THE BOUNDARY HARNACK PRINCIPLE FOR NONLOCAL

ELLIPTIC OPERATORS IN NON-DIVERGENCE FORM

XAVIER ROS-OTON AND JOAQUIM SERRA

ABSTRACT. We prove a boundary Harnack inequality for nonlocal elliptic opera-
tors L in non-divergence form with bounded measurable coefficients. Namely, our
main result establishes that if Lu; = Lus = 0in QN By, ug = ug = 0 in By \ ,
and u1,uz > 0 in R™, then u; and uz are comparable in By /5. The result applies
to arbitrary open sets (2.

When (Q is Lipschitz, we show that the quotient u; /us is Holder continuous up
to the boundary in By 5.

These results will be used in forthcoming works on obstacle-type problems for

nonlocal operators.

1. INTRODUCTION AND RESULTS

The aim of this note is to establish new boundary Harnack inequalities for nonlocal

elliptic operators in non-divergence form in general open sets.

To our knowledge, the first boundary Harnack principle for nonlocal elliptic oper-
ators was established by Bogdan [Bog97], who proved it for the fractional Laplacian
in Lipschitz domains. Later, his result was extended to arbitrary open sets by Song
and Wu in [SW99]; see also Bogdan-Kulczycki-Kwasnicki [BKKO0S|. More recently,
Bogdan-Kumagai-Kwasnicki [BKK15] established the Boundary Harnack principle
in general open sets for a wide class of Markov processes with jumps. In particular,

their results apply to all linear operators of the form

L) = [ (MR ) k()

with kernels K (y) = K(—y) satisfying

A
0<—- <K(y) < :
|y|nt2s |y |+ 2

y € R™;
see [BKK15, Example 5.6].
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Here, we consider non-divergence form operators

Lu(z) = / (“(x ty)tu—y) u(x)) K(z,y)dy, (1.3)

2
with kernels K (z,y) = K(x, —y) satisfying

A
0< —— < K(z,y)

< x,y € R". 1.4
|y‘n+2s ( )

L
= g
No regularity in x is assumed. These are the nonlocal analogues of second order
uniformly elliptic operators L = >, - a;;(2)0;; with bounded measurable coefficients;
see [BL02, [Si106, [CS09].

To our knowledge, our results are the first ones that establish boundary Harnack
inequalities for such class of nonlocal operators in non-divergence form. Quite re-
cently, we established in [RS15] a boundary Harnack estimate for operators of the
form (1.3)-(1.4) under the important extra assumption that K (z,y) is homogeneous
in y. The results of [RS15] are for C' domains, and the all the proofs are by blow-
up and perturbative arguments. The techniques of the present paper are of very
different nature, and completely independent from those in [RS15].

Our first result establishes the boundary Harnack principle in general open sets €2,
and reads as follows.

Theorem 1.1. Let s € (0,1), and L be any operator of the form (1.3))-(1.4]). Let
Q C R™ be any open set, with 0 € XY, and uy,us € C(By) be two viscosity solutions

of
{LulzLUQ =0 mBlﬂQ

Uy = Uy = 0 Z?’LBl\Q, (15)

satisfying u; > 0 in R™ and

ui(x)
————dr=1.
/R" 1 + ’m‘nJrZs €

C_1U2 S Ui S CUQ m Bl/g.

The constant C' depends only on n, s, 2, and ellipticity constants.

Then,

Here, the equation Lu = 0 should be understood in the viscosity sense as MTu >

0 > M~ u, where
Mty = MZOu = sup Lu, M u=M;u= inf Lu,
LeLy LeLlo

and L is the class of operators of the form (L.1))-(L.2)); see [CS09] for more details.
The fact that both u; and uy solve the same equation Lu; = Lus = 0 can be stated
as M (au; + bug) > 0 for all a,b € R. Notice that taking a = +1 and b = 0, or
a=0and b= +£1, we get that MTu; > 0> M u,.

We will in fact prove a more general version of Theorem in which we allow a
right hand side in the equation, Lu; = f; and Lus = fo in QN By, with || fi||z~ < 9,
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and § > 0 small enough. In terms of the extremal operators M and M, it reads
as follows.

Theorem 1.2. Let s € (0,1) and Q@ C R™ be any open set. Assume that there is
To € Byjs and o > 0 such that Ba,(x) C QN Byjs.

Then, there exists 6 > 0, depending only onn, s, o, and ellipticity constants, such
that the following statement holds.

Let uy,us € C(By) be viscosity solutions of

M™*(auy + bug) > —6(la|+ |b]) in B1NQ (1.6)
U1 = Uy = 0 m Bl \ Q )
for all a,b € R, and such that
) n Ui(l") _

Then,
C_1U2 S U1l S CUQ m Bl/g.

The constant C' depends only on n, s, o, and ellipticity constants.

One of the advantages of Theorem [1.2]is that it allows us to establish the following
result.

Theorem 1.3. Let s € (0,1) and Q2 C R™ be any Lipschitz domain, with 0 € 0S).
Then, there is 6 > 0, depending only on n, s, S, and ellipticity constants, such that
the following statement holds.

Let uy,us € C(By) be viscosity solutions of satisfying . Then, there is
a € (0,1) such that
- <C

U2 CO(QNBy /2)

The constants a and C' depend only on n, s, €2, and ellipticity constants.

Theorems|1.2]and [1.3|will be used in forthcoming works on obstacle-type problems
for nonlocal operators. In such context, boundary Harnack estimates of this type
can be used to show that Lipschitz free boundaries are in fact C1%; see for example
[CSS08, [CRS16].

The proof of Theorems and that we give here is quite short and sim-
ple, and uses very strongly the nonlocal character of the operator (recall that the
boundary Harnack principle is in general false for second order (local) operators in
Holder domains [BB94]). Then, we prove Theorem by iterating appropriately
Theorem [1.2]

The paper is organized as follows. In Section [2| we give some preliminaries. In
Section [3] we establish Theorems [I.2] and [I.I} In Section [4] we prove Theorem [L.3]
Finally, in Section |5 we extend those results to non-symmetric operators and to
operators with drift.
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2. PRELIMINARIES

In this section we recall some results that will be used in our proofs.

An important ingredient to prove our boundary Harnack inequality is the interior
Harnack inequality for nonlocal equations in non-divergence form, which states that
if u solves

M*tu>—-C, and M u<(C, in By,
and v > 0 in R", then

sup u < C(infu+00>;

Bi)s B2

see [CS09] and also [BLO02J.
In our proof, in fact, we will need the following two results, which imply the
Harnack inequality. The first one is a half Harnack inequality for subsolutions.

Theorem 2.1 ([CS11]). Assume that uw € C(By) satisfies
M+’LL Z —Co m Bl

in the wiscosity sense. Then,

|u(z)]
supuSC(/ —————dr+Cy | .
By R 1+ |x|n+25 0

The constant C' depends only on n, s, and ellipticity constants.
The second one is the other half Harnack inequality, for supersolutions.
Theorem 2.2. Assume that u € C(By) satisfies
M u<Cy DB

in the viscosity sense. Assume in addition that v > 0 in R™. Then,

ulz) |
—— 7 dx < f .
/Rn T Jories =€ (é?m“ * CO)

The constant C depends only on n, s, and ellipticity constants.

When s > %, the result can be found in [CD16l Corollary 6.2], where it is proved
in the more general setting of parabolic and nonsymmetric operators with drift. For
completeness, we give a short proof of Theorem [2.2] here.

Proof of Theorem[2.3 Let b € 030(33/4) be such that 0 <b <1 and b=1in By,.

Let t > 0 be the maximum value for which « > tb. Notice that t < inme w. Since

v and b are continuous in By, then there is xy € By such that u(zg) = tb(xo).
Now, on the one hand, we have

M~ (u—tb)(zg) < M~ u(xg) —tM b < Co+ Ct.
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On the other hand, since u —tb > 0 in R™ and (u — tb)(zo) = 0 then

M(u—tb)(xo):)\/ Mdzzc/n %dz—(]t.

R" ’xO _ Z’n+2s Z|n+2$

Combining the previous identities, we get

, u(z)
1nfu>t>—cC+c/—z,
Bip T Jge L[]

and the result follows. O

3. PROOF OF THEOREM

Theorem is a particular case of Theorem [I.2] We give below the proof of
Theorem Before that, we need a Lemma.

Lemma 3.1. Let s € (0,1) and Q@ C R™ be any open set. Assume that there is
To € Bijs and o > 0 such that Bay,(x) C QN Byjg. Denote D = B,(xo).
Let uw € C(By) be a viscosity solution of

M*u > —C and Mu < Cy imnB NN
u =0 inB\Q

Assume in addition that uw > 0 in R™. Then,

supu < C <infu—|—00> ,
B34 D
with C depending only on n, s, o, and ellipticity constants.

Proof. Since u > 0 in By and M u > —Cy in By N {u > 0}, then M*Tu > —Cj in
all of By. Thus, by Theorem [2.1| we have

u(z)
supu < C' / —dx—i—C’).
BSE ( R™ 1+ |I|n+28 0
(Notice that Theorem gives a the bound in By, but by a standard covering
argument we get the same in Bj/y.) Now, using Theorem in the ball By,(zo),

we find (=)
u(x :
where D = B,(z(). Combining the previous estimates, the Lemma follows. O

We next give the:
Proof of Theorem[I.2 First, as in Lemma 3.1} by (1.7) we have

and
w; > ¢ >0 in By(zo), (3.2)
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provided that o > 0 is small enough. Notice that ¢ depends on n, s, ellipticity
constants, and o, but not on €.
Let now b € C®(By/2) be such that 0 < b < 1 and b = 1 in By4, and let
n € CX(By(x)) such that 0 <7 < 1in By(xg) and n =1 in B,a(xo). Let
W = U1XBsy,, + Ci(b—1) + Con.

Then, thanks to (3.1)), if C} is chosen large enough we will have

w <0 inR™\ Byp.
Moreover, taking now Cs5 large enough,

MTw > Mtu, + M_(U1XRTL\B3/4) +CIM b+ CoM™n
2—§—C—C01+00221 n QmBl/Q\BQ(QZo)
Here we used that M*u; > —4 in QN By, that M~ (u1xem5,,,) > —C Jgn ua(2)/(1+
|z|"T2%)dx < C'in By, that M~b > —C, and that M~n > ¢ > 0 in By \ B,y(xo).
Analogously, for any C3 < 6! we get that
M+(’U)—O3U2) 2 1—03(520 inQﬂBl/g\BQ(xo),

Finally, since w < C' in B,(z¢) and us > ¢ > 0 in B,(x¢), we clearly have

w < Csug  in By(xg)

for some big constant C3. Taking § small enough so that 6! > C3, by the comparison
principle we find w < Ciusy in all of R™.
In particular, since w = u; in B4 \ B,y(xo), this yields

(751 S 03U2 in Bl/4 \ BQ([L’()).
Since uy and uy are comparable in B,(x(), we deduce
uy < Cuy in By,

maybe with a bigger constant C'. Finally, a standard covering argument yields the
same result in B /7, and thus the theorem is proved. U

4. PROOF OF THEOREM

We prove here Theorem|[1.3, Throughout this section, €2 will be a Lipschitz domain
with 0 € 0f). In particular, there is ¢ > 0 such that for every r € (0,1) there is
x, € B, for which

BQQT<I,«> can Br/g. (41)

Throughout this section, we denote D, = B,,(x,).
We will divide the proof of Theorem [1.3] in several steps. First, we have the

following boundary Harnack type estimate, which is an immediate consequence of
Theorem [T.2]
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Lemma 4.1. Let s € (0,1) and Q@ C R"™ be any open set. Assume that there is
xg € Byjs and o > 0 such that Byy(xo) C QN Byjs. Denote D = By(xg).

Then, there exists is 0 > 0, depending only on n, s, o, and ellipticity constants,
such that the following statement holds.

Let uy and us be two functions satisfying, for all a,b € R,

M*(auy +buy) > —|a|Cy—1b]6 in Bi N (4.2)
Uy =uy = 0 in By \ Q, :
with uy,uy > 0 in R™ and infpuy = 1. Then,
inf < ¢ (inf e CO) . (4.3)
D uy Bis2 Usg

The constant C' depends only on n, s, o, and ellipticity constants.

Proof. Dividing by infp u; if necessary, we may assume infpu; = 1.
By the interior Harnack inequality, 1 = infpus < suppus < C (provided that &
is small enough). Thus,
inf E S Cl,
D U
with C independent of Cj.
Now, if Cy < 9, then by Theorem we have uy < Cyuy in B9, and therefore

MESQSQQOME>

D Uy Bi/2 Ug

If Cy > 9, then we simply have

mﬂgqg%%:mh

D Uy
In any case, (4.3) is proved. O

Second, we need the following consequence of the interior Harnack.

Lemma 4.2. Let s € (0,1) and Q@ C R™ be any open set. Assume that there is
To € Bijs and o > 0 such that By,(x9) C QN Byje. Denote D = B,(xo).
Then, there exists is 0 > 0, depending only on n, s, o, and ellipticity constants,
such that the following statement holds.
Let uy and usg be two functions satisfying uy,us > 0 in R™, , and infpuy = 1.
Then,
sup Leapse <inf e C’o> . (4.4)

D Uy D us
The constant C' depends only on n, s, o, and ellipticity constants.

Proof. Notice that Mtu; > —Cy and M~ uy; < Cy in QN By, while MTuy > —6 and
M~ uy < d in QN By.
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By interior Harnack inequality, we have 1 = infpus < suppus < C (provided
that ¢ is small enough). Moreover, for u; we have sup,u; < C(infp u; + Cp), and
thus

Uq . .U
sup — < Csupu; <C (mful + C’()) <C <1nf— + C’o> ,
D U2 D D D Uy
as desired. 0

We will also need the following rescaled versions of the previous Lemmas.

Corollary 4.3. Let s € (0,1), r € (0,1), and Q C R™ be any Lipschitz domain, with
0 € 0. Then, there exists is § > 0, depending only on n, s, o in (4.1), ellipticity
constants, such that the following statement holds.

Let uy and usy be two functions satisfying, for all a,b € R,

M (auy + bug) > —|a|K — |bl6/Cy in B, N (4.5)
Uy =uy = 0 in B\ Q, '
with C7 > 0 and uy,us > 0 in R™. Assume in addition that
T2S
< (. 4.6
inDT Uy ! ( )
Then,
2s
1mﬂgccﬁﬂ+K,T ). (4.7)
Dy U B,z Us infp usy

The constant C' depends only on n, s, o, and ellipticity constants.

Proof. The functions vy (z) := uy(rx)/infp, us and ve(z) := Chus(rx)/infp, us sat-
isfy

M*(avy +bvy) > —[a|K e = [b|0 in By NQ
V1 =V = 0 ll’lBl\Q
Thus, the result follows from Lemma [4.1] d

Corollary 4.4. Let s € (0,1), r € (0,1), and Q@ C R™ be any Lipschitz domain,
with 0 € 0. Then, there exists is 6 > 0, depending only on n, s, o in , and
ellipticity constants, such that the following statement holds.
Let uy and us be two functions satisfying uy, us > 0 in R™, and . Assume in
addition (4.6). Then,
2s
supESC’(infﬂ—l—K r ) . (4.8)

D, U2 Dr U infDT U9

The constant C' depends only on n, s, o, and ellipticity constants.

Proof. Setting vy(x) := uy(rz)/infp, us and vy(x) := Crus(rx)/infp, us, the result
follows from Lemma F.2] O

We will also need the following.
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Lemma 4.5. Let s € (0,1) and 2 C R" be any Lipschitz domain, with 0 € 0.
There existsis§ > 0, v € (0,1), and ¢y > 0 depending only onn, s, ), and ellipticity
constants, such that the following statement holds.

Let u be a viscosity solution of M u > —6 and M~ u < § in By NQ, withu =0
in By \ Q. Assume in addition that u > 0 in R™ and infp, u = 1.

Then, u > cod*™7 in By e, where d(z) = dist(x, By \ ). In particular,
igfu > cor® 7 for all r€(0,1).

T

The constants v and cq depend only on n, s, €1, and ellipticity constants.
Proof. We differ the proof to the Appendix. O
As a consequence, we find the following.

Corollary 4.6. Let s € (0,1) and Q C R™ be any Lipschitz domain, with 0 € 0S).
There exists is 0 > 0, depending only on n, s, 0, and ellipticity constants, such that
the following statement holds.

Let uy be a wviscosity solution of M uy > —6 and M~ uy < § in By N Q, with
us = 0 in By \ Q. Assume in addition that us > 0 in R™.

Then, there is v € (0,1) such that

A,

1
sup uy < Clz*77 iBfUQ whenever |z| > 5 and r|z| <
B2r|z\ r

The constants v and C' depend only on n, s, , and ellipticity constants.

Proof. We use the previous Lemma with

4
o) = 2D,
memz‘ Us
to find i
|z =77 < Cinfov = CM,
Dy mfpwz‘ Us

where ¢ = 1|z[~*. Thus,

inf wuy < C2|** 77 inf uy.
D4T‘|Z| Dy

Moreover, by Lemma [3.1 we have

sup us < C' inf uso,

Blez‘ D4r\z\
then
sup uy < O2]** 77 inf ug,
BQr\z| Dy
and we are done. O

Using the previous results, we now prove the following oscillation reduction Lemma.
Similar oscillation reduction Lemmas for nonlocal operators can be found in [Bog99],
[CS98], or [RS16].
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Lemma 4.7. Let s € (0,1) and 2 C R" be any Lipschitz domain, with 0 € 0.
Then, there exists 0 > 0, depending only onn, s, 0 in , and ellipticity constants,
such that the following statement holds.

Let uy, uy € C(By) be viscosity solutions (L.6) satisfying (L.7). Then,

u Y
sup — — inf — < Cr® (4.9)
QnB, Uz ONBr Ug

for all r < 3/4. The constants C and o € (0,1) depend only on n, s, o, and
ellipticity constants.

Proof. We will prove that there exist constants C; > 0 and « > 0, and monotone
sequences {my}r>1 and {my }r>1, such that

mk—mkzéfo‘k, Ogmk Skarl < Mk+1 <my < 1,
and
mius < C7luy < myuy  in By, rp=47". (4.10)

Clearly, if such sequences exist, then (4.9) holds for all r < }1. We will construct
such sequences inductively.
First notice that, by Theorem (and a covering argument), we have

0 S (75} S 61U2 in 33/4, (411)

for some constant C’l. Thus, it follows that holds for i <r< %, and that we
may take m; = 0, my; = 1. Furthermore, by taking C > C~’140‘k0 we see that
holds with for all k < kg, with m; = 0 and my, = 47 for 1 < k < ko, and k is to
be chosen later.

Assume now that we have sequences up to my and my (with k > kq), and let
A Cflul — mUs.

Notice that by induction hypothesis we have v; > 0 in B,, (but not in all of R™).
Moreover, since C’flul > mjug in B, for j <k, then

v > (myj —my)us > (my — my 4+ my, — mg)ug = —(4°9 — 47, in B, ,

for every j < k. Using now that for every x € By \ B,, there is j < k such that
2] < r; =477 < 4|z|, we find

vp(x) > —us(x)(|4z|* = ry) in By \ By,
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Thanks to this, and since v, > 0 in B,,, for every x € B,, » we have that the
negative part of vy satisfies

dz

- - - dy
x+y¢Brk )
<C ug(x+y)(\4y|a—ra)i+/ C’*lul(vay)d—y
- k n S n S
E<lyl<i [yl™ 2 " Jempy, lyl?
[42|* = Vua(z + 742) dy
= CTCX_QS/ ( dz—l—C’C'_l/ u(y) ——————
N TR R C e T
< Crp® / (4" = 1) s, . dz+CCy!
-k Iopz|< L | 2|2 b
2— 4ar
Now, by Corollary [4.6] there is v > 0 such that
sup up < C|z*77 (inf us)
B2'rk|z\ DTk
for every |z| > 3 and r|z| < 1, and thus
|4z|* — 1) supg. g Az — 1)| 2|25
CT?—%/ ( ) - el " gz < Cry? (inf uy) / (s )2| |
1<lal< 2 |22 0 i<lkls El
Tl Tk

< eory”** (inf us),
Tk

with

(42> = 1)[2[>
go:=C G dz — 0 as a — 0.
|z]> |2|

1
2
This means that

0< My, < M’Lv,; < 507",?’28(}:)nf uz) + C’C’f1 in B,, /5.
Tk
Therefore, since v,j = Cflul — myuy + v, , we have
M vf <CIPM™(uy — myug) + Mo, < O 1+ my)6 + gorg ™2 (})nf u) + CC
Tk
<+ 507“,2‘_23 (}jri UQ) + ot

in QN B,, /2. Also,
M*tof > Mto, > —(Crt +mg)d > =6 in QN B, .

Similarly, we have

M*(avd + bug) > —|a ((5 + gory % (Iijnf up) + CC’11> —[b]6 in QN B, .
Tk
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Now, recall that by Corollary [4.6| we have

,),.28
—F _<Corl <.
merk Ug -

Thus, we can apply Corollaries and to the functions v;" and s, to obtain
LU U 2 (: 1 e
inf = <C inf =+C|d+eory” S(mqu) +CC7 | —/—
Dy Usg B, /2 U2 Dy, HlfDT]C U

. vl—: —1\,.Y «
B, /2 U2
and
v v 1
sup == < C inf £ 4+ O+ CyYrl + Cegry.
Dy yz U2 Dryj2 U

Recalling that v,j = = Cflul — myus in B,, /5, we find

inf (C; My fug —my,) < C’Binf (Cy 'y Jug — my,) + C(§ + Oy ) + Ceory,
/2 Tk/4

and

sup (C; Mug fug — my,) < C’L;nf (CT g fug — my,) + C(6 + C’l_l)rz + Ceory.
D'rk/Z Tk/2

Therefore, we deduce

sup (C; Mug Juy — my) < CBinf (Cy 'y Jug — my,) + C(§ + C7 ) + Ceory.

/2 TR/4
Repeating the same argument with o, := my, — C; ‘v, instead of v, we find

sup (mg — C; My Jug) < C’Binf (my, — Cy My Jug) + C (8 + O 1)) + Cegry.

D'rk/Q Tk/4
Thus, combining the previous estimates, we get
mg —my < C inf (C7 My Jus — my,) + C inf (my, — Crluy Jug) + C(6 + CY)r) + Cegr
rg/4 re/4
=C (Binf (Cy g fug) — sup (C Mg fug) + My — my + (5 + O 1)r) + 507“,‘;‘) .
T /4 B’r‘k/4
Using that my, —my, = 47°%, r, =47% and k > ky, we obtain
C-1
sup (Cyluy fug) — inf (C7luy fug) < (— + (0 + C’l_l)4_(“’_a)k° + 60) 4=ak,
Br'k+1 Brk+1 C
Taking « small enough and kg large enough, we get
sup (O luy /ug) — inf (C7uy fug) < 470K+,

Brk+1 Tk+1

This means that we can choose my1 and my,1, and thus we are done. U
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We finally give the:

Proof of Theorem[1.5. We will combine Lemma [4.7] with interior estimates in order
to get the desired result.
Let w,y € QN By, let

r = |x — y| and d= mln{d(l’), d(y>}7

where d(z) = dist(z,02). Let x, € 09 be such that d(z) = |z — z.|. We need to
show that |(u1/uz)(x) — (u1/us2)(y)| < Cr®, with o > 0. Since u; /us is bounded in
Bs)y, we may assume that 0 < r < rg, with ry small enough.

If r < d/2, then by interior estimates [CS09] we have

[willca (B, @) < Cd™.
Since inme(x) Ug > cod?®* 77, then
[t loa (B sy < Cd072
Therefore, for r < d/2 we have
| (ur [u2) () — (w1 fuz) (y)| < Crod =272 < Crod™>.
provided that a < /2. In particular, if r < d/2, with § > 2s/a > 1, then
| (w1 /uz) (x) = (1 /us)(y)| < Cro=2/, (4.12)

On the other hand, for all » € (0,r9) we have z,y € By.(z.), and thus by
Lemma (4.7 we have

Ul . (%1
uy/ug)(x) — (w1 /u < sup — — inf —<Cd+nr)*™
‘( 1/uz)(@) = (1w 2)(31)‘ Bupr(z:)nQ U2 Bapr(z:)NQ U ( )

In particular, if 7 > d?/2 then
| (w1 /uz) () = (ur/us)(y)| < Cre. (4.13)
Combining and , we find
| (ur fuz) () — (u1/uz)(y)| < ore for all r € (0,1),
with o/ = min{a — 2s/60, a} > 0. Thus, the Theorem is proved. O
5. NON-SYMMETRIC OPERATORS WITH DRIFT

The above proofs of Theorems [1.2] and Theorem [1.3| work as well for operators of
the form

Lu(w) = [ (e +5) = u(e) = Va(o) - ye () K (w,5)dy + bie) - Vo

provided that s > % Namely, consider the class of nonlocal and non-symmetric
operators

Lu() = [ (ule+9) ~ ule) - Vula) - pxm @)Ky +b- Vo, (5.
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with K satisfying ((1.2)) and

o] +

P2 / yK(y)dy’ < 5. (5.2)
B1\B-

Given A\, A, and (3, we define the class L(\, A, 3) as the set of all linear operators
(5.1)) satisfying (1.2)) and (5.2). Then, we may define M* as

Mtu= M/ w= sup Lu, M u=M; w= inf Lu.
EOAD) LeL(MA,B) LA LeL(AAB)

For such operators, Theorems and were established in [CD16]; see Corol-
laries 4.3 and 6.2 therein. Using such results, and with the exact same proofs given
in the previous Sections, we find the following.

Theorem 5.1. Let s € [%, 1) and Q@ C R™ be any open set. Assume that there is
To € Bijs and o > 0 such that Ba,(x) C QN Byjs.

Then, there exists 6 > 0, depending only on n, s, o, A\, A, and 3, such that the
following statement holds.

Let uy,us € C(By) be viscosity solutions of

M+ (auy +buy) > —8(|a| + [b]) in B,NQ (5.3)
uy =uy = 0 in By \ Q '

for all a,b € R, and such that

Then,
Cluy < uy < Cug in Bijs.
The constant C depends only on n, s, o, A, A, and 3.

Moreover, we also have the following.

Theorem 5.2. Let s € [3,1) and Q C R™ be any Lipschitz domain, with 0 € 0SQ.
Then, there is 6 > 0, depending only onn, s, 2, X\, A, and 3, such that the following
statement holds.

Let uy,us € C(By) be viscosity solutions of satisfying . Then, there is
a € (0,1) such that
- <c

CO(QNBy /2)

U2
The constants a and C' depend only onn, s, 2, X\, A, and .

Those results will be used in the forthcoming paper [FR16].
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6. APPENDIX: SUBSOLUTION IN LIPSCHITZ DOMAINS

We prove here a lower bound for positive solutions u in Lipschitz domains, namely
u > cd?*77 in Q for some small v > 0. This is stated in Lemma , which we prove
below.

For this, we need to construct the following subsolution.

Lemma 6.1. Let s € (0,1), and e € S" 1. Given n > 0, there is € > 0 depending
only on n, s, n and ellipticity constants such that the following holds.

Define 2
oo (e 37))

M~d>0 in C,
d=0 in R"\ C,
where C,, is the cone defined by

sz{xeR‘mﬁ%>n<L—G-%>j}.

The constant € depends only on n, s, and ellipticity constants.
In particular ® satisfies M—® > 0 in all of R™.

Then,

Proof. By homogeneity it is enough to prove that, for ¢ small enough, we have
M~® > 1 on points belonging to e + dC,, since all the positive dilations of this set

with respect to the origin cover the interior of C,,.
Let thus P € 9C,, that is,

e.P—n(|P|—(e'P)2)—o.

Id
Counsider
(I)p( =® P+6+l’)

:< (P+e+x)— <‘p_|_e+x’_(e~(P+6+x))2))2s—e

|P + e+ x| N

:<1+e r—n (yp+6+$‘ ’P|_(e-(P—i—e—i—x))Q_'_(e.p)Z))js—e

|P + e+ z| | P|
(1+e-z—np(x ))S:E,
where we define

(e-(P+e+x))? (e-P)?

)= |P+e+zx| —|P|— +
vr(a) = | - 1P| - el
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Note that the functions ¢p satisfy
IVip(x)| < C inR"\ {—P —e},
and
|D*yp(z)| < C for x € By, (6.1)

where C' does not depend on P (recall that |e| = 1).
Now for fixed € € 9C,, N 0B, let us compute

. (té 2 . 16)?
i ([t t e+ a] — [t8]) — Tim (L UEEEFD)] (et
#1400 1400 [te + e + x| |té|

li :
Jim (o)

On the one hand, we have

li et —let|) =¢€- .
Jim (6t + e 2] = [ét]) = £+ (e + 2)
On the other hand to compute for fi(y) := % we have
2(e-(te+y)ei (e~ (te+y))?
0y, = — — = te+v);
yzft( ) |t€—|—y‘ \t€+yl3 ( y)
and hence
Tim 9, fy) = (2(e D (e 680,
Therefore,
(et ret ) (e-t) o
I — — (2(e-&)e — (e : .
t#i?o< 6+ et 7] (2(e-&)e—(e-&)%¢) - (e +2)

We have thus found
lim ¢p(z) = (6 — 2(e- €)e + (e €)%¢) - (e + x)

tT+o0
and
tﬂn (1+e-z—nyp(x)) = (e —né+2n(e-é)e —nle-é)’) - (e + )
Note that for § small enough (depending only on 7), if we define
Ce = {‘”ER” e eolede z<1—5>}
|lx+e| |e—(e-é)e|
satisfies
t%im (1+e-z—nyp(x)) >clz| forallzeC; (6.2)
+oo
where ¢ > 0. Indeed, the vector ¢ := e — (e - €)é is perpendicular to é and has

positive scalar product with e. Thus, we have
(e —mé+2n(e-é)e —n(e-€)%€) - >0
Let us show now that for € > 0 small enough the function ®p satisfies

M~®p(0) > 1. (6.3)
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We first prove (6.3) in the case |P| > R with R large enough. Indeed let P = té
for ¢t 1 400 and € € 9C,, N OB;. Let us denote

52u(x,y) — U(LE + y) —;u<x _ y)

Using (6.1)), and (6.2), and ®p > 0 we obtain
A A
: - 2 g2y A
tlggoM ®p(0) = /n ((5 u)+|y|n+25 (07u)- |y|n+25> dy
25—e dy . 2
> [ eyl = Cpe i~ [ ming Py
c Y R~

é

— u(x).

dy
|y|nt2s

- C.

Vv
alo

Thus (6.3]) follows for |P| > R with R large, provided that € is taken small enough.
We now concentrate in the case |P| < R. In this case we use that, taking 6 > 0
small enough (depending on 7) and defining the cone

Ce::{xe]R" : i-ez(l—é)}

Bt

we have

e.(P+e+:v)—77<|P+e+x]— (e (PHe+) 2c]x|)

|P+ e+ z

for x € C. with || > L with L large enough (depending on R).

Thus, reasoning similarly as above but now integrating in C, N {|x| > L} instead
of on C; we prove ([6.3)) also in the case P > R, provided that e is small enough.
Therefore the lemma is proved. O

Finally, we give the:

Proof of Lemmal[{.J. Note that we only need to prove the conclusion of the Lemma
for r > 0 small enough, since the conclusion for non-small r follows from the interior
Harnack inequality.
Recall that Q C R"™ is assumed to Lipschitz domain, with 0 € 9€2. Then, for some
e € 8" n >0 (typically large), and ry > 0 depending on (the Lipschitz regularity
of) Q we have
Cy, N By CQ

where CN,7 is the cone of Lemma which is very sharp for 7 large.
Let ® and € > 0 be the subsolution and the constant in Lemma[6.1l We now take

& = (@ — (Jal/r0)*) xoro-
By Lemma ([6.1]) we have

while clearly ® < 0 outside B,,.
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Now we take observe that, for ¢; > 0 small enough we have
M= (e;® 4 xp,) > —c1C+c>¢/2>0

in B,, — not that B,, N D; = & since ry is small.
Then, taking 6 € (0, ¢/2) we have

M~ (u—c®+xp,) <0 in B,
while ) )
u—c®4+xp, 20— ®+0>0 in(R"\ B,,)\ Dy
and
U—c®+xp, =@Ww—-1)—®>0—¢®>0 in (R"\ B,,)ND;.
Then, by the maximum principle we obtain
u—clé:u—clé—i—xm >0 in B,

and hence
u(z) > c;®(z) — Clz|* for x € B,
which clearly implies the Lemma (taking v = €). O
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