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Abstract. Multicollinearities among the coefficients obtained from the method of geographically 

weighted regression have been identified in recent research. This is a serious issue that poses a 

critical challenge for the utility of the method as a tool to investigate multivariate relationships. 

The evidence regarding the ability of GWR to retrieve spatially varying processes remains mixed 

due to partial and inconclusive experiments. The objective of this paper is to provide stronger 

support to the thesis that multicollinearities are inherent to the method. This objective is 

accomplished by: 1) Investigating multicollinearity in situations where the underlying process is 

stationary and non-stationary; and 2) Using advanced visualization to report results for a range of 

outcomes as opposed to the average of r replications as in previous research. Extensive 

simulation experiments that test two different implementations of GWR provide evidence of 

spurious multicollinearity between local regression coefficients. This suggests that extreme 

caution should be exercised when drawing conclusions regarding spatial relationships retrieved 

using this modeling approach. 
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Introduction 

Since its introduction to the geographical and spatial econometric literature in 1996 (Brunsdon 

et al, 1996; McMillen, 1996), the non-parametric approach termed geographically/locally 

weighted regression (GWR/LWR) has become a popular tool for the study of geo-referenced data. 

Geographical weights in spatial analysis are introduced with the object of producing sub-samples 

of observations that can then be analyzed using linear and non-linear regression analysis (e.g. 

Atkinson et al, 2003; Paez, 2006). The principle of geographical weighting is simple, and can in 

fact be applied for spatial segmentation prior to any form of statistical analysis, for example to 

derive geographically weighted descriptive statistics (Brunsdon et al, 2002), discriminant analysis 

(Brunsdon et al, 2007), visualization (Dykes and Brunsdon, 2007), etc. The notion of sub-

sampling, while innovative in the spatial analysis literature, was not new at the time in statistical 

analysis, and the key development in the case of the papers by Brunsdon et al. (1996) and 

McMillen (1996) was to transpose a technique that was more generally applied to variable space, 

and introduce it for the specific case of analysis in geographical space. Original references in 

these papers trace a lineage that connects with the work of Cleveland and Devlin (1988), which 

itself dates back to earlier work on smoothing techniques for histograms (Cleveland, 1979). 

Interestingly, an earlier reference (Pelto et al, 1968) had in fact proposed the use of weighted 

regression, using weights that depended on geographical distance between observations, as a way 

to improve automated interpolation (i.e. contouring) algorithms. With the exception of Farwig 

(1986), Muller (1996), and Fedorov et al. (1999), this reference appears to have been largely 

missed by later statistical and spatial analysis research. The (re)discovery that weighted 

approaches could be used in the case of geographical information turned out to be pivotal, 

coming as it did on the heels of other influential work in spatial analysis that was beginning to 

develop local autocorrelation statistics (Getis and Ord, 1993; Ord and Getis, 1995; Anselin, 1995). 

The ability to work with spatial sub-samples opened the door for local spatial analysis within a 

multivariate framework, which provided a valuable counterpart to the univariate (i.e. 

autocorrelation) analysis enabled by the Gi and LISA statistics. 

The work on geographically and locally weighted techniques can be fairly characterized as 

having had an important influence in spatial analysis in the course of the intervening decade. 

Together, the papers by Brunsdon et al. and McMillen had been cited 137 times by the end of 

2008 (according to ISI Web of Science). The Geographical Analysis paper by Brunsdon et al., 

not being online, is not picked up by Google Scholar, but a related paper (Brunsdon et al, 1998) 

and the afore mentioned paper by McMillen collect 325 citations there as of June 2009. The 

pattern of citations (as per ISI) reflects the typical lag before a technique is adopted in the 

literature (see Figure 1a), and a rapid increase in the number of papers that further develop, 

discuss, or apply geographically weighted regression can be observed in the last 5 years (Figure 

1b). Many of the early papers were published in leading spatial analysis-oriented journals, 

including Geographical Analysis (e.g. Brunsdon et al, 1996; Atkinson et al, 2003; Páez, 2004), 

the Journal of Urban Economics (e.g. McMillen, 1996), Environment and Planning A (e.g. 

Fotheringham et al, 1998; Leung et al, 2000; Páez et al, 2002a; Páez et al, 2002b), and the 

Journal of Regional Science (e.g. Brunsdon et al, 1999), among others. The approach has since 

migrated to a number of subject areas, including environmental studies and sciences (e.g. Cho et 

al, 2007; Tu and Xia, 2008), physical geography (e.g. Propastin and Kappas, 2008), forestry (e.g. 
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Zhang and Shi, 2004), planning and development (e.g. Yu, 2006; Ali et al, 2007; Bitter et al, 

2007), remote sensing (e.g. Foody, 2005), and so forth. 

   

Figure 1. a) ISI cites to Brunsdon et al. (1996) and McMillen (1996) (left panel) 

b) Geographically weighted regression publications (right panel) 

Weighted regression approaches were initially intended for interpolation and curve-fitting 

applications (e.g. Pelto et al, 1968; Cleveland, 1979). Later work propounded the idea that locally 

weighted regression could be used in addition to study correlative effects in regression. Cleveland 

and Devlin (1988), for instance, identify and illustrate three major uses of the local-fitting 

methodology: as an exploratory graphical tool; as a diagnostic tool to check the adequacy of 

parametric models; and as a replacement for parametric regression, by using instead the estimated 

locally weighted surface. Some geographical applications have remained in the realm of curve-

fitting and interpolation. McMillen (2003), for example, illustrates how the non-parametric 

approach can be used to provide a better fit to the data, and to diagnose parametric model 

misspecification. Páez et al. (2008) use a case study to compare a number of techniques, and find 

that GWR provides a more accurate interpolator (as measured by an ex-sample validation 

exercise) relative to the alternative approaches investigated. By and large, however, the emphasis 

in research so far has been not in curve-fitting or interpolation, but rather on the study of 

spatially-varying relationships (e.g. Fotheringham et al, 2002), and this is the way the method is 

more widely understood in the literature. Geographically weighted regression papers thus 

typically include a global model to be used as a benchmark, and maps showing GWR coefficients 

and their variation over space. These maps tend to motivate fairly extended discussions of the 

implications of the patterns discovered. For instance, in a paper that investigates the level of 

regional industrialization in Jiangsu in China (Huang and Leung, 2002), the coefficient associated 

with fixed capital investment per unit of GDP is interpreted thusly:  “The fixed investment...had 

the smallest effect...in the southern areas” which “did not rely very much on the amount of capital 

investment”. This may be reflective of a regional economy that is “affected by more advanced 

factors such as technology”. In a paper that investigates land use change as a matter of proximity 

to transportation infrastructure Páez (2006) interprets the variation of the coefficients in this way: 

“Land use change is less likely to take place in the immediate surroundings of the station; a clear 

east-west trend suggest that land use change is a more likely outcome to the east of the station”. 

The power of these types of insights in terms of assessing policy and generating knowledge is 

perhaps one of the reasons why the approach has become popular (see Ali et al, 2007).  
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Geographically weighted regression has not been without critics. Unfortunately, very large 

variations in the values of the coefficients are observed, and not infrequently this includes sign 

reversals that make interpretation difficult. For example, in the analysis of species richness due to 

Foody (2004), the relationship between species diversity and a vegetation index appears to be 

positive for most of Africa, but negative for a large patch in the central parts of the continent.  

Páez (2003), on the other hand, reports a sign reversal for the coefficient of NOx concentration 

levels in a hedonic price model, suggesting that more pollution associates both with lower and 

higher housing prices depending on location. The issue of sign reversals is noted by Jetz et al. 

(2005) in a commentary where they raise the possibility that the relationships may in fact be 

global and that local variability observed may be due to missing variables or interaction terms, or 

be attributed to the excessive flexibility of the method. In other words, the argument is made that 

spatially-varying relationships may not be legitimate but rather a consequence of model 

misspecification or, even worse, an artefact of the method. Jetz et al. (2005) are among the first to 

note that GWR coefficients display a curious tendency to be correlated with each other (see 

Figure 2 panels A-D in Foody, 2004). The question of multicollinearity (i.e. excessive 

correlation) among GWR coefficients is discussed in much more depth in a cotemporaneous 

paper by Wheeler and Tiefelsdorf (2005), who provide evidence of multicollinearity between the 

coefficients of a model that investigates bladder cancer mortality data. In the words of these 

authors (p. 162), these correlations “invalidate any meaningful interpretation...because the 

regression coefficients are no longer uniquely defined”. 

The key question at the center of these arguments is whether the variability observed is 

legitimate, that is, whether it is an accurate representation of an underlying geographical process. 

Case studies showing that GWR coefficients are frequently correlated with each other may 

motivate the question, but are not sufficient to settle it because the true underlying processes are 

unknowable. This is the reason why regression analysis is used in the first place, to try to retrieve 

a process. If the true process is not known, it is impossible to determine whether the spatially-

varying coefficients are reflective of it or instead whether they are somehow unduly introduced 

by the mechanics of the approach. The inability to resolve this question based on empirical 

examples is understood by Wheeler and Tiefelsdorf (2005), who set out to conduct controlled 

numerical experiments to elucidate the point. As we show below, the experimental design 

devised by these authors is such that the results are in fact inconclusive. At the same time, other 

evidence (e.g. Paez, 2005; Farber and Páez, 2007; Wang et al, 2008) does not indicate the 

presence of multicollinearity among GWR coefficients, although presentation of results may have 

not been sufficient to uncover this effect. 

Given: 1) the seriousness of the argument, which may importantly determine whether GWR is 

more appropriately seen as an exploratory tool or a technique to draw inferences regarding 

multivariate relationships; and 2) the fact that GWR has increasingly become established as a tool 

in the investigation of spatially-varying relationships; our objective in this paper is to present 

evidence to more conclusively settle the question concerning the ability of GWR to retrieve 

spatially-varying multivariate processes. Since, as we noted above, cases studies are not sufficient 

to demonstrate the question one way or the other, we approach this objective by means of an 

extensive set of controlled numerical experiments, whereby the true process is known and the 

results can then be contrasted for reliability. The experiments are designed in such a way as to 

overcome the limitations of previous work, in particular the simulations reported by Wheeler and 

Tiefelsdorf (2005), and results are reported using a more advanced visualization format that is 



5 

 

better suited to  reveal the extent of variability in retrieved coefficients compared to the (mean) 

surfaces reported by Páez (2005), Farber and Páez (2007), and Wang et al. (2008). The results of 

our experiments provide sobering evidence that caution should be exercised when attempting to 

interpret coefficients obtained using GWR in its current implementation based on existing 

validation and estimation techniques. 

Background 

Wheeler and Tiefelsdorf (2005) design a simulation experiment to investigate the question of 

multicollinearity in GWR regression coefficients. A concern in said paper is that multicollinearity 

in the explanatory variables is potentially responsible for this effect. In order to control for this 

potentially confounding effect, variables are selected that are known to be uncorrelated. The 

experiment is conducted using an irregular tessellation based on the administrative partition of 

counties in Georgia, US (n=159). In order to obtain variables with zero correlation, the binary 

connectivity matrix W that describes the spatial relationship of counties in Georgia is used. The 

eigenvectors of the following transformation of matrix W: 

iji j

n

n w n

    
    

    
I W I

11 11
 (1) 

are known to represent latent map patterns embedded in the geographical system (Griffith, 2003). 

Since eigenvectors are uncorrelated by design, their use facilitates the controlled variation of the 

level of correlation between the explanatory variables in the experiment. The data generating 

process is defined in the following way: 

0 1 1 2 2     y x x   (2) 

with: 

0 1 2 1      (3) 

Eigenvector 1 (e1) is selected to represent variable vector x1, whereas eigenvector 61 (e61), 

with a known level of autocorrelation very close to zero, is standardized and used in lieu of 

random terms . In order to introduce controlled levels of correlation between variables x1 and x2 

the latter variable is defined in two different ways for successive experiments, using eigenvectors 

3 and 4 (e3 and e4): 
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Parameter  is varied between -0.95 and 0.95 in the experiments to induce levels of correlation 

for x1 and x2 between -0.81 and 0.81. Using the date generated in this way, GWR coefficients are 

estimated using a bi-square nearest neighbor weighting function and bandwidth sizes S=40, 143, 

and 159. The results indicate that there are substantial levels of correlation between the local 

coefficient estimates when the two independent variables are uncorrelated, and that these levels 

tend to increase as the independent variables display increasing levels of correlation between 

them. 
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The experiment is intriguing, but ultimately inconclusive for various reasons. First, unlike 

many other controlled numerical experiments which use random numbers to introduce a level of 

stochasticity in the data generation process, there is no randomness involved in this case. There is 

only one instance of each x1 and , and for a given level of , only one instance of x2. More 

critical is the fact that the data generating process is based on a global, not a local formulation of 

the model. The regression coefficients of the true process are all spatial constants, set to 1. GWR 

models, moreover, are not typically estimated using an arbitrary bandwidth size S, but rather the 

bandwidth is calibrated using some sort of cross-validation procedure. The experiment is 

successful in demonstrating how the vectors of local coefficients are correlated. However, this 

should not be altogether surprising, considering that the true coefficients in the data generating 

process are all identical.  A more interesting question is whether estimation of the GWR 

coefficients reverts to the global model of the true data generating process, in which case the 

question of multicollinearity becomes moot. We replicate the experiment, but instead of using the 

bandwidths reported in the paper, we calibrate the kernel bandwidth using a cross-validation 

procedure. The results indicate that in each case, for both definitions of x2 and every level of 

correlation , the cross-validation procedure identifies a bandwidth size of 158 nearest neighbors 

as appropriate. Since the sample size is n=159, and the cross-validation procedure leaves one 

observation out at a time, this means that the GWR model should be estimated using all 

observations in the sample. A typical cross-validation figure is shown in Figure 2, where it can be 

seen that the tendency is to revert towards the global model. 

 

Figure 2. Typical cross-validation plot using the parameters in Wheeler and Tiefelsdorf (2005) 

The experiment shows that if GWR is estimated appropriately, the simulation parameters used 

in Wheeler and Tiefelsdorf (2005) cannot possibly be used to demonstrate the existence of 

multicollinearity between local coefficients. Other experiments reported in the literature, on the 

other hand, do not support the thesis that multicollinearity is an artifact of the method, and the 

level of correspondence between the true coefficient surface used in the data generating process 

and the surface obtained from averaging the large number of replications typically used when 

random variables are generated for the simulation, appears to be quite high (see Figures 1-5 in 

Páez, 2005; Figures 8-12 in Farber and Páez, 2007;  and Figures 1-2 and 7-10 in Wang et al, 

2008). The operational term here is average. The simulations reported in these papers did not 

focus on multicollinearity and the results were clearly reported without this issue in mind. 
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However, while the average of R replications appears to closely resemble the true coefficient 

surface, it is unclear what the situation is at the level of individual replications. The experiments 

described and reported in the reminder of this paper intend to clarify the ambiguities left 

unresolved by previous research. 

Methods and Experimental Design 

We begin our experiments by defining a data generating process, as follows: 

0 1 1 2 2i i i i i i iy x x        (5) 

The dependent variable yi is the outcome of a linear combination of the value of spatial 

variables x1 and x2 at location i, possibly spatially-varying coefficients ki (sub-indexed by i), and 

a random term i. For comparability, in the experiments we use the same geographical system 

employed by Wheeler and Tiefelsdorf (i.e. counties in Georgia). Use of an irregular tessellation if 

further justified by results reported by Farber et al. (2009) indicating that regular tessellations 

frequently used in experimental spatial statistics are not, from a topological perspective, 

representative of real geographical systems. The independent variables are generated from 

random draws of the standard normal distribution, while the vector of error terms is obtained 

from draws of the normal distribution with mean 0 and standard deviation 0.25. In order to 

introduce varying levels of correlation between variables x1 and x2, we use a similar 

transformation to that used by Wheeler and Tiefelsdorf (2005): 

   2 1 2sin cosx x x     (6) 

The levels of correlation between the explanatory variables are approximate in this case, and 

depend to some extent on the initial level of correlation of the random draws, which is usually 

fairly low, but never exactly zero. Random variables are drawn a total of R=100 times (i.e. 

replications) for each level of  between -0.75 and 0.75 in 0.25 increments. After selecting 

coefficients  as appropriate, variable y is generated using model (5), so that there are 100 unique 

realizations of the process for each level of correlation between the independent variables. 

We devise two variations for our experiments. In the first one, we are interested in the false 

positive rate, that is, the frequency with which validation of the weighting function fails to 

collapse into the global model when the true process is indeed global. For this experiment, the 

coefficients are spatial constants as follows: 

0 0 1 1 2 2 1i i i            (7) 

For the second experiment, we are interested in the ability of GWR to retrieve a spatially-

varying process. Following Wheeler and Tiefelsdorf (2005), we adopt the eigenvectors of the 

matrix in expression (1). However, instead of using the eigenvectors to represent the independent 

variables in the data generating process, we use them in place of the spatially-varying coefficients. 

The advantage of using the eigenvectors for the spatially-varying coefficients is that the 

coefficients are uncorrelated by design. Three eigenvectors with distinctive patterns are selected 

as follows: 0=e1, 1=e3, 2=e4, as shown in Figure 3. Please note that the coordinates have been 

standardized to a unit square. 
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Figure 3. Spatially varying coefficients 0, 1, and 2 

Estimation of GWR models involves a number of steps. First, a kernel function is selected for 

the analysis. For this, we adopt the bi-square nearest neighbor formulation. Next, the kernel 

bandwidth must be calibrated, something that is typically done by means of a leave one out cross-

validation procedure. Two different forms of the cross-validation score are used here. The first 

one is well known from the literature (see Brunsdon et al, 1996): 

     
2

ˆ
i ii

CVS s y y s   (8) 

The cross-validation score is the sum of squared differences between the observed value of y 

at i, and the value predicted by a model estimated using kernel bandwidth s after removing 

observation i from the sample. A modified version of the cross-validation score is discussed by 

Farber and Páez (2007) that helps to reduce the dominance of some observations in determining 

the window size. The score in this case is based on a decomposition of the cross-validation 

calculations. A partial score for each observation i is calculated and converted to a value between 

0 and 1 as follows:  

 
  
  

2
ˆ

ˆ

i i

i

i is

y y s
CVS s

y y s









 (9) 

and the total score is simply:  

   ii
CVS s CVS s  (10) 

Standardization of the score in this way ensures that all observations exert an identical level of 

influence across bandwidth sizes, and so the selection of the bandwidth is not influenced by a few 

observations with atypically large errors. Coefficients estimated using bandwidths selected using 

this form of the cross-validation score tend to display more compact distributions (i.e. less 

extreme variability). For further details, please refer to Farber and Páez (2007). 

Linked to the issue of validating a bandwidth size is the estimation of the coefficients. We 

investigate two coefficient estimation techniques. Again, the first one is well known from the 

literature, and involves employing a diagonal matrix of geographical weights to obtain locally 

weighted estimates as follows (see Brunsdon et al, 1996): 
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The vector of local estimates is a function, in addition to the data matrix X and vector y, of Gi, 

a of geographic weights where diagonal element gi is the kernel function implemented with the 

cross-validated kernel bandwidth. The second implementation of the method is due to Wang et al. 

(2008), and introduces a local linear approximation based on the Taylor’s expansion of the 

spatially varying coefficient k at location i with coordinates (ui,vi). Under the assumption that 

each of the coefficients has second continuous partial derivatives with respect to the coordinates, 

the coefficient can be locally approximated by the following expression: 

             0 0 0 0 0 0 0 0, , , ,
u v

k k k ku v u v u v u u u v v v         (12) 

where k
u)

(u0,v0) and k
v)

(u0,v0) are the partial derivatives of the coefficient with respect to u and 

v at the location. We consider this method since the experimental results reported by Wang et al. 

(2008) indicate that this approach outperforms the typical formulation of GWR, i.e., that shown 

in equation (11).  
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