ur −→ p2 in C1
loc(Rn).

In particular, the blow-up of u at 0 is unique, and u(x) = p2(x) + o(|x|2).

To prove this, we need the following monotonicity formula due to Mon-
neau.

Theorem 5.43 (Monneau’s monotonicity formula). Let u be any solution
to (5.14), and assume that 0 is a singular free boundary point.

Let q be any homogeneous quadratic polynomial with q ≥ 0, q(0) = 0,
and ∆q = 1. Then, the quantity

Mu,q(r) :=
1

rn+3

∫
∂Br

(u− q)2

is monotone in r, that is, d
drMu,q(r) ≥ 0.

Proof. We sketch the argument here, and refer to [PSU12, Theorem 7.4]
for more details.

We first notice that

Mu,q(r) =

∫
∂B1

(u− q)2(rx)

r4
,

and hence a direct computation yields

d

dr
Mu,q(r) =

2

rn+4

∫
∂Br

(u− q) {x · ∇(u− q)− 2(u− q)} .

On the other hand, it turns out that

1

rn+3

∫
∂Br

(u− q) {x · ∇(u− q)− 2(u− q)} =Wu(r)−Wu(0+)+

+
1

rn+2

∫
Br

(u− q)∆(u− q),

where Wu(r) (as defined in (5.15)) is monotone increasing in r > 0 thanks
to Theorem 5.18. Thus, we have

d

dr
Mu,q(r) ≥

2

rn+3

∫
Br

(u− q)∆(u− q).
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But since ∆u = ∆q = 1 in {u > 0}, and (u− q)∆(u− q) = q ≥ 0 in {u = 0},
we have

d

dr
Mu,q(r) ≥

2

rn+3

∫
Br∩{u=0}

q ≥ 0,

as wanted. �

We can now give the:

Proof of Theorem 5.42. By Proposition 5.40 (and Proposition 5.23), we
know that at any singular point we have a subsequence rj → 0 along which
urj → p in C1

loc(Rn), where p is a 2-homogeneous quadratic polynomial
satisfying p(0) = 0, p ≥ 0, and ∆p = 1. Thus, we can use Monneau’s
monotonicity formula with such polynomial p to find that

Mu,p(r) :=
1

rn+3

∫
∂Br

(u− p)2

is monotone increasing in r > 0. In particular, the limit limr→0Mu,p(r) :=
Mu,p(0

+) exists.

Now, recall that we have a sequence rj → 0 along which urj → p. In

particular, r−2
j {u(rjx)− p(rjx)} −→ 0 locally uniformly in Rn, i.e.,

1

r2
j

‖u− p‖L∞(Brj ) −→ 0

as rj → 0. This yields that

Mu,p(rj) ≤
1

rn+3
j

∫
∂Brj

‖u− p‖2L∞(Brj ) −→ 0

along the subsequence rj → 0, and therefore Mu,p(0
+) = 0.

Let us show that this implies the uniqueness of blow-ups. Indeed, if there
was another subsequence r` → 0 along which ur` → q in C1

loc(Rn), for a 2-
homogeneous quadratic polynomial q, then we would repeat the argument
above to find that Mu,q(0

+) = 0. But then this yields, by homogeneity of p
and q,∫

∂B1

(p− q)2 =
1

rn+3

∫
∂Br

(p− q)2 ≤ 2Mu,p(r) + 2Mu,q(r) −→ 0,

and hence ∫
∂B1

(p− q)2 = 0.

This means that p = q, and thus the blow-up of u at 0 is unique.

Let us finally show that u(x) = p(x)+o(|x|2), i.e., r−2‖u−p‖L∞(Br) → 0
as r → 0. Indeed, assume by contradiction that there is a subsequence
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rk → 0 along which

r−2
k ‖u− p‖L∞(Brk ) ≥ c1 > 0.

Then, there would be a subsequence of rki along which urki → u0 in C1
loc(Rn),

for a certain blow-up u0 satisfying ‖u0 − p‖L∞(B1) ≥ c1 > 0. However, by
uniqueness of blow-ups it must be u0 = p, and hence we reach a contradic-
tion. �

We refer to [SY23, Bon01] for an alternative approach to the unique-
ness of blow-ups at singular points, not based on monotonicity formulas.

Summarizing, we have proved the following result:

Theorem 5.44. Let u be any solution to (5.14). Then, we have the following
dichotomy:

(a) Either all blow-ups of u at 0 are of the form

u0(x) =
1

2
(x · e)2

+ for some e ∈ Sn−1,

and the free boundary is C∞ in a neighborhood of the origin.

(b) Or there is a homogeneous quadratic polynomial p, with p(0) = 0,
p ≥ 0, and ∆p = 1, such that

‖u− p‖L∞(Br) = o(r2) as r → 0.

In particular, when this happens we have

lim
r→0

∣∣{u = 0} ∩Br
∣∣

|Br|
= 0.

The last question that remains to be answered is: How large can the set
of singular points be? This is the topic of the following section.

5.8. On the size of the singular set

We finish this chapter with a discussion of more recent results (as well as
some open problems) about the set of singular points.

Recall that a free boundary point x◦ ∈ ∂{u > 0} is singular whenever

lim
r→0

∣∣{u = 0} ∩Br(x◦)
∣∣

|Br(x◦)|
= 0.

The main known result on the size of the singular set reads as follows.

Theorem 5.45 ([Caf98]). Let u be any solution to (5.14). Let Σ ⊂ B1 be
the set of singular points.

Then, Σ∩B1/2 is locally contained in a C1 manifold of dimension n−1.
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This result is sharp, in the sense that it is not difficult to construct
examples in which the singular set is (n− 1)-dimensional; see [Sch77].

As explained below, such result essentially follows from the uniqueness
of blow-ups at singular points, established in the previous section.

Indeed, given any singular point x◦, let px◦ be the blow-up of u at x◦
(recall that px◦ is a nonnegative 2-homogeneous polynomial). Let k be the
dimension of the set {px◦ = 0}— notice that this is a proper linear subspace
of Rn, so that k ∈ {0, ..., n− 1} — and define

(5.28) Σk :=
{
x◦ ∈ Σ : dim({px◦ = 0}) = k

}
.

Clearly, Σ =
⋃n−1
k=0 Σk.

The following result gives a more precise description of the singular set.

Proposition 5.46 ([Caf98]). Let u be any solution to (5.14). Let Σk ⊂ B1

be defined by (5.28), k = 1, ..., n− 1. Then, Σk is locally contained in a C1

manifold of dimension k.

The rough heuristic idea of the proof of this result is as follows. Assume
for simplicity that n = 2, so that Σ = Σ1 ∪ Σ0.

Let us take a point x◦ ∈ Σ0. Then, by Theorem 5.44, we have the
expansion

(5.29) u(x) = px◦(x− x◦) + o
(
|x− x◦|2

)
where px◦ is the blow-up of u at x◦ (recall that this came from the uniqueness
of blow-ups at x◦). By definition of Σ0, the polynomial px◦ must be positive
outside the origin, and thus by homogeneity satisfies px◦(x−x◦) ≥ c|x−x◦|2,
with c > 0. This, combined with (5.29), yields then that u must be positive
in a neighborhood of x◦. In particular, all points in Σ0 are isolated.

On the other hand, let us now take a point x◦ ∈ Σ1. Then, by definition
of Σ1 the blow-up must necessarily be of the form px◦(x) = 1

2(x · ex◦)2, for

some ex◦ ∈ Sn−1. Again by the expansion (5.29), we find that u is positive
in a region of the form{

x ∈ Bρ(x◦) :
∣∣(x− x◦) · ex◦∣∣ > ω(|x− x◦|)

}
,

where ω is a certain modulus of continuity, and ρ > 0 is small (see Fig-
ure 5.16).

This is roughly saying that the set Σ1 “has a tangent plane” at x◦.
Repeating the same at any other point x̃◦ ∈ Σ1 we find that the same
happens at every point in Σ1 and, moreover, if x̃◦ is close to x◦ then ex̃◦
must be close to ex◦ — otherwise the expansions (5.29) at x̃◦ and x◦ would
not match. Finally, since the modulus ω can be made independent of the
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x◦

u > 0

u > 0

Bρ(x◦)

ex◦

Figure 5.16. u is positive in {x ∈ Bρ(x◦) : |(x− x◦) · ex◦ | > ω(|x− x◦|)}.

x◦

x̃◦

ex◦

ex̃◦

Figure 5.17. Singular points x◦, x̃◦ ∈ Σ1.

point (by a compactness argument), it turns out that the set Σ1 is contained
in a C1 curve (see Figure 5.17).

What we discussed here is just an heuristic argument; the actual proof
uses Whitney’s extension theorem and can be found for example in [PSU12].
Finally, we refer to [CSV18], [FS19], and [FZ21] (and the expository paper
[Fig18b]) for some recent finer results about the set of singular points.

Generic regularity. In PDE problems in which singularities may appear,
it is very natural and important to understand whether these singularities
appear “often”, or if instead “most” solutions have no singularities.

In the context of the obstacle problem, the key question is to understand
the generic regularity of free boundaries. Explicit examples show that sin-
gular points in the obstacle problem can form a very large set, of dimension
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n− 1 (as large as the regular set). Still, singular points are expected to be
rare (see [Sch74]):

Conjecture (Schaeffer, 1974): Generically, the weak solution of the obsta-
cle problem is also a strong solution, in the sense that the free boundary is
a C∞ manifold.

In other words, the conjecture states that, generically, the free boundary
has no singular points.

The first result in this direction was established by Monneau in 2003,
who proved the following.

Theorem 5.47 ([Mon03]). Schaeffer’s conjecture holds in R2.

More precisely, Monneau considers a 1-parameter family of solutions uλ,
with λ ∈ (0, 1), such that{

∆uλ = χ{uλ>0} in Ω
uλ = gλ on ∂Ω,

with gλ = g + λ and g ≥ 0 on ∂Ω.

Then, the first step is to notice that not only each of the singular sets
Σλ ⊂ Ω is contained in a C1 manifold of dimension (n− 1), but actually the
union

⋃
λ∈(0,1) Σλ ⊂ Ω is still contained in an (n− 1)-dimensional manifold.

After that, we look at the free boundary as a set in Ω×(0, 1) 3 (x, λ), and
notice that it can be written as a graph {λ = h(x)}, for some function h. A
second key step in the proof is to show that h is Lipschitz and, furthermore,
it has zero gradient at any singular point. This, combined with the coarea
formula, yields that in R2 the set of singular points is empty for almost every
λ ∈ (0, 1), which implies Theorem 5.47.

Finally, the best known result in this direction was established very
recently by Figalli, Serra, and the second author.

Theorem 5.48 ([FRS20]). Schaeffer’s conjecture holds in R3 and R4.

The proof of this result is based on a new and very fine understanding
of singular points. For this, [FRS20] combines Geometric Measure The-
ory tools, PDE estimates, several dimension reduction arguments, and even
several new monotonicity formulas.

It remains an open problem to decide whether or not Schaeffer’s conjec-
ture holds in dimensions n ≥ 5 or not.



Appendix A

Some properties of
Hölder spaces

In this appendix, we prove the properties (H1)-(H8) stated in Chapter 1.

Recall that, given α ∈ (0, 1], the Hölder space C0,α(Ω) is the set of
functions u ∈ C(Ω) such that

[u]C0,α(Ω) := sup
x,y∈Ω
x 6=y

∣∣u(x)− u(y)
∣∣

|x− y|α
<∞.

The Hölder norm is

‖u‖C0,α(Ω) := ‖u‖L∞(Ω) + [u]C0,α(Ω).

When α = 1, this is the usual space of Lipschitz functions.

More generally, given k ∈ N and α ∈ (0, 1], the space Ck,α(Ω) is the set
of functions u ∈ Ck(Ω) such that the following norm is finite

‖u‖Ck,α(Ω) :=

k∑
j=1

‖Dju‖L∞(Ω) + sup
x,y∈Ω
x 6=y

∣∣Dku(x)−Dku(y)
∣∣

|x− y|α

= ‖u‖Ck(Ω) + [Dku]C0,α(Ω).

Finally, when β > 0 is not an integer, we denote Cβ(Ω) := Ck,α(Ω),
where β = k + α, with k ∈ N, α ∈ (0, 1).

Next, we give the proofs of the properties of Hölder spaces that we
have used throughout the book. Unless stated otherwise, in the following
statements we assume α ∈ (0, 1).

179
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(H1) Assume

oscBr(x)u ≤ C◦rα for all Br(x) ⊂ B1,

where oscAu := supA u− infA u.
Then, u ∈ C0,α(B1) and [u]C0,α(B1) ≤ CC◦, with C depending only on

n, α.

• Proof of (H1) We want to prove that |u(z) − u(x)| ≤ CC◦|z − x|α for
all z, x ∈ B1. Given z, x ∈ B1, let r = |z − x|. For this, we may assume
r < 1/10 and distinguish two cases:
(i) If Br(x) ⊂ B1, then we simply use the assumption to get

|u(z)− u(x)| ≤ oscBr(x)u ≤ C◦rα = C◦|z − x|α.

(ii) Otherwise, we take x̄ and z̄ on the segments 0x and 0z, respectively,
such that |x − x̄| = r and |z − z̄| = r. Then, by assumption we have
|u(x)− u(x̄)| ≤ C◦r

α, |u(z)− u(z̄)| ≤ C◦r
α, and |u(x̄)− u(z̄)| ≤ C◦r

α.
The last inequality holds because |x̄ − z̄| < r, which can be easily
checked by construction of x̄ and z̄.
Combining the last three inequalities, we deduce that |u(x) − u(z)| ≤
3C◦r

α, as wanted.
�

We also state and prove the following slight modification of (H1), which
will be useful in later proofs. Notice that the difference with respect to
the previous statement is that now, given any ball in B1, we control the
oscillation in the ball with half the radius.

(H1’) Assume

oscBr(x)u ≤ C◦rα for all B2r(x) ⊂ B1,

where oscAu := supA u− infA u.
Then, u ∈ C0,α(B1) and [u]C0,α(B1) ≤ CC◦, with C depending only on

n, α.

• Proof of (H1’). We proceed analogously to the proof of (H1). Let z, x ∈
B1, and let r = |z − x|. We may assume that r < 1/10. If B2r(x) ⊂ B1, the
result follows by assumption.

Otherwise, let us take x̄ and z̄ on the segments 0x and 0z, respectively,
such that |x− x̄| = 2r and |z− z̄| = 2r. Let us define xk = (1−2−k)x+2−kx̄
and zk = (1− 2−k)z + 2−kz̄. Notice that |xk+1 − xk| = |zk+1 − zk| = 2−kr.
Also, |xk| = |x| − 2−k+1r, so that B2|xk+1−xk|(xk) ⊂ B1. That is, we can use
our assumption on xk and xk+1 to get that

|u(xk)− u(xk+1)| ≤ C◦|xk − xk+1|α = C◦2
−kαrα.
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(An analogous result holds for zk.) On the other hand, by choice of x̄ and z̄,
they can also be compared in the oscillation of u as

|u(x̄)− u(z̄)| ≤ C◦|x̄− z̄|α ≤ C◦rα.

Putting everything together, we reach that

|u(x)− u(z)| ≤
∑
k≥0

|u(xk+1)− u(xk)|+ |u(x̄)− u(z̄)|+
∑
k≥0

|u(zk+1)− u(zk)|

≤ 2
∑
k≥0

C◦2
−kαrα + C◦r

α ≤ CC◦rα,

for some constant C depending only on α. �

(H2) Let ux,r :=
∫
Br(x) u. Assume

‖u− ux,r‖L∞(Br(x)) ≤ C◦rα for all Br(x) ⊂ B1.

Then, u ∈ C0,α(B1) and [u]C0,α(B1) ≤ CC◦, with C depending only on n, α.

• Proof of (H2). By the triangle inequality we have

oscBr(x)u ≤ 2‖u− ux,r‖L∞(Br(x)) ≤ 2C◦r
α,

and thus the result follows from (H1). �

(H3) Let ux,r :=
∫
Br(x) u. Assume( ∫

Br(x)
|u− ux,r|2

)1/2

≤ C◦rα for all Br(x) ⊂ B1.

Then, u ∈ C0,α(B1) and [u]C0,α(B1) ≤ CC◦, with C depending only on n, α.

• Proof of (H3). Notice that, for every z ∈ B1,∣∣ux,r − ux, r
2

∣∣2 ≤ 2|u(z)− ux,r|2 + 2
∣∣u(z)− ux, r

2

∣∣2.
Thus, integrating in Br/2(x) and using the assumption we deduce

|ux,r − ux, r
2
|2 ≤ 2

∫
Br/2(x)

|u− ux,r|2 + 2

∫
Br/2(x)

∣∣u− ux, r
2

∣∣2
≤ 2n+1

∫
Br(x)

|u− ux,r|2 + 2

∫
Br/2(x)

∣∣u− ux, r
2

∣∣2 ≤ CC2
◦r

2α.

This means that ∣∣ux,r − ux, r
2

∣∣ ≤ CC◦rα,
and summing a geometric series we get

|ux,r − u(x)| ≤
∑
k≥0

∣∣ux, r
2k
− ux, r

2k+1

∣∣ ≤∑
k≥0

CC◦

( r
2k

)α
= 2CC◦r

α.
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Here we used that, up to redefining u on a set of measure zero, by Lebesgue
differentiation theorem (Theorem 1.1) we have that ux,r → u(x) as r → 0.

Let now x, y ∈ B1, r = 2|x− y|, and assume that Br(x) ⊂ B1. Then, we
have

|ux,r − uy,r|2 ≤
∫
Br/2(x)

|u− ux,r|2 +

∫
Br/2(x)

∣∣u− uy,r∣∣2
≤ 2n

∫
Br(x)

|u− ux,r|2 + 2n
∫
Br(y)

∣∣u− uy,r∣∣2 ≤ CC2
◦r

2α,

and thus ∣∣ux,r − uy,r∣∣ ≤ CC◦rα.
Combining the previous estimates, we deduce that for every x, y ∈ B1

such that B2|x−y|(x) ⊂ B1, we have

|u(x)− u(y)| ≤ |u(x)− ux,r|+ |ux,r − uy,r|+ |uy,r − u(y)| ≤ 3CC◦r
α.

Once we have this, by (H1’) we are done. �

(H4) Assume that for every x there is a constant Cx such that

‖u− Cx‖L∞(Br(x)) ≤ C◦rα for all Br(x) ⊂ B1.

Then, u ∈ C0,α(B1) and [u]C0,α(B1) ≤ CC◦, with C depending only on n, α.

Assume that for every x there is a linear function `x(y) = ax+bx ·(y−x)
such that

‖u− `x‖L∞(Br(x)) ≤ C◦r1+α for all Br(x) ⊂ B1.

Then, u ∈ C1,α(B1) and [Du]C0,α(B1) ≤ CC◦, with C depending only on
n, α.

Assume that for every x there is a quadratic polynomial Px(y) such that

‖u− Px‖L∞(Br(x)) ≤ C◦r2+α for all Br(x) ⊂ B1.

Then, u ∈ C2,α(B1) and [D2u]C0,α(B1) ≤ CC◦, with C depending only on
n, α.

• Proof of (H4). (i) The first statement — with the C0,α norm — follows
from (H1).

(ii) Let us sketch the proof of the second statement — with the C1,α

norm. Let x, y ∈ B1 with y ∈ Br(x) ⊂ B1. Notice that, dividing by r
and taking r → 0 in the assumption, it follows that u is differentiable at
x and that `x must be given by `x(y) = u(x) + ∇u(x) · (y − x). Thus, by
assumption, we have

u(y) = u(x) +∇u(x) · (y − x) +O(r1+α)
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and, for every z ∈ Br(x) such that |z − y| ≈ |z − x| ≈ |y − x| ≈ r,

u(z) = u(x) +∇u(x) · (z − x) +O(r1+α)

= u(y) +∇u(y) · (z − y) +O(r1+α)

= u(x) +∇u(x) · (y − x) +∇u(y) · (z − y) +O(r1+α).

From this, we deduce that

∇u(x) · (z − y) = ∇u(y) · (z − y) +O(r1+α).

Taking z such that z − y is parallel to ∇u(y)−∇u(x), we get

∇u(x) = ∇u(y) +O(rα),

as wanted.
(iii) Let us prove the third statement concerning the C2,α norm — the

following proof is more general and works also in case (ii).
Let x, y ∈ Br(x◦) with |x − y| = r and suppose B2r(x◦) ⊂ B1. Let us

rescale u around x◦, i.e., ur(z) := u(x◦ + rz), so that |x̄ − ȳ| = 1, where
x◦ + rx̄ = x and x◦ + rȳ = y. Let us define also

Px,r(z) := Px(x◦ + rz) and Py,r := Py(x◦ + rz).

Then,

‖ur − Px,r‖L∞(B1(x̄)) = ‖u− Px‖L∞(Br(x)) ≤ C◦r2+α,

‖ur − Py,r‖L∞(B1(ȳ)) = ‖u− Py‖L∞(Br(y)) ≤ C◦r2+α.

Hence, if we denote w̄ = x̄+ȳ
2 then B1/2(w̄) ⊂ B1(x̄) ∩B1(ȳ) and

‖Px,r − Py,r‖L∞(B1/2(w̄)) ≤ ‖ur − Px,r‖L∞(B1(x̄)) + ‖ur − Py,r‖L∞(B1(ȳ))

≤ CC◦r2+α.

This means that all the coefficients of the polynomial Px,r − Py,r are con-

trolled by C̃C◦r
2+α.

Now, notice that if we denote Px(z) = ax+bx ·(z−x)+(z−x)TMx(z−x)
then Px,r(z) = ax + rbx · (z − x̄) + r2(z − x̄)TMx(z − x̄), and an analogous
expression holds for Py,r. Hence, we can write

Px,r(z)− Py,r(z) =
(
ax − ay + rbx · (ȳ − x̄) + r2(ȳ − x̄)TMx(ȳ − x̄)

)
+ r
(
bx − by + 2r(ȳ − x̄)TMx

)
· (z − ȳ)

+ r2(z − ȳ)T (Mx −My)(z − ȳ).

In particular, by looking at the quadratic and linear coefficients of such
polynomial, we have proved that

|Mx −My| ≤ C̃C◦rα

and ∣∣bx − by + 2r(ȳ − x̄)TMx

∣∣ ≤ CC◦r1+α.
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Since r(ȳ − x̄) = y − x, this is equivalent to∣∣by − bx − 2(y − x)TMx

∣∣ ≤ CC◦r1+α.

Notice, also, that

‖u− ax − bx · (· − x)‖L∞(Br(x)) ≤ C◦r2+α + Cxr
2 ≤ 2Cxr

2

if r small enough, so that, in particular, arguing as in (i), u is differentiable
at x and ax = u(x), bx = ∇u(x).

Thus, using that r = 2|x− y|, we have∣∣∇u(y)−∇u(x)− 2(y − x)TMx

∣∣ ≤ CC◦|y − x|1+α,

and letting y → x we deduce that ∇u is differentiable at x, with D2u(x) =
2Mx. An analogous result holds for My, so that we have shown that, for
any x, y ∈ Br(x◦) with |x− y| = r and B2r(x◦) ⊂ B1,∣∣D2u(x)−D2u(y)

∣∣ ≤ C̃C◦rα.
The result now follows by (H1’). �

Remark. Notice that the converse statement to (H4) also holds. For ex-
ample, when k = 1, if u ∈ C1,α(B1) then we have

‖u− `x‖L∞(Br(x)) ≤ C◦r1+α for all Br(x) ⊂ B1,

where `x(y) = u(x) +∇u(x) · (y − x). Indeed, to show this, we use that

u(y) = u(x) +

∫ 1

0
∇u(ty + (1− t)x) · (y − x)dt,

combined with∣∣∇u(ty + (1− t)x
)
−∇u(x)

∣∣ ≤ C◦|ty + (1− t)x− x|α ≤ C◦|y − x|α,

to get∣∣u(y)− u(x)−∇u(x) · (y − x)
∣∣ ≤ ∫ 1

0
C◦|y − x|α|y − x|dt = C◦|y − x|1+α,

as wanted.

(H5) Let ρ◦ ∈ (0, 1). Assume that, for every x ∈ B1/2, there exists a se-
quence of quadratic polynomials, (Pk)k∈N such that

‖u− Pk‖L∞(B
ρk◦

(x)) ≤ C◦ρ
k(2+α)
◦ for all k ∈ N.

Then, u ∈ C2,α(B1/2) and [D2u]C0,α(B1/2) ≤ CC◦, with C depending only on

n, α, and ρ◦.
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• Proof of (H5). Let us take x = 0. By hypothesis, we have

‖Pk−1 − Pk‖L∞(B
ρk◦

) ≤ ‖u− Pk−1‖L∞(B
ρk◦

) + ‖u− Pk‖L∞(B
ρk◦

)

≤ CC◦ρk(2+α)
◦ .

Then, we use the following:

Claim. Assume that P is a quadratic polynomial satisfying ‖P‖L∞(Br) ≤ γ.

If we denote P (z) = a+ b · z + zTMz, then we have that

|a| ≤ Cγ, |b| ≤ Cγ

r
, |M | ≤ Cγ

r2
,

where C is a constant depending only on n.

To prove the claim, notice that, by rescaling, we have Pr(z) := P (rz) =
ar + br · z + zTMrz, where ar = a, br = rb, Mr = r2M . By assumption,
we have that ‖Pr‖L∞(B1) ≤ γ. Since the coefficients of polynomials on B1

are controlled by the L∞ norm, we get that |ar| ≤ Cγ, |br| ≤ Cγ, and
|Mr| ≤ Cγ. This proves the claim.

Using the previous claim and the bound on Pk−1 − Pk, we deduce that

|ak−1 − ak| ≤ CC◦ρ
k(2+α)
◦ , |bk−1 − bk| ≤ CC◦ρ

k(1+α)
◦ ,

and

|Mk−1 −Mk| ≤ CC◦ρkα◦ ,
where Pk(z) = ak + bk · z + zTMkz.

It follows that Pk converge uniformly to a polynomial P (z) = a+ b · z+
zTMz, and that

‖u− P‖L∞(B
ρk◦

) ≤ ‖u− Pk‖L∞(B
ρk◦

) + |ak − a|+ ρk◦|bk − b|+ ρ2k
◦ |Mk −M |

≤ CC◦ρk(2+α)
◦

for all k ≥ 1. From this, it follows that for every r ∈ (0, 1) we have

‖u− P‖L∞(Br) ≤ CC◦r
2+α

(simply use that for any r we have ρk+1
◦ ≤ r ≤ ρk◦ for some k). Thus, since we

can do this for every x ∈ B1/2, it follows from (H4) that [D2u]C0,α(B1/2) ≤
CC◦. �

We refer to Remark A.1 below for a generalization of property (H5).

(H6) Assume that α ∈ (0, 1), ‖u‖L∞(B1) ≤ C◦, and

(A.1) sup
h∈B1

x∈B1−|h|

∣∣u(x+ h) + u(x− h)− 2u(x)
∣∣

|h|α
≤ C◦.

Then, u ∈ C0,α(B1) and ‖u‖C0,α(B1) ≤ CC◦, with C depending only on n, α.
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Assume that α ∈ (0, 1), ‖u‖L∞(B1) ≤ C◦, and

(A.2) sup
h∈B1

x∈B1−|h|

∣∣u(x+ h) + u(x− h)− 2u(x)
∣∣

|h|1+α
≤ C◦.

Then, u ∈ C1,α(B1) and ‖u‖C1,α(B1) ≤ CC◦, with C depending only on n, α.

However, such property fails when α = 0.

• Proof of (H6). (i) Let us do the case (A.2) first.
Given h ∈ B1 and x ∈ B1−|h|, let

w(h) :=
u(x+ h)− u(x)

|h|
.

Then, by assumption we have∣∣w(h)− w(h/2)
∣∣ =
|u(x+ h) + u(x)− 2u(x+ h/2)|

|h|
≤ C◦|h|α.

Thus, for every k ≥ 0,∣∣w(h/2k)− w(h/2k+1)
∣∣ ≤ C◦|h|α2−kα.

This implies the existence of the limit limt→0w(th), and by summing a
geometric series we get∣∣w(h)− lim

t→0
w(th)

∣∣ ≤ CC◦|h|α.
Since

lim
t→0

w(th) = lim
t→0

u(x+ th)− u(x)

t|h|
=

h

|h|
· ∇u(x),

this leads to ∣∣u(x+ h)− u(x)− h · ∇u(x)
∣∣ ≤ CC◦|h|1+α.

Using (H4), we see that the last inequality implies that [Du]C0,α(B1) ≤ CC◦.
Finally, using that ‖u‖L∞(B1) ≤ C◦, the result follows.

(ii) Let us do now the case (A.1).

As before, let us define w(h) := u(x+h)−u(x)
|h| and notice that

∣∣w(h)− w(h/2)
∣∣ =
|u(x+ h) + u(x)− 2u(x+ h/2)|

|h|
≤ C◦|h|α−1.

Then, for every k ≥ 0 we have∣∣w(2kh)− w(2k+1h)
∣∣ ≤ C◦|h|α−12−k(1−α).
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Take k◦ ≥ 0 such that 2k◦ |h| ≈ 1 (and so that1 still x+ 2k◦h ∈ B1), and add
the previous inequality for all 0 ≤ k < k◦. Then, by summing a geometric
series, we deduce that∣∣w(2k◦h)− w(h)

∣∣ ≤ CC◦|h|α−1.

Since ∣∣w(2k◦h)
∣∣ ≤ C‖u‖L∞(B1) ≤ CC◦ ≤ CC◦|h|α−1,

we finally get ∣∣w(h)
∣∣ ≤ ∣∣w(2k◦h)

∣∣+ CC◦|h|α−1 ≤ CC◦|h|α−1.

Translating back to u, this gives the desired result.

(iii) Finally, let us prove that the function

u(x) = x log |x|, x ∈ (−1, 1),

satisfies (A.2) with α = 0, but it is not in C0,1.
Indeed, let us show that∣∣(x+ h) log |x+ h|+ (x− h) log |x− h| − 2x log |x|

∣∣
|h|

≤ C◦

for all x, h ∈ (−1, 1) and for some C◦ > 0. For this, notice that

(x+ h) log |x+ h|+ (x− h) log |x− h| − 2x log |x|
h

=

=

(
1 + h

x

)
log
∣∣1 + h

x

∣∣+
(
1− h

x

)
log
∣∣1− h

x

∣∣
h
x

=
(1 + t) log |1 + t|+ (1− t) log |1− t|

t
,

with t = h/x. Such function of t is smooth in R\{0} and has finite limits at
t = 0 and at t =∞. Therefore, it is globally bounded in R by some constant
C◦ (actually, C◦ < 2). �

Remark. We refer to [And97, Section 2] for higher order versions of the
characterization (H6).

(H7) Assume that α ∈ (0, 1], ‖u‖L∞(B1) ≤ C◦, and that for every h ∈ B1 we
have ∥∥∥∥u(x+ h)− u(x)

|h|α

∥∥∥∥
Cβ(B1−|h|)

≤ C◦,

with C◦ independent of h. Assume in addition that α+ β is not an integer.
Then, u ∈ Cα+β(B1) and ‖u‖Cα+β(B1) ≤ CC◦, with C depending only on

n, α, β.

1Note that this is always possible if x, y ∈ B9/10, for example. If x, y are close to the

boundary ∂B1, then this is possible for example when (x − y) · x|x| >
1
2
|y − x|. It is easy to see

that we can always reduce to this case.
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However, such property fails when α+ β is an integer.

• Proof of (H7). We prove it in case β ∈ (0, 1], the proof for β > 1 is
analogous. Let us define

vh(x) =
u(x+ h)− u(x)

|h|α
.

Then, by assumption we have

sup
x,y∈B1−|h|

|vh(x)− vh(y)|
|x− y|β

≤ C◦.

This is equivalent to

sup
x,y∈B1−|h|

|u(x+ h)− u(x)− u(y + h) + u(y)|
|h|α+β

≤ C◦.

Taking y = x− h, this yields

sup
x∈B1−2|h|

|u(x+ h) + u(x+ h)− 2u(x)|
|h|α+β

≤ C◦.

By (H6), we deduce that ‖u‖Cα+β(B1) ≤ CC◦ — as long as α+ β 6= 1. �

(H8) Assume that ui → u uniformly in Ω ⊂ Rn, and that ‖ui‖Ck,α(Ω) ≤ C◦,
with α ∈ (0, 1] and for some C◦ independent of i. Then, u ∈ Ck,α(Ω), and

‖u‖Ck,α(Ω) ≤ C◦.

• Proof of (H8). Assume first k = 0. Then, we have that for every x, y ∈
Ω, x 6= y,

‖ui‖L∞(Ω) +
|ui(x)− ui(y)|
|x− y|α

≤ C◦.

Taking limits ui → u, we deduce that the same inequality holds for u, and
thus ‖u‖C0,α(Ω) ≤ C◦, as wanted.

Assume now that k ≥ 1. Then, it follows from Arzelà–Ascoli that
Dmui → Dmu uniformly in Ω for m ≤ k and thus, as before, taking limits
in the inequality

‖ui‖Ck(Ω) +
|Dkui(x)−Dkui(y)|

|x− y|α
≤ C◦,

the result follows. �

Remark A.1. In relation with property (H5), one can define L∞,β as
the set of functions u : B1 → R satisfying that, for each x ∈ R and each
r ∈ (0, 1− |x|), there exists some polynomial Px,r of degree bβc such that

‖u− Px,r‖L∞(Br(x)) ≤ Crβ
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for some C universal, and where bβc denotes the integer part of β. More
generally, one can define2 L p,β for p ∈ [1,∞] as the set of functions u
satisfying

r
−n
p ‖u− Px,r‖Lp(Br) ≤ Cr

β.

Then, it turns out that, for any β > 0 and p ≥ 1, L p,β = L∞,β; see
[JTW83, Theorem 2]. Moreover, similarly to what we did in (H5), one
can prove that if β = k + α, then

L p,k+α = L∞,k+α = Ck,α, if α ∈ (0, 1) and k ∈ N.

On the other hand, when β is an integer these spaces do not coincide with
Hölder spaces. Indeed, for β = 1 we have

L p,1 = L∞,1 = Λ1,

(see [JW84, Section 1.6]), and for β > 1,

u ∈ L p,β ⇐⇒ ∇u ∈ L p,β−1,

(see [JTW83, Theorem 3].) Here, Λ1 denotes the Zygmund space, i.e. the
set of functions u : B1 → R such that

sup
h∈B1

x∈B1−|h|

∣∣u(x+ h) + u(x− h)− 2u(x)
∣∣

|h|
≤ C,

for some universal C. Finally, when β = 0 we have

L p,0 = L 1,0 = BMO, if p ∈ [1,∞),

where BMO denotes the space of bounded mean oscillation functions, see
[JN61, JW84]. Notice also that ∇u ∈ BMO implies u ∈ Λ1, but the
opposite implication does not hold, see [Str80, Theorem 3.4].

2These spaces are called Morrey-Campanato spaces when p <∞ and β < 1.





Appendix B

Proof of the boundary
Harnack inequality

The goal of this appendix is to prove the boundary Harnack inequality for
Lipschitz domains, Theorem 5.35. The proof we present here is due to De
Silva and Savin [DS20], and is different to the one given in the book [CS05].

For simplicity, we consider domains Ω such that

(B.1)
Ω ∩B1 is given by a Lipschitz graph in the en direction,

with Lipschitz norm ≤ 1, and with 0 ∈ ∂Ω.

In other words, we consider (x′, xn) ∈ Rn−1 × R, and let

(B.2)
g : Rn−1 → R, [g]C0,1(Rn−1) ≤ 1, g(0) = 0,

Ω := {x ∈ Rn : xn > g(x′)}.

The boundary Harnack inequality in Lipschitz domains is the following.
(See Figure B.1 for a depiction of the setting in the theorem.)

Theorem B.1 (Boundary Harnack). Let w1 and w2 be positive harmonic
functions in B1∩Ω, where Ω ⊂ Rn is a Lipschitz domain as in (B.1)-(B.2).

Assume that w1 and w2 vanish continuously on ∂Ω ∩ B1, and C−1
◦ ≤

‖wi‖L∞(B1/2) ≤ C◦ for i = 1, 2. Then,

C−1w2 ≤ w1 ≤ Cw2 in Ω ∩B1/2.

The constant C depends only on n and C◦.

Moreover, an appropriate iteration of the previous result gives the fol-
lowing.

191
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wi > 0
∆wi = 0

wi = 0

B1

Ω

xn

x′
g(x′)

Figure B.1. Depiction of the setting in Theorem B.1 and Corollary B.2.

Corollary B.2. Let w1 and w2 be as in Theorem B.1. Then,∥∥∥∥w1

w2

∥∥∥∥
C0,α(Ω∩B1/2)

≤ C

for some small α > 0. The constants α and C depend only on n and C◦.

Remark B.3. Notice that, for simplicity, we deal with Lipschitz domains
with Lipschitz constant bounded by 1 and, as a consequence, none of the
constants appearing in Theorem B.1 depend on the domain Ω. The same
proof presented here can be adapted to the case of general Lipschitz domains.

The reasons we consider domains with Lipschitz constant bounded by 1
are to avoid introducing more notation and so that the domain Ω in B1

has a single connected component. Note, moreover, that when we apply
the boundary Harnack in Proposition 5.37, we are doing so to a Lipschitz
domain with Lipschitz constant smaller than 1 (therefore, we can directly
apply Corollary B.2).

The following two (well-known) lemmas for sub- and superharmonic
functions will be used. Notice that these are interior regularity properties.

Lemma B.4 (Weak Harnack Inequality for supersolutions). Let u ∈ C(B1).
Then, {

−∆u ≥ 0 in B1

u ≥ 0 in B1
=⇒ inf

B1/2

u ≥ c ‖u‖L1(B1/2),



B. Proof of the boundary Harnack inequality 193

for some c > 0 depending only on n.

Proof. By the mean value property of the Laplace equation, for any x◦ ∈
B1/3 we have

u(x◦) ≥
1

|B2/3|

∫
B2/3(x◦)

u = c‖u‖L1(B2/3)(x◦) ≥ c‖u‖L1(B1/3),

with c a dimensional constant, so that we have proved the property in a ball
of radius 1/3. Take now any x̄◦ ∈ ∂B1/3 and consider the ball B1/6(x̄◦).
Notice that we can repeat the previous steps to derive

inf
B1/6(x̄◦)

u ≥ c‖u‖L1(B1/6)(x̄◦).

Moreover, if we denote B := B1/3 ∩B1/6(x̄◦), then

‖u‖L1(B1/6)(x̄◦) ≥
∫
B
u ≥ |B| inf

B
u ≥ c inf

B1/3

u.

From the first result in this proof, we can conclude

inf
B1/2

u ≥ c1 inf
B1/3

u ≥ c2‖u‖L1(B1/3) ≥ c3‖u‖L1(B1/2)

for some dimensional constant c3. In the last step we have used the mono-
tonicity of averages with respect to the radius for superharmonic functions;
see for example (1.12). �

The second lemma reads as follows.

Lemma B.5 (L∞ bound for subsolutions). Let u ∈ C(B1). Then,

−∆u ≤ 0 in B1 ⇒ sup
B1/2

u ≤ Cε‖u‖Lε(B1),

for any ε > 0, and for some Cε depending only on n and ε.

Proof. Again, by the mean value property we have that, for any r > 0,

‖u‖L∞(Br/2) ≤ C
∫
Br

u ≤ C‖u‖1−εL∞(Br)

∫
Br

|u|ε.

We now want to use an interpolation inequality. Notice that, for any δ > 0,
there exists some Cδ (depending only on δ and ε) such that ξ1−ε ≤ δξ +Cδ
for all ξ ≥ 0. Taking ξ = A

B with

A = ‖u‖L∞(Br), B =

(
C

∫
Br

|u|ε
) 1
ε

we deduce that, for any δ > 0, there exists some Cδ such that

‖u‖L∞(Br/2) ≤ C‖u‖1−εL∞(Br)

∫
Br

|u|ε ≤ δ ‖u‖L∞(Br) + Cδ

(
C

∫
Br

|u|ε
) 1
ε

.
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Figure B.2. A chain of balls to apply the Harnack inequality sequentially.

In particular,

‖u‖L∞(Br/2) ≤ δ‖u‖L∞(Br) + Cδr
−n
ε ‖u‖Lε(B1).

We are now in position to apply Lemma 2.27 with S(A) = ‖u‖L∞(A),
k = n

ε and γ = Cδ‖u‖Lε(B1), to deduce that

‖u‖L∞(B1/2) ≤ C‖u‖Lε(B1),

for some constant C depending only on n and ε, as wanted. �

As a consequence of the previous lemmas we obtain the following two
useful results, which are partial steps towards the proof of Theorem B.1.
The first one gives an L∞ bound for u in terms of the value of the function
at an interior point in Ω.

Lemma B.6. Let u ∈ C(B1) be a positive harmonic function in B1∩Ω with
u = 0 on B1 \ Ω, where Ω ⊂ Rn is a Lipschitz domain as in (B.1)-(B.2).
Assume, moreover, that u(1

2en) = 1. Then,

‖u‖L∞(B1/2) ≤ C,

for some constant C depending only on n.

Proof. Notice that since u ≥ 0 is harmonic whenever u > 0, and it is
continuous, we have ∆u ≥ 0 in B1 in the viscosity sense.

On the other hand, since g in (B.1) has Lipschitz constant bounded by
1, we have B%(

1
2en) ⊂ {∆u = 0}, with % = 1

2
√

2
. In particular, by Harnack’s

inequality (see (2.3)) we have that u ≤ Cn in B1/4(1
2en). That is, u(0, xn) ≤

Cn for xn ∈
(

1
4 ,

1
2

)
. Repeating iteratively, we get u(0, xn) ≤ Ckn for xn ∈(

2−k−1, 2−k
)

(see Figure B.2 for a sketch of this chain of inequalities), so

that u(0, t) ≤ t−K for t ∈
(
0, 1

2

)
, for some large dimensional constant K. We



B. Proof of the boundary Harnack inequality 195

can repeat the same procedure at all points in B1/2 by iterating successive
Harnack inequalities, to deduce that

u ≤ d−K in B1/2, where d(x) := dist(x,Ωc).

In particular, for ε > 0 small enough we have∫
B1/2

|u|ε ≤ C.

By Lemma B.5, we deduce that ‖u‖L∞(B1/4) ≤ C, and the result in B1/2

follows from a simple covering argument. �

The second lemma reads as follows.

Lemma B.7. Let δ > 0 be small, let Ω ⊂ Rn be a Lipschitz domain as in
(B.1)-(B.2), and let Ωδ := {x ∈ Ω : dist(x,Ωc) ≥ δ}. Let u ∈ C(B1) satisfy{

∆u = 0 in Ω ∩B1

u = 0 on ∂Ω ∩B1
and

{
u ≥ 1 in B1 ∩ Ωδ

u ≥ −δ in B1.

Then, for all k ∈ N such that kδ ≤ 3
4 , we have

u ≥ −δ(1− c◦)k in B1−kδ

for some constant c◦ depending only on n.

Proof. Let u− = min{u, 0}. Notice that u− is superharmonic (in the vis-
cosity sense) since ∆u− = 0 when u− < 0, and u− ≤ 0, so we have ∆u− ≤ 0.
Let w = u− + δ. By assumption, w ≥ 0 and ∆w ≤ 0.

Let x◦ ∈ ∂Ω ∩ B1−2δ. Let us apply Lemma B.4 to a ball of radius 2δ
around x◦, so that (after scaling) we deduce

inf
Bδ(x◦)

w ≥ cδ−n‖w‖L1(Bδ(x◦)).

Notice, now, that since the domain is Lipschitz and w ≥ δ in Ωc, we can
bound ‖w‖L1(Bδ(x◦)) ≥ δ|{w ≥ δ} ∩ Bδ(x◦)| ≥ cδn+1 for some c (see Fig-
ure B.3) depending only on n. Thus,

inf
Bδ(x◦)

w ≥ c◦δ.

In particular, since w ≥ δ in B1∩Ωδ we have w ≥ c◦δ in B1−δ and therefore
u ≥ −δ(1 − c◦) in B1−δ. Applying iteratively this inequality for balls of
radius 1− 2δ, 1− 3δ, ..., we obtain the desired result. �

We can now show the following result, which is a key step in the proof
of Theorem B.1.
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∂Ω

u = 0

u ≥ −δ
w ≥ 0

w = δ

x◦

Bδ(x◦)

‖w‖L1(Bδ(x◦)) ≥ cδn+1

Figure B.3. The fact that the domain is Lipschitz allows us to bound
the L1 norm of w in Bδ(x◦) from below.

Proposition B.8. There exists δ > 0, depending only on n, such that the
following holds.

Let Ω ⊂ Rn be a Lipschitz domain as in (B.1)-(B.2), and let Ωδ := {x ∈
Ω : dist(x,Ωc) ≥ δ}. Assume that u ∈ C(B1) satisfies{

∆u = 0 in Ω ∩B1

u = 0 on ∂Ω ∩B1
and

{
u ≥ 1 in B1 ∩ Ωδ

u ≥ −δ in B1.

Then, u ≥ 0 in B1/2.

Proof. It is enough to show that, for some a > 0, we have

(B.3)

{
u ≥ a in B1/2 ∩ Ωδ/2

u ≥ −δa in B1/2.

Indeed, iterating (B.3) at all scales, and at all points z ∈ ∂Ω ∩ B1/2, we
obtain {

u ≥ ak in B2−k(z) ∩ Ω2−kδ

u ≥ −δak in B2−k(z)

for all k ∈ N. In particular, the first inequality yields that u(z + ten) ≥ 0
for z ∈ ∂Ω ∩B1/2 and t > 0, and therefore u ≥ 0 in B1/2.

Let us show (B.3). We start with the first inequality. Let x◦ ∈ B1/2 ∩
Ωδ/2, and let us suppose that δ

2 ≤ dist(x◦,Ω
c) < δ (otherwise, we are done

by assumption). Consider the function w = u + δ, which satisfies w ≥ 0 in
Ω by assumption.

Notice that we can connect the points x◦ and x◦+ 1
2δen with a sequence

of (three) overlapping balls in Ω, so that we can apply Harnack’s inequality
to w to deduce

w(x◦) ≥
1

C
w
(
x◦ + 1

2δen
)
≥ 1

C
,
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for some dimensional constant C, where in the last step we are using that
w
(
x◦ + 1

2δen
)
≥ 1+δ by assumption. In particular, by taking δ > 0 smaller

than 1
2C , we get

u(x◦) ≥
1

C
− δ ≥ 1

2C
for all x◦ ∈ B1/2 ∩ Ωδ/2.

On the other hand, by Lemma B.7 we know that u ≥ −δ(1 − c◦)k in
B1−kδ as long as kδ ≤ 3

4 . If we take k = 1
2δ , we deduce

u ≥ −δ(1− c◦)
1
2δ in B1/2,

and taking δ small enough such that (1− c◦)
1
2δ ≤ 1

2C we are done. �

Remark B.9 (Proposition B.8 for small Lipschitz constants). The proofs
of Lemma B.7 and Proposition B.8 can be simplified a lot in the case of a
domain with small Lipschitz constant.

Indeed, let us assume that the hypotheses of Proposition B.8 hold, where
the domain Ω satisfies (B.1)-(B.2) but with Lipschitz constant L < 1

n−1 , and
let us consider the harmonic function

ϕ(x) = x2
n −

1

n− 1

(
x2

1 + x2
2 + · · ·+ x2

n−1

)
.

Then, for δ small enough, ϕ ≤ u on ∂B1/2 ∩ Ω, and by assumption on the
Lipschitz constant of the domain we have that ϕ ≤ 0 on ∂Ω∩B1. In all, the
maximum principle gives ϕ ≤ u in B1/2 ∩ Ω, which implies that u(ten) ≥ 0

for t ∈
[
0, 1

2

]
. By repeating the same argument at all boundary points in

∂Ω ∩B1/2 we reach that u ≥ 0 in B1/2.

We can now give the proof of Theorem B.1.

Proof of Theorem B.1. Thanks to Lemma B.6, up to a constant depend-
ing on C◦, we may assume w1(1

2en) = w2(1
2en) = 1. Then, let us define

v = Mw1 − εw2

for some constants M (large) and ε (small) to be chosen. Let δ > 0 be given
by Proposition B.8. Then, since w2 is bounded,

v ≥ −εw2 ≥ −δ in B1/2

for ε > 0 small enough. On the other hand, by the interior Harnack inequal-
ity, we can take M large enough so that Mw1 ≥ 1 + δ in B1/2 ∩ Ωδ, where
we recall that Ωδ = {x ∈ Ω : dist(x,Ωc) ≥ δ}. That is,

v = Mw1 − εw2 ≥ 1 in B1/2 ∩ Ωδ,

for M large enough depending only on n. Thus, the hypotheses of Proposi-
tion B.8 are satisfied, and therefore we deduce that v ≥ 0 in B1/2.
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This means that, w2 ≤ Cw1 in B1/4 for some constant C depending
only on n. The inequality in B1/2 follows by a covering argument. Finally,
reversing the roles of w1 and w2, we obtain the desired result. �

Finally, we give the:

Proof of Corollary B.2. Let us denote

W :=
w1

w2
,

so that we have to prove Hölder regularity for W in Ω ∩B1/2.

Notice that, by Theorem B.1, we know that

1

C
≤W ≤ C in B1/2 ∩ Ω,

for some C depending only on n. We start by claiming that, for some θ > 0
and all k ∈ N, we have

(B.4) osc
B

2−k−1

W ≤ (1− θ) osc
B

2−k
W.

Indeed, let

ak := sup
B

2−k

W and bk := inf
B

2−k
W.

If we denote pk = 1
2k+1 en, then either W (pk) ≥ 1

2(ak + bk) or W (pk) ≤
1
2(ak + bk).

Suppose first that W (pk) ≥ 1
2(ak + bk), and let us define

v :=
w1 − bkw2

ak − bk
.

Notice that, by assumption,

1

2
w2(pk) ≤ v(pk) ≤ w2(pk).

In particular, we can apply Theorem B.1 to the pair of functions v and w2

in the ball B2−k , to deduce that v ≥ 1
Cw2 in B2−k−1 , that is,

w1 − bkw2

ak − bk
≥ 1

C
w2 in B2−k−1 ⇐⇒ inf

B
2−k−1

W ≥ 1

C
(ak − bk) + bk.

Since supB
2−k−1

W ≤ supB
2−k

W ≤ ak, we deduce that

osc
B

2−k−1

W ≤ ak −
1

C
(ak − bk)− bk =

(
1− 1

C

)
(ak − bk) = (1− θ) osc

B
2−k

W,

with θ = 1
C , as wanted.

If we assume instead that W (pk) ≤ 1
2(ak + bk), then the argument is

similar taking v := (akw2 − w1)/(ak − bk) instead. In all, (B.4) holds.
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In particular, we have shown that, for some small α depending only on
n, we have

(B.5) osc
Br(x◦)

W ≤ Crα for all r ∈ (0, 1
4) and x◦ ∈ ∂Ω ∩B1/2,

(compare with the proof of Corollary 2.7). We now need to combine (B.5)
with interior estimates for harmonic functions to deduce our desired result.

Indeed, letting x, y ∈ Ω ∩B1/2, we want to show that

(B.6) |W (x)−W (y)| ≤ C|x− y|α,

for some constant C depending only on n.

Let 2r = dist(x, ∂Ω) = |x− x∗|, with x∗ ∈ ∂Ω. We consider two cases:

• If |x − y| ≥ r
2 , then we apply (B.5) in a ball Bρ(x∗) with radius ρ =

2r + |x− y| to deduce that

|W (x)−W (y)| ≤ osc
Bρ(x∗)

W ≤ C(2r + |x− y|)α ≤ C|x− y|α.

• If |x−y| ≤ r
2 , then by (B.5) we know that oscBr(x)W ≤ Crα. In particular,

if we denote c∗ := W (x), then

‖w1 − c∗w2‖L∞(Br(x)) = ‖w2 (W − c∗) ‖L∞(Br(x)) ≤ Crα‖w2‖L∞(Br(x)).

On the other hand, since w1 − c∗w2 is harmonic in Br(x), by Corollary 2.7
(rescaled) we know that

[w1 − c∗w2]C0,α(Br/2(x)) ≤
C

rα
‖w1 − c∗w2‖L∞(Br(x)) ≤ C‖w2‖L∞(Br(x)).

Hence,

|W (y)−W (x)| =
∣∣∣∣w1(y)− c∗w2(y)

w2(y)

∣∣∣∣ ≤ C|x− y|α ‖w2‖L∞(Br(x))

w2(y)
.

We finish by noticing that, by Harnack’s inequality applied to w2 in B2r(x),
we have ‖w2‖L∞(Br(x)) ≤ Cw2(y) for some C depending only on n.

With these two cases, we have shown (B.6). This proves the result. �

Remark B.10. As said above, the proofs in this Appendix have been car-
ried out in case that Ω is a Lipschitz domain as in (B.1), with Lipschitz
constant bounded by 1. This slightly simplifies the notation, and we have
that Ω ∩B1 has only one connected component.

In case of general Lipschitz domains (with Lipschitz constant bounded
by L), the same proofs can be carried out, provided that one is slightly more
careful with the underlying geometry. A simple way to do this is to prove
all the results with B1/2 replaced by Bρ, with ρ > 0 small depending on L.
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An alternative way to do this is to work with cylinders, rather than balls,
as in [DS20].



Appendix C

Probabilistic
interpretation of fully
nonlinear equations

In this appendix, we heuristically describe the probabilistic interpretation of
fully nonlinear elliptic PDEs. This extends the discussion from Section 1.3
in the context of the Laplace operator.

We start by recalling the following probabilistic interpretation of har-
monic functions from Chapter 1:

We have a Brownian motion Xx
t , starting at x ∈ Ω, and a payoff function

g : ∂Ω → R. When we hit the boundary ∂Ω (for the first time) at a point
z ∈ ∂Ω, we get a paid g(z). The question is then:

What is the expected payoff?

It turns out that

u(x) :=

{
expected

payoff

}
= E

[
g (Xx

τ )
]

satisfies

{
∆u = 0 in Ω
u = g on ∂Ω,

where τ is the first time at which Xx
t hits ∂Ω.

We already saw this in Chapter 1. Now, we will see more general “prob-
abilistic games” that lead to more general elliptic PDEs.

Stochastic processes. A stochastic process Xt is a collection of random
variables indexed by a parameter, that for us is going to be t ≥ 0, taking
values in a state space, that for us is going to be Rn. One can think of them
as simply a “particle” moving randomly in Rn, with t ≥ 0 being the time.
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202 C. Probabilistic interpretation of fully nonlinear equations

The most famous and important stochastic process is the Brownian mo-
tion, that we already introduced in Section 1.3. We recall that it is charac-
terized by the following properties:

(1) X0 = 0 almost surely.

(2) Xt has no memory (is independent of the past, or it has indepen-
dent increments).

(3) Xt has stationary increments: Xt+s − Xs is equal in distribution
to Xt.

(4) Xt has continuous paths (t 7→ Xt is continuous) almost surely.

(5) Xt is isotropic, i.e., it is rotationally symmetric in distribution.

A more general class of stochastic processes is obtained by removing the
assumption (5).

Infinitesimal generator. The infinitesimal generator of a stochastic pro-
cess Xt is an operator L defined to act on functions u : Rn → R by

(C.1) Lu(x) := lim
t↓0

E [u (x+Xt)]− u(x)

t
.

It takes C2 functions u, and gives Lu.

For the Brownian motion, we have that L is the Laplacian ∆.

More generally, under the assumptions (1)-(2)-(3)-(4), the infinitesimal
generator L will be a second order elliptic operator of the form

Lu =

n∑
i,j=1

aij∂iju+

n∑
i=1

bi∂iu+ cu.

Why is this infinitesimal generator useful?

The infinitesimal generator of a stochastic process encodes all the infor-
mation of such process. Indeed, it is a classical fact that the definition of L
leads to the formula

(C.2) E [u(x+Xt)] = u(x) + E
[∫ t

0
Lu(x+Xs) ds

]
.

(This is analogous to the fundamental theorem of Calculus!)

We can come back to the “expected payoff” problem:

Let Ω ⊂ Rn be a fixed domain, and consider a stochastic process (x+Xt)
starting at x ∈ Ω, satisfying (2)-(3)-(4) above. Given a payoff function
g : ∂Ω→ R, we have the following: when Xx

t hits the boundary ∂Ω for
the first time at z ∈ ∂Ω, we get a payoff g(z). (See Figure C.1.)

What is the expected payoff?
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x

z

∂Ω

Figure C.1. A stochastic process Xx
t defined in Ω starting at x until

it hits the first point on the boundary z ∈ ∂Ω.

Of course, the expected payoff will depend on x ∈ Ω. For the Brown-
ian motion, we defined u(x) to be the expected payoff when starting at x,
E [g(Xx

τ )], where τ is the first time we hit ∂Ω. Then, we observed that, since
the Brownian motion is isotropic, u must satisfy the mean value property,
and thus u is harmonic: ∆u = 0 in Ω.

Now, for more general stochastic processes, we must use (C.2). Indeed,
we define u as before (expected payoff), and notice that if t > 0 is small
enough, then x+Xt will still be inside Ω, and therefore, the expected payoff
is simply equal to E [u(x+Xt)] (up to a small error), i.e,

u(x) = E [u(x+Xt)] + o(t) (for t > 0 small enough).

where the term o(t) is due to the fact that x+Xt could potentially lie outside
of Ω, even for arbitrarily small times t > 0.

Now, using the definition of infinitesimal generator, (C.1), we obtain
that

Lu(x) = lim
t↓0

E [u(x+Xt)]− u(x)

t
= lim

t↓0

o(t)

t
= 0.

Therefore, for every x ∈ Ω, we get Lu(x) = 0. We clearly have u = g on
∂Ω, thus, u must be the solution of{

Lu = 0 in Ω
u = g on ∂Ω.
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Summarizing:{
Expected

payoff for Xt

}
←→

{
Dirichlet problem for L
(infinitesimal generator)

}
.

Something similar can be done to solve other probabilistic problems
related to Xt:

– What is the expected time it will take to exit Ω if we start at x?{
−Lu = 1 in Ω

u = 0 on ∂Ω.

– What is the probability density p(x, t) of Xt in Rn?{
∂tp− Lp = 0 in Rn × (0,∞)
p(·, 0) = δ{x=0} on ∂Ω.

We next see what happens when we have a control, or a two-player game.
In that case, we get nonlinear PDEs.

Optimal stopping. We start with the optimal stopping problem. This
kind of problem appears very often in Mathematical Finance, for example.

Given a process Xt in Rn, we can decide at each instant of time whether
to stop it or not. When we stop, we get a payoff ϕ (which depends on the
point we stopped at). The goal is to discover what is the optimal strategy
so that we maximize the payoff.

Let us consider the process x + Xt (starting at x ∈ Rn), and a payoff
ϕ ∈ C∞c (Rn). For any stopping time θ, we get a payoff E [ϕ(x+Xθ)], and
therefore we want to maximize

u(x) := max
θ

E [ϕ(x+Xθ)]

among all possible stopping times θ (notice that a stopping time θ is actually
a random variable; see [Eva13] for more details).

Can we find a PDE for u(x)?

Roughly speaking, the only important thing to decide here is:

If we are at x, is it better to stop and get ϕ(x), or to continue and hope
for a better payoff later?

Let us find the PDE for u:

– First, since we can always stop (take θ = 0), we have u(x) ≥ ϕ(x)
for every x ∈ Rn.

– Second, since we can always continue for some time (take θ ≥ t◦ >
0), we have that u(x) ≥ E [u(x+Xt)] for t ≤ t◦. This, combined
with (C.2) (or with the definition (C.1)), gives

Lu(x) ≤ 0 for every x ∈ Rn.
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u

ϕ

−Lu ≥ 0 everywhere u ≥ ϕ everywhere

Lu = 0 in {u > ϕ}

Figure C.2. The obstacle problem.

– Third, at those points where we have u(x) > ϕ(x), we are clearly
not stopping there, so we have u(x) = E [u(x+Xt)] + o(t) for t
very small, and thus Lu(x) = 0 whenever u(x) > ϕ(x).

The PDE for u is
u ≥ ϕ in Rn,

−Lu ≥ 0 in Rn,
Lu = 0 in {u > ϕ},

←→ min{−Lu, u− ϕ} = 0 in Rn.

This is the obstacle problem in Rn from Chapter 5. (See Figure C.2.)

Notice that once we know u, we know the sets {u = ϕ} and {u > ϕ}, so
we have the optimal strategy!

Controlled diffusion. Let us now take a different problem, that nonethe-
less is quite similar to the optimal stopping.

Consider two stochastic processes, X
(1)
t and X

(2)
t , with infinitesimal gen-

erators L1 and L2 respectively. Let Ω ⊂ Rn be a domain, and let g : ∂Ω→ R
be a payoff. We have the same “game” as before (we get a payoff when we
hit the boundary), but now we have a control : for every x ∈ Ω, we can

choose to move according to X
(1)
t or X

(2)
t .

The question is then:

What is the optimal strategy if we want to maximize the payoff?
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Notice that now the strategy consists of choosing between X
(1)
t and X

(2)
t

for every x ∈ Ω. As before, we define

u(x) := max
all possible choices
of a : Ω→ {1, 2}

E [g(Xa
τ )]

(where τ is the time we hit the boundary ∂Ω). Notice that for every a :
Ω→ {1, 2} we have Xa

t , a process which could change from point to point.

Is there any PDE for u?

The optimality conditions are:

– First, when we are at x we can simply decide to continue with X
(1)
t ,

and therefore, u(x) ≥ E
[
u(x+X

(1)
t )
]

for every x ∈ Ω. This yields

L1u(x) ≤ 0 for every x ∈ Ω.

– Similarly, we can do the same for X
(2)
t , and get L2u(x) ≤ 0 for

every x ∈ Ω.

– Finally, it turns out that either

u(x) = lim
t↓0

E
[
u(x+X

(1)
t )
]

or u(x) = lim
t↓0

E
[
u(x+X

(2)
t )
]
,

since close to x we are taking either X
(1)
t or X

(2)
t . This means that

either L1u(x) = 0 or L2u(x) = 0, for every x ∈ Ω.

Therefore, u satisfies
−L1u ≥ 0 in Ω,
−L2u ≥ 0 in Ω,

either L1u = 0 or L2u = 0 in Ω
←→ max{L1u, L2u} = 0 in Ω.

More generally, if we have a family of processes Xα
t , with α ∈ A, then

the PDE for u becomes

(C.3) max
α∈A
{Lαu} = 0 in Ω.

Even more generally, we could have two players, one that wants to max-
imize the payoff and the other one that wants to minimize the payoff. They

have two parameters, Xαβ
t , α ∈ A, β ∈ B, and each player controls one

parameter. Then, the optimal payoff solves the PDE

(C.4) min
β∈B

max
α∈A
{Lαβu} = 0 in Ω.

Equation (C.3) above is called the Bellman equation (stochastic control).

Equation (C.4) above is called the Isaacs equation (differential games).

These two equations are fully nonlinear elliptic equations!
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Indeed, assume that we have (C.3), and that the infinitesimal generators
Lαu are of the form

Lαu =

n∑
i,j=1

a
(α)
ij ∂iju, (α ∈ A)

with a
(α)
ij uniformly elliptic: 0 < λId ≤ (a

(α)
ij )ij ≤ ΛId. Then, the equation

(C.3) is

max
α∈A


n∑

i,j=1

a
(α)
ij ∂iju

 = 0 in Ω.

This is a nonlinear function of the Hessian D2u:

F (D2u) = 0 in Ω, with F (M) := max
α∈A


n∑

i,j=1

a
(α)
ij Mij

 .

The function F : Rn×n → R is the maximum of linear functions. In partic-
ular, F is convex.

Moreover, F is uniformly elliptic:

0 < λ‖N‖ ≤ min
α∈A


n∑

i,j=1

a
(α)
ij Nij

 ≤ F (M +N)− F (M) ≤

≤ max
α∈A


n∑

i,j=1

a
(α)
ij Nij

 ≤ Λ‖N‖

for any symmetric matrix N ≥ 0 (we are using here that max f + min g ≤
max(f + g) ≤ max f + max g).

Furthermore, any convex function can be written as the maximum of
linear functions (see Figure C.3), and thus:

Remark C.1. Any F : Rn×n → R which is uniformly elliptic and convex
can be written as

F (M) = max
α∈A

{
tr (A(α)M) + cα

}
(where cα are constants).

(If F is homogeneous of degree 1, then we do not need the cα.)

In particular, every fully nonlinear uniformly elliptic equation

F (D2u) = 0 in Ω,

with F being convex, can be written as a Bellman equation

max
α∈A
{Lαu} = 0 in Ω with Lαu =

∑n
i,j=1 a

(α)
ij ∂iju+ cα.

Finally, for non-convex F it turns out that:
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Figure C.3. Convex function as the maximum of linear functions.

Observation. Any F : Rn×n → R which is uniformly elliptic (not neces-
sarily convex), can be written as

F (M) = min
β∈B

max
α∈A


n∑

i,j=1

a
(αβ)
ij Mij + cαβ

 = min
β∈B

max
α∈A

{
tr
(
A(α,β)M

)
+ cαβ

}
.

This is because any Lipschitz function F can be written as the minimum of
convex functions, and convex functions can be written as the maximum of
linear functions.

In particular, every fully nonlinear uniformly elliptic equation

F (D2u) = 0 in Ω

can be written as an Isaacs equation

min
β∈B

max
α∈A
{Lαβu} = 0 in Ω with Lαβu =

∑n
i,j=1 a

(α,β)
ij ∂iju+ cαβ.

Summary: Every fully nonlinear elliptic PDE has an interpretation in
terms of a probabilistic game!
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Probabilistic interpretation of PDEs.

Expected payoff ←→
Dirichlet problem{
Lu = 0 in Ω
u = g on ∂Ω.

Expected exit time
(or running costs/

non-homogeneous environments)

←→
Dirichlet problem{
−Lu = f in Ω

u = 0 on ∂Ω.

Distribution of the process ←→
Heat equation

∂tu− Lu = 0.

Optimal stopping ←→
Obstacle problem

min{−Lu, u− ϕ} = 0.

Controlled diffusion ←→
Fully nonlinear equation

F (D2u) = 0, F convex.

Two-player games ←→
Fully nonlinear equation

F (D2u) = 0.

One could even consider the equations with x-dependence, or with lower
order terms. All equations studied in Chapters 4 and 5 have a probabilistic
interpretation.





Appendix D

Motivations and
applications for the
obstacle problem

Here, we give a brief overview of the motivations and applications for the
obstacle problem listed in Chapter 5. We refer to the books [DL76, KS80,
Rod87, Fri88, PSU12] for more details, as well as for further applications
of obstacle-type problems.

Fluid filtration. Consider two reservoirs of water at different heights sep-
arated by a porous dam. For simplicity, we will assume a flat dam, with
rectangular cross section, which yields a problem in R2. Alternatively, one
could consider variable cross sections, which would yield an analogous ob-
stacle problem in R3 instead.

The dam is permeable to the water, except in the base. Thus, there is
some flow of fluid between the two reservoirs across the dam, and some wet
part of the cross section depending only on the relative distance to each of
the two water sources.

Let us assume one reservoir has water at height 1, and the other has
water at height 0 < h < 1. Let us denote by ϕ(x) the profile of the water
through the dam cross section. See Figure D.1 for a representation of the
situation.

Let us denote by u = u(x, y) : [0, 1] × [0, 1] → R+ the hydraulic piezo-
metric head of the fluid, given by the sum between the pressure p(x, y) and
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y

x

1

1

h
D

y = ϕ(x)

Figure D.1. Graphic representation of the cross section of a porous dam.

the elevation head (i.e., the potential energy of the fluid):

u(x, y) = y +
1

γ
p(x, y),

where γ is a constant depending on the fluid. The hydraulic head is defined
where there is fluid, namely, in

D :=
{

(x, y) ∈ (0, 1)× (0, 1) : y < ϑ(x)
}
,

and is such that u(0, y) = 1 for 0 ≤ y ≤ 1, and u(1, y) = h for 0 ≤ y ≤ h
and u(1, y) = y for h ≤ y ≤ ϑ(1).

Here, u itself is an unknown, but D is also to be determined (and there-
fore, ϑ). In these circumstances we have that u(x, y) ≥ y in D, and if we
define

w(x, y) :=

∫ ϕ(x)

y

(
u(x, ζ)− ζ

)
dζ for (x, y) ∈ D,

and w(x, y) ≡ 0 for (x, y) ∈ [0, 1]× [0, 1] \D, then w fulfils the equation

∆w = χ{w>0} = χD in [0, 1]× [0, 1].

That is, w is a solution to the obstacle problem (see (5.6)) with f ≡ 1.

We refer to [Bai74] and the references therein for more details about
the Dam problem.

Phase transitions. The Stefan problem, dating back to the 19th century, is
the most classical and important free boundary problem. It aims to describe
the temperature distribution in a homogeneous medium undergoing a phase
change, such as ice melting to water.

We denote by θ(x, t) the temperature (at position x and time t), and
assume θ ≥ 0. The function θ satisfies the heat equation ∂tθ − ∆θ = 0 in
the region {θ > 0}, while the evolution of the free boundary ∂{θ > 0} is
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dictated by the Stefan condition ∂tθ = |∇xθ|2 on ∂{θ > 0} — where the
gradient is computed from inside {θ > 0}.

After the transformation u(x, t) :=
∫ t

0 θ(x, τ)dτ (see [Duv73, Fig18]),
the problem is locally equivalent to

∂tu−∆u = −χ{u>0} in B1 × (0, T ) ⊂ R3 × R
u ≥ 0

∂tu ≥ 0.

This is the parabolic version of the obstacle problem ∆u = χ{u>0} in B1.

Hele-Shaw flow. This model, dating back to 1898, describes a fluid flow
between two flat parallel plates separated by a very thin gap. Various prob-
lems in fluid mechanics can be approximated to Hele-Shaw flows, and that
is why understanding these flows is important.

A Hele-Shaw cell is an experimental device in which a viscous fluid is
sandwiched in a narrow gap between two parallel plates. In certain regions,
the gap is filled with fluid while in others the gap is filled with air. When
liquid is injected inside the device through some sinks (e.g. through a small
hole on the top plate) the region filled with liquid grows.

We denote by p(x, t) the pressure of the fluid (at position x and time
t). By definition, {p > 0} is the region filled with liquid, while in {p = 0}
there is just air. The pressure p is harmonic in {p > 0}, and the evolution
of the free boundary ∂{p > 0} is dictated by ∂tp = |∇xp|2 on ∂{p > 0} —
where the gradient is computed from inside {p > 0}. Notice the striking
similarity to the Stefan problem — the only important difference here is
that p is harmonic (and not caloric) in the region where it is positive.

After the transformation u(x, t) =
∫ t

0 p(x, τ)dτ , it turns out that u solves
locally (i.e., outside the region where liquid is injected)

∆u = χ{u>0} in B1 × (0, T ) ⊂ R2 × R
u ≥ 0

∂tu ≥ 0.

This means that, for each fixed time t, u(·, t) is a solution to the (stationary)
obstacle problem.

Optimal stopping, finance. As explained in Appendix C, the obstacle
problem appears when considering optimal stopping problems for stochastic
processes.

A typical example is the Black–Scholes model for pricing of American
options. An American option is a contract that entitles its owner to buy
some financial asset (typically a share of some company) at some specified
price (the “strike price”) at any time — often before some specified date.
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This option has some value, since in case that the always fluctuating market
price of the asset goes higher than the strike price then the option can be
“exercised” to buy the asset at the lower price. The Black-Sholes model
aims to calculate the rational price u = u(x, t) of an option at any time t
prior to the maturity date and depending on the current price x of the
financial asset. Since the option can be exercised at any time, determining
the “exercise region” (i.e. the region in which it is better to exercise the
option) is a part of the problem. Interestingly, this problem leads to an
obstacle problem (often parabolic) posed in Rn, where the dimension n is
the number of assets.

We refer to [LS09] and the references therein for more details about
such kind of models.

Interacting particle systems. Large systems of interacting particles arise
in several models in the natural sciences (one can think of physical particles
in Physics or Biology, for example). In such systems the discrete energy can
be well approximated by the continuum interacting energy. We denote µ
the (probability) measure representing the particle density.

In several models the particles attract each other when they are far,
but experience a repulsive force when they are close [CDM16]. Then, the
interaction energy E associated to the interaction potential W ∈ L1

loc(R3),
is given by

E[µ] :=
1

2

∫
R3

∫
R3

W (x− y)dµ(x) dµ(y).

In general, the interaction potential can have very different structures. It
is common to assume a repulsive behaviour for particles that are very close
(blowing up at zero distance), and attractive behaviour when they are far.
A typical assumption is to have W (z) ∼ |z|−1 near the origin.

In other models in statistical mechanics, the particles (e.g. electrons)
repel with a Coulomb force and one wants to understand their behaviour
in presence of some external field that confines them [Ser18]. In that case,
the interaction energy associated with the system is given by

E[µ] :=
1

2

∫
R3

∫
R3

dµ(x) dµ(y)

|x− y|
+

∫
R3

V dµ.

One of the main questions when dealing with these systems is to under-
stand the “equilibrium configurations”, that is, minimizers of the energy E.

It turns out that, in both cases, any minimizer µ◦ is given by µ◦ = −∆u,
with u satisfying (locally) the obstacle problem

min{−∆u, u− ϕ} = 0,
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for some obstacle ϕ that depends on W (or on V ). The free boundary
corresponds to the boundary of the region in which the particles concentrate.

We refer to [CDM16, Ser18] and the references therein for a thorough
study of these problems.

Quasi-Steady Electrochemical Shaping. Electrochemical Machining (ECM)
is an electrochemical method to remove metals (electroconductive) by plac-
ing the material inside an electrolytic call as an anode, surrounded by a
fixed cathode. Then an electric potential is applied between a cathode and
an anode, which is submerged in an appropriate electrolyte, thus producing
a chemical reaction that removes the metal from the anode and gives rise to
a moving boundary. This method is used to shape extremely hard materials,
to produce complicated shapes which are otherwise very difficult to obtain.

Let us suppose we have cylindrical symmetry (that is, both anode and
cathode are long cylindrical materials), so that we can work with the cross
section and thus in two dimensions. A similar approach works in the three-
dimensional case.

Let Ω ⊂ R2 denote the domain enclosed by the cathode, and Λ(0) ⊂ Ω
denote the anode at time t = 0 (an electric potential is applied between ∂Ω
and ∂Λ(0), where the region Ω \ Λ(0) contains the electrolyte). Then, the
metal starts to be removed, so that after a time t ≥ 0, we denote by Λ(t)
the set defining the anode. By this process we have that Λ(t) ⊂ Λ(t′) if
t ≥ t′. The boundary Γ(t) = ∂Λ(t) is unknown, it is a free boundary, which
we assume is represented by a function γ : Ω→ R as

Γ(t) = {(x, y) ∈ Ω : γ(x, y) = t},

for some function γ to be determined. We assume that γ(x, y) = 0 in
Ω \ Λ(0). If we denote by π = π(t) > 0 the potential difference at time
t > 0 between anode and cathode, then the ECM problem is concerned with
finding a function η(t, x, y) that solves

∆η(t, x, y) = 0 in Ω \ Γ(t), η(t, x, y) = 0 on {t > 0} × ∂Ω,

η(t, x, y) = π(t), ∇η(t, x, y) · ∇γ(x, y) = λ on {t > 0} × Γ(t)

(with the convention that the gradient and the Laplacian are only taken in
the spatial variables), for some constant λ > 0 (the ECM constant). Notice
that 0 ≤ η(t, x, y) ≤ π(t) in Λ(t) by the maximum principle, and let us
extend η to Ω as η(t, x, y) = π(t) in Λ(t). Now, if we define

u(t, x, y) =

∫ t

0
(π(s)− η(s, x, y)) ds,

then u ≥ 0 and in Λ(0), u fulfils

∆u(t, ·, ·) = λχ{u(t,·,·)>0} for any t > 0.
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That is, u fulfils an obstacle problem (compare with (5.6)) with f ≡ λ, for
each time t > 0. We refer to [Rod87] for more details.

Heat control. Given a domain Ω and a temperature T◦, we have heating
devices evenly distributed on Ω that need to ensure that the temperature
u(x), x ∈ Ω, is as close as possible to T◦, by injecting flux proportional to
the distance between u(x) and T◦. Due to the limited power of the devices,
the heat flux generated by them needs to remain in the interval (−q, 0] for
q ≥ 0.

Thus, the heat flux injected is

Φ(u) = max{C(u− T◦)−,−q}

for some constant C > 0. In equilibrium, the temperature satisfies

∆u = Φ(u) in Ω,

In particular, letting C →∞, the previous equation becomes

∆u = −qχ{u<T◦} in Ω.

Notice that this structure is almost the same as for the obstacle problem
(upside down). That is, if we define w = T◦ − u then the previous equation
becomes

∆w = qχ{w>0} in Ω,

(see the parallelism to (5.6) with f ≡ q > 0). If w ≥ 0 (that is, u ≤ T◦)
then this is exactly the obstacle problem. This can be obtained by putting
Dirichlet boundary conditions on ∂Ω that are u|∂Ω ≤ T◦ (for example, in a
room with lateral walls without thermal insulation). We refer to [DL76] for
more details.

Elasticity. We finish with probably the most intuitive physical interpre-
tation of the obstacle problem: the deformation of a thin membrane in
elasticity theory.

Let us consider an elastic membrane represented by a function in R2,
u : R2 → R, so that u(x, y) represents the vertical displacement with respect
to the xy-plane. Given a domain Ω ⊂ R2, we suppose that the membrane
has a fixed boundary, that is, we prescribe the value of u on ∂Ω, by some (say
continuous) function g : ∂Ω → R. We assume an homogeneous membrane
equally stretched in all directions, whose shape is determined by the surface
tension. For simplicity we also assume lack of external forces.

In this setting, the shape of the membrane will be such that the total
area is minimized, among all possible configurations with the same boundary
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values. Namely, the following functional∫
Ω

√
1 + |∇w|2 dx dy

is minimized among functions w ∈ H1(Ω) such that w|∂Ω = g. This yields
the classical Plateau’s problem. The Dirichlet energy appears as a lower
order approximation of the previous functional. Namely, if we assume that
the vertical displacements are not large (say, the membrane is rather flat),
then a Taylor expansion of the functional yields∫

Ω

√
1 + |∇w|2 dx dy ∼

∫
Ω

(
1 +

1

2
|∇w|2

)
dx dy,

so that the minimization of the area is roughly a minimization of the Dirichlet
energy.

The obstacle problem is concerned with finding the membrane that min-
imizes the Dirichlet energy (thus, approximately the area) among those with
prescribed boundary, that lie above a given obstacle ϕ : R2 → R.





Notation

Let us introduce some of the notation be used throughout the book.

Matrix notation.

A = (aij)ij Matrix with (i, j)− th entry denoted by aij .

Mn Space of matrices of size n× n.

Id Identity matrix.

trA Trace of the matrix A, trA = a11 + · · ·+ ann.

detA Determinant of the matrix A.

AT Transpose of the matrix A.

Geometric notation.

Rn, Sn n-dimensional Euclidean space, n-sphere.

ei ∈ Sn−1
i− th element of the base, ei = (0, . . . , 0,

(i)

1 , 0, . . . 0).

x ∈ Rn Typical point x = (x1, . . . , xn).

|x| Modulus of the point x, |x| =
√
x2

1 + · · ·+ x2
n.

|U | n-dimensional Lebesgue measure of a set U ⊂ Rn.

Rn+ {x = (x1, . . . , xn) ∈ Rn : xn > 0}.
∂U Boundary of the set U ⊂ Rn.

V ⊂⊂ U The set V is compactly contained in U , that is V ⊂ U .

Br(x) Ball of radius r centered at x, Br(x) := {y ∈ Rn : |x− y| < r}.
x · y For x, y ∈ Rn, scalar product of x and y, x · y = x1y1 + · · ·+xnyn.
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Functional notation.

u
In general, u denotes a function u : Rn → R (unless stated other-
wise).

u+, u−
Positive and negative part of a function, u+ = max{u, 0}, u− =
max{−u, 0}.

χE
Characteristic function of the set E, χE(x) = 1 for x ∈ E, and
χE(x) = 0 for x /∈ E.

suppu Support of u, suppu = {x : u(x) 6= 0}.∫
A Average integral over the positive measure set A,

∫
A f := 1

|A|
∫
A f .

Function spaces. Let U ⊂ Rn be an open set.

C(U), C0(U) Space of continuous functions u : U → R.

C(U), C0(U) Functions u ∈ C(U) continuous up to the boundary.

Ck(U), Ck(U) Space of functions k times continuously differentiable.

Ck,α(U) Hölder spaces, see Section 1.1.

C∞(U), C∞(U) Set of functions in Ck(U) or Ck(U) for all k ≥ 1.

Cc(U), Ckc (U) Set of functions with compact support in U .

C0(U), Ck0 (U) Set of functions with u = 0 on ∂U .

Lp Lp space, see Section 1.1.

L∞ L∞ space, see Section 1.1 (see esssupΩu below).

esssupΩu
Essential supremum of u in Ω: infimum of the essential
upper bounds, esssupΩu := inf{b > 0 : |{u > b}| = 0}.

W 1,p,W 1,p
0 Sobolev spaces, see Section 1.1 and (S7).

H1, H1
0 Sobolev spaces with p = 2, see Section 1.1 and (S7).

‖ · ‖F
Norm in the functional space F ∈ {C0, Ck, Lp, . . . }, de-
fined when used for the first times.
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Differential notation. Let u : U → R be a function.

∂iu, ∂xiu, uxi Partial derivative in the ei direction, ∂u
∂xi

.

∂eu Derivative in the e ∈ Sn−1 direction.

∇u,Du Gradient, ∇u = (∂1u, . . . , ∂nu).

∂iju, ∂xixju, uxixj
Second partial derivatives in the directions ei and ej ,
∂2u

∂xi∂xj
.

D2u Hessian, D2u = (∂iju)ij ∈Mn.

Dku Higher derivatives forms, Dku := (∂i1 . . . ∂iku)i1,...,ik .

|Dku(x)| Norm of Dku(x) (any equivalent norm).

‖Dku(x)‖F Norm of Dku, ‖|Dku|‖F .

∆u Laplacian of u, ∆u = ∂11u+ · · ·+ ∂nnu.

Domains. We say that Ω ⊂ Rn is a domain if it is an open connected set.

A domain Ω is said to be Ck,α (resp. Ck) if ∂Ω can be written locally as
the graph of a Ck,α (resp. Ck) function.
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multipli regolari, Memorie della Accademia delle Scienze di Torino. Classe di Scienze
Fisiche, Matematicahe e Naturali 3 (1957), 25-43.

[DS10] D. De Silva, O. Savin, Minimizers of convex functionals arising in random surfaces,
Duke Math. J. 151 (2010), 487-532.

[DS16] D. De Silva, O. Savin, A note on higher regularity boundary Harnack inequality,
Disc. Cont. Dyn. Syst. 35 (2015), 6155-6163.

[DS20] D. De Silva, O. Savin, A short proof of boundary Harnack inequality, J. Differential
Equations 269 (2020), 2419-2429.

[DS21] D. De Silva, O. Savin, Quasi-Harnack inequality, Amer. J. Math. 143 (2021),
307-331.

[DV21] S. Dipierro, E. Valdinoci, Elliptic Partial Differential Equations from an Elemen-
tary Viewpoint, preprint arXiv (2021).

[Duv73] G. Duvaut, Résolution d’un problème de Stefan (Fusion d’un bloc de glace a zero
degrées), C. R. Acad. Sci. Paris 276 (1973), 1461-1463.

[DL76] G. Duvaut, J. L. Lions, Inequalities in Mechanics and Physics, Grundlehren der
Mathematischen Wissenschaften, vol. 219, Springer-Verlag, 1976.

[EM17] L. Escauriaza, S. Montaner, Some remarks on the Lp regularity of second deriva-
tives of solutions to non-divergence elliptic equations and the Dini condition, Rend.
Lincei-Mat. Appl. 28 (2017) 49-63.

[Eva82] L. C. Evans, Classical solutions of fully nonlinear, convex, second-order elliptic
equations, Comm. Pure Appl. Math. 35 (1982), 333-363.

[Eva98] L. C. Evans, Partial Differential Equations, American Mathematical Society,
1998.

[Eva13] L. C. Evans, An Introduction to Stochastic Differential Equations, American
Mathematical Society, 2013.

[EG92] L. C. Evans, R. Gariepy, Measure Theory and Fine Properties of Functions, CRC
Press, 1992.

[Fer22] X. Fernández-Real, The thin obstacle problem: a survey, Publ. Mat. 66 (2022),
3-55.

[Fig18] A. Figalli, Regularity of interfaces in phase transitions via obstacle problems, In
Proceedings of the International Congress of Mathematicians (ICM 2018), Vol. I, pp.
225-247, World Scientific, Hackensack, NJ, 2019in Proceedings of the ICM 2018.

[Fig18b] A. Figalli, Free boundary regularity in obstacle problems, Journées équations aux
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