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Abstract Let K be a quadratic field, and let (x its Dedekind zeta function.
In this paper we introduce a factorization of (x into two functions, L; and Lo,
defined as partial Euler products of (x, which lead to a factorization of Riemann’s
¢ function into two functions, p1 and p2. We prove that these functions satisfy a
functional equation which has a unique solution, and we give series of very fast
convergence to them. Moreover, when Ag > 0 the general term of these series
at even positive integers is calculated explicitly in terms of generalized Bernoulli
numbers.
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1 Introduction

Let K be a quadratic field and let x be the Dirichlet character attached to K/Q.
Its Dedekind’s zeta function can be written as

Cr(s) = C(s)L(s, x),

where ¢ is Riemann’s zeta function and L is the L-function associated with x (see,
for example, [1]). Hence, an alternative factorization, for fRe(s) > 1, is the one
given by the partial products

Cr(s) = [T =p™*) 7" La(s) La(s),
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where d = |Ak| is the absolute value of the discriminant of K, and
Lis)= [[ 0-p7")7%  L2(s)= [ a-p )"
x(p)=1 x(p)=-1

Note that Li and Lo are obtained as partial Euler products of ¢(s)? and ((2s)
respectively, so they converge and are non-zero for fRe(s) > 1 and PRe(s) > 1/2
respectively.

Define now

pis)= J[ @=p™)"" and  pa(s)= [[ -2 Q)

x(p)=1 x(p)=-1
Then, we have that
Li(s) =pi(s)®,  La(s) = p2(2s),

and thus it is equivalent to study L1 and Lo or p; and p2. Note that

() =1 =p~) " pa(s)p2(s),

pld

and hence, p1 and p2 give a factorization of Riemann’s zeta function.
The plan of the paper is as follows. In section 2 we see that p1 and p2 satisfy
a functional equation. More precisely, we prove

Theorem 1 The functions p1 and p2 satisfy the functional equations

Zﬁjﬁ = qi(s), E)%(31§13+00131»(s) =1, for i=1,2, (2)
where
_ C(ZS) —Ss s) = L(57X) S —1
ql(s)_ig(s)[/(s,x) [Ta+p7%),  a(s) 0s) [Ha-»"" ©

pld pld

Furthermore, these functional equations have a unique solution, so they com-
pletely determine the functions p1 and p2.

Moreover, we shall see that the logarithm of the solution of this functional
equation can be written as a series

= log gi(2"s) <
logpi(S)Z—ZW, i=1,2, (4)
n=0

and hence, we will have an alternative expression of p1 and pa.
In section 3 we will see that the series given by are of very fast convergence.
We shall prove
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Theorem 2 Let s be complex number such that Re(s) > 1. Then,

p1(23)=exp{ Zik log q1(2 s)}-}-o(g—?“),
and

p2(2s) = exp{ z": ik log q2(2 s)} (27?) .

As a consequence, we will have a way to evaluate p1 and p2 at even positive
integers when A is positive. This will be done by calculating explicitly the general
term of the series in this case.

2 The functional equation of p; and p2

First we prove that the functional equation appearing in Theorem [I| has a unique
solution and that this solution can be written as an infinite series. The statement
of the result is the following.

Proposition 1 Let 2 = {s € C| Re(s) > 1}, and g an holomorphic function
defined in §2, with q(s) # 0 for all s € 2 and limge(s)— 400 q(s) = 1. Then, the
functional equation

p(28) =q(s im s) =
p(s)2 (5), 9‘%2(31)~>+oop( )=1

has a unique solution p(s). In addition, the solution can be written as

_ Z log q(2"s)

p(s) = exp St ;

n>0
and this series is absolutely convergent for all s in (2.

Proof Suppose that p(s) satisfies the functional equation. Then, p(s) # 0 for all

s € . This is because p(s) = 0 implies p(2s) = 0 and p(2¥s) = 0 for k = 1,2, ...,
which contradicts the hypothesis limgze(s)—s 400 p(s) = 1. Thus, we can define

log p(s log q(s

fls) = 82O g = Lo dl)

)

s 2s '

where log is the principal branch of the complex logarithm. Taking logarithms to
our functional equation and dividing by 2s, we have that

F@s)= f(s) +g(s) | lm  f(s)=0.

Writing this last equation for s, 2s,4s, 8s, ..., 2N, and adding them, we obtain that

N
FENs) = f(s)+ Y 9(2"s).
n=0
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Since Re(s) > 1, then Re(2VT1s) — 400 when N — o0, so
n T N+1 _
1)+ 392 = Jim 2V =0,

and log ¢(2"s)
0gq(2"s
logp(s) == > i
n>0
Since

li 1 =0
el log q(s) =0,

the sequence {logq(2"s)}nen converges (it tends to 0), and in particular it is
bounded. Hence, there exists M > 0 such that |log ¢(2"s)| < M, and then

Z Zgnﬂ =M,

n>0 n>0

logq(2"s)
2n+1

so the series is absolutely convergent for all s € (2.
Let us see that this function satisfies the functional equation. We have that

log q(2" s log q(2"s
logp(2s) — 2logp(s) = — Z 2(n+1 +2 Z 2n(+1 )
n>0 n>0
_ log q(2"s) log q(2"s)
n>1 n>0
= log q(s),
and then,
p(2s)
=q(s).
p(s)? (#)

We now have to see that limgpe(s)— 400 P(5) = 1, or equivalently,

li 1 =0.
%e(s;r~r>1+oo ng(S)

For it, fix € > 0. Since limpe(s)— 400 ¢(5) = 1, then limgp,(s)— 400 logg(s) = 0, and
exists o > 0 such that

|logg(s)| <e forall s with fRe(s)>o.
Hence, if Re(s) > o, then

llogp(s)| < 3

n>0

log g(2"s)
2n+1

<> s =e

n>0

and limge(s)— 400 logp(s) = 0, as claimed.
Note that, in fact, the branch of the logarithm is irrelevant, since when we take
exponentials, we will have

log q(2"s
p(s) = exp —Z% :
n>0

independently of the chosen branch. a
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We can now give the:

Proof of Theorem . On the one hand, it is clear that limge(s)—4oopi(s) = 1,
i=1,2.
On the other hand, we have that

s p2(2s) _ sy =1 [L(p=-1(1 AR
me e = 0 =

x(p)=1
-1
_ —s5\—1 1 7p—23
= [T a-»7" 11 (ﬁ
x(p)=1 x(p)=-1
= ] a-»"" ] a+p7"
x(p)=1 x(p)=-1
= L(s,x),
and since
1 —s
pi1(s) = S 1-— ,
1) = @I -p)
pld
then

p2(2s) _ SX)
p2(8)2_ Q

Using now that
1

pi(s)

) [Ta-p),

pld

p2(s) =

we obtain

p1(2s)  pa(s)? . ¢(2s) 1,41 -p ) ¢(2s)
PP " @) P =~ oL L+

S

The fact that these functional equations have an unique solution follows from
Proposition [I] O

As a consequence of Proposition [I] and Theorem [} we obtain the following
expression for pi1(s) and pa(s).

Corollary 1 Let p1 and p2 be given by . Then,

pi(s) = exp —3 Z log 4:(2"s) qz for i=1,2,
n>0
where
— (28 1 S d — L(S7 X) 1 _ —s\—1
ql(s) S X) H +p a an QQ(S) C(S) gc[l( p ) .

These expressions will be used in the next section.
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3 Evaluating p; and p->

In this section we will calculate the order of convergence of the series given by
Corollary [1| We will see that this convergence is of order 272", i.e.,

pi(2s) = oxp {_ > 2% log Qi(ka)} +o (2—2") ,
k=1

and therefore this will be a better way to evaluate the functions p; and p2 than
the one given by the infinite products

pi(s)= [ A=p™)7" and  pa(s)= [ -p7)7"
x(p)=1 x(p)=-1

Moreover, we will provide the general term of these series at even positive
integers in the case Ax > 0. For it, we will use generalized Bernoulli numbers.

Remark 1 Recall that
f(n) _

f(n) =o0(g(n)) means that ngl}-loo o) 0,

and
a(n) = b(n) + o(g(n)) means that a(n) —b(n) = o(g(n)).

In order to prove Theorem |2] we will need two lemmata.

Lemma 1 Let o be a real number, o > 1. Then,

2"—1< 29
20 — 2

Proof We make a partition of N in the sets Ay, = {n € N: 2F <n <2811 > 1.
It is clear that |Ag| = 2%, and that if n € Ay, then n~7 < 2757 Hence,

SUED IS OB SR O DES

neN k>0neAy k>0neAy
_ Z ‘Ak|'2_ko — § :2k.2—ko — § :(21—U)k
k>0 k>0 k>0
1 29

S 1-21-9 202

Using that if n € Ag then n™7 < 27(’”1)‘7, we obtain the other side of the
inequality. a

Lemma 2 Let s = o + it, with 0 > 2, and let g1 and g2 be given by . Then,

16
20 —2

|log qi(s)| < for  i=1,2,

where log denotes the principal branch of the complex logarithm.
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Proof First we claim that

[log(1 + 2)| < —log(1 — |z),
for each |z| < 1. To see it, it suffices to compare its power series:
2 ‘ Bk

Z—Ef+~-ékﬂ+7f+~-=—bd1—kw

log(1 =
log(1+2)] = |~ 5

Now, using and that

l_pfs 1 _ 2p7(7
1+ps T 1—po’

we get

1—p—°
[ log ¢i(s)| = |log H Trp>

x(p)==1

1—p%
> e (12

x(p)=%1

IN

IN
|
3
o
7N
—
|
—_
e
|| Q
q
N———

x(p)==1

1 _ —0
Z log (ﬁ) .

x(p)=+1

Moreover, since log(1 + z) < z for each & > 0, then

1—-p° 2
| OgQ(S”— (1_3p—o- ) po'_3

x(p)==%1

But since o > 2 then

p” =3

\Y]

for each p > 2, and therefore

lloggi(s)| <8 > p 7,  i=12
x(p)==%1

Finally, by Lemma 1| we have that

16
20 — 2’

[loggi(s)] <8 n™7 <

n>2

and we are done.
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By using the last Lemma, we will be able to bound the general term of the
series which give p; and p2, and from this, we will deduce Theorem

Proof of Theorem[d Let xn and yn be the general term of the series which give
log p1(2s) and log p2(2s), i.e.

1 n 1 n
Tn = Wlogm@ 8), Yn = ngq?@ s).

By Lemma[2] we have that

‘In| = 2T1+1 |10gq1(2n5)| < %%% =o0 (2_2 ) .
Analogously,
Yn =0 (2_2n) .
Thus,
pi(2s) = exp {— Z T — Z 0 (22k)}
k=1 k=n+1
© k
:exp{—Zxk—o< Z 272 )}
k=1 k=n+1
n
= exp {— Zwk +o (2—2“ }
k=1
n
= exp {— Z xk} exp {o (2_2“)}
k=1
n
_ exp{_ Zxk} (1+0(2))
k=1
n
= exp {— Zxk} +o0 (2—27',) 7
k=1
and we are done. O

Let us see now how can we evaluate the general term 27" ! log ¢;(2"s) of the
series at even positive integers when Ag > 0.

Recall that given a Dirichlet character x mod d, the generalized Bernoulli
numbers [2] are given by

d oo
2eeat tn
Dox(@) = =D Buxyy

a=1 n=0

Moreover,
By x
L(l - n, X) = - : )
n

and using the functional equation of the L-function one can evaluate L at some
positive integers, as given in the following Theorem.
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Theorem 3 ([2]) Let x be a nontrivial primitive character modulo d, and let a
be 0 if x is even and 1 if x is odd. Then, if n = a (mod 2),

n=a g(x) (27 " Bnx
Lin ) = (-7 4 (3" By

where g(x) is the Gauss sum of the character.

Let now be d = Ag > 0. Then, x is an even quadratic character mod d.
Therefore, for each n € N even, one has

L) = (13 30 (20)" B, ©)

and (2m)" B
n iy n
((n)=(-1't2 S

From these equalities, we deduce the following.

(7)

Proposition 2 Assume that d = Axg > 0. Then, for each even natural number

n > 2, we have
24" B2n —n
@)= g—ra—r [+, (8)
(2)Vd BuxBa L1

aln) = Y2 P Ty ©)
pld

Proof Tt follows immediately from @, , and the definition of g1 and ¢2 (3). O

Hence, by using Proposition 2] and Theorem [2] we obtain series of very fast
convergence to evaluate p; and p2 at even positive integers.

To see an example, let x be the primitive character modulo 5, and let us
evaluate p1(2). One the one hand, Taking the first 10 terms of the infinite product
one obtains 2 correct digits. On the other hand, taking also the first 10 terms in
our series one obtains 619 correct digits. The following table shows the aproximate
error when taking n terms of our series.

(2 —exp {2\, Flogm(@)}
10~2
1073
1076
10711
10721
10—41
10—79
10—157
10—311

107620
1071237

1072470

— =
Do 0o N0 o wN = 2

—
\S)
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