THE DIRICHLET PROBLEM FOR THE FRACTIONAL
LAPLACIAN: REGULARITY UP TO THE BOUNDARY
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ABSTRACT. We study the regularity up to the boundary of solutions to the Dirich-
let problem for the fractional Laplacian. We prove that if w is a solution of
(=A)*u = g in Q, u = 0 in R"\Q, for some s € (0,1) and g € L>®(f), then u
is C*(R™) and u/6%|q is C* up to the boundary 9 for some «a € (0,1), where
d(z) = dist(z, 0Q). For this, we develop a fractional analog of the Krylov bound-
ary Harnack method.

Moreover, under further regularity assumptions on g we obtain higher order
Holder estimates for v and u/§°. Namely, the C? norms of u and u/§° in the sets
{x € Q:(x) > p} are controlled by Cp*~# and Cp®~#, respectively.

These regularity results are crucial tools in our proof of the Pohozaev identity
for the fractional Laplacian [19] 20].

1. INTRODUCTION AND RESULTS

Let s € (0,1) and g € L*>°(Q2), and consider the fractional elliptic problem

" (Core g ma

in a bounded domain €2 C R", where

. u(z) — u(y)
(1.2) (—A)*u(z) = ¢, PV /Rn P——TEET dy
and ¢, is a normalization constant.

Problem is the Dirichlet problem for the fractional Laplacian. There are
classical results in the literature dealing with the interior regularity of s-harmonic
functions, or more generally for equations of the type (L.1). However, there are few
results on regularity up to the boundary. This is the topic of study of the paper.

Our main result establishes the Holder regularity up to the boundary 0f2 of the
function u/d%|q, where

d(z) = dist(x, 09).
For this, we develop an analog of the Krylov [17] boundary Harnack method for prob-
lem (L.I). As in Krylov’s work, our proof applies also to operators with “bounded
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measurable coefficients”, more precisely those of the type ([1.5)). This will be treated
in a future work [2I]. In this paper we only consider the constant coefficient op-
erator (—A)®, since in this case we can establish more precise regularity results.
Most of them will be needed in our subsequent work [20], where we find and prove
the Pohozaev identity for the fractional Laplacian, announced in [I9]. For (1.1)), in
addition to the Holder regularity up to the boundary for u/d%, we prove that any
solution u is C*(R™). Moreover, when ¢ is not only bounded but Hdélder continuous,
we obtain better interior Holder estimates for u and u/d%.

The Dirichlet problem for the fractional Laplacian has been studied from the
point of view of probability, potential theory, and PDEs. The closest result to the
one in our paper is that of Bogdan [2], establishing a boundary Harnack inequality
for nonnegative s-harmonic functions. It will be described in more detail later on
in the Introduction (in relation with Theorem [1.2)). Related regularity results up
to the boundary have been proved in [16] and [7]. In [I6] it is proved that u/*
has a limit at every boundary point when u solves the homogeneous fractional heat
equation. The same is proven in [7] for a free boundary problem for the fractional
Laplacian.

Some other results dealing with various aspects concerning the Dirichlet problem
are the following: estimates for the heat kernel (of the parabolic version of this
problem) and for the Green function, e.g., [3, [10]; an explicit expression of the
Poisson kernel for a ball [18]; and the explicit solution to problem in a ball
for g = 1 [13]. In addition, the interior regularity theory for viscosity solutions to
nonlocal equations with “bounded measurable coefficients” is developed in [9].

The first result of this paper gives the optimal Holder regularity for a solution u of
. The proof, which is given in Section , is based on two ingredients: a suitable
upper barrier, and the interior regularity results for the fractional Laplacian. Given
g € L>(Q), we say that u is a solution of when u € H*(R") is a weak solution
(see Definition 2.1). When g is continuous, the notions of weak solution and of
viscosity solution agree; see Remark [2.11]

We recall that a domain €2 satisfies the exterior ball condition if there exists a
positive radius pg such that all the points on 02 can be touched by some exterior
ball of radius py.

Proposition 1.1. Let 2 be a bounded Lipschitz domain satisfying the exterior ball
condition, g € L*(R2), and u be a solution of (1.1). Then, u € C*(R"™) and
[ullos @y < Cllgllze @),

where C' is a constant depending only on € and s.

This C? regularity is optimal, in the sense that a solution to problem (|1.1)) is not
in general C* for any a > s. This can be seen by looking at the problem
{ (=A)u = 1 in B.(xo)

(1.3) u = 0 in R"\B, (),
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for which its solution is explicit. For any r > 0 and xy € R", it is given by [13| [3]
2731 (n/2)
I (2£2) (1 + s)

It is clear that this solution is C* up to the boundary but it is not C* for any o > s.

Since solutions u of are C° up to the boundary, and not better, it is of
importance to study the regularity of u/d° up to 0€2. For instance, our recent proof
[20, 19] of the Pohozaev identity for the fractional Laplacian uses in a crucial way
that «/d° is Holder continuous up to d€2. This is the main result of the present
paper and it is stated next.

For local equations of second order with bounded measurable coefficients and in
non-divergence form, the analog result is given by a theorem of N. Krylov [I7], which
states that u/0 is C* up to the boundary for some « € (0,1). This result is the key
ingredient in the proof of the C?“ boundary regularity of solutions to fully nonlinear
elliptic equations F'(D?*u) = 0 —see [15, [6].

For our nonlocal equation , the corresponding result is the following.

Theorem 1.2. Let Q be a bounded CH' domain, g € L*(), u be a solution of
(1.1), and 6(x) = dist(z,09). Then, u/d*lq can be continuously extended to 2.

Moreover, we have u/6* € C*(§2) and
[u/6%]lca@y < Cllgll=()

for some o > 0 satisfying o < min{s,1 — s}. The constants o and C depend only
on 2 and s.

(1.4) u(z) = (r* — |z — zo|?)° in B,(zo).

To prove this result we use the method of Krylov (see [15]). It consists of trapping
the solution between two multiples of ¢° in order to control the oscillation of the
quotient u/d* near the boundary. For this, we need to prove, among other things,
that (—A)*d5 is bounded in €2, where dp(x) = dist(z, R™\ 2) is the distance function
in ) extended by zero outside. This will be guaranteed by the assumption that €2
is C1L,

To our knowledge, the only previous results dealing with the regularity up to the
boundary for solutions to or its parabolic version were the ones by K. Bogdan
[2] and S. Kim and K. Lee [16]. The first one [2] is the boundary Harnack principle
for nonnegative s-harmonic functions, which reads as follows: assume that v and v
are two nonnegative functions in a Lipschitz domain 2, which satisfy (—A)°u = 0
and (—A)*v = 0 in Q N B,(xg) for some ball B,(xy) centered at zo € J§2. Assume
also that v = v = 0 in B,(x9) \ Q. Then, the quotient u/v is C*(B,/2(x0)) for
some « € (0,1). In [4] the same result is proven in open domains {2, without any
regularity assumption.

While the result in [4] assumes no regularity on the domain, we need to assume €2
to be C'%'. This assumption is needed to compare the solutions with the function §°.
As a counterpart, we allow nonzero right hand sides g € L>(2) and also changing-
sign solutions. In C'! domains, our results in Section [3| (which are local near any
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boundary point) extend Bogdan’s result. For instance, assume that u and v satisfy
(—A)*u=gand (—A)*v =hin Q, u=v =0in R"\ Q, and that A is positive in .
Then, by Theorem We have that u/6° and v/6° are C*(€2) functions. In addition,
by the Hopf lemma for the fractional Laplacian we find that v/§°* > ¢ > 0 in Q.
Hence, we obtain that the quotient u/v is C* up to the boundary, as in Bogdan’s
result for s-harmonic functions.

As in Krylov’s result, our method can be adapted to the case of nonlocal elliptic
equations with “bounded measurable coefficients”. Namely, in another paper [21]
we will prove the boundary Harnack principle for solutions to Lu = g in 2, u = 0
in R™\ Q, where g € L>(2),

B 2u(z) —u(r +y) —u(x — y)
(1.5) Lu(z) = /n |yTA(x)y|% dy,

and A(x) is a symmetric matrix, measurable in z, and with 0 < AId < A(z) < Ald.

A second result (for the parabolic problem) related to ours is contained in [16].
The authors show that any solution of dyu + (—A)*u = 0in Q, u = 0 in R™\ Q,
satisfies the following property: for any ¢ > 0 the function u/4® is continuous up to
the boundary 0.

Our results were motivated by the study of nonlocal semilinear problems (—A)*u =
f(uw) in Q, uw =0 in R™\ Q, more specifically, by the Pohozaev identity that we es-
tablish in [20]. Its proof requires the precise regularity theory up to the boundary
developed in the present paper (see Corollary below). Other works treating the
fractional Dirichlet semilinear problem, which deal mainly with existence of solutions
and symmetry properties, are [22], 23], 12 [1].

In the semilinear case, g = f(u) and therefore g automatically becomes more
regular than just bounded. When g has better regularity, the next two results im-
prove the preceding ones. The proofs of these results require the use of the following
weighted Holder norms, a slight modification of the ones in Gilbarg-Trudinger [14]
Section 6.1].

Throughout the paper, and when no confusion is possible, we use the notation
CA(U) with 8 > 0 to refer to the space C*#'(U), where k is the is greatest integer
such that £ < 8 and where ' = § — k. This notation is specially appropriate
when we work with (—A)® in order to avoid the splitting of different cases in the
statements of regularity results. According to this, [-]cs() denotes the CrA(U)
seminorm

| D*u(x) — D*u(y)|
UloB = |U|k,p = sup 7
el = lulors @ 2y, oty [z —yl?

Moreover, given an open set U C R"™ with OU # @, we will also denote

d, = dist(z,0U) and d;, = min{d,,d,}.
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Definition 1.3. Let § > 0 and 0 > —f. Let f = k + [/, with k integer and
B € (0,1]. For w € C*(U) = C*#(U), define the seminorm

il Dhwlz) = Druy)
W ey )

i = sup
z,yelU

For 0 > —1, we also define the norm | - ||(;()] as follows: in case that o > 0,

k
ol = Y- sup (e Ip o)l ) + ).
=0 zelU

while for —1 < o < 0,
k
il = Vol + Y- sup( 7710wt ) + ).
=17*

Note that o is the rescale order of the seminorm [-]7),, in the sense that [w(A-)]*%)

;U
A w7

When g is Holder continuous, the next result provides optimal estimates for higher
order Holder norms of u up to the boundary.

Proposition 1.4. Let Q be a bounded domain, and B > 0 be such that neither (5
nor 3+ 2s is an integer. Let g € CP(Q) be such that ”9”(58)9 < o0, and u € C*(R")
be a solution of (1.1)). Then, u € C**25(Q) and

lulli3se < € (lullos@n + llgl5n)-

where C' is a constant depending only on ), s, and [3.

Next, the Holder regularity up to the boundary of u/¢* in Theorem can be
improved when ¢ is Holder continuous. This is stated in the following theorem,
whose proof uses a nonlocal equation satisfied by the quotient u/§° in Q —see

(4.2)— and the fact that this quotient is C*(€).

Theorem 1.5. Let Q be a bounded C*' domain, and let o € (0,1) be given by
Theorem . Let g € L>(Q) be such that HgHS?ZO‘) < 00, and u be a solution of

(L.1). Then, u/o®* € C*(Q) N CY() and
lu/6° 5" < Clllglzm@ + llgllsia”).
where v = min{1l, « + 2s} and C' is a constant depending only on Q0 and s.

Finally, we apply the previous results to the semilinear problem

—AYu = f(x,u) in
(1.6) {( )u = 0( ) on R™\Q,

where Q) is a bounded C! domain and f is a Lipschitz nonlinearity.

BU/X —
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In the following result, the meaning of “bounded solution” is that of “bounded
weak solution” (see definition or that of “viscosity solution”. By Remark ,
these two notions coincide. Also, by f € C'IOO’C1 (Q x R) we mean that f is Lipschitz
in every compact subset of Q x R.

Corollary 1.6. Let Q be a bounded and CY' domain, f € CoH(Q x R), u be a
bounded solution of (1.6)), and §(z) = dist(x,02). Then,

(a) u € C*(R") and, for every 8 € [s,1+ 2s), u is of class C*(Q) and
(U] s ({zea:6(@)>p)) < Cp*" for all pe (0,1).

(b) The function u/8%|q can be continuously extended to Q. Moreover, there

exists o € (0,1) such that u/6® € C*(Q). In addition, for all f € [a, s + o,
it holds the estimate
[w/6%]cs(tuen: s@)zpp < CPp* " forall pe(0,1).
The constants o and C depend only on €2, s, f, ||ul|Lem@ny, and B.

The paper is organized as follows. In Section [2| we prove Propositions and [1.4
In Section [3] we prove Theorem [I.2] using the Krylov method. In Section [4] we prove
Theorem [I.5] and Corollary [1.6] Finally, the Appendix deals with some basic tools
and barriers which are used throughout the paper.

2. OPTIMAL HOLDER REGULARITY FOR u

In this section we prove that, assuming 2 to be a bounded Lipschitz domain
satisfying the exterior ball condition, every solution u of belongs to C*(R").
For this, we first establish that u is C® in Q, for all 8 € (0, 2s), and sharp bounds
for the corresponding seminorms near 0f2. These bounds yield u € C*(R") as a
corollary. First, we make precise the notion of weak solution to problem (|1.1}).

Definition 2.1. We say that u is a weak solution of (1.1)) if w € H*(R™), u = 0
(a.e.) in R™\ Q, and

/ (=A)*Pu(=A)*"?v dx = / gudx
n Q
for all v € H*(R"™) such that v =0 in R™ \ Q.

We recall first some well known interior regularity results for linear equations
involving the operator (—A)®, defined by (1.2)). The first one states that w €
CP25(By j5) whenever w € C#(R") and (—A)*w € CP(By). Recall that, throughout
this section and in all the paper, we denote by C?, with 3 > 0, the space C*#',
where k is an integer, 5 € (0,1], and g =k + /.

Proposition 2.2. Assume that w € C*(R") solves (—A)*w = h in By and that
neither 8 nor B+ 2s is an integer. Then,

Hw”c’ﬁ-ms(m) < C(Hwncﬁ(R”) + ||h||CB(E)) )
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where C' 1s a constant depending only on n, s, and (.

Proof. Follow the proof of Proposition 2.1.8 in [24], where the same result is proved
with By and B/, replaced by the whole R". O

The second result states that w € C?(By)s) for each 8 € (0,2s) whenever w €
L>*(R") and (—A)%w € L>®(By).

Proposition 2.3. Assume that w € C*°(R") solves (—A)*w = h in By. Then, for
every 3 € (0,2s),

lwlles @z < Cllwlre@e + [1Rll=s)) ,
where C' 1s a constant depending only on n, s, and (.

Proof. Follow the proof of Proposition 2.1.9 in [24], where the same result is proved
in the whole R". Il

The third result is the analog of the first, with the difference that it does not need
to assume w € CP(R™), but only w € C?(By) and (1 + |z|) ™" *w(x) € LY(R™).

Corollary 2.4. Assume that w € C*(R") is a solution of (—A)*w = h in By, and
that neither 3 nor B+ 2s is an integer. Then,

T—— c(u<1 )™ w(@) g + lollosam + thca(BQ))

where the constant C depends only on n, s, and (3.

Proof. Let n € C*(R™) be such that n = 0 outside B, and n = 1 in Bsj;. Then
w = wn € C*(R") and (—A)*w = h := h — (=A)*(w(l — n)). Note that for
x € B3y we have

(87 (-1 @) = s | —(w(t =) W)

BBy, T — Y|

dy.

From this expression we obtain that
1(=2)* (w(1 = n)) [ze(my) < CIL+ [y) "> w(y) |2 @
and for all v € (0, ],
[(=2)" (w(@ = n)levan < CIA+ [y) " w(y) o g
< O+ [y) ™ w(y)l o @n)
for some constant C' that depends only on n, s, 3, and 1. Therefore
1Bllcs @y < C(1hlles @) + 11+ |2)) ™" w(@) | @),
while we also clearly have
0] s @m) < Cllwllcs s -

The constants C' depend only on n, s, 8 and 1. Now, we finish the proof by applying
Proposition [2.2] with w replaced by . O
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Finally, the fourth result is the analog of the second one, but instead of assuming
w € L(R™), it only assumes w € L®(Bsy) and (1 + |x|)™" *w(x) € L}(R").

Corollary 2.5. Assume that w € C*(R™) is a solution of (—A)*w = h in Bs.
Then, for every 8 € (0,2s),

lwllcs @z < CLIA+ [2) ™ w(@) | @ny + 1wl Loy + 1Bl e(5)
/
where the constant C' depends only on n, s, and 3.

Proof. Analog to the proof of Corollary [2.4] O

As a consequence of the previous results we next prove that every solution u of
is C*(R™). First let us find an explicit upper barrier for |u| to prove that
lu| < C§° in Q. This is the first step to obtain the C*® regularity.

To construct this we will need the following result, which is proved in the Appen-
dix.

Lemma 2.6 (Supersolution). There exist C; > 0 and a radial continuous function

1 € Hi (R™) satisfying
(—A)Sg01 Z 1 m B4 \ B1
2.1) p1 =0 zn B,
0§¢1§01(|l’|—1)s m B4\Bl
1< <O in R™\ By.

The upper barrier for |u| will be constructed by scaling and translating the super-
solution from Lemma [2.6, The conclusion of this barrier argument is the following.

Lemma 2.7. Let Q) be a bounded domain satisfying the exterior ball condition and
let g € L>*(R2). Let u be the solution of (1.1). Then,

lu(z)| < Cllg||Le()0®(x) for all x € 2,
where C'is a constant depending only on Q and s.
In the proof of Lemma [2.7] it will be useful the following

Claim 2.8. Let Q) be a bounded domain and let g € L>(2). Let u be the solution

of (1.1)). Then,
[ull Loy < C(diam Q) gl 2= ()

where C'is a constant depending only on n and s.

Proof. The domain 2 is contained in a large ball of radius diam 2. Then, by scaling
the explicit (super)solution for the ball given by (1.4]) we obtain the desired bound.
O

We next give the
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Proof of Lemma[2.7. Since ) satisfies the exterior ball condition, there exists py > 0
such that every point of 9€2 can be touched from outside by a ball of radius py. Then,
by scaling and translating the supersolution ¢; from Lemma [2.6] for each of this
exterior tangent balls B, we find an upper barrier in By, \ B,, vanishing in B,,,.
This yields the bound u < C'6® in a pp-neighborhood of 0€2. By using Claim we
have the same bound in all of Q. Repeating the same argument with —u we find
lu| < C6°, as wanted. O

The following lemma gives interior estimates for v and yields, as a corollary, that

every bounded weak solution u of (1.1 in a C'! domain is C*(R™).

Lemma 2.9. Let Q) be a bounded domain satisfying the exterior ball condition,
g € L>(Q), and u be the solution of (1.1)). Then, u € C?(Q) for all B € (0,2s) and
for all oy € 2 we have the following seminorm estimate in Br(xo) = Bs(ag)/2(T0):

(2.2) [ oo By < CR N9l o)

where C'is a constant depending only on 2, s, and [3.

Proof. Recall that if u solves in the weak sense and 7, is the standard mollifier
then (—A)*(u*n.) = g *n. in Bg for € small enough. Hence, we can regularize u,
obtain the estimates, and then pass to the limit. In this way we may assume that «
is smooth.

Note that Br(zg) C Bag(zo) C Q. Let u(y) = u(xg + Ry). We have that

(2.3) (=A)*u(y) = R*g(xo + Ry) in By.

Furthermore, using that |u| < C(||ulre®n) + [|g]|Le(@))0* in @ —by Lemma
we obtain

(24) ]l 5) < C(lullzeqny + llgllze) B*
and, observing that |@(y)| < C(||ul|e@n) + [|9]lze()) B*(1 + |y|*) in all of R",
(2:5) I+ )™ @)@y < C(llull e + gl o)) B,

with C' depending only on €2 and s.
Next we use Corollary 2.5, which taking into account (2.3)), (2.4)), and (2.5)), yields

lillos (577) < Clullzen + gl ) B

for all 5 € (0,2s), where C' = C(Q, s, 3).
Finally, we observe that

[U]Cﬁ(m) = R—ﬁ[ﬁ]cﬁ(31/4).

Hence, by an standard covering argument, we find the estimate (2.2) for the C”
seminorm of u in Br(x). O

We now prove the C* regularity of w.
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Proof of Proposition[1.1 By Lemma [2.9] taking 8 = s we obtain

(26) B =8O < 6 umqany + gl )

|z =yl
for all z,y such that y € Bg(z) with R = d(x)/2. We want to show that
holds, perhaps with a bigger constant C' = C(, s), for all z,y € Q, and hence for
all x,y € R" (since u = 0 outside ().

Indeed, observe that after a Lipschitz change of coordinates, the bound ({2.6))
remains the same except for the value of the constant C'. Hence, we can flatten the
boundary near xy € €2 to assume that QN B, (z¢) = {z, > 0} N B;1(0). Now,
holds for all z,y satisfying |z — y| < v, for some v = v(Q2) € (0,1) depending on
the Lipschitz map.

Next, let z = (2/, 2,) and w = (w’, w,) be two points in {z, > 0} N By,4(0), and
r=|z—w|. Let us define z = (2,2, +7), 2 = (2,2, +7) and 2, = (1 —*)z +~*2
and wy = Y*w + (1 — v*)w, k > 0. Then, using that bound holds whenever
|z — y| < yx,, we have

[u(zr1) — u(z)] < Clargr — 2" = Cly"(z = D) (v = DI < C7z — 2.

Moreover, since x,, > r in all the segment joining z and w, splitting this segment
into a bounded number of segments of length less than ~r, we obtain

|u(z) —u(w)| < Clz —w|® < Cre.

Therefore,
[u(z) — u(w)| < fuziin) = w(z)| + [u(z) = w(@)] + Y [u(wir) — ulwy)]
k>0 k>0
< (CZ(VW + CTS) (el o @y + 19l ()
k>0
< C([lufl oo geny + 9]l o) |2 — w],
as wanted. O

The following lemma is similar to Proposition but it involves the weighted
norms introduced above. It will be used to prove Proposition [I.4] and Theorem [T.5]

Lemma 2.10. Let s and « belong to (0,1), and > 0. Let U be an open set with
nonempty boundary. Assume that neither B nor B+ 2s is an integer, and a < 2s.
Then,

—« s 2s—a
(2.7) ww@gUsc(mwmmn+uvA>wmﬂ))

for all w with finite right hand side. The constant C' depends only on n, s, a, and
B.
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Proof. Step 1. We first control the C**2¢ norm of w in balls Bg(z¢) with R = d, /2.
Let xy € U and R = d,, /2. Define w(y) = w(xo + Ry) — w(zo) and note that
[@]lce(py) < R w]ee @

and
1+ [y) ™" > @0 (y)ll 1@y < C(n, 8) R [w]oa(@n)-
This is because

[0(y)| = [w(zo + Ry) — w(zo)| < R*|y|*[w]carn)
and « < 2s. Note also that
S .~ S @ 23 «
1(=2) ] co ) = BPHPN(=A) 0]l 0o ey < BON(=A)° wl G
Therefore, using Corollary [2.4] we obtain that
« 25 «@
) < CR*([w]oan + | (—=A)w]S5 ),

where the constant C' depends only on n, s, a, and f3. Scahng back we obtain

@l gss2 B3

k
Y BOD W By ooy + B ] s ey <
(2.8) =

25 [e%
< C(lwlice@n + I1(=A)w| &),

where k£ denotes the greatest integer less that 5 + 2s and C = C (n,s). This bound
holds, with the same constant C, for each ball Br(xg), x¢g € U, where R = d,, /2.
Step 2. Next we claim that if holds for each ball By, j2(x), € U, then
holds. It is clear that this already yields
k

(2.9) Zdﬁ_asupwku(ﬁﬂSC(||w||Ca(Rn)+||(— oul| 2 )

=1 zeU

where k is the greatest integer less than [ + 2s.
To prove this claim we only have to control [w ](B +2)S . —see Definition . Let
v € (0,1) be such that 5+ 2s = k + 7. We next bound
| Dfw(x) — D*w(y)]
[z =yl
when d, > d, and |r — y| > d, /2. This will yield the bound for [w] +2)s y» because

if |z —y| < d /2 then y € By, /2(x), and that case is done in Step 1.
We proceed differently in the cases k =0 and k£ > 1. If £ = 0, then

B+2s—«
pras—aW(@) —w(y) [ dy w(z) — w(y)
! jz—y[2+5 \ |z —y |z — gyl < Clhwllon@.

If k> 1, then

. Dkw €T —Dkw Yy d s—a—
apral (\:U)—yh <>’<(M) dIr e Dhw(x)—DFw(y)| < Cllwll”,




12 XAVIER ROS-OTON AND JOAQUIM SERRA

where we have used that § +2s —a—vy =k — a.
F inally, noting that for x € Bgr(xy) we have R < d,, < 3R, (2.7) follows from

[2-8), (2.9) and the definition of ||w||a:§)s r in (L.3). O
Finally, to end this section, we prove Proposition [I.4]

Proof of Proposition[1.4 Set a = s in Lemma [2.10] O

Remark 2.11. When g is continuous, the notions of bounded weak solution and
viscosity solution of —and hence of — coincide.

Indeed, let uw € H*(R") be a weak solution of . Then, from Proposition
it follows that u is continuous up to the boundary. Let u. and g. be the standard
regularizations of v and g by convolution with a mollifier. It is immediate to verify
that, for e small enough, we have (—A)*u. = g. in every subdomain U CC € in the
classical sense. Then, noting that u. — u and g. — ¢ locally uniformly in €2, and
applying the stability property for viscosity solutions [0, Lemma 4.5], we find that
u is a viscosity solution of .

Conversely, every viscosity solution of is a weak solution. This follows from
three facts: the existence of weak solution, that this solution is a viscosity solution
as shown before, and the uniqueness of viscosity solutions [9, Theorem 5.2].

As a consequence of this, if ¢ is continuous, any viscosity solution of belongs
to H*(R™) —since it is a weak solution. This fact, which is not obvious, can also
be proved without using the result on uniqueness of viscosity solutions. Indeed,
it follows from Proposition and Lemma which yield a stronger fact: that
(=A)*2u € LP(R™) for all p < oo. Note that although we have proved Proposition
for weak solutions, its proof is also valid —with almost no changes— for viscosity
solutions.

3. BOUNDARY REGULARITY

In this section we study the precise behavior near the boundary of the solution
u to problem ([1.1)), where g € L*(£2). More precisely, we prove that the function
u/8%|q has a C%(Q) extension. This is stated in Theorem .

This result will be a consequence of the interior regularity results of Section 2] and
an oscillation lemma near the boundary, which can be seen as the nonlocal analog
of Krylov’s boundary Harnack principle; see Theorem 4.28 in [15].

The following proposition and lemma will be used to establish Theorem [I.2] They
are proved in the Appendix.

Proposition 3.1 (1-D solution in half space, [7]). The function ¢, defined by

(3.1) polz) = {08 fr<0

x ifx >0,

satisfies (—A)*po =0 in R
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The lemma below gives a subsolution in B, \ By,4 whose support is B; C R" and
such that it is comparable to (1 — |z|)® in By.

Lemma 3.2 (Subsolution). There exist Cy > 0 and a radial function oy = @o(|z|)
satisfying

(—A)%p2 <0 in By \ By
(3.2) =1 m By

wa(z) > Co(1 — |z|)* in By

02 =0 inR"\ B .

To prove Holder regularity of u/d%|q up to the boundary, we will control the
oscillation of this function in sets near 02 whose diameter goes to zero. To do it,
we will set up an iterative argument as it is done for second order equations.

Let us define the sets in which we want to control the oscillation and also auxiliary
sets that are involved in the iteration.

Definition 3.3. Let x > 0 be a fixed small constant and let " = 1/2 + 2x. We
may take, for instance Kk = 1/16, ' = 5/8. Given a point xy in Q2 and R > 0 let us
define

DR = DR<ZL‘0) = BR(.T()) NnQ
and
Dl = D} n(x0) = Bor(wo) N{z € Q : —x-v(x9) > 2R},
where v(z) is the unit outward normal at xo; see Figure [3.1] By C'! regularity of
the domain, there exists py > 0, depending on €2, such that the following inclusions

hold for each xy € 02 and R < py:

(3.3) B.r(y) C Dg(zo) for ally € DY p(x0),

and

(3.4)  Bur(y" —4kRu(y*)) C Dr(zo) and Byur(y* — 4kRv(y*)) C DI p(z0)

for all y € Dg/s, where y* € 02 is the unique boundary point satisfying |y — y*| =
dist(y, 092). Note that, since R < pg, y € Dpg/s is close enough to 92 and hence the
point y* — 4k Rr(y*) lays on the line joining y and y*; see Remark below.

Remark 3.4. Throughout the paper, py > 0 is a small constant depending only on
Q, which we assume to be a bounded C'%! domain. Namely, we assume that
and hold whenever R < pg, for each zy € 0€), and also that every point on 0f2
can be touched from both inside and outside €2 by balls of radius py. In other words,
given xy € 0, there are balls of radius py, B,,(z1) C Q and B, (z2) C R"\ Q,
such that B, (z1) N B,,(r2) = {zo}. A useful observation is that all points y in the
segment that joins z; and zy —through zq— satisfy d(y) = |y — x¢|. Recall that
d = dist( -, 090).
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~. Bg e

FIGURE 3.1. The sets Dg and D/,

In the rest of this section, by |(—A)*u| < K we mean that either (—A)*u = ¢ in
the weak sense for some g € L™ satisfying ||g||r~ < K or that u satisfies —K <
(—A)*u < K in the viscosity sense.

The first (and main) step towards Theorem is the following.

Proposition 3.5. Let Q be a bounded C*' domain, and u be such that |(—A)*u| < K
in Q and u=0 in R"\ Q, for some constant K. Given any xo € S0, let Dy be as

in Definition 3.5,
Then, there exist a € (0,1) and C' depending only on ) and s —but not on xo—
such that

(3.5) supu/o® —infu/6® < CKR"
Dg Dgr

for all R < po, where pg > 0 is a constant depending only on 2.

To prove Proposition |3.5 we need three preliminary lemmas. We start with the
first one, which might be seen as the fractional version of Lemma 4.31 in [15]. Recall
that " € (1/2,1) is a fixed constant throughout the section. It may be useful to
regard the following lemma as a bound by below for infp, , u/®, rather than an
upper bound for infD+/R u/d”.

Lemma 3.6. Let Q be a bounded C* domain, and u be such that u > 0 in all of
R™ and |(—A)°u| < K in Dg, for some constant K. Then, there exists a positive
constant C', depending only on ) and s, such that

(3.6) inf /6 < C( inf u/6" + KR")

i
pR Dgya
for all R < po, where pg > 0 is a constant depending only on 2.

Proof. Step 1. We do first the case K = 0. Let R < pp, and let us call m =
infD+l u/6* > 0. We have u > mé* > m(kR)* on D,. The second inequality is a

R
consequence of (3.3]).
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We scale the subsolution ¢ in Lemma [3.2] as follows, to use it as lower barrier:
vr() = (KR)'¢2(577)
By (3.2)) we have

(=A)»Yr <0 in Bycr \ Bur
wR = (KR)S n BHR

r > 47°Cy(4kR — |z|)® in Baxr \ Ber
br =0 in R" \ Bu.r.

Given y € Dpgys, we have either y € D, or 6(y) < 4xR, by B.4). If y € D} it
follows from the definition of m that m < u(y)/d(y)®. If 6(y) < 4kR, let y* be the
closest point to y on 9Q and § = y*+4rv(y*). Again by (3.4), we have Byr(9) C Dg
and Byr(y) C D} 4. But recall that u > m(kR)* in D, (—A)*u = 0 in ©Q, and
u > 0in R™. Hence, u(x) > mig(x —g) in all R™ and in particular u/6° > 47°Cym
on the segment joining y* and g, that contains y. Therefore,

(3.7) iIJ}f u/d® < C inf u/d®.

D
DN,R R/2

Step 2. If K > 0 we consider @ to be the solution of

By Step 1, holds with u replaced by 4.

On the other hand, w = @ — w satisfies |[(—A)*w| < K and w = 0 outside Dg.
Recall that points of 02 can be touched by exterior balls of radius less than py.
Hence, using the rescaled supersolution K R*¢;(x/R) from Lemma as upper
barrier and we readily prove, as in the proof of Lemma [2.7] that

|'LU| S ClKR555 in DR.
Thus, (3.6) follows. O

The second lemma towards Proposition 3.5, which might be seen as the fractional
version of Lemma 4.35 in [I5], is the following.

Lemma 3.7. Let Q be a bounded C*' domain, and u be such that u > 0 in all of
R™ and [(—=A)*u| < K in Dg, for some constant K. Then, there exists a positive
constant C', depending on () and s, such that

(3.8) sup u/6° < C( inf u/6° + KR®)
+ DY,

DK/R k'R

for all R < po, where pg > 0 is a constant depending only on Q.
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Proof. Step 1. Consider first the case K = 0. In this case follows from the
Harnack inequality for the fractional Laplacian [I8] —note that we assume u > 0
in all R™. Indeed, by , for each y € DY, we have B,r(y) C Dp and hence
(=A)*u = 0 in Byr(y). Then we may cover D, by a finite number of balls
Bi.r/2(y:), using the same (scaled) covering for all R < pg, to obtain

sup < C inf .
Byry2(yi) Brry2 (i)

Then, (3.8) follows since (kR/2)* < 6° < (3kR/2)* in Byirs2(y:) by (3.3).
Step 2. When K > 0, we prove (3.8) by using a similar argument as in Step 2 in
the proof of Proposition [3.6| (|

Before proving Lemma we give an extension lemma —see [I1, Theorem 1,
Section 3.1] where the case a = 1 is proven in full detail.

Lemma 3.8. Let a € (0,1] and V' C R" a bounded domain. There ezists a (non-
linear) map E : CO*(V) — C%*(R™) satisfying

Bwy=w iV, [B@)oen < Wonm: and [E@)lm < ol
for all w € C%(V).

Proof. 1t is immediate to check that

E(w)(x) = min {1;1;1‘1;1 {w(z) + [ calz — x|a} : Hw||Loo(v)}

satisfies the conditions since, for all z,y, z in R",
|z — " < |z —y[" + [y — 2"
O

We can now give the third lemma towards Proposition 3.5l This lemma, which is
related to Proposition , is crucial. It states that §°|g, extended by zero outside
(2, is an approximate solution in a neighborhood of 9€) inside 2.

Lemma 3.9. Let Q be a bounded CY' domain, and g = dxq be the distance function
in Q) extended by zero outside 2. Let o = min{s, 1 — s}, and py be given by Remark

(5.4 Then,

(—A)*6; belongs to C*(€,,),
where Q,, = QN {8 < po}. In particular,
[(=A)*6] < Cain Qyp,
where Cq is a constant depending only on € and s.
Proof. Fix a point zo on 02 and denote, for p > 0, B, = B,(z). Instead of proving

that
o)’ = Bo(y)”
I

(—A)*65 = cn,SPV/
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is C*(QN B,,) —as a function of x—, we may equivalently prove that
do(x)® — do(y)*
(3.9) PV / 0() ff)
B |z — y[t2s
This is because the difference

L Cays—pv /

Bapg

dy belongs to C*(QNB,,).

2p0

LOELTO SV . B
y_
R"\BQPO

Cn,s |I _ y|n+25 |I _ y|n+25

belongs to C*(B,,), since §3 is C*(R™) and |z|~"~2* is integrable and smooth outside
a neighborhood of 0.

To see ((3.9)), we flatten the boundary. Namely, consider a C'! change of variables
X = U(z), where ¥ : Bs,, — V C R" is a C"! diffeomorphism, satisfying that 02
is mapped onto {X,, = 0}, QN Bs,, is mapped into R}, and dy(z) = (X,,)+. Such
diffeomorphism exists because we assume € to be C5!. Let us respectively call V;
and V5 the images of B, and Bs,, under W. Let us denote the points of V' x V
by (X,Y). We consider the functions z and y, defined in V, by z = ¥~1(X) and
y = U~1(Y). With these notations, we have

r—y=-DUV (X)X -Y)+0O(|X -Y]),
and therefore
(3.10) o=yl = (X - Y)TAX)X -Y)+ O (X -Y),
where
AX) = (DU1(X))" DU(X)
is a symmetric matrix, uniformly positive definite in V5. Hence,

PV/ do(x)® — (50(3/>de _ PV/ (X))} — (Vo) ——g(X,Y)dy,
Bayy 1€ —yl" v (X =Y)TAX)(X =Y)[ =

2p0

where we have denoted

n+2s

) L)

and J = |det DU~!|. Note that we have g € C%! (V4 x V3), since ¥ is C! and we

have ((3.10)).

Now we are reduced to proving that

B (Xn)t — (Ya)i
(3.11) (X)) = PV/V2 (X — Y)TAX)(X - Y)

X —Y)TAX)(X - Y)

lz —y|?

9(X.,Y) = ((

g(X,Y)dY,

n+2s
2

belongs to C*(V;") (as a function of X), where V;" = V; N {X,, > 0}.
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To prove this, we extend the Lipschitz function ¢ € C%'(V; x V,) to all R™.
Namely, consider the function g* = E(g) € C%'(R™ x R") provided by Proposition
3.8 which satisfies

g =ginVyxVy and ||9*”CU»1(R"XIR") < ||9||0071(V2xv2)‘

By the same argument as above, using that V; CC Va, we have that ¢, € C*(V;7)
if and only if so is the function

_ G-
Y0P | Tt T Y

Furthermore, from g* define § € C%Y(VoxR™) by §(X, Z) = ¢*(X, X+M Z) det M,
where M = M(X) = D¥(X). Then, using the change of variables Y = X + MZ
we deduce
(Xo)3 = (en- (X +M2))",

‘Z|n+23

wxpﬂw/i 3(X, 2)dZ.

Next, we prove that ¢» € C*(R"), which concludes the proof. Indeed, taking into
account that the function (X,)% is s-harmonic in R} —by Proposition we
obtain

(- X5 — (- (X' +2))%
P dZ =
V/n |Z|n+2$ 0

for every ¢’ € R™ and for every X’ such that ¢’- X’ > 0. Thus, letting ¢’ = ¢l M and
X' = M~1X we deduce

(X)5 — (en (X +MZ))]
P *d7 =
V/n |Z’n+2s O

for every X such that (el M) - (M~1X) > 0, that is, for every X € R".
Therefore, it holds

vix) = [ HEROZERDGx.2) - 3xX.0)iz

R"

where
(X, Z) = (en- (X + MZ)),
satisfies [¢]csw5xrny < O, and |Gl congxpny < C-

Let us finally prove that 1 belongs to C*(V;). To do it, let X and X be in V;'.
Then, we have

wx) - (k) = [ 5D
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where
O(X.X,Z) = (¢(X,0) - (X, 2))(3(X, Z) - §(X,0))
— (6(X,0) = ¢(X, 2)) (9(X, Z) — 9(X,0))
= (#(X,0) = ¢(X, Z) — (X, 0) + 6(X, 2)) (3(X, Z) - 9(X,0))
— (6(X,0) — ¢(X, 2)) (9(X, 2) — §(X,0) — §(X, Z) + §(X,0)).
Now, on the one hand, it holds
(3.13) 0(X, X, 2)| <C|Z|'3,

since [¢] sy rny < C and |9l o gz xmny < C-
On the other hand, it also holds

(3.14) O(X,X,Z)| < C|X — X|*min{|Z|, |Z|*}.
Indeed, we only need to observe that
19(X, Z) — g(X,0) — g(X, Z) + (X, 0)| < Cmin{min{|Z],1},|X — X|}
< Cmin{|Z|' 5,1} X — X|°.
Thus, letting r = | X — X| and using and (3.14), we obtain

(X)) — (X)) < / [0(X, X, 2)|

n |Z‘n+2s
1+s s : s
S/ C|Z| dZ+/ Cr*min{|Z|, |Z| }dZ
B'r‘ Rn\BT'

(3.12)

az

Z|TL+2$ |Z|n+25
< Cr'™f 4+ Cmax{r' % r°},
as desired. U
Next we prove Proposition [3.5

Proof of Proposition[3.5 By considering u/K instead of u we may assume that K =
1, that is, that [(=A)*u| < 1 in Q. Then, by Claim [2.§] we have ||ul| o gn) < C' for
some constant C' depending only on 2 and s.

Let pg > 0 be given by Remark [3.4 Fix zy € 02. We will prove that there exist
constants Cy > 0, p; € (0,p0), and o € (0,1), depending only on € and s, and
monotone sequences (my) and (Mj) such that, for all k£ > 0,

(3.15) My —my =47 —1<my <mpyr < My <M, <1,
and
(3.16) my, < Cytu/6* < My in D, = Dg, (x9), where Ry, = pj4~".

Note that (3.16)) is equivalent to the following inequality in Bp, instead of Dp, —
recall that Dg, = Bg, NS

(3.17) mioy < Cy'tu < M6y in Br, = Bg,(19), where R = pi4™".
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If there exist such sequences, then (3.5) holds for all R < p; with C' = 4*C/p?.
Then, by increasing the constant C' if necessary, (3.5 holds also for every R < py.
Next we construct { M} and {my} by induction.

By Lemma [2.7, we find that there exist mg and M, such that (3.15) and (3.16)
hold for k = 0 provided we pick Cy large enough depending on €2 and s.

Assume that we have sequences up to mj and M. We want to prove that there
exist myy1 and My, which fulfill the requirements. Let

(3.18) up = Oy 'u — myd5 .

We will consider the positive part u; of uy, in order to have a nonnegative function
in all of R” to which we can apply Lemmas and Let ux = u; —uy, . Observe
that, by induction hypothesis,

(3.19) uf =w, and wu, =0 in Bg,.
Moreover, C L > m;dy in B r; for each j < k. Therefore, by we have
up > (my —my)85 > (mj — Mj + My, — my)85 > (=47 +47°%)85  in Bp,.
But clearly 0 < 0§ < R} = p;477% in By, and therefore using R; = p47
up > —p; “Ri(RY — Ry) in Bg, foreach j <k.
Thus, since for every « € Bp, \ Bg, there is j < k such that

|z — o] < Ry = p1d™ < dlx — ),

we find
4(x — *4(x — “
(3.20) ug(z) > —py “Ry** (z = o) (x =) " _ 1) outside Bg, .
Ry, Ry,
By (3.20) and (3.19), at « € Bp, /2(x¢) we have
5, u (£ +y)
0< —(=A)u;(z) = Cn,s/ knﬁ
x+y§€BRk |y|

3y
Ry,

—« a+s ’ 8y ¢ —n—2s
< Cn,s P1 / Rk+ ( R_ - 1) |y| 2 dy
ly|>Ry. /2 k

a4 pa—s 8z|%(|82] — 1
L =P
|2]>1/2 2|

< eopy "Ry,

where g9 = gg(a) L 0 as « | 0 since |8z]|* — 1.
Therefore, writing u;” = C’ Y — my b5 + u, and using Lemma , we have

[(=A)uyf | < CGH(=A)ul + my|(—A)°63] 4 |[(=A)° (uy,)]
< (Cy' + Ca) +eopy “Ry
< (Cypy™* + e0pr ©) Ry in Dgya.
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In the last inequality we have just used R, < p; and a < s.
Now we can apply Lemmas |3.6| and [3.7| with u in its statements replaced by u;,
recalling that

up =up = Cylu —myd® in Dg,

to obtain

sup (Cylu/6® —my) < C(infD*,R /Q(C’O_lu/és —my) + (Cipi™* + Eopfo‘)R‘lj>
D:’Rk/Q r
(3.21) < C(infDRk/4(C'()_lu/5S —my) + (Cipi™* + 50p1_°‘)R?) .

Next we can repeat all the argument “upside down”, that is, with the functions
uk = Myd® —u instead of uy. In this way we obtain, instead of (3.21)), the following:

(3.22) sup (Mp—Cylu/é®) < C( inf (Mk—colu/58)+(01pi°‘+50p1°‘)35).

D:’Rk/Q DRk/4
Adding (3.21)) and (3.22)) we obtain
(3.23)
My, —my, < C’( inf (Cylu/6* —my) + Dinf (M), — Cy'u/6%) + (Cipi~ + 50p1_a)Rg>
Ry /4 Ry /4

= C’( inf Cjlu/6® — sup Cylu/6® + My —my + (Cipi™* + sopl_a)Rg),

Rpt1 DRy 44
and thus, using that M — my, = 4= and R, = p147*,
sup Cylu/d® — Dinf Colu/d® < (552 + Cipi +g9)d k.

DRy Re41
Now we choose o and p; small enough so that
C-1
ol + C1p] +eo(a) <477

This is possible since go() | 0 as o | 0 and the constants C' and C; do not depend
on « nor p; —they depend only on €2 and s. Then, we find

sup Cylu/6® — inf Cylu/s® < 470K+,

DRy Rpt1
and thus we are able to choose my1 and My, satisfying (3.15)) and (3.16)). O
Finally, we give the:

Proof of Theorem[1.9. Define v = u/d°|q and K = ||g|/z=(). As in the proof of
Proposition 3.5 by considering u/K instead of u we may assume that [(—A)*u| <1
in 2 and that ||u|| @) < C for some constant C' depending only on £ and s.

First we claim that there exist constants C, M > 0, @ € (0,1) and 5 € (0,1),
depending only on 2 and s, such that
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(1) [[vll o) < C.
(ii) For all x € Q, it holds the seminorm bound

[U]C@(W) < C (1 -+ R_M) 7

where R = dist(z,R" \ Q).
(iii) For each zy € 0Q and for all p > 0 it holds

sup v— inf v < Cp%
B,(20)NQ Bp(z0)NQ2

Indeed, it follows from Lemma [2.7) that ||v]| o) < C' for some C' depending only
on  and s. Hence, (i) is satisfied.
Moreover, if 8 € (0,2s), it follows from Lemma that for every x € €2,

[Ules (B (@) < CR™", B € (0,2s),
where R = §(x). But since 2 is C11, then provided 6(z) < py we will have
107"l (Brja@n < CR™ and [0 cor(sp s < CRT
and hence, by interpolation,
(6 ler Bty < CRTTF
for each B € (0,1). Thus, since v = ud—*, we find
[Wles By < C (1+RF)

for all z € Q and f < min{l,2s}. Therefore hypothesis (ii) is satisfied. The
constants C' depend only on €2 and s.

In addition, using Proposition and that |v||z~@) < C, we deduce that hy-
pothesis (iii) is satisfied.

Now, we claim that (i)-(ii)-(iii) lead to

[U]CO‘ (Q) < Ca

for some a € (0,1) depending only on € and s.

Indeed, let z,y € Q, R = dist(z,R" \ ) > dist(y,R"\ ), and r = | — y|. Let
us see that |v(x) —v(y)| < Cr® for some o > 0.

If » > 1 then it follows from (i). Assume r < 1, and let p > 1 to be chosen later.
Then, we have the following dichotomy:

Case 1. Assume r > RP/2. Let xg,yo € 02 be such that |z —z¢| = dist(z, R™\ 2)
and |y — yo| = dist(y, R™ \ 2). Then, using (iii) and the definition of R we deduce

lu(z) — v(y)| < |v(x) —vlz)| + [v(zo) — v(yo)| + |[v(ye) — v(y)| < CR® < Cré/P,

Case 2. Assume r < RP/2. Hence, since p > 1, we have y € Bg/s(x). Then, using
(i) we obtain

jo(z) —v(y)| < C(L+ R M)rP <C (1 4rMP) P < Crf=MP,
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To finish the proof we only need to choose p > M/f and take o = min{a//p, 5 —
M/p}. O

4. INTERIOR ESTIMATES FOR u/0*

The main goal of this section is to prove the C7 bounds in 2 for the function u/J*
in Theorem [T

To prove this result we find an equation for the function v = u/§%|q, that is derived
below. This equation is nonlocal, and thus, we need to give values to v in R™ \ €,
although we want an equation only in 2. It might seem natural to consider u/J°,
which vanishes outside €2 since u = 0 there, as an extension of u/§°|g. However,
such extension is discontinuous through 02, and it would lead to some difficulties.

Instead, we consider a C*(R") extension of the function u/6%|q, which is C%(Q)
by Theorem [1.2] Namely, throughout this section, let v be the C*(R") extension of
u/0%|q given by Lemma [3.8]

Let 6o = dxq, and note that u = vdj in R”. Then, using we have

9(x) = (=A)*(vd5) = v(=A)*6; + 65(=A)"v — L(v, 65)
in Q, ={xeQ: ix)<p}, where

(4.1) Ly(wy, ws)(z) = Cn,s/ (wi(2) = wi(y)) (wa(z) — wa(y))

" [ — y[rree
and py is a small constant depending on the domain; see Remark [3.4, Here, we have
used that (—A)*(wiws) = wi(—A) we+wa(—A)*w; —I;(wy, we), which follows easily
from . This equation is satisfied pointwise in 2, since g is C* in 2. We have
to consider 2, instead of © because the distance function is C! there and thus we
can compute (—A)*5. In all 2 the distance function 6 is only Lipschitz and hence
(—A)*6; is singular for s > 1.
Thus, the following is the equation for v:

= (g(x) — (A6 + I (v, 53)) in Q.

9

From this equation we will obtain the interior estimates for v. More precisely, we
will obtain a priori bounds for the interior Holder norms of v, treating o, °/s(v, 6§)
as a lower order term. For this, we consider the weighted Holder norms given by
Definition [L.3

Recall that, in all the paper, we denote C? the space C*#' where 8 = k + 3’ with
k integer and /' € (0, 1].

In Theorem we have proved that u/d°|q is C%(Q) for some a € (0,1), with
an estimate. From this C'* estimate and from the equation for v , we will find
next the estimate for ||u/d%|| g}? ) stated in Theorem .

The proof of this result relies on some preliminary results below.

Next lemma is used to control the lower order term ¢, °Is(v,d§) in the equation

(4.2) for v.

dy

(4.2) (—A)*v
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Lemma 4.1. Let Q be a bounded C** domain, and U C 2, be an open set. Let s
and « belong to (0,1) and satisfy a +s <1 and o < s. Then,

(4.3 1208915 < € Tulemiae + W1 )

for all w with finite right hand side. The constant C' depends only on €2, s, and «.
To prove Lemma [4.1f we need the next

Lemma 4.2. Let U C R" be a bounded open set. Let oy, an, € (0,1) and € (0, 1]
satisfy a; < B fori=1,2, a1 +as < 2s, and s < [ < 2s. Assume that wy,ws €
CP(U). Then,

(4.4)

MEsws,wa) 1557505 < € (Tunlomeny + fun] 55 ([wslcmagen + w25 )

for all functions wy,ws with finite right hand side. The constant C' depends only on
a1, ag, n, B, and s.

Proof. Let zp € U and R = d,,/2, and denote B, = B,(x). Let
K = ([wl]cal (R”) + [wd%}?n) <['LU2]CO¢2(R71) + [U}Q](ﬁ)TI?Q)) .

First we bound |/s(wq,ws)(xo)|.

ummwmmNSO/|W@@—W@Ww@®—wwM@

" |70 — y|"+2e

Ra1+a2—25 W ('*041) w (fOQ) = 28
<o o e
Br(0)

‘Z‘n+23

2 altag
)|7] "

rof et
R™\BR(0) | 2| +2s

< CRMH 2
Let 21,29 € Brya(o) C Bagr(o). Next, we bound |I(wi, wa)(x1)—1s(wr, we)(x2)].

Let n be a smooth cutoff function such that » = 1 on B;(0) and n = 0 outside
33/2(0) Define

nf(z) =n (96 ;%x(]) and  w; =(w; — w;(wo))n™, i=1,2.

Note that we have

_ _ 3R\ ™
||wi||L°°(R”) = ||wi||L°°(B3R/2) < (7) [wi]C“i(R”)
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and

(@3] s mmy < C<[wz‘]cﬂ(33,m)||77\|Loo<BgR/2) + [Jw; — wi(0)||L°°(B3R/2)[wz‘]cﬂ(Bgm)>

< CR*F ([wz]oa i(Rm) T+ [wZ](ﬁ 31)) :

Let

Yi = Wi — wi(xo) — w;
and observe that o; vanishes in Bg. Hence, ¢;(x1) = ¢;(z2) =0, i = 1,2. Next, let
us write

I (wy, wa) (1) — L(wy, we)(x2) = cns (J11 + Ji2 + Jo1 + Ja2) ,

where
B (UJ1($1) — wl(y)) (w2(9€1) - wz(y))
Ju = /n |21 — y|mt2s W
B (@1 (w2) — Wi(y)) (D2(w2) — Wa(y))
/n |29 — y|nT2e W
:/ — (@ |$1) |7115ry21)802(3/) i (71_)1(33|2) - 127532902(21) dy |
R\ Bg Ty — T2 —
(wo(z1) — wa(y))p1(y)  (Wa(z2) — Wa(y)) i1 (y)
= /"\BR |z — y[r+2s " |w — y|" 2 W
and

g / p1W)e(y)  eW)ealy)
2= — alnt2s _ oy|n+2s
Re\Bg |71 = Y| |22 — y]

We now bound separately each of these terms.
Bound of Jy;. We write Ji; = J{, + J% where

JL = / (w1 (1) — i (21 + 2) — wl(xz)‘;nligxg +2)) (1) — W1 + 2))

dz,

he (1(@2) = B (w2 + =) (Dalr) = Dol + 2) = D) + ol +2)) o

|Z|n+25
To bound |J{,| we proceed as follows

PYPY e i e i
T s

|Z‘n+23

. A 0V i 0 W
R™\B:-(0)

|Z‘n+2s
S CRal-&-ag—QBTQﬁ—QSK '
Similarly, |J121| < CRO‘I‘F@Q*Q[}TZ,BstK‘
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Bound of Jia and Jo1. We write Jyy = Jiy + JZ, where
wWi(x1) — wi(x
Ty = / —a(y) o) — d(w)

R\ Bg |2y — gyt

and

Th = /Rn\BR —pa(y) (@1 (22) — w1(y)) { ! ! } dy .

|z — y|r 2 - |2 — y[nt2s
To bound |J1,| we recall that @s(z;) = 0 and proceed as follows

Ral—ﬁ[wl]l(gtgl)rﬁ p

|$1 _ y|n+28

< C [ o=yl lesdonencen
R™\Br

< CRaH»angst,r,BK < CRa1+a272ﬁr2,872sK.

We have used that [ps]cez@n) = [w — W]cezmn) < 2[w]caz@ny, 7 < R, and < 2s.
To bound |J3|, let ®(2) = |z|""25. Note that, for each v € (0,1], we have

(4.5) |B(21 — 2) — (20 — 2)| < Clzy — 2|"|2| 277
for all 21,2, in Bg/2(0) and z € R™\ Br(0). Then, using that ¢s(z2) = 0,

|ZL‘1 — T |2B725

d
oy — g8 Y

|5 < C |2y — Y| 2 [pa] cas (mr) [02] co2 ()
R™\Br

< CRa1+a2—2,6’,r26—28K )

This proves that | Jjp| < CR1+e2=26728-25 £ Changing the roles of a; and a, we
obtain the same bound for |Jo|.
Bound of Jy. Using again ¢;(x;) =0, i = 1,2, we write

Jog = /RR\BR(%(%) —01(y)) (p2(21) — 2(y)) ( ! - ! ) dy .

|.T}1 _ y|n+2s ‘x2 _ y|n+2s
Hence, using again ({4.5),

23—2s
| Jaa| < C'/ |z — y|Te [@Q]Cov%(R")[902]00*“2@&")% dy
R™\Bg |$1 - y|
< CRa1+a272,BT2672sK .

Summarizing, we have proven that for all zy such that d, = 2R and for all
Ty, 22 € Bprja(xo) it holds

’[5(587 w)(l’o)’ < CROH*CYQ*?SK
and

[£s(95, w) (1) — 15(55, w) (1))

|~T1 _ x2’2ﬁ72s

This yields (4.4), as shown in Step 2 in the proof of Lemma [2.10] 0

< CR2 =2 ([w] G + [w]ca@n) -

[0}
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Next we prove Lemma [4.1]

Proof of Lemma /.1l The distance function &y is C*! in Q,, and since U C Q,, we
have d, < dy(x) for all z € U. Hence, it follows that

[63)c=(zmy + 18355 < C(Q, )

for all g € [s,2].
Then, applying Lemma [£.2) with w; = w, wy = 0§, vy = @, az = s, and § = s+,
we obtain

1209155 < € ({ulowien + 1l ).
and hence (4.3]) follows. O
Using Lemma [4.T] we can now prove Theorem [1.5] and Corollary [1.6]

Proof of Theorem[1.5. Let U CC Q,,. We prove first that there exist o € (0, 1) and
C, depending only on s and {2 —and not on U—, such that

/81 < € (gl + 19155™)

Then, letting U 1 €2,, we will find that this estimate holds in €2,, with the same
constant.
To prove this, note that by Theorem [I.2] we have

/0%l @y < C (5, Q) llgllz=e

Recall that v denotes the C“(R") extension of u/d%|q given by Lemma which
satisfies [|v]|camn) = |u/6°||gagm)- Since u € C****(Q) and § € C(Q,,), it is clear

that HUHE;_O;)SU < 0o —it is here where we use that we are in a subdomain U and
not in €2,,. Next we obtain an a priori bound for this seminorm in U. To do it, we

use the equation (4.2)) for v:

1 .
= g(g(x) —v(=A)% + 1(58,0)) inQ, ={reQ: i) <p}.
Now we will se that this equation and Lemma lead to an a priori bound for
HUHE;QQ)SU To apply Lemmal2.10, we need to bound H(—A)SUHSE;O‘). Let us examine
the three terms on the right hand side of the equation.
First term. Using that

d, = dist(z,0U) < dist(z,0Q) = §(x)
for all x € U we obtain that, for all a < s,
157l < C (5, ) lgllza”
Second term. We know from Lemma that, for &« < min{s, 1 — s},
1(=2)*65 o) < C(s,9).

(=4)%




28 XAVIER ROS-OTON AND JOAQUIM SERRA

Hence,
0= *v(=A) a1 < diam()%]|0~*v(=A) 6|55 < C'(5, Q) [[v]l o)
< C(s,2) llgllze(
Third term. From Lemma 1] we know that

WW%W&”SCW&MOMWWM+M¥$)
and hence

—s s 2s—a —«
1610, 53) 125 )rz<70us,ﬂ,a>(uvuc«Rw-+[ﬂ;+;U)

< C(n, 5,9, @, 0) |0l camny + collv]l o

for each ¢y > 0. The last inequality is by standard interpolation.
Now, using Lemma [2.10| we deduce

[l < € (Iolloa@n + (=805 )
< C (lollonn + 18G5 + 107 *0(= AV ST + 11(0, )15 )

< O(s,9,a20) (Jlgll =@ + llgll ™) + Coollol S

and choosing £y small enough we obtain

ol < € (lgllzeie + l915a”)

Furthermore, letting U 1 §2,, we obtain that the same estimate holds with U replaced
by €©,,.

Finally, in 2\ Q,, we have that u is C**?* and §* is uniformly positive and C%'.
Thus, we have u/é* € C7(Q2\ Q,,), where v = min{1, a + 2s}, and the theorem
follows. O

Next we give the

Proof of Corollary[1.6. (a) It follows from Proposition [I.1] u 1| that v € C*(R™). The
interior estimate follow by applyl repeatedly Proposition

(b) It follows from Theorem [1.2] that u/6%|q € C*(9). The interior estimate
follows from Theorem [L.5l O

The following two lemmas are closely related to Lemmald.2] and are needed in [20]
and in Remark of this paper.

Lemma 4.3. Let U be an open domain and o« and 3 be such that o < s < 8 and
B — s is not an integer. Let k be an integer such that 8 =k + " with 8 € (0,1].
Then,

(4.6) [(—A)*2w]$% < O(l[wlloan + lw]55) .
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for all w with finite right hand side. The constant C' depends only on n, s, a, and
B.

Proof. Let o € U and R = d,,/2, and denote B, = B,(z,). Let 1 be a smooth
cutoff function such that n =1 on B;(0) and 1 = 0 outside Bj/5(0). Define

r—x
nf(z) =n ( 7 0> and W =(w — w(z))n".
Note that we have
_ _ 3R\“
[|%0]| oo mny = Hw||L°°(B3R/2) < b3 [w]ce @n) -

In addition, for each 1 <1 <k

l
1" @ ey < C Y ID™ (w — w(@o)) D' 0| o

m=0

l
< CR W« ([w]ca(Rn) + Z[w]in,?f)> :
m=1

Hence, by interpolation, for each 0 <[ < k —1

Bspy2)

m=1

l
ID"® | e ny < CRTPH ([W]CQ(R") + Z[Mﬁ;{?) )

and therefore
(4.7) [D*0] o gy < CR™PH|w gj(?) .

Let ¢ = w — w(xp) — w and observe that ¢ vanishes in Bg and, hence, ¢(x;) =
p(z2) = 0.

Next we proceed differently if 3 > s or if 8’ < s. This is because C?~* equals
either C%F' =5 or Ck-1L1+8=s,

Case 1. Assume 8’ > s. Let x1,29 € Brja(r9) C Bar(w). We want to bound
|D¥(—A)*?w(z,) — D*(—A)*?w(x,)|, where DF denotes any k-th derivative with
respect to a fixed multiindex. We have

(—A)S/2w = (—A)S/Qw + (—A)S/ng in Bpys .

Then,
D¥(=A)*w(xy) — DF(=A)*w(zy) = Cn,s (J1 + ),
where
/ {Dkw(wl) — D*w(y)  DFw(xy) — D*w(y) }
Ji = - dy
n |z — y|mts |z — y|"ts
and

JQZDk/R —e(y) dy_Dk/R —el) 4,

mBg |71 — Y[t By T2 —y|nts T
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To bound |J;| we proceed as follows. Let r = |21 — x2|. Then, using (4.7)),

D*w(xy) — DFw(xy + 2) — DFw() + D*w(zq + 2)
|Z’n+s

|Ji| = dz

R

Ra—ﬁ w (fa) > B’ Ra—,B w (.—01)7,5’
< [ B JullSr
. R"\ B,

|Z|n+s |Z|n+s

< CR* P17 =% |w|| .

Let us bound now |.J5|. Writing ®(z) = |2|7""° and using that ¢(z¢) = 0,

| Jo| =

/ o(y) (D*®(z) — y) — D* (s — y)) dy
R™\Br
< C/ |wo — y|a[w]0a(w)% dy
R\ Bg g — y|"
S CRa_/BTB,_S [w]oa(Rn),
where we have used that
|D*® (2 — 2) — DF®(2zy — 2)| < Clzy — 20| 73|27

for all 21,2, in Bg/2(0) and z € R™ \ B.
Hence, we have proved that

(=AY 2wl sy < ORIl
Case 2. Assume ' < s. Let x1,22 € Brj2(20) C Bar(ro). We want to bound
| DF=1 (=AY 2w (x) — DF1(—A)%/?w(x5)|. We proceed as above but we now use
|DF Y (2y) — DP " Ywo(zy +y) — D¥lw(as) + DF oz 4+ y)| <
< [D () — DA (e Iyl + 1 [0l cogen
< (jar = a2yl + o) B ol
in B,, and
| DF () — D¥Yo(zy 4 y) — DF Mo (as) + DM o (2 4+ )| <
< |D*w(zy) — D*w(xy + y)| |21 — @] + |21 — 227|005 Ry

< (19l |1 — @] + s — 2o ) RO )

in R"\ B,. Then, as in Case 1 we obtain [(—A)S/Zw]cﬁ,s(m) < CR"‘_BHwH(BT;).

This yields (4.6)), as in Step 2 of Lemma [2.10] O

Next lemma is a variation of the previous one and gives a pointwise bound for

(—A)*2w. Tt is used in Remark [2.11]
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Lemma 4.4. Let U C R"™ be an open set, and let 8 > s. Then, for all x € U

[(=A)w(2)| < C(|lwl

cry -+ ) 1+ [Hog s, 00) ).
whenever w has finite right hand side. The constant C depends only onn, s, and .

Proof. We may assume ( < 1. Let xy € U and R = d,,/2, and define w and ¢ as in
the proof of the previous lemma. Then,

(=A)Pw(zo) = (—A)w(20) + (—A)"?p(20) = eu5(J1 + Jo),

where

Jl = / Uj(xo) _ w(xo + Z) dz and J2 = / —_QD(:EO + Z) dz.
n |Z|’Vl+8 R”\BR ’Z|n+s

With similar arguments as in the previous proof we readily obtain |J;| < C(1 +
[log R)l|w[fy? and |a| < C(1+ [log R} w

Cs(R")- Il

APPENDIX A. BASIC TOOLS AND BARRIERS

In this appendix we prove Proposition [3.1] and Lemmas and [2.6] Proposition
is well-known (see [7]), but for the sake of completeness we sketch here a proof
that uses the Caffarelli-Silvestre extension problem [§].

Proof of Proposition[3.1 Let (z,y) and (r,6) be Cartesian and polar coordinates of
the plane. The coordinate 6 € (—m, ) is taken so that {¢ = 0} on {y =0, = > 0}.
Use that the function 7°cos(6/2)? is a solution in the half-plane {y > 0} to the
extension problem [§],

div(y'"*Vu) =0 in {y > 0},
and that its trace on y = 0 is ¢g. U
The fractional Kelvin transform has been studied thoroughly in [5].

Proposition A.1 (Fractional Kelvin transform). Let u be a smooth bounded func-
tion in R™\ {0}. Let x — a* = z/|z|* be the inversion with respect to the unit
sphere. Define u*(z) = |x|*"u(x*). Then,

(A1) (=A)w (@) = [z (=) u(z"),
for all x # 0.

Proof. Let xyg € R"\{0}. By subtracting a constant to u* and using (—A)®|z|**™" = 0
for x # 0, we may assume u*(x¢) = u(zy) = 0. Recall that
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Thus, using the change of variables z = y* = y/|y/|?,

(—A)'u () = ens PV / _wly)

R~ |5U0 - y|n+2s 4

—|y[* " u(y*) 2 2
:CnSPV/ *—|x*|n+ s|y*|n+ sdy
C e Ty

| ~|n—2s
— Cn,s‘xoyinizs PV/ |Z| U(Z)

R |75 — 2|2

— cms|x0|_"—23 PV/ ——u(z) dz

ge |18 — 2|72

‘Z|n+23 |Z’72ndz

]
Now, using Proposition we prove Lemma [2.6]

Proof of Lemma[2.6 Let us denote by ¢ (instead of u) the explicit solution ((1.4) to
problem ((1.3)) in B;, which satisfies

(—A)Sw =1 n Bl
(A.2) =0 in R"\ By

0<¢<C(l—lz|)* in By.

From 1, the supersolution ¢; in the exterior of the ball is readily built using the
fractional Kelvin transform. Indeed, let £ be a radial smooth function satisfying
£=1inR"\ Bs and £ =0 in By, and define ¢; by
(A.3) pi(z) = Cla* (1 — |2[7) +€&(2).

Observe that (—A)*¢ > —C5 in By, for some Cy > 0. Hence, if we take C' >
42517(1 + (), using (A.1]), we have
(=AY (x) > Clo|™2" + (=A)*¢(z) > 1 in By.
Now it is immediate to verify that (; satisfies (2.1]) for some ¢; > 0.
To see that ¢y € HP (R™) we observe that from (A.3)) it follows

loc
Ver(@)| < Clz[ = 1) inR"\ B,
and hence, using Lemma , we have (—A)*/2¢, € P (R") for all p < oo. O

loc

Next we prove Lemma [3.2]
Proof of Lemma[3.9. We define

() = (1= |2[*)xm (@)
Since ((1.4]) is the solution of problem (|1.3)), we have (—A)%i; is bounded in Bj.
Hence, for C' > 0 large enough the function ¥ = ¢, + C’X?/4 satisfies (—A)*Y <0

in By \ Bis and it can be used as a viscosity subsolution. Note that 1 is upper
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semicontinuous, as required to viscosity subsolutions, and it satisfies pointwise (if C'
is large enough)

= in R"\ By
(_A>S¢ <0 in By \ 31/4
"Lp =1 n Bl/4

Y(x) > (1l —|z])* in Bj.
If we want a subsolution which is continuous and H*(R"™) we may construct it as
follows. We consider the viscosity solution (which is also a weak solution by Remark

2.11) of
(—A)SSDQ = 0 n B1 \ 81/4

=0 in R"\ By
Y2 = 1 in B1/4.
Using ¢ as a lower barrier, it is now easy to prove that ¢, satisfies (3.2]) for some
constant cy > 0. l
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