LOCAL INTEGRATION BY PARTS AND POHOZAEV
IDENTITIES FOR HIGHER ORDER FRACTIONAL LAPLACIANS
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ABSTRACT. We establish an integration by parts formula in bounded domains
for the higher order fractional Laplacian (—A)® with s > 1. We also obtain the
Pohozaev identity for this operator. Both identities involve local boundary terms,
and they extend the identities obtained by the authors in the case s € (0, 1).

As an immediate consequence of these results, we obtain a unique continuation
property for the eigenfunctions (—A)*¢ = A¢ in Q, ¢ =0 in R™\ Q.

1. INTRODUCTION AND RESULTS

We consider bounded solutions u € H*(R™) to the Dirichlet problem

—A)u = f(r,u) in
(1.1) {< )u = 0( ) in R™\Q

for the higher order fractional Laplacian (—A)®, s > 1. Here, and in the rest of
the paper, Q C R" is any bounded smooth domain, f is continuous, and (—A)?® is
defined by

(—/A?u(f) = [£]*TU(¢) for a.e. £ € R™

Equivalently, it can be defined inductively by (—A)* = (=A)* 1o (—A), once (—A)*
is defined for s € (0,1) —see for example [33], 28] for its definition for s € (0,1) in
terms of an integral formula.

This higher order operator appears in PDEs [15] 36}, 39] 13| 20, 34, [10], Geometry
[19, 14, [12], Analysis [0, 31], and also in applied sciences [I8], 40].

The aim of this paper is to establish an integration by parts formula in bounded
domains €2 for the operator (—A)® with s > 1, as well as the Pohozaev identity for
problem . The results of the present paper extend the identities obtained by the
authors in [29] for s € (0,1) to higher order fractional Laplacians. They also extend
the Pohozaev identities established by Pucci and Serrin [25] for problem when
s = k > 2 is an integer.

Identities of Pohozhaev type have been widely used in the analysis of PDEs
[20, 23, 38, 8, 2], 25]. These identities are used to show sharp nonexistence results,
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monotonicity formulas, energy estimates for ground states in R”, unique continua-
tion properties, radial symmetry of solutions, or uniqueness results. Moreover, they
are frequently used in control theory [3], wave equations [2], geometry [32], 16, 24],
and harmonic maps [5]. For example, the controllability of the linear wave equation
uy — Au = 0 uses energy estimates (in terms of the boundary contribution) which
follow from the Pohozaev identity. Similar identities are used in [35] to the study
of the decay, stability, and scattering of waves in nonlinear media. Also, in some
critical geometric equations like —Au = Ke?* in R? or —Au = w2 in R, n > 3,
Pohozaev identities are essential to show concentration-compactness phenomena.

In our paper [29], we established the Pohozaev identity for the fractional Lapla-
cian (—A)® with s € (0,1). Integro-differential equations involving this operator
arise when studying stochastic processes with jumps, and they are used to model
anomalous diffusions, prices of assets in financial mathematics, and other physical
phenomena with long range interactions.

After the publication of our results [27], 29], we have been asked if these identities
hold also for s > 1. This is because in some contexts it is natural to study the higher
order operator (—A)® with s > 1. For example, in the fractional wave equation
U+ (—A)%u = 0 it is necessary to have s > 1 in order to guarantee a uniform speed
of propagation. Moreover, in Geometry it is of special importance the case s = n/2,
because it appears in the prescribed Q)-curvature equation (—A)"/ 2u = Ke™.

Before stating our identities, we recall the important recent regularity results of
G. Grubb [I3], which are essential in the proofs (and even in the statement) of our
identities. We also have to introduce the following function d(z) —it will be like
dist(z, R™ \ ©) but smoothing out its possible singularities inside €.

Definition 1.1. Given a bounded smooth domain 2 C R", d(z) will be any function

that is positive in 2 and C*°(£2), that coincides with dist(z, R™\2) in a neighborhood
of 092, and that d = 0 in R \ Q.

Theorem 1.2 ([13]). Let & C R™ be a bounded smooth domain, d(z) be as in
Definition [1.1, and s > 0. Let g € L®(Q), and let u € H*(R™) be the solution to

the homogeneous Dirichlet problem
(—=A)Yu = g(x) inQ
(12) { u = 0 in R™\ Q.
Then, for all € € (0,1) and all o € (0, +00) there exist a constant C' such that

[u/ || go-c@y < Cllgllz=
and
[w/d || cats-c@) < Cllgllcam)-
Moreover,
geC®(Q) = u/d® € C(Q).
In particular, (—A)*d® is smooth in Q.
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The results of Grubb apply also to nonhomogeneous Dirichlet problems and to
more general pseudodifferential operators and functional spaces; see [13].

Remark 1.3. Notice that we are considering weak solutions u € H*(R") to

(1.3) {(—A)SZ = g H%”\Q.

The unique solution v € H*(R™) to this problem can be obtained by minimizing the
energy functional

1 1 .
80 = 5l = [ 0= [ 1=8720F = [ gu

among all functions v € H*(R") satisfying v = 0 in R™ \ Q.
It is important to notice that the condition v € H*(R™) is necessary in order to
have uniqueness of solutions —see Remark at the end of the Introduction.

Our first result is the following Pohozaev type identity.

Theorem 1.4. Let Q0 be a bounded smooth domain, d(x) be as in Definition
and s > 1. Let u € H*(R™) be such that u =0 in R™\ Q and that (—A)*u belongs
to L>(9Q).

Then, u/d®|q has a continuous extension to ), and the following identity holds
(1.4)

/Q(x Vu)(~A)udr = 2" /Qu(—A)Su dz - mT“)Q /aQ (%) @ vy

Here, v is the unit outward normal to 02 at x and I is the Gamma function.

Before our work [29] for s € (0,1), no integration by parts type formula for
the fractional Laplacian involving a local boundary term as in (1.4) was known.
In particular, there was not even a candidate for a Pohozaev identity in bounded
domains. We found and succeeded to establish this identity for s € (0,1) in [29] by
introducing a new method. Here, we adapt it to the case s > 1. To our knowledge,
Theorem [1.4] is new even in dimension n = 1.

For the Laplacian —A, the Pohozaev identity follows easily from integration by
parts or the divergence theorem. However, in this nonlocal framework these tools
are not available, and our proof is more involved. In this direction, the constant
['(1+s)?in seems to indicate that, in contrast with the case s = 1, it can not
follow immediately from basic vector calculus identities.

As a consequence of Theorem [1.4] we also obtain a new integration by parts
formula in bounded domains. It reads as follows.

Theorem 1.5. Let Q0 be a bounded smooth domain, d(x) be as in Definition
and s > 1. Let u and v be H*(R™) functions satisfying that w = v = 0 in R™\ Q
and that (—A)*u and (—A)*v belong to L™=().
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Then, u/d®|q and v/d®|q have continuous extensions to Q, and the following iden-
tity holds

/(—A)Su Vg, dx = — / Ug, (—A)*vdr +T(1 + 5)? a4y v; do

Q Q aq d° d°
fori=1,....n, where v is the unit outward normal to 02 at x, and I" is the Gamma
function.

Note that, formally, setting s = 0 in the previous result we recover the classical
integration by parts formula. For s = 1, it follows from integration by parts or the
divergence theorem.

Remark 1.6. In personal communication, G. Grubb explained to us how the Fourier
methods in her paper [13], at least in the case of a flat piece of the boundary, can
be used to show Theorem [I.5] It would be very interesting to understand better
this relation, and to see what kind of Pohozaev-type identities can be obtained via
Fourier transform methods.

Applying Theorem to solutions of semilinear problems of the form (1.1} we
find the Pohozaev identity for the higher order fractional Laplacian. We state next
this result which, for the sake of simplicity, we state for solutions to ([1.5) below

instead of (1.1)).

When s = k > 2 is an integer, the following identity was obtained by Pucci and
Serrin [25].

Corollary 1.7. Let Q@ C R"™ be any bounded smooth domain, f be a continuous
nonlinearity, and s > 1. Let w € H*(R™) be any bounded solution of

—A)Yu = f(u) in
(1.5) {( )u = O() in R™\(,

and let d be as in Definition . Then, u/d®|q has a continuous extension to €,
and the following identity holds
u

(23—n)/guf(u)dx—i—Zn/QF(u)dw:F(1—|—3)2/89 <$>2(x-z/)da,

where F(t) = fg f, v is the unit outward normal to 02 at x, and I is the Gamma
function.

In case that f(u) is supercritical (e.g. f(u) = |u[""'u with n > 25 and p > 2£2%)

this identity yields the nonexistence of bounded solutions v € H*(R"™) to problem
(1.5); see [29, [30]. When s < 1, the nonexistence of bounded positive solutions to
the critical problem with f(u) = w2 can be also deduced from this identity by
using the Hopf Lemma —which yields that u/d* > 0 on 092. However, when s > 1
the maximum principle does not hold, and thus no Hopf Lemma holds for .
Therefore, the nonexistence of solutions for the critical problem in case s > 1 is
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related to a general unique continuation property of the form u/d* = 0 on 0) —
u =0 in €. This is not known even for the case s € (0,1).

In case that f(u) is subcritical, it turns out that this unique continuation property
follows from Corollary Because of its special importance, we state this result
for the case of the eigenfunctions, i.e., for f(u) = Au.

Corollary 1.8. Let €2 C R™ be a bounded smooth domain. Let s > 1, and let
¢ € H*(R™) be any solution of
(Ao = Ao inQ
o = 0 inR™\Q.

Then,

% =0 on 0N — p=0 in Q.

a* |y
Here, ¢/d* on OS2 has to be understood as a limit (as in Theorem|1.4)).

Notice that this Corollary is stated here for s > 1, but the same result holds also
for s € (0,1) —in that case one must use our results in [29] instead of Corollary [1.7]

For elliptic operators of second order, this type of unique continuation property
is an essential ingredient in the proof of the generic simplicity of the spectrum
[37] which, in turn, arises when analyzing controllability and stabilization issues for
evolution problems [17].

To prove the generic simplicity of the full spectrum one needs to compute a
shape derivative. It is in this computation where the boundary term wu/d*|sq arises
naturally. See for example [22], where this was done for the bilaplacian A? —which
corresponds to s = 2 in our result. For the fractional Laplacian (—A)#®, this shape
derivative has been computed for s = 1/2 and n = 2 in [7].

Remark 1.9. As said in Remark[1.3] problem admits a unique H*(R™) solution,
but when s > 1 there is no uniqueness of bounded solutions for the problem. Indeed,
for all s > 0 the following nonhomogeneous Dirichlet problem [13] [I] is well posed
(in the appropriate energy space):

(—A)u = g(x) in Q
(1.6) u =0 in R™\Q
u/d*™' = p(z) on ON.

The well-posedness of this problem was proved at the same time and with completely
independent methods by Abatangelo [I] (for s € (0,1)) and by Grubb [13] (for all
s> 0).

Notice that the quantity u/d*~' on 9Q has to be understood as a limit. In
particular, solutions to these nonhomogeneous problems behave in general like d*~*
near the boundary, while the unique solution v € H?®(R") of the homogeneous
problem behaves like d* (by Theorem [1.2)).

Note, therefore, that [I3] treats both problems and —while here we
only deal with H*(R™) solutions to ([1.3). Notice also that when s = 1 is the
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Dirichlet problem for A with boundary conditions u = ¢ on 0, while for s = 2 it is
the Dirichlet problem for A% with boundary conditions v = 0 and d,u = ¢ on 9.

The paper is organized as follows. In Section |2l we present the main ingredients
of the proof of Theorem In Section 3| we show Proposition 2.1} In Section [ we
prove Theorem for strictly star-shaped domains. In Section [5| we finish the proof
of Theorem and we prove Theorem and Corollaries and Finally, in
the Appendix we prove Lemma [2.2]

2. INGREDIENTS OF THE PROOF

The formal ideas of the proof of the Pohozaev identity for s > 1 are essentially the
same as in the case s € (0,1) [29]. However, some parts must be carefully adapted,
especially when obtaining the singular behavior of (—A)*2u near 9Q, given by
Proposition below. We will skip the details of the parts that are similar to the
case s € (0,1), to focus in the parts that present new mathematical difficulties.

To prove Theorem we proceed as follows. We first assume the domain €2 to
be star-shaped with respect to the origin and (—A)*u to be smooth. The result for
general smooth domains follows from this star-shaped case, as in our proof of the
case s € (0,1). Moreover, the result for functions u satisfying only u € H*(R") and
(—A)*u € L**(Q) follows by approximation using Theorem

When the domain is star-shaped, one shows that

/Q (- Vu)(—A)*u dr = /Q w(—AYoudr 1 % %

where

28 —n

/ wywy /Ady,
A=1+ n

w(z) = (—A)*?u(z) and wy(z) = w(\z).
Then, Theorem [1.4] is equivalent to the following identity

d 2
/ wywi/y dy = T(1 + 3)2/ (%) (x - v)do.
A=1+ JR? o0

(2.1) o
The quantity -&|\_i+ [p, wawiy vanishes for any C'(R") function w, as can be
seen by differentiating under the integral sign. Instead, we will see that, under the
hypotheses of Theorem the function w = (—A)*/?y has a logarithmic singularity
along the boundary 0f2, and that holds.

The identity is the difficult part of the proof of Theorem . To establish
it, it is crucial to know the precise behavior of (—A)*/?u near 92 —from both inside
and outside €. This is given by the following result.

Proposition 2.1. Let €2 be a bounded and smooth domain, and let d be as in Defi-
nition . Let w € H*(R™) be a function such that u =0 in R"\Q and that (—A)*u

is C(2). B
Let §(x) = dist(z, Q) —notice that d =0 in R™\ Q, while § > 0 therein.
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Then, there is a C>®(R™) extension v of u/d®|q such that
(2.2) (—A)u(z) = ¢; {log™ §(z) + caxa(z) } v(z) + h(z) in R",

where h is a C*(R™) function for some a > 0, log™ t = min{logt,0}, and ¢; and cy
are constants that depend only on s.
Moreover, for all B € (0, +00),

(2.3) [(=A)/u]

for some constant C' which does not depend on p.

5
08 ({rekn:diz)zpy) = OP for all p € (0,1),

The constant ¢ comes from an involved expression and it is nontrivial to compute.
Instead of computing it explicitly, we compute directly the constant I'(1 + s)? in
Theorem by using an explicit solution u to problem in a ball. This explicit
solution is given by the following lemma.

Lemma 2.2. Let s > 1 be any noninteger number. Then, the solution to problem
(—A)u = 1 in By(0)
u = 0 inR™"\B(0)
s given by
2727 (n/2
U(ZL’) = n+2s (n/ )
I (2£28) (1 + s)

where I' is the Gamma function.

(1—|zl)”  in Bi(0),

For s € (0, 1), this expression was obtained by Getoor [L1] in 1961. Here, we show
that the same expression holds for s > 1 by using some explicit computations of
Dyda [9] —see the proof in the Appendix.

3. BEHAVIOR OF (—A)%?u NEAR 0

The aim of this section is to prove Proposition 2.1 We will split its proof into
three partial results. The first one is the following, and compares the behavior of
(—A)*2u near O with the one of (—A)*/2d.

Proposition 3.1. Let €2 be a bounded and smooth domain, u be a function satisfying
the hypotheses of Proposition[2.1], and d be as in Definition[1.1. Then, there exists
a C®(R") extension v of u/d*|q such that

(— A u(z) = v(@) (~A)Y2d (&) + h(z) in R,
where h € C*(R™) for some a > 0.
The following result gives the behavior of (—A)*d® near 052.

Proposition 3.2. Let Q be a bounded and smooth domain. Let d be as in Definition
and 6(x) = dist(x,0Q). Then,

(—A)2d(x) = e1 {log™ 6(x) + cxxale)} + h(x) in R,
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where ¢; and ¢y are constants, h belongs to C*(R™), and log~ t = min{logt,0}.
Moreover, the constants ¢; and cy depend only on s.

Recall that, in the previous result, 6(x) > 0 in R™ \ Q, while d(x) = 0 therein.
The third one gives estimate (2.3) in Proposition , and reads as follows. It will
be also used in the proof of Proposition [3.2]

Lemma 3.3. Let QQ C R"™ be a bounded and smooth domain. Let u € H*(R™) be

a function such that u = 0 in R™"\Q and that (—A)*u is C>*(2). Then, for all
B € (0,+00),

(3.1) [(—A)S/Qu] <CpP for all p e (0,1),

CP ({dist(2,00)>p}) —

for some constant C' that does not depend on p.

In the proof of Propositionwe need to compute (—A)*/? of the product u = d*v.
For it, we will use the following identity for sy € (0, 1)

(—A)*(wiwa) = wi(—A)*0wy + wa(—A)*wy — I, (wr, ws),

where

(wl(il?) - wl(y)) (w2(5f) - w2(?/))

" |£L’ _ y|n+250

(3.2) I, (wy, wq)(z) = CWOPV/ dy;

see [28]. Another ingredient in the proof of Proposition is the following result.

Lemma 3.4. Let Q C R"™ be any bounded smooth domain. Let d be as in Definition
[1.1. Let k be a positive integer, and let 5 > k be a noninteger. Then,

AFP =B(B 1) (B — 2k +1)d* % 4+ h,
for some function h € CP=2F1(R").

Proof. We prove the result for k = 1. For k > 2, it follows immediately by induction.
For k = 1, we use the following geometric formula for the Laplacian

Ad(xo) = O @(z0) + Hr(20)0,P(20) + Arg(xy),

applied to the level set T' = {¢(z) = ¢(x)}. In this formula, v is the unit outward
tangent to I' at xy, Hr is the mean curvature of I', and Ar is the Laplace-Beltrami
operator on I'. From this formula, we deduce that

A(d°) = B(B—1)d° 2 + Hrd’ .

Since the level sets of d are smooth, then Hp is C*. Hence, h = Hrd’~! belongs to
CP=1, and thus the result is proved. O

We next give the
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Proof of Proposition[3.1 Let k be the integer number for which s/2 = so + k, with
sp € (0,1). Since © is C*° and u/d* is C*>°(Q2), then there exists a C*°(R") extension
of u/d*|q, that we denote by v. Then,

(—A)Pu = (=A)* (vd?)
= (=A)°(=A)F (vds)
( )% {ds o4t o(=A) e}
= (=A)* {v — ds + hl} ,

where h; is a C*~2**1(R") function (since d® is C* and we differentiate it up to 2k —1
times). Since s — 2k = 25, then hy = (—A)*h, is C*(R") for all o < 1.
Thus,
(—A)Pu = (=A)* {o(=A)*d"} + hs,
with hy € C*(R"). By Lemma [3.4] we have

(3.3) (=A)*d® = cyd® + hs
for some function hs € C?**! and some constant ¢, that depend only on s. Thus,
(3.4) (=A% = ¢, )0 {vd%“} + hy

for some hy € C*(R™).
Now, since s € (0,1), we have

(=A) {od*0} = v(=A)°d*0 + d**°(—A)*v — I, (v, d*),
where I, is given by (3.2). Since v € C*(R") and d** € C?*(R"), then the second
and the third term belong to C*(R™). Therefore, we have
(=A% {vd**°} = v(—=A)*d>° + hs,
where h; € C*(R"). Finally, using and (3.4), we find
(=A% = v(=A)2d° + hg
for some function hg € C*(R™), as desired. d

To prove Proposition we will need some lemmas.
Fixed po > 0, let ¢ be any bounded function in C*(R) N C*°(R.) such that

(3:5) ¢(r) = (z4)° i (=00, po).
This function ¢ coincides with the s-harmonic function (z,)® in a neighborhood of

the origin, but ¢ is bounded at infinity. We need to introduce it because the growth
at infinity of (2, )° prevents us from computing its (—A)%/2.

Lemma 3.5. Let py > 0, and let ¢ : R — R be given by (3.5)). Then, we have

(—A)p(x) = cr{log x| + cax(o,00) (x) } + ()

forx € (—po/2,po/2), where h € Lip([—po/2, po/2]). The constants c; and cy depend
only on s.
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Proof. It s > 2, then one can write s/2 = s9/2 + k to find that the function b =
(—=A)*¢ is C°(R,) and satisfies ¢ = cy(x, )% in (—o0, py) for some constant c;.
Hence, the case s > 2 follows from the case s € (0,2).

The case s € (0,1) was done in [29, Lemma 3.7]. Thus, from now on we assume
s € (1,2). Then, we have

Ay = e [T B ety o),

9 ly| T+

o0

Hence, for x € (—po/2, po/2),

s crs [P0 22% — (v 4y)L — (2 —y)]
(~a) () = G [ 2y 6y a),
x—po

where ¢ is a smooth function in [—py/2, po/2].
Let us study

2 (a4 )~ (2 - )
o= | s "

—pPO

201
D19 (14 2)8 - (1—2)

Jl(:c)z/ SR Sl Ul T P
1

_ 0 |z|1+s
x

;

2041 s s
T (=14 2)) - (21— 2)) :
Jo(x) = /_ " BEE dz if x <0.

Using L’Hopital’s rule we easily find that

Si(z) _ . B(@)
z10 log x| =10 log|z|

Moreover,
2 2 — (2)° 9 _ (P0)* 9
1 S

2. )1 2- (5 1

= —lim{ — -
py w0 | 2 (;_1)”5 y

Yy

2 1—2y5 — (1 —qg)its 2(1
Po w0 y(1-y) P5

Thus, J;(x) — 2log |x| is Lipschitz in [0, po/2].
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Analogously,

. / 21 .. Po _(_Z_O)S 2
1;%{J2(x> * E} o 2%{2? (_Po _ 1)1+5 + E

2 —14 (1 —gy)tts 2(1
2y (cinge)
y(1—y) Po
Thus, the function Jy(x) — 2log |z| is Lipschitz in [—py/2, 0].
Therefore, for some appropriate constant ¢, the function J(x)—2log |z|—cx(0,00) ()
is Lipschitz in [—po/2, po/2], and the lemma is proved. O

Next lemma will be used to prove Proposition [3.2] Before stating it, we need the
following

Remark 3.6. From now on in this section, py > 0 is a small constant depending only
on 2 such that that every point on 9¢2 can be touched from both inside and outside
Q2 by balls of radius py. A useful observation is that all points y in the segment that
joins 1 and xy —through zo— satisfy d(y) = |y — x|

Lemma 3.7. Assume s € (1,2). Let Q be a bounded smooth domain, and py be
giwen by Remark[3.6. Fixz xo € 092, and let

gb:vo(x) = ¢(_V(x0) ) (l‘ - ZL’()))

and

(3.6) Seo = {20+ tv(x0), t € (—po/2,po/2)},

where ¢ is given by (3.5) and v(xg) is the unit outward normal to O at xy. Define
also Wy, = d° — gy .
Then, for all v € S,

(=) Py () = (=A)* 2wy, (20)| < Clo — |72,
where C' depends only on Q and py (and not on xy).

Proof. We follow [29, Lemma 3.9], where a very similar result was proved for the
case s € (0,1).

We denote w = w,,. Note that, along S,,, the distance to 02 agrees with the
distance to the tangent plane to 0 at xg; see Remark That is, denoting
d+ = (xo — xrm\o)d and S(w) = —v(zg) - (x — x0), we have dy(z) = 5(m) for all
x € S,,. Moreover, the gradients of these two functions also coincide on S, i.e.,
Vdi(z) = —v(ze) = Vo(z) for all z € S,
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Therefore, for all x € S;, and y € B,,/2(0), we have

|do(z +y) — d(z +y)| < Cly|?

for some C' depending only on py. Thus, since s > 1, for all # € S;, and y € B, /2(0)
we have

(3.7) w(z +y)| = |(ds(x +9))5 = Oz + )5 < Clyl,

where C' is a constant depending on 2 and s.
On the other hand, since w is Lipschitz and bounded,

(3.8) \w(z +y) —w(zo +y)| < Cle— a0
Finally, let 7 < py/2 to be chosen later. For each = € S,,, we have

Ay Pule) - (-ayPutey)| < ¢ [ It

n ‘y|n+s
<C/ Iw($+y)—iv(xo+y)|dy+0/ |w(x+y)—iv(xo+y)|dy
|y|+e RM\ B, |yt
Iyl2 / |z — 0|
< C/ d
ly|" +5 R”\B, |yt

C(r** + |z —zolr™) ,
where we have used (3.7) and (3.8). Taking r = |z — x["/? the lemma is proved. [
To prove Proposition [3.2] we will use the following.

Claim 3.8 ([29]). Let Q be a bounded C*' domain, and py be given by Remark|3.6
Let §(x) = dist(z,08). Let w be a function satisfying, for some K > 0,

(i) w is locally Lipschitz in {x € R™ : 0 < §(z) < po} and
Vw(z)| < Ko(x)™ in {x € R" : 0<8(z) < po}

for some M > 0.
(ii) There exists o > 0 such that

lw(x) —w(x®)| < Ko(z)* in {x € R" : 0<d(z) < po},

where x* is the unique point on 0S) satisfying 6(x) = |z — z*|.
(iii) For the same «, it holds

lwlices2pon < K-
Then, there exists v > 0, depending only on o and M, such that
(3.9) wlles ) < OK.
where C' depends only on Q.
Finally, we give the
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Proof of Proposition[3.9 For s > 2, write s/2 = s1/2+k, with k € Z and s, € (0,2),
and use Lemma . We find (—A)*/2d* = ¢(—A)*/2d*' + hy, where hy € C*(R™).
Hence, we may assume s € (0,2) in the rest of the proof. Moreover, the case
s € (0,1) was done in [29, Proposition 3.2]. Thus, from now on we assume s € (1,2).

For s € (1,2), we will use the previous results and Claim to prove the result.
Define

h(z) = (=A)Pd*(z) — ¢ {log™ 6(z) + caxalz)}

where ¢; and ¢y are given by Lemma [3.5]

On one hand, by Lemma [3.5], for all o € 0Q and for all x € S,,, where Sy, is
defined by (3.6, we have

hix) = (—A)Pd (@) = (=A)2¢u, () + h(v(0) - (& = 20)),

where & is the Lip([—po/2, po/2]) function given by Lemma . Hence, using Lemma
3.7, we find
|h(z) — h(xg)| < Clz —zo|* for all z € Sy,
for some constant independent of zg.
Recall that for all x € S,, we have * = z(, where z* is the unique point on 0f2
satisfying d(x) = |x — z*|. Hence,

(3.10) |h(z) — h(z")| < Clz —2*|*  for all z € {d(z) < po/2}.
Moreover, since d® is C'*° inside €2, then

(3.11) 1hllow(t52po/2) < C.
Now, if 0 < §(x) < po/2, then

(3.12) [Vh(z)] < [V(=A)2d ()] + er|d(x)| ™ < Clo(a)]

The last inequality follows from Proposition (with 8 = 1), since (—A)*d*(x) is
smooth (by Theorem [1.2)).
Therefore, using (3.10)), (3.11)), and (3.12) and Claim 3.8} we find that h € C*(R")

for some small o > 0, as desired. O
We next prove Proposition [3.3]

Proof of Proposition|3.5. First, clearly we may assume that s < 2 —otherwise, we
apply the result to —Au. Since the case s € (0,1) was done in [29, Lemma 4.3],
from now on we assume that s € (1,2).

Note that, since (—A)*u is smooth, then by Theorem u/d® is smooth in €,
and thus u satisfies

(U] cves (gdist (w00 =py) < Cp 7

for all v > —s.

Take zo € €2, and define R > 0 so that dist(xg, 9Q?) = 2R. We will prove that

[(_A)S/ZU]CB(BR/z(xo)) < CR76>
which yields the desired result (see [28] for more details).
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As in the proof of Lemma 4.3 in [2§], we may write u = u(x) + @ + ¢, where 4
and ¢ satisfy

¢ =0 in Bg(zo), u =0 outside Bsg/a(o),
and
(3.13) [U)cvsrny < CR™T for all v > —s.

As in [28, Lemma 4.3], using the regularity of the kernel of the fractional Laplacian,
that ¢ = 0 in Bgr(zg), we find that

[(_A)S/QSO]CB(BR/Q@O)) < CR™",
Thus, we only have to show that for all z; and 9 in Bg/s(0),
(3.14) | DH(=A)2a(xy) — DH(=A)Pa(ws)| < Clay — x| "R+,

where B = ' + k, with k integer and 8’ € (0, 1]. Here, D* denotes any k-th order
derivative.

We prove for the case 8’ = 1, since the other ones clearly follow from it
(using |x1 — x| < R). Denote

w=D"'a and &w(z,y)=-2w(z)—wx+y) —wz—y)).

N | —

Using that w has support in Bsp/2(2o), and also (3.13)) with v+ s = k + 3 and with
v+ s =k + 1, we find that for all x € Br/s(zo)

d d
VA @ <C [ @yl o [ V()| e
Ban(eo) vl R\ Bap(z0) [y
d d
S C/ C‘y|2Rs_k_3 i/JrS +C/ R—k—l+s T:LerS
Bar(x0) Y| R™\ Bag(20) Y
< CR* 1,
Thus, for all z; and x5 in Bgrjs(xo),
|(—A)s/2w(a:1) - (—A)S/Qw(xg)‘ < Cloy — x| R
Therefore, (3.14]) follows, and the Proposition is proved. O

Finally, we give the

Proof of Proposition[2.1. It immediately follows from Propositions [3.1], 3.2, and
Lemma 3.3 O
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4. CASE I: STAR-SHAPED DOMAINS

In this section we prove Theorem for strictly star-shaped domains and for
(—A)%u smooth in Q. Recall that €2 is said to be strictly star-shaped if, for some
20 € Rn’

(4.1) (x —29)-v>0 for all x € 09.
A key tool in this proof is Proposition 1.11 of [29], which is stated next.

Proposition 4.1 ([29]). Let A and B be real numbers, and
@(t) = Alog™ [t — 1| + Bxjo,(t) + h(t),
where log™ t = min{logt,0} and h is a function satisfying, for some constants o
and 7y in (0,1), and Cy > 0, the following conditions:
() l12llca(o,00)) < Co.
(ii) For all B € [y,1+ 7]
1Allcs(01-puatnz) < Cop™” forall p e (0,1).
(iii) [W(t)] < Cot™277 and | (t)| < Cot =27 for all t > 2.
d

Then,
> t
- by — ) dt = A%*x? + B2,
dM1+/o o ( )w(A)

Moreover, the limit defining this derivative is uniform among functions ¢ satisfy-
ing (i)-(ii)-(ii1) with given constants Cy, o, and 7.

We proceed now with the proof of Theorem [1.4]

Proof of Theorem for strictly star-shaped domains and for (—A)*u € C=(Q). As
explained in the Introduction, we follow the proof of Proposition 1.6 in [29].

Recall that we are assuming €2 to be strictly star shaped. We may assume without
loss of generality that € is strictly star-shaped with respect to the origin, that is,
zo = 0 in . Indeed, if Q is strictly star-shaped with respect to a point zy # 0,
then the result follows from the case zy = 0, as in [29, Proposition 1.6].

By Theorem we have that u € C*(R"), and thus in particular v € C'(R").
Thus, by the dominated convergence theorem,

d
(4.2) / (z - Vu)(—A)ude = - / un(—A)udz,
Q dA A=11t JQ
where %| \_+ Is the derivative from the right side at A = 1.
Now, as in |29, Proposition 1.6], integrating by parts and making a change of

variables we find

/u,\(—A)SudJC =\ / w5 W5 Ay,
Q Rr

where

w(z) = (—=A)*u(z) and  wy(x) = w(A\z).
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Thus,
A

(4.3) /Q(Vu ) (—A)udr /Qu(—A)sudx—l—% -

Hence, Theorem [1.4]is equivalent to the identity

2s—n

/w,\wuxdy-
A=1+ JR?

d U\ 2
4.4 - — I, =T(1 2 — -v)d
(4.4) & h=raesr [ (G) @ v
where
(45) ]A:/ w,\wl/Ady.

Now, as in [29], since the domain is strictly star-shaped we can write the integral
I, in spherical coordinates to obtain

d d / /OO . (t:)s)
— I = — z-v)do(x t"Trw(Mz)w | — | dt.
Y R S R Sl AR B

Fix now xg € 0f2, and define
o(t) = t"T w (tzg) = t"T (= A)?u(txy).

By Proposition [2.1]
@(t) = c1{log™ 6(txo) + caxjoytv(tao) + ho(t)

in [0, 00), where v is a C*°(R"™) extension of u/d*|q and hg is a C*([0, 00)) function.
Arguing as in the proof of Proposition 1.6 in [29], we find that

p(t) = cr{log™ [t = 1| + caxqon) () yo(wo) + (1),

for some h € C*/2%([0,00)). Note that we write ¢ in this form in order to apply
Proposition .1} Let us next check the hypotheses of this proposition.
Since

h(t) = t"T_l(—A)S/Qu (txo) — ci{log™ [t — 1] 4 caxpo,1)(t) }v(@o),
then it follows from ([2.3]) in Proposition that h satisfies condition (ii) of Propo-
sition (4.1
Let now sg be such that s/2 = k + s¢, with k integer. Then, for z € R"\(2Q),
one has

|8¢(—A)s/2u(x)| S C|x|_”_50_1 and |aij(—A)S/2U(J})| S C|$|_n_80_27

n—1

since (—A)*u(x) has support in Q. This yields |¢()| < Otz ~"=*0~1 < Ct~27%0 and
()] < Ct"z =02 < Ct=3=% for ¢ > 2. This is condition (iii) of Proposition
41l

Thus, it follows from Proposition [4.1] that

u . [ eone (;) dt = (v(ao) 3 + ),
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and therefore

4 / " Lw(Maxg)w t2o dt = (v(z0))* E(7% + )
dX|\_i+ Jo A

for each xg € 0f).
Furthermore, by uniform convergence on x, of the limit defining this derivative,
this leads to

@
dx

u

(20 - v) (E($°)>2 do (o).

I, = 03(772 + cg)/

A=1+ onN

Here we have used that v(z) = u/d* in Q. This last equality yields

/Q(Vu-m)(—A)Sudac -2or /Qu(—A)Sud:c—i—cs/

o0

u

(-0 (3(2)) do),

where ¢, = c¢?(m% + ¢3) is a constant that depend only on s.
Hence, to finish the proof it only remains to show that

ce =T(1+ )2

But since ¢, depends only on s, the constant ¢, in the identity can be computed by
plugging an explicit solution in it. This was done in [29, Remark A.4] for the explicit
solution given by Lemma in case s € (0,1). In case s > 1 the computation is
completely analogous, and thus it follows that ¢, = I'(1 + 5)?, as desired. O

5. CASE II: NON-STAR-SHAPED DOMAINS

In this section we prove Theorem for general smooth domains. We follow
Section 8 in [29]. More precisely, we will show that the bilinear identity

(5.1)

2 _
/(:c V) (= A) sy d + /(:c V) (- urdr = 2" / iy (—A) s dat
Q Q Q
+ 25— / ug(—A)uy dr —T'(1 4+ 8)2/ ﬂ%(x -v)do.

holds for all functions u; and us satisfying the hypotheses of Theorem [1.4]
We start with a lemma, which states that the identity (5.1) holds whenever the
two functions have disjoint support.

Lemma 5.1. Let s > 0 be any noninteger, and let u; and uy be C*(R™) functions
with disjoint compact supports K; and Ky. Then,

/Kl(x-Vul)(—A)squer/ (2 V) (—A)uy dr —

K>

25 —n 28s—n

= / U]_(_A)SUQ dx +
2 K

/ ug(—A)*uy dz.
Ko
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Proof. Let s = 5o+ k, with k € Z and sy € (0,1). First, it is immediate to check by
induction on k that, for all w € C*°(R"),

(5.2) (—=A)¥(z - Vw) = 2 - V(=A)fw + 2k(—=A)*w  in R™.
Moreover, it was proved in [29, Lemma 5.1] that
(—A)*(x - Vw) =x - V(=A)*w + 2s(—A)*°w in R™\supp w
whenever these integrals are well defined. Hence, we find
(=AY (x - V) = (=AY {z - V(=A)*u; + 2s9(—A)*u;}
=x - V(=A)’u; + 2s(—A)°y; in R™\ K.

Note that (—A)*wu; is smooth outside K, and thus we can use (5.2)).
Moreover, note that, for all functions w; and wy in L'(R") with disjoint compact
supports W7 and Wa, it holds the integration by parts formula

/ wl(_A)SU)Q:_Cn,so/ / wi (2)ws(y) (= A)F|x — y| "0 dy da
%} W1 JWa

= / wg(—A)swl.
Wa
Then, using (5.3)) and (5.4), the proof finishes as in [29] Lemma 5.1]. O

The second lemma states that the bilinear identity (5.1)) holds whenever the two
functions uy and uy have compact supports in a ball B such that 2N B is star-shaped
with respect to some point zp in 2N B.

(5.3)

(5.4)

Lemma 5.2. Let Q) be a bounded smooth domain, and let B be a ball in R™. Assume
that there exists zg € QN B such that

(x —2) - v(x) >0 for allx € 90N B.
Let w be a function satisfying the hypothesis of Theorem [1.] Assume in addition

that (=A)°u € C*(Q). Let uy = uny and ug = uny, where n; € CX(B), i = 1,2.
Then, the following identity holds

[ Vu)armdes [ @ Vi) ay =

B

9g _
42 n/ us(—A)*uy das—F(1+s)2/ ﬂ@(:zsu) do.
2 Jp oonp d° d°

Proof. Let n € C°(B) and @ = un. We next show that
(5.5)

/B(yc V) (—A)idr 252_ n /Bﬂ(—A)Sadx ST+ 8)2/8903 (%)2 (z - v)do.

From this, the lemma follows by applying (5.5)) with @ replaced by (1 + n2)u and
by (m — m2)u, and subtracting both identities.

2s—n

/ ul(—A)SUQ dx+
B




POHOZAEV IDENTITIES FOR HIGHER ORDER FRACTIONAL LAPLACIANS 19

FIGURE 5.1.

We next prove . For it, we will apply the result for strictly star- shaped
domains, already proven in Section 4 As in [29], there exists a smooth domain €
satlsfymg

{a>0}CcQcQNB and (z—z)- -v(z)>0 forallzed.

_ Hence, it suffices to show that u satisfies the hypotheses of Theorem in Q. Let
d be as in Definition [1.1| with Q replaced by Q. It is clear that 4 € H*(R") and that
@ = 0 in R\ Q. Thus, it remains only to prove that (—A)*% € C*(Q) in order
to apply the results of Section [ By Theorem [I.2] this is equivalent to prove that

a/d € C=(). ) ]
But since suppa N 02 C 092, then d/d is smooth in supp @. Thus,
~ u ds =
u/d® = —— (Q
w/ yr dsn € C™(Q),

where we have used that 7 and d/d are smooth in supp @, and u/d* € C*(Q). O
We now give the

Proof of Theorem[1.J When (—A)*u € C*(Q), the result follows from the two
previous lemmas, by exactly the same argument as in [29].

The result for v € H*(R"™) satisfying (—A)%u € L*>(Q) is obtained by a density
argument, as follows. Let g = (—A)®u, and construct a sequence of smooth functions
gr € C>®(Q) satisfying g — ¢ in L'(Q). Let u, € C*(R") be the solution of
(—A)sup = gr in Q, up = 0 outside, and apply Theorem to these functions. We
find

(5.6)
/Q(x V) (—A) g da = 282_ n /Quk(—A)Suk dr —T(1+ 5)2/69 (%)2 (- v)do.
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By the estimates in Theorem one obtains that uy, Vug, and uy/d® converge
uniformly to u, Vu, and u/d®, respectively. Thus, taking & — oo in ([5.6|), we find

_ 2
/(m -Vu)(—=A)’udr = 25— / u(—A)*udr —T'(1+ 8)2/ (£> (x - v)do,
Q 2 Q oo \d°
as desired. O

Finally, we give the

Proof of Theorem and Corollaries and[1.8 We skip the proofs of Theorem
and Corollary because the arguments are exactly the same as in [29]. Let us
prove next Corollary [1.8]

First, note that any solution ¢ € H*(R™) to

(“AY¢ = Ao inQ
¢ = 0 inR™"\Q.

belongs to L>(£2). Indeed, by using a standard bootstrap argument, this is an easy
consequence of the results of Grubb [13]; see [14] where this argument is done in
detail.

Hence, once we know that ¢ is bounded, we can apply Corollary to find

ZS/QQSde:F(l%—s)Q/m (%)2@-1/)(1{0:0.

It follows that, fQ ¢*dx = 0, and therefore ¢ = 0. U

APPENDIX A. PROOF OF LEMMA 2.2

In this section we prove Lemma [2.2] used in Section [4] to compute the constant
['(1 + s)? in the Pohozaev identity.

Proof of Lemma[2.9 Let s = k + sq, with k integer and so € (0,1). By the explicit
computations of Dyda [9], we have

(A1) (- fafy = S <)>l;(<]2111>+ .

Here, F7 is the hypergeometric function, defined by

2Fi(a,b;c;2) = Z (@) (0)m 2™

= () ml’

n n
oI <§ + 50, —k; =; |$|2> .

and (q),, is given by (¢)m = q(¢+1)---(¢g+m —1).
Note that, since —k is a negative integer, (—k),, = 0 for all m > k, and thus the
function (A.1)) is a polynomial of degree 2k. Moreover, its leading coefficient is

(3 + 0), (He o
G, K

oI (g + 80, —k; g; |1U|2> =
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Thus,
(AP (1= [e)y = (A (=A)* (1 — =)}
22T (B4 50) T (k+ 1+ s0) (5 + 50), (=F)k (—A)* [
/21 (g) I'(k+1) (g)k k!
Now, it is immediate to show that
(~A)Jal? = B(E—2) -+ (5= 2k+2) x (2—n—F)(A—n—F) -+ (2k—n—F) x|l

In particular,

(=) laf? = 2"kt x (<1)*2* (3) .

Therefore,
_ 2T (5 +50) T (k+ 1+ s0) (5 + 50), (=R 2K x (-1)"2° (3),,
AR = T g T ), CE
Now, since (—k)r = (—1)k!, and T'(1 + 2) = 2I'(z), we find
B

as desired. O
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