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Abstract

The univariate skew-normal distribution was introduced by Azzalini in 1985 as
a natural extension of the classical normal density to accommodate asymmetry.
He extensively studied the properties of this distribution and in conjunction with
coauthors, extended this class to include the multivariate analog of the skew-normal.
Arnold et al. (1993) introduced a more general skew-normal distribution as the
marginal distribution of a truncated Dbivariate normal distribution in which X was
retained only if V satisfied certain constraints. Using this approach more general
univariate and multivariate skewed distributions have been developed. A survey of
such models is provided together with discussion of related inference questions.

Key Words: Skew-normal, skew-Canchy, skew-Laplace, skew multivariate
distributions.
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1 Introduction

Skewed multivariate distributions may be encountered in situations in which
observations obey a relatively well behaved law (perhaps multivariate nor-
mal) but have been truncated with respect to some hidden covariable. A
gimple univariate example of such a phenomenon involves the distribution
of waist sizes for uniforms of elite troops who are selected only if they
meet a specific minimal helght requirement. A classical bivariate normal
model might well be acceptable for the joint distribution of height and waist
measurements. However, imposition of the height restriction will result in a
positively skewed distribution for the wailst sizes of the selected individuals.
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Figure 1. Probability density function in (2.1) for A = 1,3 and 5.

A normal model will not adequately fit the wailst size data in this setting. In
many situations, truncation such as that just described will have occurred
without us having knowledge of its occurrence. We thus envision the pos-
gibility that quite often some “hidden” truncation will have occurred. The
present paper will survey a spectrum of distributions available to help us
adequately model (and make inferences about) such data configurations.
We begin by considering models involving underlying normal distributions,
so called skew-normal models. As we shall see, straightforward extensions
to non-normal models are feasible.

Azzalini (1985, 1986) introduces the basic skew-normal model. His
naine, together with the names of his coworkers, will occur frequently in
the subsequent discussion. An independent development, using different
notation, can be traced in a series of papers beginning with Arnold et al.
(1993). The words “selective reporting” appearing in the title can be related
to our hidden truncation scenario in two ways. First it may be that the
investigators whose data is being analyzed have indeed selectively reported
their data without our knowing it (perhaps for example only measuring
and reporting archeological pottery shards that were large enough to not
fall through the sieve used on-site). They may indeed themselves be also
unaware that they selectively reported the data (or equivalently subjecting
it to a hidden truncation). In this sense selective reporting and hidden
truncation are synonyms. But there is another form of selective reporting
that is not as obviously related to hidden truncation. Consider the fol-
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lowing univariate scenario. Suppose normally distributed observations are
available. But now suppose that each reported chservation is actually the
maximurm of two independent identically distributed normal ohservations
(i.e. we pick the “best” one of each pair of observations). The resulting
distribution in such a setting is again skewed normal. A suitable higher
dimensional analog of this selective reporting scenario will yield a skewed
multivariate normal model just the same as the model observed via hidden
truncation. The bottom line of this discussion is that hidden truncation
may well be quite prevalent in data analysis settings and it will behoove us
to have suitable models available to account for such phencomena.

2 The basic univariate skew-normal model

A random variable 7 will be said to have a skew-normal distribution with
parameter A if its density function is of the form (see Chiogna (1998)):

FlzA) =20(2)P(Az), zeR (2.1)

where ¢(z) and ®(z) denote the standard normal (N(0,1)) density and
distribution functions respectively. The expression (2.1) is a valid density
for any A € R. The density is symmetric if A = 0 (in which case it
coincides with the standard normal density). It is reasonable to call A
the skewness parameter. The family of densities (2.1) was apparently first
discussed in detail in Azzalini (1985). The suggestion that (2.1) might
provide a reasonable family of skewed alternatives to the classical normal
model certainly is due to Azzalini. It is quite likely that the family (2.1) did
appear in earlier research on normal order statigtics but, not withstanding
any such earlier references which may be encountered, it seems appropriate
to call (2.1) the Azzalini skew-normal distribution. See the note at the end
of thig section for some historical precedents.

Examples of the pdf (2.1) for A = 1,3 and 5 are given in Figure 1.

Azzalini and Dalla Valle (1996) discuss three interesting settings in
which skew-normal densities of the form (2.1) can arise. All three sce-
narios can be fruitfully employed in the generation of extensions to the
basic Azzalini model and consequently merit our consideration.

First consider two independent identically distributed standard normal
random variables ¥ and W. Now define Z to be equal to ¥ conditionally
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on the event {AY > W}. The resulting distribution of Z will be given by

P(Z<z) = PY <zAY > W)
= P(Y < 2,V > W)/P(AY > W)

"z Ay
= [ [ ety oy > w)

N /_ P(y)(My)dy/P(AY > W). (2.2)

Since P(AY > W) = P(AY - W > 0) = 1/2 (because AY — W has a
normal distribution with mean zero), it follows on differentiating (2.2) with
respect to z that Z has the skew-normal density (2.1).

The second scenario involves hidden truncation. Suppose that (Z,Y)
has a bivariate normal distribution with standardized (N(0,1)) marginals
and correlation §. In this context consider the conditional density of Z
given ¥ > 0 (i.e. keeping only Z’s whose corresponding ¥ value is above
average). It follows that

P(Z<zlY »>0) = P(Z<zY >0)/PY >0)
2P(Z < 2, Y > 0).

Now, without loss of generality, we may assume that ¥ = §7—/1 — §2W
where W and Z are ii.d. N(0,1) variables. Consequently the event
{Y > 0} is equivalent to {67 — V1= 82W > 0} or {J%Z > W} and it

follows that the conditional distribution of Z given {Y > 0} is skew-normal

(A) where A =4/v'1 — &2

The third development begins with the i.i.d. standard normal random
variables Y7, Y5 and a constant § € (—1,1). If we define

Z =68V, ++/1- 5%V,

then a simple convolution computation may be used to verify that Z has a
skew-normal (A) distribution (with A = §/v'1 — 8% again) (Henze (1986)).

On reflection, scenarios 1 and 2 are essentially equivalent while scenario
3 appears to be different. This will become more apparent when we consider

extensions to multivariate and/or non-normal cases below.

A fourth derivation of the skew-normal distribution is the one alluded
to in Section 1 involving dependent maxima. For it, consider (W, Ws) to
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be a bivariate normal random vector with standard normal marginals and
correlation 8. Define now

Z = max (W, Wa).

Loperfido (2001) observed that in this case Z has a skew-normal (A) dis-
tribution with A = /(1 — 8)/(1 + é).

Before considering multivariate and non-normal extensions of these al-
ternative skew-normal genesis scenarios, we remark that the hidden trun-
cation scenario admits a simple but very useful extension. Our original
hidden truncation discussion involved retention of X values subject to their
concomitant Y value being at least as large as a specific threshold. The
corregsponding family of densities can be viewed as being a location-scale
extension of the following basic skewed density

()P Ao + Ay 2)
Ao !

2 ( it )
where Ay € R and A} € R. The Azzalini distribution (2.1) corresponds

to the choice Ag = 0 in (2.3) and may be interpreted as having arisen

F(# M0, M) = (2.3)

by keeping observations only if the corresponding concomitant variable is
above average. Use of a more general threshold for retention will result
in the more general family of densities (2.3). The model (2.3) is discussed
extensively in Arnold et al. (1993). The model (2.3) can alternatively be
envisioned ag having arisen as follows. Begin with W and U7 1.1.d. standard
normal variables. Consider the conditional density of W given that {Aq +
MW = U}, This density will be that one displayed in (2.3). The family
(2.3) in addition to its obvious increased flexibility for modelling varieties
of skewness will also turn out to be important in that it will permit us to
construct multivariate skewed moclels that have marginal and conditional
dengities that are again of the same general multivariate skewed form.

One example of the pdf (2.3) for Ay = Ay = 2 is shown in Figure 2.

It is natural to add further flexibility to the model (2.3) (or the sub-
model (2.1}) by the introduction of location and scale parameters. In this
way we arrive at a 4 parameter skewed normal density of the form

p (551) ® (do + A (557))

Ao
o® ( 7 —Xf)

[z 20, M, o) = (24)
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Figure 2. Probability density function in (2.3) for Ay = Ay = 2.

where g, Mg, A1 € R and ¢ € R™. A random variable will have density
(2.4) if it admits a representation as p + 0Z where Z has density (2.3).

An elementary computation (see Arnold et al. (1993)) yields the mo-
ment generating function of the density (2.3) in the form

& ( Aot ALt )
M)y =2 VL (2.5)
o i)
Moments can then be readily obtained by differentiation of (2.5).

Remark 2.1. Cain (1994) derived the moment generating function of the
minimum of Xy, Xo where (X7, X3) has a general bivariate normal density.
His results show that the distribution of min(Xy, X2) is a mixture of two
skew-normal densities of the form (2.3). If iy = po and o = o7 then
min(Xy, X3) indeed has a skew-normal density (2.3).

Remark 2.2 (Historical Note). The density (2.3) has made cameo ap-
pearances in several earlier papers. It may be found in Birnbaum (1950),
introduced in a psychological testing context (see the first equation of his
Section 2). He described the phenomenon as linear truncation of a multi-
variate normal random variable. It also appears as equation (1) in O’'Hagan
and Leonard (1976) where it is suggested as a possible prior for a normal
mean. See also Roberts (1966) who discusses the distribution of the mini-
mu of two correlated normal variates. Nelson (1964) and Weinstein (1964)
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discuss the distribution of the sum of a normal variable and an independent
truncated normal variable. This turns out to have density (2.3). See the
remark following equation (4.5) for an extension of this paradigm. Perhaps
reacders will be able to suggest even earlier sources for discussion of the

model (2.3).

3 Non-normal univariate skewed distributions

It ig evident that the role played by normal variates in the development of
Azzalini’s distribution (2.1) and in the development of (2.3) could be played
by other distributions. For example in the hidden truncation development
we could begin with two independent random variables W, U but now do
not assume they are standard normal variables. Instead assume that W has
density (distribution) function #4 {¥y) and that U has density (distribution)
function ¢ (¥,). In this setting the conditional density of W given that

{20 + MW > U} is of the form:

dr(w)Wa (Ao + Mw)
P(h+ MW =U)

Simplification occurs in (3.1) when Ag = 0 and when % and #; are

flas Ao, Ay) = (3.1)

symunetric densities. In such a situation, the denominator in (3.1) equals
1/2 and our density is given by

Jlaws Ap) = 2¢ (w) Wa( Ay | (3.2)
analogous to Azzalini’s original skew-normal model (2.1).

In the general formulation (3.1), computation of the denominator, P{Ay+
MW > U), can be troublesome. If W and U are stable random variables
of the same type then Ap + MW — U will also be stable and in principle
the denominator in (3.1) can be calculated. Arnold and Beaver (2000h)
discuss the Cauchy case. Balakrishnan and Ambagaspitiya (1994) consider
the Laplace case in which the denominator of (3.1) is equal to 1/2 when Aq
is agsumed to be equal to 0.

It will be recalled that hidden truncation was not the only scenario
leading to Azzalini’s model (2.1). It is instructive to consider non-normal
variants of the other possible derivation of (2.1). One approach began with
Y, and Y5 1.i.d. standard normal variables and considered

Z =3V + V1= 8, . (3.3)
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Arnold and Beaver (2000¢) consider the models derivable from (3.3) by
permitting Y, and ¥; to be ii.d. with common non-normal density .
More generally we could allow Y and Ys in (3.3) to have different densities
2 and s, Variant skew-Cauchy and skew-Laplace distributions obtained
in this fashion are discussed in Arnold and Beaver (2000c).

The other model leading to the Azzalini density (2.1) begins also with
two 1i.d. standard normal random variables (¥7,Y5) but then considers
a linear transformation U = AY, where ¥ = (¥],Y:) and U = (U, Us),
chosen to have standard normal marginals but non-zero correlation. One
then considers Z = max(U;,Us), which turns out to have density of the
form (2.1). Here too we can allow Y) and Y, to have densities ¢ and ¢
(instead of assuming that each has a standard normal density). This leads
to new classes of skewed distributions.

4  Multivariate skew-normal models

In the hidden truncation setting, it is quite plausible that we might have
k observed variables (instead of 1) that have been truncated with respect
to an unobhserved but related variable. A skewed observed multivariate
digtribution will then be encountered. More formally we may begin with
a (k + 1) dimensional random vector (Xy,..., X, Y) with a general co-
variance structure. Then set 7 — X conditional on Y > a. Agzzalini and
Dalla Valle (1996) were the first to consider such a model though they
restricted attention to be the case a = py (retaining observations only if
their Y values were above average). This provides a natural extension of
the basic skew-normal model (2.1). Allowing a to be arbitrary (as was done
in Arnold and Beaver (2000a)) yields a natural extension of the more gen-
eral skewed normal model (2.3). As we shall see, the general k-dimensional
model hag the attractive feature of being “closed under conditioning”, i.e.
such models have not only marginals but also conditional distributions of
the same type.

To clogely parallel the univariate development we begin with
Wi, Wo, .., W, U

which are 1.i.d. N(0,1) random variables. Now consicer the conditional
distribution of W given that Xy + MW > U where Ay ¢ R and A, ¢
IR*. This formulation which involves a linear transformation of the hidden
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truncation model described in the previous paragraph, is particularly easy
to analyze. If we define the event A by

A={o+ N\ W > UL
then obviously the conditional density of (W, 1) given A4 is

ke

11 el

i=1

fw (e, w) o @) (Ao + M > u) . (4.1)

Integrating with respect to u, we get

I ()] @0 + Xw)
P(A) '

Jwia(w) = (4.2)

However,
A
PA) = PU- XMW <) =0 22|,
' V1 AN

since U= AW ~ N(0,14+ A1 A, ). Thus the k-dimensional hidden truncation
density analogous to (2.3) is given hy
I )| @00 + M)

>0 :

®(¢H&g)

One example of the pdf (4.3) for Ay = 1: Ay = (2,3) and the correspond-
ing contours are shown in Figure 3.

The Azzalini and Dalla Valle (1996) density can be identified with the
choice Ay = 0 in (4.3). Note that in this case the denominator in (4.3) is
equal to 1/2 and the resulting density takes the form

Flas Aoy Ay) = (4.3)

k

[ XD

=1

Flas0,0,) =2 F(w) . (44)

Azzalini and Dalla Valle observed that the joint density (4.4) has marginal

dengities of the same type. We will show below that this is true for the
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Figure 3: Probability density function in (4.3) for Ay = 1Ay = (2,3) and corre-
sponding contours.

extended model {4.3) and moreover we will verify that (4.3) also has con-
ditional densities of the same type.

An alternative genesis of model (4.4) was described by Azzalini and
Dalla Valle. For it, we can begin with (k+1) 1.i.d. N(0, 1) random variables,
this time labelled ¥4, Y7, ..., V.. Now we define W as follows

i-V_,u:é_,-onH\/l—(Sf Y, j=12...,k. (1.5)

The resulting joint density of W is k-variate skewed normal (in other
words there exists a k x k matrix B such that BW has density (4.4)).

Remark 4.1. Suppose we begin with Xy, Xy, ..., X, i.i.d. N(0,1) and, for
c & R, define Xy(e) to be Xy truncated below at ¢. Now define (analogous
to (45)) Y; = &:Xo(e) + \/1 — 92X;, i = 1,2,...,k. This will lead to
densities of the more general form (4.3) (i.e., there will exist a matrix B
such that BY has density (4.3)). See Arnold and Beaver (2002a) for details
on this construction.

Perhaps the best way to identify the nature of the marginal distribu-
tions of the general hidden truncation model (4.3) is to consider its moment
generating function. Arnold and Beaver (2000a) provide the following ex-
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pression for this moment generating function:

2P ( Agtalt )
W 1FALA
M(t) = VIR (4.6)

T 3 (N R
VAN

To get the moment generating function of a k) dimensional marginal of
the distribution (4.3), i.e. of W where W = (W, W) has been partitioned
into subvectors of dimension ky and k& — &y, we need only to similarly par-
tition £ = (£, %) and set £ =0 in (4.6). It is then obvious that the marginal
m.gf. of W is of the same form as (4.5) (though now of dimension k).

Specifically W has density given by

O]
.fﬁb)==[ i } ( Vijhéi vk, ) (4.7)
o( 7o )

VIHATA

and analogously W has density of the form:

£ plw) @ 2 A
f@)[ ) (w%&+Wﬂm) (48)

Ao
@ (\/H‘Afl)_\l)

It follows that the conditional density of W given W = w is (taking the
ratio of (4.3) and (4.8))

[Hf;l ‘P(uz)} D (Ag + g\fll + Afll)

F (i) = -
& Ag+A e
\/1+)\!1§1

Thus all conditionals as well as all marginals of the density (4.3) are of
the same type,

(1.9)

If we introduce location and scale parameters in our model (4.3), the
property of having marginals and conditionals of the same type continues
to hold. If we define

X = p+ 22w (4.10)
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where p € R* and L2 is positive definite and W has density (4.3), then
the joint density of X (our full family of hidden truncation skewed multi-
variate normal models) is:

S0+ 8T T (r—p
R ID E)) (4.11)

fx (z)ocexp (—;(i - ﬁ)’E](fE_ﬂ)) x ( J1-5'3,

with &y = Ao/ 1+MA, and 6, = A, /+/1+XNA,. Now partition =’ =
(', &") with a corresponding partition of X and ;. Using the moment-
generating function, the marginals are of the form

(4.12)

f5 (&) ocexp

ey _ L
1 | 8o + 8y D7 (i ji
(3 wrsae p)xe| 2 =

\/1—5@]

The conditional density of i |£ is

Fape ) o enp (e G (S0~ SLZED) e 40)

(4.13)
where
Clearly both densities (4.12) and (4.13) are of the same type as (4.11).

Morments of the density (4.3) are readily obtained from the moment
generating function (4.6). One finds

Ao
At 7 ( VIHALA )

14 XA, Ao
\'/ e (\/H&Al) ’

E({VI.) _ (4.14)

and

cov(Wi, W;) = di5 —

Aty { Ao

(1+ ASAJ) VIA N

glho, Ay) + 92()\0, A )} . (4.15)
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where d;; is the Kronecker delta symbol, and where

(s
1AL A
g(ho, Ay) = —= (4.16)

Ap '
¢ ( VIHALA )

Considerable simplification ocours when Ag = 0, in which case the ex-
pression in (4.16) simplifies to \/;

5 Non-normal skewed multivariate models

The basic random variables Wy, Wa, ..., W, U used in the development of
the hidden truncation model in Section 4 were assumed to be i.i.d. standard
normal random variables, If they are permitted to have different distribu-
tiong we will be led to new types of skewed multivariate distributions.

Let us suppose that Wy, Wy, ..., W, and U are independent random
variables with densities (distributions) given by 2 (¥y), ¢2(P2), . .., (Vi ),
¢ (Wy) respectively. We then consider the conditional distribution of W
given that Ay + A'JE > U, as before, where Ay € R and A\, € R*. The
conditional density of (W, U) given A = {Xg + MW > U} is of the form

k

H @i:;(u.e.,-)} Polw) (Ao + Nw > ). (5.1)

i=1

fwrga (w,u) x

Integrating with respect to w vields

Ty éutw)] Pol + Xjeo)

A (5.2)

fwjalw) =

The quantity P{A) which appears in the denominator of (5.2) may
prove to be difficult to evaluate. In certain cases it will be easily accom-
plished. The simplest case is that in which Ay = 0 and all of the densities
¥, g, ..., Uy, Y are symmetric (about 0). In that case P(A) = 1/2. This
yields the following analog of (4.4)

k
fw |4 {th

=1

Wo(Nw). (5.3)
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The models (5.2) and (5.3) are readily extended by the usual linear
transformation of the form

X =pt+ 2w (5.4)

When Ay # 0 in (5.2), it is usually not possible to evaluate P(A). If the
Wys and U are all stable variables of the same type, then MjW — U will
also be stable and, in principle, one can then evaluate P(A4). Of course this
can be done if the variables are normally distributed. Arnold and Beaver
(2000b) consider the other tractable case in which the W;'s and U are
Cauchy variables. The resulting skew-Cauchy distribution has all marginals
and all conditionals again of the skew-Cauchy form (closely paralleling the
skew-normal paradigim).

An even more general skewed multivariate model can be obtained by

not assuming that the W,'s are independent, but instead that their joint
density is given by 2:(w), say. In this case (5.2) is replaced by:

& (w)Wo{ Ao + Naw)

A (5.5)

f&\A(E) =

where, as before, A = {Ag + X{W > U}. In order to justify calling these
“skewed” models, it is usually reasonable to assume that the marginal den-
gisites of W are symmetric, though the formulas remain valid without this
assurnption. Perhaps in asymretric cases, we should revert to calling them
hidden truncation models.

It will be recalled that there was another scenario not involving hidden
truncation, for developing the Azzalini skew-normal model (2.1) and its k-
variate analog (4.4). A non-normal version of this model may be described
as follows.

Begin with independent random variables ¥5, Y3, Ys, ..., Y, with corre-
sponding densities o, ¢, tba, ..., . Define Z by

Zj:‘}/ﬂ|+'—j}/jr J=12,...,k (56)

(this is essentially the same as (4.5) used in the normal case by Azzalini
and Dalla Valle). The joint density of Z is then given by

fa(z7) = /DO {f[ Ly, ( - ﬂ [o(w) < vo(—u)ldu.  (5.7)

i
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[t may be difficult to perform the integration in (5.7). Tractable exam-
ples are ones in which all of the 2’s (¢ =0, 1, .. ., k) are standard normal (or
Cauchy, Laplace or logistic). The normal case, as remarked earlier, leads
to (4.4) again. The other cases lead to essentially new models. The model
(5.6) is referred to by Arnold and Beaver (2000¢) as a distribution skewed
by an additive component (as distinguished from distributions skewed by
conditioning or hidden truncation). Such additive component models have
the desirable property of having ki-dimensional marginals again of the same
(lower dimensional) type. The representation (5.6) also permits ready com-
putation of means, variances and covariances together with the joint mo-
ment generating function (or characteristic function).

Remark 5.1. If we replace |Yy| in (5.6) by Yo(e) (Yo truncated below at ¢),
we can get new non-normal extensions of the model (4.3). See for example
Arnold and Beaver (2002a).

[t bears remarking at this point also that in these general settings it
does make a difference whether we consider models based on a congtraint
of the form {Ay + A{W > U} or one of the form {A + AW < U}. In
the following brief section we describe certain hidden truncation survival
models where this distinction is important. [t is not, of course, in the
context of symmetric models such as the skew-normal density (4.4), where
either uge of “> U7 or “< 7" will lead to the same kind of models.

6 Hidden truncation survival models

Suppose that (X,Y) is a k+1 dimensional random vector with non-negative
coordinates. Consider the conditional distribution of X given ¥ X < V.
We visualize the X;’s as survival times of & components in a system. The
variable Y is a related unobservable variable, perhaps related to operat-
ing conditions. Assume that the X;’s and Y have corresponding densities
i, g, ..., Uy, Uy and survival functions T, s \Iig, . \i]k_, T,. Under such
circumstances, the conditional density of X given {ANX < Y} takes the
form:

@()(A’E). (61)

fx(z: A) o {H ¢i(z)

The normalizing constant needed to guarantee that (6.1) integrates to
1 is, here too, likely to be difficult to evaluate. There is one case in which
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it is not difficult; the case in which ¥ has an exponential distribution. The
hidden truncation model (6.1) has some remarkable features in that case
due to the nature of the exponential density.

Suppose that Y in (6.1) has an exponential (dy) distribution. Then our
hidden truncation density becomes

Fx (23 4) o {H iz )} e "X ({2 > 0}), (6.2)

i=1

which factors, indicating independent marginals. If we denote the Laplace
transform of density ¢; by M, ie.

Mi(t) = /U e 4y(a)de, (6.3)

it follows that we can write

k . —doh;
x> 0}). 6.4

=11 Sy > o (6.4

Arnold and Beaver (2002b) verify that a hidden truncation model of
the form (6.1) will have independent marginals iff ¥o(y) = e %%, for some
4 > 0, i.e. only when ¥ has an exponential distribution.

One could of course consider a more general version of (6.1) in which
we condition on the event {Ag + A’ X < Y} where Ay > 0 (instead of Ay =0
in (6.1)). The resulting density takes the form

Flas A) oc (@) To(Nz + X)) I{{z > 0}). (6.5)

If ¥ has an exponential distribution then ¥y (Na+ N) x @Q(AI‘E) and
the model with Ay > 0 will be identical to the model with Ay = 0. Thus
we would be unable to determine from the data whether the threshhold Ay
wag positive or zero.

7 Distributional aspects of the k-variate normal hidden trun-
cation model

Suppose that X = p + /%W where W has the k-variate density (4.3).
We have already noted that X will have all marginals and all conditional
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densities in the location scale extension of the family (4.3). In the absence
of hidden truncation, linear and quadratic forms in the variables are well
behaved. What happens in the skewed case in which Ay and A] are not all
ZETO,

For linear forms there is no difficulty of course. If ¥ = AX + b where
A is a k x k matrix, then

Y = Ap+b+ ANV

which clearly is again an affine transformation of W with density (4.3). If
Y has dimension less than k (i.e., if A4 is a by x k matrix with & < k)
then Y is readily seen to still have a distribution associated with an affine
transformation of a ky dimensional variable with density of the form (4.3).
So linear forms in the X;’s continue to behave well, i.e., to be again skewed
normal variables.

Turning to quadratic forms, there is some evidence that quadratic forms
in skewed normal variables will have scaled y* distributions just as they
do for classical multivariate normal variables. The first hint of this in the
literature is to be found in the paper by Roberts (1966). He considered
the square of the minimum of two correlated normal random variables with
zero means and unit variances. He showed that this variable has a X?
distribution. Recalling the Loperfido (2002) discussion of the skew normal
nature of maxima (or minima) of correlated normal variables, it is evident
that Roberts was considering one case in which the square of a skew-normal
variable (with density (2.1)) has a 7 distribution. Azzalini and Capitanio
(1999) showed that a x? distribution describes the behavior of a broad
class of quadratic forms in variables with density (4.4) (when Ay = 0).
The following computation confirms that this will not occur in the general
model (4.3). We may readily evaluate the moment generating function of
SF , W? when W has density (4.3) as follows:

4

& 3 ' ' gt g
E (etz‘leﬁz‘ ) = .- el
R¥
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= (1— Qt)k-/‘lf. . /R“
‘I’( )
(

Ao
¢ NS )

where, in the second equality, v = (1 — 2¢)} /2 This reduces to the XA mo-

1_ary—17/2yr
B (I,(/\UJF(IR) ‘)\T‘)
1+ALA
)} VIR )

Ay
® (-\/Jﬂial)

= (1-2t)

ment generating function ((1—2¢)7%/2) only when Ao = 0. In general, then,
V& W2 will not have a Xf«_ digtribution. If Ay = 0, then, as ohserved by
Azzalini and Capitanio (1999), Eileﬂ’? will have a Xi distribution for any
Ay Azzalini and Capitanio (1999) also point out cases in which quadratic
forms in skew-normal variables can (with density (4.4)) have independent
¥* distributions, paralleling Cochran’s theorem in the non-skewed case. See
Loperfide (2001) and Genton et al. (2001) for further discussion of quadratic
forms in skew normal variables.

8 The conditional specification approach

The k-variate skewed normal density (4.3) was seen to have conditional den-
sitles which are all affine transformations of the general form (4.3). In par-
ticular the conditional density of W; given the other variables {W; : j # i}
is of the form (2.3), for every i. Arnold et al. (2002) discussed the nature
of multivariate densities with such skew-normal conditional structure. To
describe their results, we first introduce some convenient notational conven-
tions. For a random vector W of dimension k, we define (k— 1)-dimensional
subvectors Wy, Wioy, .. ., Wy such that, for each ¢, W, is the vector W7
with the ith coordinate W; deleted. Analogously for any real vector z we
define (- We will say that a random vector W has skewed normal con-
ditionals (of the type (2.3)) if for every wy, € R* 1 and for every 4, the
conditional random variables

WilW iy = wiy ~ LN (Ao(wey ), M () (8.1)

where by a LSN (X, A1) distribution we mean one with density (2.3) and
~ denotes “is distributed as”. Arnold et al. (2002) speak of (2.3) as being a
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Q.2

0151

01

005

Figure 4: Example of a pdf of the form (8.4).

linearly skewed normal density as distinguished from (2.1) which is simply
called a skew normal density and the following density called a quadratically
skewed normal density:

F(25 20, A1, A0) o ()P (Ao + Az + Aoz?). (8.2)

A k-dimensional density with linearly skewed normal conditionals (i.e.
satisfying (8.1)) is given by

k

1 e(wi)

=1

o> )\ﬁu (8.3)

€S, i=1

f(w] y Wy oo vy u"f‘“) &

where S, = {0,1}* is the set of all vectors of 0’s and 1's of dimension k.
Location and scale parameters can be introduced in (8.3) to extend the
model retaining linearly skewed normal conditionals.

The pdf

) o ¢(w)o(we)P(wy (g — 1) (e + 1)), (8.4)

ig shown in Figure 4.

The pdfs

f(un , "wg) ox Q-‘J(wl)@(wg)@(w] + 2Zewg + Bun ‘U.fg) (8.5)
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Figure 5. Example of a pdf of the form (8.5).

Figure 8: Example of a pdf and contours of the form (8.6).

and

fwr, ws) o< d(wn)o(wn)®((wr — 1 (wn + Dfar — fuz + 1)) (8.6)

and their contours are digplayed in Figures 5 and 6.

The reader is referred to Arnold et al. (2002) for discussion of more gen-
eral models with linearly and/or quadratically skewed normal conditionals.
Additionally, that paper includes discussion of non-normal variants of these
distributions.
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9 Multiple constraint models

The possibility of “multiple” hidden truncations cannot be ignored. We
can easily imagine situations in which observations are made only if all
of several covariables attain certain critical levels, The normal multiple
constraint model is most easily visualized and most tractable but, without
going into details, we can just as well consider more general models involw-
ing non-normal not necessarily identically distributed basic distributions
(as in Section 5).

Thus we begin with k4 independent random variables Wy, Wa, ..., Wy,
Ui, Ug, ..., Us. Then we consider the conditional distribution of W given
that for j = 1,2,...,¢, ,\((]j)JrA?)ﬂ > U;. Dencte the density (distribution)
functions of the W;'s by ¢ (¥;) respectively and the density (distribution)
functions of the U;’s by ¢;(®;) respectively. Next define events A;, 7 =
1,2,...,¢by

A= 0w = g (9.1)

We next consider the conditional density of (W, U) given A* = ﬁjizlAj
and integrate out unwanted variables to obtain the desgired conditional den-
sity of W given A" of the form

T wtwn)| TTZ &0 + A w)
P(A*)

fgu,*(&) - (9.2)

As in the single constraint case, it is the denominator in (9.2) which gen-
erally will be difficult to deal with. The quantity P{A*) will be computable
in the following special case. Suppose that all the ¢’s and all the #;’s
are standard normal densities (denoted as usual by ¢ with corresponding
distribution function ®). In addition assume that the “skewness” vectors
Agj)v j=1,2,...,¢ are mutually orthogonal. With these assumptions, the

Aj’s are independent events and our density (9.2) takes the specific form

[Hf’:] (p(u.»,-)} M, @ (,\[(]i-) + Ag.f)’g)

()
L% A
i=1 L
\/1+A1' M

If in addition we have A((Jj) =0, 7 =1,2,...,f then this simplifies to

Jwjar(w) = (93)
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yield
K

11 w(zuaﬁ H JOVR (9.4)

fE‘A:‘; (E) — 23

i=1

recognizable as a natural extension of the density (4.4).

10  Skew-elliptical distributions

Azzalini and Capitanio (1999) suggested the possibility of extending the
skew-normal model by replacing the multivariate normal component of the
model by a more general elliptically contoured distribution. Branco and
Dey {2001) also provide a detailed discussion of such skew-elliptical mod-
els. The present section draws on both sources but, for further detail, the
original papers should be consulted. We will say that a k-dimensional ran-
dom vector W has an elliptically contoured distribution if it admits the
representation

W=pu+32U (10.1)

where U is a spherically symmetric rancdom vector. Such a random vector
U may be represented as

U=Z(Ry,..., Ry, (10.2)

where Z and B are independent random variables with Z > 0 with proba-
bility 1 and with distribution function F» and E is uniformly distributed
over the unit ksphere. The choice of distribution function Fz will deter-
mine the distribution of W. Generally speaking the coordinates of W will
be dependent as will the coordinates of U, As iz well known, the coordi-
nates of UV will be independent only if Z has a particular chi-distribution
(i.e. Z is a constant multiple of the square root of a x? distribution with
k degrees of freedom). In that case U will be N*(0,0%7') and W will have
also independent coordinates if ZV¢ in (10.1) is orthogonal.

To construct a k-dimensional skew-elliptical distribution we can be-
gin with a (k + 1)-dimensional elliptically contoured random vector of the
form (10.1), say (Wy, Wy, Wo, ..., Wy). Then the conditional distribution
of (Wy,..., W) given that Wy > ¢ where ¢ is some prescribed threshhold
(Branco and Dey (2001) fix ¢ = 0}, can be reasonably called a k-dimensional
skew-elliptical density. In the special case in which Z (in (10.2)) has an



Skewed multivariate models related to hidden truncation 29

appropriate chi-distribution, this skewed model will reduce to the model ob-
tained by applying affine transformations to the density (4.4). If we chose
Z such that U in (10.2) has Cauchy marginals, the resulting skewed-Cauchy
distribution will be distinct from the one introduced by Arnold and Beaver

(2000b) and discussed in Section 5.

Many spherically symmetric random vectors (but not all) can be rep-
resented as scale mixtures of N(0,027) random vectors. For such distribu-
tions and their skewed counterparts expressions for moments and moment
generating functions can be obtained by suitable integration of the corre-
sponding expressions for their normal and skew-normal counterparts (for
details see Branco and Dey (2001)).

[t is interesting to observe that the skew-elliptical distributions derived
by Branco and Dey (2001) using this paradigm (with ¢ = 0) turn out to
be special cases of the quite general mechanisimn for “skewing” an arbitrary
joint density exhibited in equation (5.5). In it, recall that ¢(w) was a
general k-dimensional density and W, was an arbitrary one dimensional
digtribution function. The resulting skewed density took the form

) oc v (w)WolAo + Aja). (10.3)

If we begin with ¢ (w) an elliptically contoured density then (10.3) in-
cludes the Branco-Dey models as special cases. Azzalini and Capitanio
(1999) describe a different kind of skew-elliptical distribution. It also can
be viewed as a special case of (10.3). See Branco and Dey (2001) and Az-
zalini and Capitanio (1999) for more detail on the missing normalization
constant in (10.3) appropriate for their models.

11 Inference

The skewed normal models (2.1), (2.3), (4.2), (4.4) do not constitute expo-
nential families of densities. As a consequence, essentially no reduction in
complexity of the data can be obtained by invoking sufficiency arguments.
Maximum likelihood estimation will necessarily be performed nurmerically
and, unfortunately, the likelihood functions associated with these models
often do not have easily identified modes. With those warnings in mind,
let us see what can be (or has so far been) done with regard to estimation,
testing and fitting such models.
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We remarked earlier that Roberts (1966) in his “model for twin data”
was led to consideration of a skew normal model (2.1) with

A==V (1-p)/(1+p)

In this setting he proposed a method of moments estimate of p. In
our notation, he assumed that a sample 7, 75, ..., 7, was available from
the density (2.1). He then equated (:T Yo Z;)? to its expectation and
solved for A. From this, he then estimated p, the parameter of interest in
his paper. These estimates of A and p are consistent and asymptotically
normal.

For a sample X, Xo, ..., X, from the univariate skewed normal (2.3)
we can estimate the 4 parameters p,o, Ay and A; using the method of
moments. Note however that Arnold et al. (1993) report that in some
simulation studies, even under the simplifying assumption that Ay = 0, the
moment equations will for some samples not have a sclution.

It turns out that even for the basic Azzalini model with 3 free parame-
ters p, o and Ay (with Ay set equal to 0), the likelihood surface is frequently
anomalous. The likelihood equations for this model are easily written down,

viz:
. ~ 5\61 s
A > W), (11.1)
EVAREY
- 1 T R N
2 _ L x;— ), 11.2
i = 5[5 e] o
and

0— ("“ — ’“") W(x;), (11.3)
in which )
¢ ()\(iﬂf(;l;q))
d (3\4('”*'(;1&1)) '
Arnold et al. (1993) following the suggestion of Azzalini (1985) are able

to solve these equations in many cases by using the profile likelihood of A.
Azzalini provides the Fisher information matrix for this 3 parameter model

Wiz,) = (11.4)

and notes that it becomes singular as A — 0. Asg a consequence he rec-
ommends a specific reparameterization prior to maximizing the likelihood.
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He recommends parameterizing in terms of mean, standard deviation and
skewness. More detailed discussion of these issues and certain remaining
anomalies associated with the likelihood surface (even after reparameteriz-
ing) may bhe found in Section 5 of Azzalini and Capitanio (1999). See also

Pewsey (2000).

For the 4-parameter model (2.3) a direct search of the likelihood surface
may have to be made. In higher dimensions such nurnerical methods will be
unavoidable. For the k-dimensional model (4.11) with §y =0 (equivalently
Ao = 0 in (4.3)), Azzalini and Capitanic (1999) recommend picking initial
values using method of moments estimates and then use these in a variation
of the Newton-Raphson appreach to finding the maximun of the surface.
In some cases they need to use an EM algorithm, but they do report final
convergence in all examples tried.

Arnold and Beaver (2000a) considered the full multivariate model (4.11)
but with & = 2, so that the model hag 8 parameters. They fitted this model
to a particular height-weight data set. In addition, they fitted a 7 parameter
model (obtained from (4.11) by setting Ay = 0) and a 5 parameter classical
bivariate normal model. Estimates for the 7 and 8 parameter models were
successfully obtained using a genetic algorithm and simulated annealing.
By considering likelihood ratios associated with these 3 nested models it
was determined that for the data set in question the 7 parameter skewed
normal model fit the data significantly better than a classical normal model.
The improved fit obtained by introducing the 8th parameter Ay was only
marginally significant. The same data set was used for illustrative purposes
in Arnold and Beaver (2000b). In that paper a bivariate skew-Cauchy
model was fitted by maximum likelihood again using a genetic algorithm
and simulated annealing.

What about goodness of fit tests for univariate or k-variate skewed
distributions? Only one paper, that we are aware of, specifically addreses
this problem. Gupta and Chen (2001) present tables of the distribution
function for the skew-normal density (2.1) with only one parameter A. With
these tables they describe implementation of the Pearson y? test and the
Kolmogorov-Smirnov test of goodness of fit to the skew-normal density
(2.1) with a given value of A. Presumably one could use this approach in
combination with an estimated value of A to construct an overall goodness
of fit test to the model (2.1), or one could estimate p, ¢ and Ay in the model
(2.4) (with Ay = 0) using the data and then use Gupta and Chen’s tables
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to approximately test goodness of fit of this 3 parameter model. So only
the surface of the goodness of fit problem has been scratched; and only in
one dimension.

12 A continuing saga

Data sets involving hidden truncation, or if you will, data modelled by
variants of the skew-normal distribution, are surely endemic in the world.
Any statistical analysis involving linear normal models (analysis of vari-
ance, regression, principal components ete. etc.) can be considered to be
potentially a setting in which hidden truncation might have occurred and
gsome effort to investigate the possibility can be clearly justified. Azzalini
and Capitanio (1999) provide discussion of some regression and graphical
models involving skew-normal variates. A subsequent paper by Capitanio
et al. (2002) explores the graphical model theme in more depth.

Gupta and Brown (2001) explored the application of the skew-normal as
a unimodal distribution from the point of view of reliability analysis. They
show that the skew-normal density is log-concave, and that a skew normal
variable, SN (A), has an increasing failure rate, and therefore a decreasing
mean resicdual life.

Normal distributions are frequently used as prior densities in Bayesian
analyses. A possible role for skewed-normal priors clearly exists here (see
the earlier cited paper by O'Hagan and Leonard (1976) and also Mukhopad-
hyay and Vidakovic (1995) for some related discussion). Additionally more
progress can be expected on the goodness of fit problems discussed in Sec-
tion 11 and on multiple constraint models (Section 9). One multiple con-
straint scenario that quite frequently might be encountered is one in which
a single constraint (or several) of the form {Ay + AW > U} is replaced by
a two sided constraint such as {v; < MW —U < 1»}. Indeed, Arnold et al.
(1993), in the univariate case, did consider such two sided constraints.
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DISCUSSION

A. Azzalini
Universita di Padova, Italy

Professors Arnold and Beaver must be congratulated on their presentation
of the literature on skewed distribution arising from hidden truncation and
other related schemes. The coverage of material and the depth of discussion
make this a most interesting article, which surely will contribute to draw
the attention of more people to this fast developing area.

My only addition to the discussion is to draw attention to connections
with two other streams of literature. One ig the theme of biased sampling,
which has been presented by Copas and Li (1997), highlighting in turn con-
nections in the econometric literature to the Heckman model. The other
theme is represented by the literature on stochastic frontier models, pio-
neered by Aigner et al. (1977); a fairly recent account is Coelli et al. (1998).
The stochastic frontier model is closely related to representation (3.3) here.

Another, very general, comment which [ would like to make is not
really related to the paper itsell, but to the literature on “skewed models”
as a whole, This has developed quite fast in the lagt five years or so, but
the body of theoretical results which have been developed has not yet been
widely applied to real problems. The practical usefulness of these stochastic
models ig the real benchmark to test whether these results are going to have
actual relevance in the statistical practice. This is a plea for more applied
work to make use of the available theoretical tools.
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N. Balakrishnan
MeMaster University, Canada

First of all, I would like to congratulate Professors Arnold and Beaver
for providing an excellent discussion on skew-normal distribution, different
derivations, various generalizations, and multivariate extensions of it. The
authors’ idea of using hidden truncation to propose univariate generaliza-
tions as well as natural multivariate extensions of skew-normal distributions
ig quite interesting. The approach is flexible encugh to derive general forms
as well. As the authors have pointed out at the end of Section 2, the skew-
normal digtribution was present either explicitly or implicitly in the early
works of Birnbawm (1950), Nelson (1964), Weinstein (1964), and O"Hagan
and Leonard (1976). Yet, it is the article of Azzalini (1985) that gener-
ated a lot of activity on this family of digtributions. Considerable attention
geems to have been paid to deriving generalizations and multivariate forms.
It appears to me that more attention needs to be paid to the development
of efficient inferential methods for these models and also on discrimination
between these models and formal tests of fit. If significant progress is made
on these aspects, then the practical applicability of these digtributions will
be greatly enhanced.

In what follows, T will present a new motivation of the skew-normal
distribution and point a close connection of it to normal order statistics. 1
shall then use this approach to derive two more general families of skew-
normal distributions (as they are similar in form to Azzalini’s skew-normal
distribution in (2.1)). For n=0,1,2,--- let us consider the integral

La(\) = /_ O:O (DO (2)dz, ¢ R. (1)

Clearly, we have Ly(A) = 1, A € R. Then, since

/m {@(,\z) - %}%H ol2)dz =0,

— oG

because the integrand is an odd function of z, we readily have

2n+1 (2'71 11

Lonsi (A) = Z (_1)i-+1

=1

)%Lz,,,+,_,-(/\),-n, —0,1,2,-- AcR. (2)

i
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Equation (2) implies (for n = 0)

L) = /_Oo 3(\:) p()dz = SLo(z) = 3, ACR,

o

which leads to the skew-normal density (cf. (2.1))

fi{zA) =20(0z) w(z), zeR, AelR. (3)

LA = | {e(A)} w(2)dz, AeR, (4)

we find

dLy (M)
dA

{1+ AV T 232

which yields
tan™t V142X, AcR.

This, along with (4), then leads to another skew-normal density

Lo =

“H»—\

BN = T (2 0(2), 2cB, AR ()

Note that this family of distributions also includes the standard normal
distribution when A = 0 and the half normal distribution when A — co
(just as fi does).
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Next, (2) implies (for n = 1)

3 3 1
Liy(A) = §L2()‘)_ EL] ()\)+§L0()\)
3 T S ———

This leads to yet another skew-normal density

1
3z A) = - '
f3(z ) Stan b V1420 - 1

This family of distributions also includes standard normal distribution
when A =0 and the half normal digtribution when A — co.

{0(A2)) @(2), zeR, MeR. (6)

Evidently, in the special case when A = 1, the densities fi, fz and f; in
(3), (5) and (6) become the densities of the largest order statistic in a sample
of size 2, 3 and 4, respectively, from the standard normal distribution. In
addition to this obvious connection to order statistics, the integral L, (A)
in (1) also plays a role in the derivation of means of standard normal order
statistics as shown by Bose and Gupta (1959). For example, with i,..
denoting the mean of the largest order statistic in a sample of size m from
standard normal distribution, Bose and Gupta (1959) have shown that

1 3 6 10
Hao — —Ly, Mz — —L4(1), Ha.4 — —=1Lo(1), and Hep — —L4(1);
= 7 (1) NG (1) =Ls(1)

I

for pertinent details, one may also refer to David (1981) and Arnold et al.
(1992).

The densities f3(z; A) and f3(z: A) in (5) and (6) may be further studied
in terms of properties, interpretations, inferential issues, etc.
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A. Bhaumik and D. K. Dey
University of Connecticut, USA

First let us compliment Professor Barry Arnold and Professor Robert
Beaver on their excellent paper on Skewed Multivariate distributions.
Though it was primarily devoted to the scope of application of skewed
multivariate distributions, it is a useful summary of all the recent develop-
ments in skewed distributions. It is very unfortunate that the development
of this class of distribution has progressed very slowly after its introduction
by Azzalini (1985). Some of the recent papers including Arnold and Beaver
(2000a,b,c), Azzalini and Dalla Valle (1996), Branco and Dey (2001), Gupta
and Chen (2001), Sahu et al. (2001) showed various scopes of this distribu-
tion. This paper not only demonstrates its practical applicability but also
gears towards the development of non normal skewed distributions. It is
really hard to add something interesting to this complete review. In view of
that we would like to add three recent applications of skewed distributions
and one possible area where it's application is very meaningful.

Regression with skew error

Sahu et al. (2001) has proposed a Bayesian model with skewed elliptical
error which can eliminate the need of ad-hoc transformation for symmetry
of skewed data. This model is also capable of taking care of unobserved
random effects. Formulation of this new skewed elliptical family is done first
by defining general elliptical digtribution and then conditioning on a given
linear constraint of two independent elliptical distributions. Following is
the complete formulation,

X, a m-dimensional random vector isg said to be elliptically digtributed
if its pdf is of the form
f (xlgj Q g(m)) — igl_%q(m) {(X _ Q)JQ—] (X _ 9):| ; XEIPLm,

where g(’"‘)(u), the density generator of X, is a non-increasing function
from IRT™ to IRT such that the integral jom 'r”"/gflg(‘r; m)dr exists. We will
denote this distribution by £ L{#, £2; gl ). Different choices of it yields well
known digtributions like multivariate normal, multivariate-t etc. Let

Y =DZ +¢



Skewed multivariate models related to hidden truncation 41

(5)-s(o=(5)o=(3 0)u) o

and D is a diagonal matrix with elements 84, 84, ..., 6,,,. This new skewed
elliptical class of distributions is developed by obtaining the distribution
of the random variable [Y|Z > 0], where Z > 0 means Z; > 0, for i =
1,2,...,m.

where

The proposed regression model is a usual regression model except the
error term is skewed elliptically distributed. Let Y; « SE(pu., E,D;g(m‘))
for ¢ = 1,2, ...,n. For each data point with the covariate information as-
sumed in a p X m matrix X;, the linear model is specified as

i = X;ﬁ.

Using a Bayesian viewpoint, usual conjugate priors on J and X are
taken to get the tractable expressions of the posterior distribution. For the
ease of MCMC computation hierarchical setup of f(y|z) and f(z)I(z > 0)
are used. The form of these two distributions are same as (1) which is,

( g )wEL (9:( X )Q:( zgpz ? )q()> -

which irmplies

Y|Z =z ~EL(y + Dg, Eqéf:;))

with g(z) = 7 z. Four models, normal, skewed-normal, ¢ and skewed-¢ are
studied with four real life data set and are compared with Bayes factor.
One important observation in these studies is that the skewness parameter
is prior sensitive whereas the regression parameter is not. The diffuse prior
allows the regression coefficients to wander around with larger variation.
Thig influences the skewness parameter considerably. Under diffuse prior
it takes much higher wvalue. The estimate of the variance also changes
under different error distributions. Under the skewed setup it is a little
smaller, which indicates that the skewness parameter is taking care of some
variability present in the data.

The above formulation of the model is quite simple but very general
in nature. It is also quite extendable towards different directions. As
mentioned by Arnold and Beaver the linear constraint of Z > 0 can he
replaced by Z > ¢ for some non zero constant ¢, Variable selection and
model averaging are two other possible issues that can also be explored
under skewed situation.
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Binary response data with skew link

Chen et al. (1999) showed the applicability of skewed link function to model
binary response data in particular when the probability of a given binary
response approaches 0 at a different rate than it approaches to 1. Sym-
metric link functions like logit, probit are inappropriate in this situation.
There are many proposals of the use of different kinds of asymmetric link
functions. One very general link function is Stukel’s generalized logistic
link function (see Stukel (1988)). But one problem with this link function
is that it yields improper posterior digtribution in the presence of covariates
for many types of noninformative improper priors. The method introduced
by Chen et al. (1999) not only yields proper posterior under a wide class
of noninformative priors, but also it includes many different types of com-
monly used symmetric and asymmetric link functions. Also it is compu-
tationally very attractive becausge of its formulation using latent variables.
The formulation is very simple and straightforward. The proposed model

18
v — 0 if w; <0
STV i w00

7. . . .
where w = (wy, wy, ..., w, ) is a vector of independent latent variables with
the following setup,

(s o
wp = x5+ 0z + €, z o G

and
€~ I,

z; and ¢; are independent, G is the cdf of a skewed distribution, and F' is
the cdf of a symmetric distribution. Using different examples with real life
data and empirical study, 1t was shown that the asymmetric link model
is more appropriate than symmetric models when the number of 0%s are
much different than number of 1’s in the data. One important issue in this
model is the choice of & and F. The choices used in that article was normal
or logistic for /' and standard half-normal for &. Nonparametric mixture
models such as Dirichlet process mixture model and more general class of
skewed link models are a few directions to he explored.
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Modelling frailty distribution in survival analysis

Sahu and Dey (2001) proposed the use of a class of log-skew-¢ distributions
to model the dependence in multivariate survival data. Gamma distribution
is most popular and mathematically simple to model frailty. But one disad-
vantage with this distribution is that it weakens the effect of the covariates.
Hougaard (1986), Qiou et al. (2000) and Ravishanker and Dey (2000) dis-
cussed the use of heavy tailed positive stable distributions to overcome this
problem. The proposed clags of distributions often have heavier tails than
the gamma and positive stable distribution and include many other heavy
tailed distribution like log-Cauchy, log-t etc. So, these are more suitable for
studying robustness. A correlated prior process is proposed for the baseline
hazard function, which imposes smoothness on the baseline hazard func-
tion in adjacent intervals. In addition to this the endpoints of the interval
themselves are assumed to form a time homogeneous Poisson process. So
the number and position of the jump can be estimated using data and prior
agsumptions. The formulation of the model follows :

Let the frailty parameters by, (= logw;) ¢ = 1,2, ...,n be independent
and identically digtributed for every group with the following density,

fble 6, v) = 2P + 6% 12 INEE2 {1+ B2 }—(Vﬂ)/z
Jul0)1p, 0, A F(]//Q)(}/W)]./'Z "/(,02‘|'52)

— 9 b
\/Qf(b);ﬁ]

0 = s
an = v+ 03 /(7 + 62)

and T, (.} is the cumnulative distribution function of the standard ¢-distribu-
tion with m degrees of freedom. The parameters p,d and v influence the
shape of the distribution. With § = 0 the above distribution reduces to a
standard #-digtribution with v df. In addition if v — 0o then it approaches
the normal distribution with p° as scale parameter. With § =0 and v = 1
(3) is the pdf of the Cauchy distribution. For é # 0 a skewed distribution is
obtained. The mean of this distribution exists if v > 1 and variance exists

x TV—"-]

(3)

where

if v > 2. Mean and variance of b are of the form

‘ w12 T(v — 1)/2]
E(®) = (:) [{v/2) %
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and

Var(b) = (p* +6°) -~ ”(”””m)f.

v 2 =

The density of w = exp(b) implied by (3) is given by

Fulelpy8) = £y (8(5) |6, %) (1)

where fy(.|p, 6,1) is given in (3).

The assumption of correlated processes for the bageline hazard function
is very common in survival analysis. References are due to Gamerman
(1991), Arjas and Gasbarra (1994), Sinha and Dey (1997) and Sahu et al.
(1997). Here constant baseline hazard is assurned within each interval.
More general models are discussed in Gamerman (1991) and Arjas and

Gasbarra (1994).

Crosgs-ratio function is used to compare local dependence structure among
the frailty models. Unfortunately this function does not have analytical
closed form under log-skew-{ frailty distribution which limits the scope of
the theoretical comparison. Correlation of log-survival times is used to
study frailty models using a global measure of dependance. Since moments
of the frailty distribution w do not always exist the correlation between
survival times themselves, is not meaningful in this setup. One interesting
observation was that the tail of the frailty distribution plays an important
role in dictating the dependance structure.

Using various graphical methods the proposed model is shown to be
a viable alternative to the gamma and stable frailty models. Though the
introduction of skewed distributions made the formulation little more com-
plicated, it is a more flexible approach to model frailty.

Skewed distributions in time series analysis

Time series analysis probably is another topic where skewed distribution
will give more flexibility. Azzalini (1985) formulated a dynamic model with
normality in observational error and skewed normal error in parameter
which is changing with time. The formulation of his model is very straight
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forward:

Y: = W,
W: = oW, 5 +4y,

where 7, is white noise N(0,6%). {5} and {g;} are independent. Under
normality assumption on the initial prior on Wy all the conditional dis-
tributions of Wy given (Y, Yy, ..., Y,) are normal. What Azzalini (1985)
has shown is that the similar property holds if we change the initial prior
on Wy from normal to skewed normal distribution. The advantage of this
formulation is that it is computationally as intensive as usual normal model
but more flexibility will be gained through skewness parameter. Azzalini
used most general version of skewed normal distribution. It is of the form

NN ¢ ki bl - Al

(e (7))

The above model can be extended by taking skewed distributions in

observational error which will be able to accommodate skewed time series
data. Any available covariate information can easily be included in the
observation equation. Also further generalization can be obtained through
the introduction of skewed elliptical distributions.

As an overall conclusion, we could say that multivariate skewed dis-
tributions have a tremendous scope of application in different variety of
statistical modeling. Professors Arnold and Beaver’s paper has done a
great job to motivate the use of skewed distributions.
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C. M. Cuadras

Universitot de Barcelona, Spain

Arnold and Beaver present a useful and well written overview on skew
multivariate models, including skew-normal, with new results on inference.
I enjoyed reading this article and [ only would like to add an aspect con-
cerning mixtures of distributions.

The starting point of this worl is the Azzalini distribution with density
(2.1), which has nice properties. This distribution generalizes the fact that
©2(z) is a cdf, the pdf being 2¢(2)®(2), the density of max(W,, W), where
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Wy, Wy are 1i.d. N({0,1). Azzalini introduces a parameter and considers
the family SN(A) with pdf 2¢(z)®(Az), which is N(0,1) for A = 0 and
converges to the half-normal as A — oo. Thus A is a skewness parameter
and SN(A) is useful for modelling skew data.

The family SN(A) contains the normal and is different from normal if
A £ 0. However, the normal distribution can appear by mixture. First note
that

| 2610020601 = o),

and the mixture of SN (A) when Ais N(0,1) is also N (0, 1). More generally,
if the pdf f(A) is symmetric, f(A) = f{—X), then

Ja2e(2)BO)F (NN = [ 26(2)[(X:) + (~A2)|f (AN
= 2(2) [ F(NAA = (2).

Therefore, if Wi, W5, ¥1, Y5, Z, Y are N(0, 1), and A is random with sym-
metric distribution, then: a) if Wy, W, have correlation p = (1-A%)/(14A%),
the mixture distribution of max(Wy, W) is N(0,1), b) if Z,Y have correla-
tion p such that A = p/+/1 — p?, the mixture of Z given (¥ > 0) is N(0,1),
¢) if ¥1,Y, are independent and A is distributed on (—1,1), the mixture
distribution of MY |+ V1 — A2Y; is again N(0, 1).

"These mixture properties do not apply for the extended family (2.3) pro-
posed by Arnold and Beaver, except for Ag = 0, so providing a more general
family. However, the mixture of (2.3) for A; symmetrically distributed may
give, practically, the normal distribution. Thus the mixture

BNy + A 2)

7= '/;"’ 2 ¢ (/\u/m)

is practically N(0,1) when Ay is symrnetric normal, Laplace or Cauchy for
Ao = 4, or when ) is symmetric beta on (—1/2,1/2), (i.e., with parameters
a = Jand subtracting 1/2 from the beta variable) for Ay > 0. The difference
may be appreciable for Ay < 0, but even there is a quite small distinction
between p(z) and N (0, 1) in the normal, Laplace or Cauchy distribution for
A1 when Ap ranges in the interval (0, 4). Statistically speaking, it is quite
difficult to reject the normality of a sample following the distribution (2.3)
when Ay > 0 and A is random and symmetrically distributed.

F(ADdN
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The multivariate skew-normal (4.4) has a similar property: if A =
(A1,-.., M) 1s a random vector of i.i.d. N(0,1), then the mixture is also

normal
k k

/Rk QHSO(M)@()\”H’) Hq:‘(/\;_)d/\,-_ = H@(ui)

Even, if A, ..., A are independent and the pdf of each A; is symretric,
filA:) = fi(—X), then the mixture is

again multivariate normal.

The family (4.3) proposed by Arnold and Beaver has nice features, as
marginals and conditionals distributions belong to the same family, and
specific quadratic forms may be chi-square. The above mixture property
does not hold except for Ay = 0. However, as in the univariate case, the
mixture may give approximately a multivariate normal distribution.

As a conclusion, the skew-normal distribution may model the data with
hidden truncation when Aj is fixed, but the normal distribution may yet
be correct when Aj 1s random.

J. M. Sarabia
University of Cantabria, Spain

[ would like to congratulate Professors Arnold and Beaver for this nice
paper about skewed multivariate models, and their relation with trunca-
tion and selective reporting. Many of the ideas developed by Arnold and
Beaver should have impact in the field of data analysis. For example, if we
think about modeling observations (univariate or multivariate) taken from
psychological, biometrical or economical sciences, on individuals with some
type of previous selection, we should work with this type of distributions.
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Arnold and Beaver present several interesting examples of this situation.
This fact has already been noted by Azzalini and Dalla Valle (1996) using
data of weight and height in australian athletes. I shall divide my comments
in two parts. The first part is devoted to the stochastic frontier models.
The second part is dedicated to the study of a class of multivariate skewed
digtributions based on conditional specification.

Stochastic frontier models

The frontier models together with the associated evaluation of efficiency
of the economic units are an active research field in econometrics. The
production or cost frontier itself is not supposed to be known exactly and
usually some symmetric error is attached to it. A second type of error is
introduced to represent deviations of the individual units from the fron-
tier (inefliciency) which is by definition of a one-sided nature. Then, the
stochastic frontier model takes the form:

yi = [z 3) + v — Juyl,

with ¢; symmetric. Among the proposals for |u;|, one encounters the expo-
nential distribution of Meeusen and van den Broeck (1977), the half-nomal
of Aigner et al. (1977), the truncated normal proposed by Stevenson (1980),
the gamma distribution of Greene (1990) and several proposals of Broeck
et al. (1994) from a Bayesian framework. The most common specification
consists of assuming v; ~ N(0,02) and w; ~ N(0,a2), to obtain the pdf:

2,15 i
fless Aya)y==¢ (g—) o (f)\g—) ,
g \Ng o
where g% = 03 + cr,'f and A = o,/0,. Several generalizations of the pre-
vious models immediately arise based on Arnold and Beaver ideas. The
following robust model can be obtained by applying (3.2) to the classical

tdistribution:
X

2 x T
feidva)="f, (D) B, (AD), (1)

a a a
where f, and I} represent the pdf and cdf of a fdistribution with v degrees
of freedom, respectively. If v — oo the classical skewn-normal distribution

1s obtained. The even moments of (1) coincide with the even moments of
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a tdistribution, and in consequence E(X?) = v(v — 2)"'o?, if v > 2. The

odd moments don’t seem easy to obtain. For example, for v > 1 one gets:

2 da

R

B0+ 22v) (4 A28 )T

where 4, ~t, and k., = \/EB(%, ). A simple approximation is given by:

rNex

E(X) =~ m{w (1—(v+1)A/2) %}

This basic model and the different multivariate extensions require a
more detailed analysis.

A class of multivariate skewed distributions based on condi-
tional specification

In this section we present a general class of multivariate skewed distribu-
tions from the conditional perspective included in Section 8 of the paper
and largely exposed in Arnold et al. (1999, 2001). Let X ~ SD(¢y, U A)
be a random variable with pdf (3.2), where ¥ and Uy, are symmetric. Let
us agsume one is interested in obtaining the most general k-dimensional
random variable with univariate conditional distributions such that:

Xil Xy =z ~ SD(W U Ailzgy)), i=12,...,k (2)

for some functions A;{-). Note that the cdf ¥ is common to all the condi-
tional distributions. Two types of solutions appear in (2). The first one
corresponds to the independence cage, where A; is constant, ¢ =1, 2,.. ., k.
After introducing location and scale parameters, the second leads to the
k-dimensional density.

k k
1 fxi— Ti— L
Ty e eey TR AL =2 — Tl A . {3
) | [ C= 1T OV = B

The family (3) has some unusual properties. First at all, the normalizing
congtant is known (note that in many models of the type (2) the normalizing
congtant should be evaluated numerically). The marginal distributions of

X; have pdf %'z;}.,- (%) and the univariate conditional distributions are
L L
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of the form (2) with A(wy) = A [l (z; — p;)/o;, 4 = 1,2,... .k A non
=

expected property is the multimodality. In the normal case with o = ¢,
i=1,2,...,k and ¥ = ®, the modes are the solutions of the system:

K k
M [zi¢ (AH:}:;) — 7@ (/\H:c.,-) =0, i=1,2,...,k.
J#i i=1 i=1

According to Arnold et al. (2002), in the bidimensional case we have
bimodality if |A] > +/7/2. As a consequence, this class of models are a
reasonable alternative to the finite mixtures of distributions, for modelling
heterogensity. This implies an important reduction in the number of pa-
rameters. More versatility could be obtained by considering the pdf (3.1)
or (3.2) with location and scale parameters. For example, the model (8.3)
in the bidimensional case contains as submodels: the product of indepen-
dent normal densities, a model with skewed normal conditionals and normal
marginals, a model with skewed normal marginals and linearly skewed nor-
mal conditionals and the model (4.3) with linearly skewed normal marginals
and conditionals.
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Rejoinder by Barry C. Arnold and Robert J. Beaver

We are grateful to all those who have contributed to the discussion of
our article. Several common themes can be noted in their remarks. The
skew-normal distribution (and many of its variants and relatives) has sur-
faced in the quantitative literature related to a wide variety of scientific
disciplines. We were aware of some modelling involving hidden and/or un-
ohserved truncation in economic settings. It is however quite appropriate
that the close parallel between hidden truncation models ag discussed in our
paper and stochastic frontier models be highlighted. Both Professor Az-
zalini and Professor Sarabia provide useful links, discussion and references
related to the stochastic frontier avatar of hidden truncation. Professor
Azzalini also reminds us of the relation to biased sampling (a commonly
postulated genesis of weighted distributions (see, e.g., Rao (1985)), of which
our hidden truncation maodels are indeed a special case.

Professor Cuadras draws attention to models obtained by mixing skewed
digtributions of the Azzalini type. Typically such mixture models are more
complicated (involving more parameters) than are the component distri-
buticns. But as Professor Cuadras peints cut, this is not always the case.
Mixing can take us back to the simple symmetric normal model. Indeed
an analogous phenonenon can be encountered in the more general (non-
norrmal) model (3.2) provided that the distribution function ¥ in (3.2)
is symunetric and the mixing distribution for A; is also symmetric. It is
intriguing to speculate on the consequences of such “simplification by mix-
ing” in a Bayesian context where the role of the mixing distribution for
the skewness parameters can be played by a subjective or objective prior
distribution. It is also interesting that, even in the extended family of den-
sities (2.3) (or (3.1)), mixtures can be hard to distinguish from the standard
normal model (or from ¥y in the case of the more general model (3.1).
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Professor Sarabia has provided a good introduction to non-normal con-
ditionally specified distributions involving hidden truncation. There are
still interesting open questions regarding how to characterize all multivari-
ate densities with given skewed conditionals. Hopefully, Professor Sarabia’s
comments will prompt someone to make progress in this direction.

It is not surprising that Professor Balakrishnan would find order statis-
tice lurking in the background of our skew-normal discussion. It has been
observed by several researchers that the skew-normal family (2.1) includes
as special cases the standard normal density when (A = 0), the density of
the minimum of two i.i.d. standard normal variables Zy.5 (when A = —1),
and the density of the maximum of two standard normal variates Zo.o (when
A =1). The form of the density (2.1) evokes images of the density of Z3.0
to anyone who has more than a minimal amount of experience with order
statistics. Professor Balakrishnan invites us to consider models in which
we consider a weight function of the form [®(Az)]* which will be related
(when A = 1) to the distribution of maxima of standard normal samples of
gize greater than 2. He is able to obtain the explicit analytic form of the
required normalizing constant in the cases n = 1 (already known), n = 2
and n = 3 (not previously known). For other values of n, the normalizing
constant will most likely need to be obtained by numerical integration for
various values of A\, Professor Balakrishnan's comments lead naturally to
congideration of the following very general family of skewed normal distri-
butions:

F(75 20, A1y @) oc [P Ao + A12)]"(2),

where Ao, A; € R and o ¢ R'. Except in special cases, the corresponding
normalizing constant will be unavailable in closed form but, for example,
numerical implementation of maximum likelihood estimation should be fea-

sible,

But, as Professors Azzalini and Balakrishnan point out, we are legs in
need of models with more bells and whistles such ag these, than we are of
gome illustrations of practical utility of all these skewed models. They hoth
call for more practical examples.

It is consequently more serendipity than we deserve that Professors
Bhaumik and Dey chose to provide us with a catalog of settings in which
such skewed models might be profitably utilized. They point out that such
skew models can provide added flexibility when used as error distributions,
link functions, frailty structures and shock processes in time series settings.
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There is undoubtedly still much scope for development of improved
estimation and inference procedures associated with all these complicated
models. Mishehaving likelihood functions will abound but progress in over-
coming this difficulty for the basic Azzalini model hag already been docu-
mented. We are hopeful that advances will soon be made in more general
settings as well.

The constructive and creative comments made by the discussants will
surely help to kindle interest in hidden truncation models and to encourage
progress in developing needed inferential techniques. Again, we thank them
for sharing their ideas with us.
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