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Theorem

Any Lie proper groupoid G admits a compatible (real) analytic structure.

G
∼=(C∞)−→ H, H is Cω.

Theorem

A generalization of Zung’s non-linear average iteration method.

In particular, compatibility of Zung’s method with Cω-data defined on
open (saturated) subsets.

[arXiv:161209012]
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Around Hilbert’s fifth problem

Lie groupoids
Cω (s-proper) linearization implies Cω structure on proper oids.

Zung’s iteration
Weyl’s unitary trick via Kempf-Ness submanifolds

Principle

If a group-like object exhibits a weak amount of regularity,
often automatically exhibits a strong amount of regularity as well.

. Hilbert’s fifth problem (G): Topological description of Lie groups
with no reference to smooth structures.

Loc. Euclidean top. groups ≡ Lie groups [Montgomery-Zippin],[Gleason]

C 0 C∞ Cω

C 1,1

. Mnfds:

{
C 0 ; C 1, z5

1 + z3
2 + z2

3 + z2
4 + z2

5 +
∑5

j=1 ej−1z6
j [Kuiper ]

C 1 ⇒ Cω [Hirsch] (M
∼=(C 1)→ M ′ is Cω)
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Lie groupoids
Cω (s-proper) linearization implies Cω structure on proper oids.

Zung’s iteration
Weyl’s unitary trick via Kempf-Ness submanifolds

. Hilbert-Smith conjecture (G n M): G loc. compact top. group,
G n M, G ↪→ Homeo(M) =⇒ G is a Lie group.

True if M = M3 [Pardon]

True if M ↪→ Diffk(M), k ≥ 2 [Bochner-Montgomery]

. Analogy with manifold story:
G → Homeo(M) ; G → Diffk(M), k ≥ 1 : Z2 n S3 [Bing]

G → Diffk(M), k ≥ 1⇒ G n M is C k [Bochner−Montgomery]

G n M is C 1 +proper // G n M is Cω [Illman](
G n M

∼=(C 0)−→ G n M ′, G → Diffk(M ′)/G n M ′ is Cω

)
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. Lie groupoid G
s,t

⇒ M formalizes (smooth) partial symmetries:

Characteristic (singular)
foliation on M.

Each x ∈ M has Gx ⊂ G
isotropy group.

Lie algebroid A→ M.

1.Lie
group:

G

����
{∗}

2.Pair & homotopy
groupoid:

M ×M Π1(M)

M M

3.Submersion
oid P

p→ M:

P ×M P

π2

��
π1

��
P

4.Hol. & homotopy
oid of F :

Hol(F)

����

Π1(F)

����

oo

M M
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5.Action
groupoid:

G ×M

π2

��
n
��
M

6.Action oid for
submersion
G n (P

p→ M):

P ×GnM P

[π1]

��
[π2]

��
P/G

7.(Integrable)
Poisson mnfld.
(M, π):

Σ(π)

����
M

Definition (“Compact type conditions”)

G ⇒ M is proper when s × t : G → M ×M is proper.

G ⇒ M s-proper when s : G → M is proper.
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Grp: G n U
[Palais]∼= G ×Gx Σ

[Bochner]∼= G ×Gx E r

Oid: GU
P=s−1(Σ)∼= P ×GΣ

P + GΣ

[Zung]∼= Gx n E r (GΣ
Φ→ Gx)

Illman: E r l→ Σ E r l′→ Σ′, Cω on l ′−1(V ) (Density of Cω(N,Q)Gx ).

Oid: GΣ
Φ→ Gx  GΣ

Φ′→ Gx , Φ′|GΣ′∩V is Cω.
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. G ⇒ M s-proper has (right-invariant) Haar densities µ ∈ Γ(Ds):

∫
s−1(x)

µx = 1.

Rp : (s−1(x), µx) ∼= (s−1(s(p)), µs(p)).

. : G φ→ G  ψ(q, p) = φ−1(p)ψ−1(q)φ(qp) ∆(φ) := dG (ψ, e).

A(φ) = exp(

∫
s−1(t(p))

log(ψ(q, p))µ), φ̂ := A(φ)φ.

Theorem (Zung)

Given (G , 〈·, ·〉) compact+bi-invariant, ∃C > 0 s.t ∀G ⇒ M s-proper + µ
Haar density, ∀φ ∈ C∞(G,G ) with ∆(φ) < C , if φn+1 := φ̂n then

φn
C 0(C∞)→ Φ, Φ : G → G morphism.
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. If G ⇒ M s-proper x ∈ M fixed point, W ⊂ M saturated, φ|GW , µ|GW
are Cω, then φn|GW ∈ Cω.

Problem: φn|GW
Cω

→ Φ|GW ?

. : How do we know if f : U ⊂ Rn → Rm is Cω?:

Quant: ||Dr f ||K ≤ R(M r )r !, ∀r (BCH formula.......)

Qual: ∃F : U ⊂ Cn → Cm holomorphic with F |U = f .

Idea: “Complexify” the averaging (Weyl unitary trick of sorts).
G ↪→ G,
G ↪→ H local holomorphic groupoid,

not just φn  φnC (commom domain of φnCmust be H).
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. Weyl’s unitary trick from the Lie groupoid perspective:

G n E  Gn E, f ∈ Hol(E)⇒
∫
G

f µG ∈ Hol(E).

(i) K := G × Er is an s-proper core for Gr n Er :

m(K ×s,t Gr n Er ) ⊂ Gr n Er .

K submanifold t s; sK : K → Er s-proper.

K 	 K (where defined) identifies sK-fibers.

(ii) µG ∈ Γ(D2
s ) µG ∈ Hol(Ks) µG|K is a Holom. Haar density:∫

K µG : Γω(Gr n Er ,C)→ Γω(Er ,C).

Locally (Gr
z ,Kz) ∼= (Cn,Rn)⇒ Ks |K ∼= D2

s ⊗ C.

Hol(Gr n Er )→ Hol(Er ).
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Around Hilbert’s fifth problem

Lie groupoids
Cω (s-proper) linearization implies Cω structure on proper oids.

Zung’s iteration
Weyl’s unitary trick via Kempf-Ness submanifolds

Theorem

Given (H, || · ||) cx. Lie group +(normalized) norm +W ⊂ H rel.
compact, ∃C > 0 s.t
∀H⇒ M loc. hol. oid + K ⊂ H s-proper core + µ Haar density,
∀φ ∈ C∞(H,H) with φ(H) ⊂W and ∆(φ) < C ,
if φn+1 := φ̂n then

φn
C 0

→ Φ, Φ : H → H, (K)−morphism.
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Lie groupoids
Cω (s-proper) linearization implies Cω structure on proper oids.

Zung’s iteration
Weyl’s unitary trick via Kempf-Ness submanifolds

. G ⇒ M s-proper, y ∈ O ⊂ M  GO ∼= P ×G P ⇒ O (P = s−1(y)).

P ×G P ↪→ P×Gr P

K = P ×G (KN ), KN ⊂ P

. Fix G -inv. analytic metric on P bi-invariant on fibers

unique
 (TP r , J), dP solves Monge−Ampere [Guillemin − Stenzel ]

(TP r , J) ⊂ P

KN =

{
µ−1(0)

min dP |fibers
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