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Abst rac t  

T h e  mf iva r i a~e  skew n o r m a l  d i s t r i b u t i o n  was  i n t r o d u c e d  by  Azza l i n i  in 1985 a.s 

a. ha . rura l  e x t e n s i o n  of t h e  c l a s s i ca l  n o r m a l  d e n s i t y  to  a c c o m r n o d a t e  a . s y m m e t r y .  

He e x t e n s i v e l y  s t u d i e d  t h e  p r o p e r t i e s  of  th.is d i s t r i b u t i o n  a n d  in c o n j u n c t i o n  w i t h  

coa .u thors ,  e x t e n d e d  t h i s  c lass  to  i n c l u d e  t h e  mu l t i va . r i a t e  aria, log of t h e  skew n o r m a l  

A r n o l d  et a.l. (1993) i n t r o d u c e d  a. m o r e  gene ra l  s k e w  n o r m a l  d i s t r i b u t i o n  as  t h e  

m a r g i n a l  d i s t r i b u t i o n  of  a t r n n c a . t e d  l:>iva.riate n o r m  a.] d i s t r i b u t i o n  in wh ich  X was  

r e t a i n e d  on ly  if Y sa t i s f i ed  certa. in c o n s t r a i n t s .  U s i n g  t h i s  a p p r o a c h  m o r e  gene ra l  

u n i v a r i a t e  a n d  m u l [ i v a r i a g e  skex; ed d i s t r i b u t i o n s  ha,ve b e e n  d e v e l o p e d .  A s u r v e y  of 

such  m.odels  is p r o v i d e d  t o g e t h e r  w i t h  d i s c u s s i o n  of  related,  i n f e r ence  ques t ion .s .  

K e y  W o r d s :  Skew n o r m a l ,  skew Ca.nchy,  s k e w  L.apla.ce, s k e w  m u l t i v a r i a t e  

d i s t r i l :mt ions .  

A M S  subject  classification: 62F03, 62A05. 

1 I n t r o d u c t i o n  

Skewed multivariate distributions may be encotm~ered in situa, tions in wtfich 
observations obey a relatively well behaved l~,w (perhaps multivariate nor- 
real) but have been truncated with respect to some hidden covariable. A 
simple mfivariate example of such a phenomenon involves the distribution 
of waist sizes %r mfiforms of elite troops who are selected only if they 
meet a specific miifimal height reqtdrement. A classical bivariate normal 
model might well be acceptable %r the joint distribution of height and waist 
measurements.  However, imposit ion of the height restriction will result in a 
positively skewed distribution for the wais~ sizes of ~he selected individuals, 
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Figttre t: Probability delxsity function in (2.1) tbr A .... 1,3 aad ,~. 

A normal model will not adequately fit the waist size da ta  in this setting. In 
many situations, t runcat ion such as tha t  just described will have occurred 

without us having knowledge of i~s occurrence. We thus emdsion the pos- 
sibility tha t  qtfite often some "hidden" t runcat ion will have occurred. The 
present paper will survey a spect rum of distributions available to help us 
adequately model (and make inferences about)  such da ta  configurations. 
We begin by considering models involving underlying normal distributions, 
so called ske~;-normal models. As we shall se% straighldorward extensions 
to non-normal models are feasible. 

Azzalini (1985, 1986) introduces the basic skew-normal niodel. His 
name, together ~ i th  the names of his coworkers, will occur frequently in 
the subsequent discussion. An independent development,  using different 
notation~ can be t raced in a series of papers beginning with Arnold el, al. 
(1993). Tile words %elective reporting '~ appearing in the title can be related 
to our hidden truncation scenario in two ways. First it may be that  t M  
investigators whose data  is being analyzed have indeed selectively reported 
their da ta  ~dthout our knowing it (perhaps for exalnple oifly measuring 
and reporting archeologieal po t te ry  shards tha t  were large enough to not 
fall t la 'ough the sieve used on-site). They may indeed themselves be also 
unaware that  they selectively repor ted the data  (or eqtfivalently subject ing 
it to a hidden truncation).  In this sense selective reporting and hidden 
truncat ion are synonyms. But there is another form of selective reporting 
that  is not as obviously related to hidden truncation.  Consider the fol- 
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lowing mfivariate scenario. Suppose normally dis tr ibuted observations are 
available. But  now suppose that  each reported observation is actually the 
maxinmm of two independent identically dis tr ibuted normal observations 
(i.e. we pick the "best" one of each pair of observations). The resulting 
distr ibution in such a setting is again skewed nortoN. A suitable higher 
dimensional analog of this selective reporting scenario will yield a skewed 
multivariate normal model just  the same as the model observed via hidden 
truncation.  The b o t t o m  line of this discussion is tha t  hidden t runcat ion 
may well be quite prevalent in data  analysis settings and it will behoove us 
to have suitable models available to account for such phenomena. 

2 T h e  b a s i c  u n i v a r i a t e  s k e w - n o r m a l  m o d e l  

A random variable Z Mll be said to have a skew-normal distr ibution with 
parameter  A if its density function is of the form (see Chiogna (1998)): 

where and denote the standard normal (N(0, 1)) density and 
distribution functions respectively, Tile expression (2,1) is a valid density 
for any A E ~ .  The density is symmetric  if A 0 (in wtfich case it 
coincides ~i th  the s tandard normal density). It is reasonable to call A 
the skewness parameter .  The family of densities (2.1) was apparent ly first 

discussed in detail in Azzalini (1985). The suggestion that  (2.1) might 
provide a reasonable family of skewed alternatives to the classical normal 
model certainly is due to Azzalini. It is qtfite likely that  the family (2.1) did 
appear in earlier research on normal order statistics but, not withstanding 
any such earlier references which may be encountered, it seems appropriate 
to call (2.1) the Azzalini skew-normal distribution. See the note at the end 
of this section for some tfistorical precedents. 

Examples of the pdf  (2.1) for A 1, :3 and 5 are given in Figure 1. 

Azzalini and Dalla Valle (1996) discuss three interesting settings in 
which skew-normal densities of the form (2.1) can arise. All t taee  sce- 
narios can be fruitfiflly employed in the generation of extensions to the 
basic Azzalini model and consequently merit our consideration. 

First  consider two independent identically dis tr ibuted s tandard normal 
random variables Y and W. Now define Z to be equal to Y conditionally 
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on the event {AY > W}. 

P ( z  < ~) = 

The resulting distribution of Z ~,dll be given by 

.P(Y _< zlAY > W) 
P(v < ~, AY > w) /P(~ ,Y  > w )  

f~ ~(y)r > w). (2.2) 

Since P(AY > W) = P ( A Y -  W > O) = 1/2 (because A Y -  W has a 
normal distribution with mean zero), it follows on differentiating (2.2) with 
respect to z tha t  Z has the skew-normal density (2.1). 

Tile second scenario involves hidden truncation.  Suppose that  (Z, Y) 
has a bivariate normal distribution with standardized (N(0, 1)) marginals 
and correlation 5. In this context consider the conditional density of Z 
given Y > 0 (i.e. keeping only Z"s whose corresponding Y value is above 
average). It follows that  

P(Z  < elY > o) P (Z  < z, Y > o ) / P ( Y  > o) 

= 2 P ( Z < _ z , Y > O ) .  

Now, without loss of generality, we may assmne that  Y 6 Z -  V ~  - 0 ̀2 IV 
~T where W and Z are i.i.d. R (0, 1) variables. Consequently the event 

{Y > 0} is equivalent to { 6 Z - v / 1 - 5 2 I V  > 0} or { ~ Z  > IV} a n d i t  

follows that  the conditional distribution of Z given {Y > 0} is skew-normal 
(X) ,,'here A = d / v Q -  62, 

The third development begins with the i.i.d, s tandard normal random 
variables YJ,Y2 and a constant 5 E ( -1 ,  1). If we define 

then a simple convolution computat ion may  be used to verify tha t  Z has a 
skew-normal (A) d.istribution (with A = 5/~/1 52 again) (Henze (1986)). 

On reflection, scenarios 1 and 2 are essentially equivaleut while scenario 
3 appears to be different. This will become more apparent when we consider 
extensions to muRivariate and/or  non-normal cases below. 

A fourth derivation of tile skew-normal distribution, is the one allu.ded 
to in Section 1 invohdng dependent  maxima. For it, consider (IV-j, Ig2) to 
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be a bivariate normal random vector with s tandard normal marginals and 
correlation 6. Define now 

Loperfido (2001) observed that in this case Z has a skew-normal (A) dis- 
tribution with ) ,=  7 (1  6) / (1+6) ,  

Before considering multivariate ~nd non-normal extensions of these al- 

ternative skew-normal genesis scenario G we remark that the hidden trun- 

cation scenario achnits a simple but very useful extension. Ore" original 

hidden truncation discussion involved retention of X values subject to their 

concomitant  Y value being at least as large as a specific threshold. The 
corresponding family of densities can be viewed as being a location-scale 
exteiMon of the  following basic skewed density 

f ( z ; Z o , A , )  = ~(z)r  + A,z) v / ~  ) (2.3) 

where A0 c IR and Aj ~ JR. The Azzalini distr ibution (2.1) corresponds 
to the choice A0 0 in (2.3) and may be interpreted as having arisen 
by keeping observations only if the corresponding concomitant  variable is 
above average. Use of a more general threshold for retention will resuR 
in the more general family of densities (2.3). The model (2.3) is discussed 
extensively in Arnold et al. (1993). The model (2.3) can alternatively be 
envisioned as having arisen as follows. Begin with W and U i.i.d, s tandard 
normal variables. Consider the conditional density of W given that  {A0 + 
AIW > U}. This density will be that  one displayed in (2.5). The fmnily 
(2.3) in addition to its obvious increased flexibility for modelling varieties 
of skewness will also turn  out to be important  in tha t  it will permit  us to 
construct  multivariate skewed models that  have marginal and conditional 
densities that  are again of the same general multivariate skewed form. 

One example of the pdf  (2.3) for A0 - A~ - 2 is stlo~al in Figure 2. 

It is natural  to add fl~'ther flexibility to the model (2.3) (or the  sub- 

model (2,1)) by the introduct ion of location aim scale parameters,  In this 
way we arrive at a 4 parameter  skewed normal density of the form 

= r (x~ + (2.4) 
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Figure  2: P r o b a b i l i t y  dei~s'ity f u n c t i o n  in (2,3) to t  Ao ...... AI .... 2, 

where t/, A0, A~ E ]R and cr 5 R. +. A random variable will h~ve density 
(2.4) if it admits a representation as # + (rZ where Z has density (2.3). 

An elementary computat ion (see Arnold et al. (1993)) yields the mo- 
ment generating function of the density (2.3) in the %rm 

M(~) = e ~-~12~ ( z0+z~t ) (2..5) 

Moments can then be readily obtained by differentiation of (2,.5), 

R e m a r k  2.1. C~in (1994) derived the moment  generating ftlnctioll of the 
minimum of X1, X) where (X1, X))  Ms a general bivariate normal density. 
His results show tha t  the distribution of I n i n ( X l ~  X2) is a mixtm'e of two 
skew-normal densities of the form (2.3). If #, #z and o-~ a~ then  

indeed  has a skew-normal  dens i ty  (2.3), 

R e m a r k  2.2 ( H i s t o r i c a l  N o t e ) .  The density (2.3) h~s made t:~meo ap- 
pearances in several earlier papers. It may be found in Birnbaum (1950), 
introduced in a psychological testing context (see the first equation of his 
Section 2). He described the phenomenon as linear t runcat ion of a multi- 
variate normal random variable. It also appears as equation (1) in O'Hagan 
and Leonard (1976) where it is suggested as a possible prior for a normal 
mean. See also Roberts (1966) who discusses the distribution of the mini- 
m u m  of two correlated normal variates. Nelson (1964) and \u (1964) 
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discuss the distribution of the stun of a normal variable and an independent 
t runca ted  normal variable, This turns out to have density (2.3), See the 
remark following equation (4.5) for an extension of this paradigm. Perhaps 
readers ~dll be able to suggest even earlier sources for discussion of the 
model (2.3). 

3 N o n - n o r m a l  u n i v a r i a t e  s k e w e d  d i s t r i b u t i o n s  

It is evident tha t  the role played by normal variates in the development of 
Azzalini's distribution (2.1) and in the development of (2.3) could be played 
by other distributions. For example in. the hidden t runcat ion development 
we could begin with two independent random variables W, U but now do 
not assume they  are s tandard normal variables. Instead assume that  W has 
density (distr ibution)function ~:,-j. (~1.) and tha t  U has density (distribution) 
ftmction ~'2(~2)- In this setting the conditional density of W given that  
{A0 + AIW > U} is of the form: 

f (2U; AO, A 1 ) = '~('1 (lU)~JJ'2(~O -- A1ZU) (3,1) 
P(k0 + Aj.IV > U) 

Simplificatiou occurs in (3.1) when A0 = 0 and when 't)l and ,~e:,e are 
symmetric  densities. In such a situation, the denominator in (3.1) equals 
1/2 and our density is given by 

,t'(~,:; a~ ) 2~.:,, (~,0%(a~',,) , (3.2) 

analogous to Azzaliifi's original skew-normal model (2.1). 

In the  general %rmulation (3.1), computat ion of the  denominator,  P(A0 + 
AjW > U), can be troublesome. If W and U are stable random variables 
of the same type then A0 + A1W U will also be stable and in principle 
the denominator in (3.1) can be calculated. Arnold and Beaver (2000b) 
discuss the Cauchy case. Balakrishnan. and Ambagaspit iya (1994) consider 
~he Laplace case in which the denominator of (3.1) is equal to 1/2 when A0 
is assumed to be equal to 0. 

It will be recalled tha t  hiddeu t runcat ion  was not the only scenario 
leading to Azzalini's model (2.1). It is instructive to coiMder non-normal 
variants of the other possible derivation of (2.1). One approach began with 
Y~ and I/2 i.i.d, s tandard  normal variables and  considered 

z I+ v f f -  (a.a) 
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Arnold and Beaver (2000c) consider the models derivable from (3.3) by 
permit t ing YI and Y~ to be i.i.d, with common nou-normal density '~/,. 

More generally we could Mlow Y~ and Y2 in (3.3) to have different densities 
"@. and "~J)2. Variaut skew-Cauchy aud skew-Laplace distributions obtaiued 
in this fashion are discussed in Arnold and Beaver (2000c). 

The other model leading to the Azzalini density (2.1) begins also with 
two i.i.d, s tandard uorm.al random variables (YI, Y2) but  then considers 
a linear transform.atiou U = AY, where Y = (Y~, Y2) and U = (U,, U{), 
chosen to have s tandard normal marginals but  uon-zero correlation. One 
then considers Z = max(Uj ,  Us), which turns out  to have density of the 
form (2.1). Here too we can allow ~. and Y2 to  have densities ~)j. and ~)9 
(instead of assuming that  each has a s tandard  normal density). This leads 
to new classes of skewed distributions. 

4 M u l t i v a r i a t e  s k e w - n o r m a l  m o d e l s  

In the hidden truncation setting, it is quite pl~usible that we mig~it have 

k observed variables (instead of i) that have been truncated with respect 
to all unobserved but related variable. A skewed observed multivariate 
distribution will then be encountered. More formally we may begin with 
a (k + 1) dimensional random vector (X , . , . . . ,  X~, Y) ~i th  a general co- 
variance structure.  Then set Z X conditional on Y > a. Azzalini and 
Dalla Valle (1996) were the first to consider such a model though they  
restricted at tention to be the case a = #w (retaining observations only if 
their Y v~lues were above average). This provides a na tma l  extension of 
the basic skew-normal model (2.1). Allowing a to  be arbi trary (as was done 
in Arnold and Beaver (2000a)) yields a natural  extension of the more gen- 
eral skewed normal model (2.:3). As we shall see, the general k-dimensional 
model  has the at tractive feature of being "closed under conditioning", i.e. 
such models have not only marginals bu t  also condition.al distributious of 
the same type. 

To closely parallel the mfivariate development we begin with 

which are i.i.d. N(0,  1) raudom variables. Now consider the conditional 
distr ibution of t.V given that A(~ + A't.V > U where A0 c IR and A~ c 
ff{~'. T~fis formulation which involves a linear t ransformation of the hidden 
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t runca t ion  model  described in the previous paragraph,  is part icularly easy 
to analyze. If we de~le  the event A by 

A {a0 + 5_'.j.w > u} ,  

then  obviously the condit ional  density of (W, U) given A is 

,/'....~.,iA(w,,.) o( e(~,.,) ~00s(~,o 

Izitegrating with respect to  ~i, we get 

~1 oTve, ver  } 

+ _~.x > "-). (4.1) 

f w  iA (~2;) [Hih--l~('6~:i)] ~(/XO-H~'tU) 
P(A) 

X{} 
P ( A )  P ( U -  ~ I W  < Xo) ~ v/l + A ' , A , / '  

(4.2) 

,r(w; xo,_~) = III ' t '  ~(w')2 e(ao + _Aiw) 
@ ( So 

(4.3) 

One example of the pdf  (4.3) for A0 1; A, (2,3) and  the correspond- 
ing contours are shown in Figztre 3. 

Tile Azzalini and Dalla Valle (1996) density can be identified with the 
choice A{, 0 in (4.3). Note t ha t  in tiffs case the denominator  in (4.3) is  
equal to 1/2 and the resul t ing density takes the  form 

�9 (~.,.~,,). (4.4) f (w;  0,_A1) 2 c?('a'.i) ' 

Azzalini and  Da~a Va~e observed tha t  dxe joint densby (4.4) has marginal  
densities of the same type. We will show below tha t  this is t rue for the 

since U - ~ll/~ ~ N(0, 1 + A~ A 1 ). Thus the Mdimensional  h idden t runcat ion  
density analogous to (2.3) is given by 
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Fdgure 3: Probability density function in (4.3) fbr Z0 1; A-, ...... (2, 3) and cortes 
sp onding e onto urs. 

extended model (4.8) and moreover we ,~411 verify that (4,3)&lso h&s con- 
ditional densities of the same type. 

An alternative genesis of model (4.4) was described by Azzalini and 

D,n, Wne. For it, we can be~in with (~+ X)i.i.d. N(0, X) random variabtes, 
this time labelled Y0, YJ, ..., Y,~-. Now we define f~Z as follows 

% .  -- ~jlYol. + V/1 ~2, ~- ,  .j --  1, 2 , . . .  , ~- . (4.5)  

The resulting joint density of IV is k-vm'iate skewed normal (in other 
words there exists a k • h matrix B such tixat BI.V has density (4.4)). 

R e m a r k  4.1.  Suppose we begin with X(~, X1, ...~ Xt~ i.i.d. N(0,  1) and, for 
c ~ IR, define Xo(c)  to be X0 t runcated below at c. Now define (analogous 

to (4..5)) Yj a/So(c) + \/1-62.X~,,~ i 1,2, . . . ,  k. Tiffs ,, in lead to 

densities of the more general form (4.3) (i.e., there will exist a m a t r i x / 3  
such that  B Y  has density (4.3)). See Arnold taxi Beaver (2002e~) for details 
on this construction. 

Perhaps the best way to identify the nature of tile marginal distribu- 
tions of the  general hidden tr tmcation model  (4,3) is to consider its moment  
generating function. Arnokt and Beaver (2000a) provide the following ex- 
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pression for tiffs moment  generating function" 

d'~:{I) ( '<~+:q* "~ 
i~.i(~) \ (4.6) 

To get the monlenl~ generating ftmction of a k 1 dimensional marginal of 
the distribution (4.3), i.e. of 1,{/~ where I1 / (ll/,I{/) has been part i t ioned 
into subvectors of dimension k:l and k - k~, we need only to similarly par- 
t i t ion t_. = (~, ~) and set ~ = 0 in (4.6). It is then  obvious tha t  the marginal 
m.g.f, of I ! is of the same form as (4.5) ( though now of dimension k~). 

Specifically II / has density given by 

f(,~,) -- (4.7) dp ( 9,o ) 
and analogously t.:{( has density of the form: 

.f(,~;) (4.8) 

\ v']+~Ix~ / 
It follows tha t  the conditional density of I{/~ given I,'V ,i 2 is (taking the 

ratio of (4.3) and (4.8)) 

f(~,l~r,) = 

Thus all conditionals as well as all marginals of the density (4.3) are of 

the same type. 

If we introduce location and scale parameters in. our model (4.3), the 
property of having marginals and conditionals of the same type contimtes 
to hold. If we define 

X # + E~,i2IV (4.10) 
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where t ~ 6 1~.*: and  E 1/2 is positive definite and I.V has density (4.3), t hen  
the joint density of X (our full fmnily of h idden t runcat ion  skewed mulU- 
v~riate normM models)  is: 

,~ith ~0 A0/s + A'j ~ and a% ~ / s  + A%. 
(~", h!') wi th  a corresponding par t i t ion of E and A1. 
gener~Ung ftmcUom the marginMs are of the  form 

The conditionM density of ~ ] ~  is 

(4.n) 

cov(Wi, iV)) ~,% 

x42  ~ ---  i~) . ( 4 .12 )  
V/ ..f .4 / 1 -  6_ 1 aj 

and 

vch e r e 

Clearly both  densities (4.12) and (4.13) are of the s~mle type as (4.11). 

Moments  of the density (4.3) are readily obta ined from the  moment  
generat ing function (4,6), One finds 

AN 9r \ ~ / ~ /  (4.14) E(IV~) 

v/1 + S A, ~ \ , / ~ Y ,  

( 4 ~  ; '  (4.13) 

A1~A U Ao . . | 
(~ + SA~.) ~ g @ o , g ~ )  + ~"(&,,&)], (4.15) 

Now parUUon :t" 
Using ~he moment-  
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where dij is the Kronecker del ta  symbol, and where 

g(a0 ,  = 
Ao ~ " r 

(4.16)  

Considerable simplification occms when A0 0, in which case the ex- 

pression in (4.16) simplifies to  V/~. 

5 N o n - n o r m a l  s k e w e d  m u l t i v a r i a t e  m o d e l s  

The b~sic random variables I.V~, ~.~,..., W~, U used in the development of 
the hidden t r tmcat ion model  in Section 4 were assumed to be i.i.d, s t andard  
llorlrlal ral'ldoill v~riables. If they  are pe rmi t t ed  to have different distribu- 
tions we will be led to new types of skewed mult ivariate distributions.  

Let us suppose t ha t  IVI~ l'V;2~..., ~Va: and U are independent  random 
variables with densities (distributions) given by ~')~ ( r  f'z ( r  f"t: (r 
f.'0(~0) respectively. \u then  consider the condit ional  dis tr ibut ion of W 
given tha t  A0 + A~jW > U, as before, where A0 E IR and A 1 E IR *'. The  
condit ional  density of (W, U) given A {A0 + A] I !  > U} is of the  form 

+ a_',.,,., > .,,.). (5.1) 

Integrat ing with respect to  u yields 

P(A)  (5.2) 

The quant i ty  P(A.) which appears in the denominator  of (5.2) may 
prove 1,o be difficult to evaluate. In certain cases it will be easily accom- 
plished. The simplest case is t ha t  in which A0 0 and all of the densities 
gh, g'2, �9 . . ,  '(b, ~')0 are symmetr ic  (about  0). In tha t  case P(A) 1/2. This 
yieMs the  following analog of (4.4) 

./w IA (w) 2 [ f l  'r ~0 (A', u'). (5.3) 
L J i  = ] 
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The models (5.2) and (5.3) are readily extended by the usual linear 
t ransformation of the form 

x = ~ + r ,J/2W (5.4) 

When A0 # 0 in (5.2), it is usually not possible to evaluate P(A) .  If tile 
l'~/~'s and U are all stable variables of the  same type, then  A/lIV - U will 
also be stable and, in principle, one can then evaluate P(A) .  Of course this 
can be done if the  w~riables are normally distributed. Arnold and Beaver 
(2000b) consider tile other t ractable case in which tile W ' s  and U are 
Cauchy variables. The resulting skew-Cauchy distribution has all marginals 
and all conditionals again of the skew-Cauchy form (closely paralleling the 
skew-normal paradigm).  

An even more general skewed multivariate model can be obtained by 
not assuming tha t  the W~'s are independent,  but instead tha t  their joint 
density is given by "a",,(w), say. In this case (5.2) is replaced by: 

f , ,  I., (~') P(A ) (,~ .s ) 

where, as before, A {X0 + A'j W > U}. ~ order to justify c.mn~; these 
"skewed" models, it is usually reasonable to assume tha t  the marginal den- 
sisites of l,l/~ are symmetric,  though the formulas remain valid without  this 
assumption. Perhaps in asymmetr ic  cases, we should revert to calling them 
hidden t ruucat ion  models. 

It will be recalled tha t  there was another scenario not invohdng hidden 
truncation,  for developing the Azzalini skew-normal model (2.1) and its k- 
variate analog (4.4). A non-normal version of this model may be described 
as follows. 

Begin with independent  random variables Yt~, Y1, Y2, . . . ,  Y~. with corre- 
sponding densities "c)0, "~,;'~, '~')2, � 9  'ti"~,. D e f i n e  Z by 

Zj IY01 + ~-j~, J 1, 2 , . . . , k  (5.6) 

(this is essentially the same as (4.5) used in the normal case by Azzali~fi 
and Dalla Valle). The joint density of Z is then  given by 

Ju L~-s .  i = 1  ~-  ' k Ti / 
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It may be difficuR to perform the integration in (5.7). Tractable exam- 
ples are ones in which all of the "~:'.'i's (i = O, 1 , . . . ,  k) are s tandard  normal (or 
Cauchy, Laplace or logistic). The normal case, as remarked earlier, leads 
to (4.4) again. The other cases lead to essentially new models. The model 
(5.6) is referred to by Arnold and Beaver (2000c) as a distribution skewed 
by an additive component  (as distinglfished fi'om distributions skewed by 
conditiotfing or hidden truncation).  Such additive component  models have 
the desirable property of having kj-dimensional marginals again of the same 
(lower dimensional) type. The representation (5.6) also permits ready com- 
puta t ion  of means~ variances and covariances together with the joint mo- 

ment generating function (or characteristic function). 

R e m a r k  5.1. If we replace IY(,I in (5.6) by Yt~(c) (Y0 t runcated below at c), 
we can get new non-normal extensions of the model (4.3). See for example 
Arnold and Beaver (2002a). 

It bears remarking at tiffs point also tha t  in these general settings it 
does make a difference whether we consider models based on a constraint 
of the form {a0 + _Aiw > u} or one of the forn  {a0 + N W  < U}. In 
the following brief section we describe certain hidden t runcat ion survival 
models where this distinction is important.  It is not, of course, in the 
context of symmetric models such as the skew-normal density (4.4), where 
either use of "> U" or "< U" will lead to the same kind of models. 

6 H i d d e n  t r u n c a t i o n  s u r v i v a l  m o d e l s  

Suppose that  (X, Y) is a k +  1 dimensional random vector with non-negative 
coordinates. Consider tile conditional distribution of X given A/X < Y. 
We visualize the  X i ' s  as sm'viv~l t imes of k components in a system. The 
variable Y is a related unobservable variable, perhaps related to operat- 
ing conditions. Assmne that  the X~'s and Y have corresponding densities 
"~:'~,'~::72, �9 . . ,  ~"b, ~!'0 and survival functions ~ ,  ~ 2 , . . . ,  ~ : ,  ~0. Under such 
circumstances, the conditional density of X given {A/X < Y} takes the 
form: 

[ fi 
The normalizing constant needed to guarantee that  (6.1) integrates to 

1 is, here too, likely to  be difficult to evaluate. There is one case in which 
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it is not difficult; the case in which Y has an exponential distribution. The 
hidden t runcat ion model (6.1) has some remarkable features in tha t  case 

due to the nature of the exponential density. 

Suppose that  Y in (6.1) has an exponential (5o) disl~ribution. Then our 
hidden t runcat ion  density becomes 

j),(:c; A) c~ [~'4,.i(x.,)] &~"~l({:r > Q}), (6.2) 

which factors, indicating independent marginals. If we denote the  Laplace 
transform of density "r by ~fi., i.e. 

Z ~,i~(~) ~ - %  C,:)~:~; (6.3) 

it follows that  we can ~3"ite 

~" I,r &~x,] 
fx(~;;5)  1 1  L ~ ~  1({:~' > 0}). (6.4) 

i =  ] 

Arnold and Beaver (2002b) verify that  a hidden t runcat ion model of 

the fo~.,. (~,l) win have indeve~dent  m~rginal~ i~ ~0(~t) = ~ % for ,~ome 
5 > 0, i.e. only when Y has an exponential distribution. 

One could of course consider a more general version of (6.1) in which 
we condition on the event {A0 + A~X < Y} where A0 > 0 (instead of A0 = 0 
in (6.1)). The resulting density takes the form 

f(~;_~) ~ ,?(a)~0(2~ + a0) / ( {~  > 0}). (6.5) 

If Y has an exponential distr ibution then ~0(A'~: + Z0) o< ~0(Z'~:) and 
the model with A0 > 0 will be identical to the model with Ao 0. Thus 
we would be unable to determine from the data  whether the threshhoM A0 
was positive or zero. 

7 D i s t r i b u t i o n a l  aspec t s  of  the  k-variate  normal  h i d d e n  trun-  
cat ion  m o d e l  

Suppose that  X = ~. + F,1,/21,V, where IV has the k-variate density (4.3). 
\Ve have already noted tha t  X will have all marginals and all conditional 
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densities in tile location scale extension of the family (4.3). In the absence 
of hidden truncation~ linear and quadratic forms in the variables are well 
behaved. \%qiat happens in the  skewed case in which A0 and ),~ are not all 
zero, 

For linear forms there is no difficulty of course. If Y = A X  + b where 
A is a k • k matrix, then 

Y A t , - -  b + A~1/2IV 

which clearly is again an aftine transformation of IV with density (4.3). If 
Y has dimension less than k (i.e., if A is a kj • k matrix with kj < k) 
then Y is readily seen to still have a distr ibution associated with an affine 

t ransformation of a kl dimensional variable with density of the  form (4.3). 
So linear forms in the X i's continue to  behave weU, i.e., to be again skewed 
normal variables. 

TurIfing to quadxalAc forms, there is some evidence that  quadrat ic  forms 
in skewed normal variables ~411 have scaled X 2 distributions just  as they 
do for classical rriNtix-~ria~e normal variables. The first hing of this in the 
li terature is to  be found in the  paper by Roberts  (1966). He considered 
the square of the nfiifimum of two correlated normal random variables with 
zero meaiLs and unit variances. He showed that  this variable has a X~ 
distribution. Recalling the Loperfido (2002) discussion of the  skew normal 
nature of maxima (or minima) of correlated normal variables, it is exddent 
tha t  Rober ts  was considering one case in which the square of a skew-normal 
variable (with density (2.1)) has a ;u distribution. Azzalini and Capitanio 

(1999) showed ~hat a X 2 disgribu~ion describes ~he behavior of a broad 
class of quadratic forms in variables with density (4.4) (when A0 0). 
The following computa t ion  confirms that  this will not  occur in the general 
model (4.3). \Ve may readily evaluate the moment  generating flmction of 
E ki=l t V? when W has density (4.3) as follows 

) 
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/s 
( 1 -  2t) -~'12 V1+1 2, 

( Xo ' 
�9 ) 

Ao+(1 2t)-l"2ffv "] 

�9 d i  +xl x, ) 

where, in the second equality, v (1 - 2t)l/2w This reduces to the X~ mo- 

ment generating function ((1 2t) -~/2) only when A0 = 0. In general, then, 
E)~ ~IV~ will not have a X 2 distribution. If A0 0, then, as observed by 
AzzalirJ and  Capitarjo (1999), E ~ l  W? ~}ill have a X~. distribution for any 
2,~. Azzalini and Capitanio (1999) also point out cases in which quadratic 
forms in skew-nornml variables can (with density (4.4)) have independent 
X ~ distributions, paralleling Cochran's theorem in die non-skewed case. See 
Loperfido (2001) and Genton et al. (2001) for further discussion of quadratic 
forms in skew normal variables. 

8 The condit ional  specification approach 

Tile k-variate skewed normal density (4.a) was seen to have conditional den- 
sil, ies which are all aftine transformations of die general form (4.3). In par- 
dcular  the conditional density of Hq given the other variables {I.Vs : j r i} 
is of the form (2.a), for every i. a rno ld  et al. (2002) discussed the nature  
of multivariate densil, ies wil, h such skew-normal condil, ional structure. To 
describe their results, we first introduce some convenienl, notational convert- 
dons. For a random vector I.V of dimension k, we defixle (k 1)-dimensional 
subvectors IV{0 , t.V(2),..., W{~.) such that ,  for each i, W(i ) is the vector t.{~ 
with the i th  coordinate lI/] delel, ed. Analogously for any real vector :r we 

defhle m(0. We will say l, hat a random vector W has skewed normal con- 

ditionals (of the type (2.3)) if for every w0. ) c IR}' J and for every i, the 
conditional random variables 

w,.ll,%) = fSX(ao( ;(O), a, (8.,) 

where by a LSN(Ao,  A~) distribu.tion we mearl one with density (2.3) and 
-- deuotes "is distributed as". Arnold et 81. (2002) speak of (2.3) as being a 
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Figttre 4: Example ot'a p d f  of the form (8.4). 

linearly skewed normal  density as dis t inguished from (2.1) which is simply 
called a skew normal  density and  the following density called a quadratically 
skewed normal  density: 

(8.2) 

A k-dimensional  density ~qth linearly skewed normal  conditionals (i.e. 
satisfying (8.1)) is given by 

7=1 7=1 

(8.3) 

where S~. = {0, 1} ~ is tile set of all vectors of 0's and  l 's  of dimension k. 
Location and scale parameters  can be in t roduced in (8.3) to extend the 
model  retaiifing linearly skewed normal  conditionals.  

Tile pdf 

f (w l )  oc ~('wj)O(w2)~(w:, ( w , -  1 ) (w, - -  1)), (8.4) 

is shown in Figm'e 4. 

The pdfs 
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Figure 5: ExampIe  of  a p d f  of the form (8.5). 

-3 -2 -1 0 1 2 3 

Figure 6: E x a m p l e  of  a p d f  a~l(l contottr~ ~ of the  form (8.6). 

and 

f( , , , ,~ , . . ,~)  o~ ,( ,~,,~)9(~,~)r - ~)~(~,,,~ + ~)(~.,~ - ~)(~.,~ + ~)) ( s . 6 )  

and their contours are displayed in Figures 5 and 6. 

The reader is referred to Arnold et al. (2002) for discttssion of more gen- 
eral models with linearly and/or  quadratically skewed normal conditionals. 
Additionally, tha t  paper includes discussion of non-normal x~ariants of these 

distributions. 
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9 Mul t ip le  constraint  mode l s  

The possibility of "multiple" tfidden truncations cannot be ignored. \u 
can easily imagine situations in which observations are made only if all 
of several cowariables at tain certain critical levels. The normal multiple 
constraint model  is most easily xdsualized and most tractable but, without 
going into details, we can just as well consider more general models involv- 
ing non-normal not necessarily idenl, ically distr ibuted basic: distributions 
(as in Section 5). 

Thus we begin with k + f  independent random variables W], I~/3_),..., W~., 
U1, U2, . . . ,  Ue. Then  we consider the conditional distribution of tV given 

. . . ,  x ( J ) r  U d. Den.ore the density (distribution) tha t  for j =  1,2, f, "'0 "'~1 " > 
fract ions of the I~/]'s by '~(,}(~}) respectively and the density (distribution) 
functions of the Uj's by r respectively. Next define events A ; , j  = 
1, 2 , . . . , (  by 

Aj + AlJhv > (9.1) 

We next consider the  conditional density of (IV, U) given A* = @=~Aj 
and integrate out umvanted variables to obtain the desired conditional den- 
sity of IV given A* of the form 

P(A*) (9.2) 

As in the single constraint case, it is the denominator  in (9.2) wtfich gen- 
erally will be difticult to deal with. The quanti ty  P(A*)  will be computable 
in the following special case. Suppose that  all the 'U;i's and all the  z)j's 
are s tandard normal densities (denoted as usual by qo with corresponding 
distribution fimction ~).  In addition assume that  the  "skewn~ess" vectors 

AI i), j 1, 2 , . . . ,  f are mutually orthogonal. \u  these assumptions, the 
Aj 's  are independent  events and our density (9.2) takes the specific form 

- f 

j = l  
(9,,3) 

.~ •  

If in addition we have A}/) 0, j 1, 2 , . . . ,  f then  this simplifies to 
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yield 

= 2 H r , 

~=1. j=J 

recog~lizable as a natural  extension of the density (4.4). 

(9.a) 

10 Skew-elliptical distributions 

Azzalini and Capitanio (1999) suggested the possibility of extending tile 
skew-normal model by replacing the multivariate normal component of the 
model by a more general ellipticaUy contoured distribution. Branco and 
Dey (2001) also provide a detailed discussion of such skew-elliptical mod- 
els. The present section draws on both sources but, for further detail, the 
original papers should be consulted. \u will say tha t  a ~:-dimensional ran- 
dom vector W has an ellipticall.y contoured distribution if it admits the 
representation 

K = # + z'/ K (lO.1) 

where U is a spherically symmetric  random vector. Such a random vector 
U may be represented as 

u (10.2) 

where Z and R are independent random variables with Z > 0 with proba- 
bility 1 and with distribution function Fz  and R is uniformly distributed 
over the unit k-sphere. The choice of distribution function Fz  adll deter- 
mine the distribution of 1.1 r. Generally speaking the coordinates of I,V will 
be dependent  as will the coordinates of U. As is well known, the coordi- 
nates of U will be independent only if Z has a particular chi-distribution 
(i.e. Z is a constant rmfltiple of the square root of a N 2 distribution with 
k degTees of freedom). In. that  case U will be N~'(0, u '~ I ) and  W will have 
also independent coordinates if El/2 in (10.1) is orthogonal. 

To construct  a k-dimeixsional skew-elliptical distribution we carl be- 
gin with a (k + 1)-dimensional el.liptically contoured random vector of the 
form (10.1), say (lI/%, If/i, ll/~2,..., II/~,). Then the  conditional distribution 
of ( W ~ , . . . ,  t.V~,) given tha t  1~% > c where c is some prescribed threshhold 
(Branco and Dey (2001) fix c 0), can be reasonably caned a A~-dimensional 
skew-elliptical density. In the special case in which Z (in (10.2)) has an 
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appropriate chi-distribution, this skewed model ~511 reduce to the model ob- 
ta ined by applying affine transformations to the density (4.4). If we chose 
Z such that  U in (10.2) has Cauchy marginals, the resulting skewed-Cauchy 
distribution will be distinct from the one introduced by Arnold and Beaver 
(2000b) and discussed in Section 5. 

Many spherically symmetr ic  random vectors (but not all) can be rep- 
resented as scale mixtures of N(0, a2f)  random vectors. For such distribu- 
tions and their skewed counterparts expressions for moments  and moment  
generating flmetions can be obtained by suitable integration of the corre- 
spolldillg expressions for their normM and skew-normal counterparts  (for 
details see Branco and Dey (2001)). 

It is interesting to observe tha t  the skew-elliptical distributions derived 
by Branco and Dey (2001) using this paradigxn (~Sth c = 0) tu rn  out to 
be special cases of the quite general mechanism for '%kewing" an arbi t rary 
joint density exhibited in equation (5.5). In it, recall that ,~.',(w) was a 
general k-dimensional density and ~0 was an arbi t rary one dimensional 
distribution function. The resulting skewed density took the form 

f ( w )  oc ~&(w)tgo(),o 4- ~ . w ) .  (10.3) 

If we begin with '~,(w) an elliptically contoured density then (10.8) in- 
cludes the Branco-Dey models as special cases. Azzalirfi and Capitanio 
(1999) describe a different kind of skew-elliptical distribution. It also can 
be viewed as a special case of (10.3). See Branco and  Dey (2001) and Az- 
zalini and Capitanio (1999) for more detail on the missing normalization 

constant in (10.3) appropriate for their models. 

11 I n f e r e n c e  

The skewed normal models (2.1), (2.3), (4.2), (4.4) do not constitute expo- 
nential families of densities. As a consequence, essentially no reduction in 
complexity of the da ta  can be obtained by invoking sufficiency argqmlents. 
Maximum likelihood est imation will necessarily be performed numerically 
and, unfortunately,  the  likelihood functions associated with these models 
often do not have easily identified modes. With those warnings in mind, 
let us see x~dlat can be (or has so far been) done with regard to estimation, 
testing and fitting such models. 
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We remarked earlier tha t  Roberts (1966) in iris "model for twin data"  
was led to consideration of a skew normal model (2.1) with 

a + f,). 

In this setting he proposed a method  of moments estimate of p. In 
our notation, he assumed tha t  a sample Z], Z~, . . . ,  Z ,  was available from 

I ~ ,  Z.i) 2 to its expectation and the density (2.1). He then  equated (r,. i=1 
solved for A. From this, he then est imated p, the parameter of interest in 
his paper. These estimates of A and p are consistent and asymptotically 
l:lOrlllgl, 

For a sample X], )(2,... ,X, h'om the mflvariate skewed normal (2.3) 

we can estimate the 4 parameters i ~,G, A0 and AI using the method of 

moments. Note however that Arnold et al. (1993) report that in some 

simulation studies, even under the simplifying assumption that A0 = 0, the 

moment equations will for some s~mples not h~ve a solution. 

It turns out tha t  even for the basic Azzaliifi model with 3 fi'ee parame- 
ters ~, G and A1 (with A0 set equal to 0), the likelihood surface is frequently 

anomalous. The likelihood equations for tMs model are easily writ ten down, 
viz: 

and 

in which 

= 1 

"I't', 

i=  1. ~TI 

1) ) 
w(x ) = 

(I) < i (;L' ~ 21'Z 1 ) ) ' 

Arnold eta]. (1993) fo]]o,Mng the suggestion of Azzalini (1985) are ab]e 
to solve these equations in many cases by using the profile likelihood of A. 
Azzalini provides the Fisher information matrix for this 3 parameter  model 

and notes that  it becomes singazlar as A ~ 0. As a consequence he rec- 
ommends a specific reparameterization prior to maximizing the likelihood. 
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He recommends parameterizing in terms of mean, s tandard  deviat ion and 
skewness. More detailed discussion of these issues and certain remaining 
anomalies associated with the likelihood surface (even after reparameteriz- 
ing) may  be found in Section 5 of Azzalini and Capitmxio (1999). See also 
Pewsey (2000). 

For the 4-parameter model (2.3) a direct search of the likelihood surface 
may have to be made. In higher dimensions sucll ntmxerical methods will be 
unavoidable. For the ~-dimensional model (4.11) with 6o -- 0 (eqtfiwalently 
A0 - - 0  in (4.3)), Azzalini and Capitanio (1999) recommend picking initial 
values using method  of moments estimates and then use these in a v~riation 
of the Ne~v~ton-Raphson approach to finding the maximum of the surface. 
hi  some cases they  need to use an EM algorithm, bu t  they do report  final 
convergence in all examples tried. 

Arnold and Beaver (2000a) considered the full multivariate model (4.11) 
but  with ~" -- 2, so that  the model  has 8 parameters.  They f i t ted this model 
to a particular height-weight da ta  set. In addition, they  fitted a T parameter  
model (obtained k o m  (4.11) by setting A0 -- 0) and a 5 parameter  classical 
bivariate normal model. Est imates %r the 7 and 8 parameter  models were 
successfully obtained using a genetic algorithm and simulated anuealing. 
By considering likelihood ratios associated with these 3 nested models it 
was determined that  for the da ta  set in question the 7 parameter  skewed 
normal model fit the da ta  significantly bet ter  than a classical ig)rmal model. 
The improved fit obtained by introducing the 8th parameter  A0 was only 
marginally significant. The same da ta  set was used for illustrative purposes 
in Arnold and Beaver (2000b). In tha t  paper a bivariate skew-Gauchy 
model was fitted by m.aximmn likelihood again using a genetic algorithm 
and simulated annealing. 

Wha t  about  goodness of fit tests for univariate or k-variate skewed 
distributions? Only on.e paper, that  we are aware of, specifically addreses 
this problem. Gupta  and Ctlen (2001) present tables of the distribution 

fimction for the skew-normal density (2.1) with only one parameter  A. With  
these tables they describe implementation of the Pearson X 2 test and the 
Kohnogorov-Smirnov test  of goochiess of fit to the skew-normal density 
(2.1) with a given value of A. Presmnably  one could use this approach in 
combination with an est imated value of A to construct an overall goockiess 
of fit test  to the model (2.1), or one could estiinate #, <r and A~ in the model 
(2.4) (Mth  A0 0) using the data  and then use Gupta  and Chen's tables 
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to approximately test goodness of fit of this 3 parameter  model. So only 
the surface of the goo&less of fit problem has been scratched; and only in 
one dimension. 

12 A c o n t i n u i n g  s a g a  

Data sets involving hidden truncation,  or if you will, data  modelled by 
variants of the skew-normal distribution, are surely endemic in the world. 
Any statistical analysis involving linear normal models (analysis of vari- 
ance, regTession, principal components etc. etc.) can be considered to be 
potentially a setting in which hidden t runca t ion  might have occurred and 
some effort to investigate the possibility can be clearly justified. Azzafini 
and Capitanio (1999) provide discussion of some regression and graphical 
models involving skew-normal variates. A subsequent paper by Capitaifio 
et al. (2002) explores the graphic~d model theme in more depth. 

Cup ta  and Brown (2001) explored the application of the skew-normal as 
a unimodal  distribution from the point of view of reliability analysis. They  
show that  the skew-normal density is log-concave, and tha t  a skew normal 
v~riable, SN(A) ,  has an iimreasing failure rate, and therefore a decreasing 
mean residual fife. 

Normal distributions are frequently used as prior densities in Bayesian 
analyses. A possible role for skewed-normal priors clearly exists here (see 
the earlier cited paper by O'Hagan and Leonard (1976) and also Mukhopad- 
hyay and Vidakovic (1995) for some related discussion). Additionally more 
progress can be expected on the goodness of fit problems discussed in Sec- 
t ion 11 and  on multiple constraint models (Section 9). One multiple con- 
straint scenario tha t  quite frequently might be encountered is one in which 
a single constraint (or several) of the form {A0 + ~ W > U} is replaced by 
a two sided constraint such as {~)'1 < Al W - U < "),~}. Indeed, Arnold et al. 
(1993), in ~he univ~riate case, did consider such two sided constraints. 
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D I S C U S S I O N  

A.  A z z a l l n i  
Unit~ersith, di Padova, Italy 

Professors Arnold and Beaver must be congratulated on ~heir presentat ion 
of the literatm'e on skewed distr ibution arising from hidden t runcat ion and 
other related schemes. The coverage of material  and the depth of discussion 
make this a most interesting article, which surely will contribute to draw 
the at tent ion of more people to this fast developing area. 

My only addit ion ~o 1,he discussion is to ck'~w a~enl, ion ~o connections 
~ i th  two other streams of literature. One is the theme of biased san@ling, 
which has been presented by Copas and Li (1997), highlighting in turn con- 
nec~ions in the econometric literature ~o ~tie Heckman model. The ocher 
theme is represented by the li terature on stochastic frontier models, pio- 
neered by Aig~ter et al. (1977); a fairly recent account is Coelli el, al. (1998). 
The stochastic frontier model is closely related to  representation (3.3) here. 

Another, very generM, comment which I wouM like to make is not 
really related ~o the paper itself, bu~ ~o the literature on "skewed models" 
as a whole. This has developed quite fast in the  last five years or so, but  
the body of theoretical results which have been developed has not yet been 
widely applied to real problems. The practical usefulness of these stochastic 
models is the  real benchmark to test  whether these results are going to have 
actual  relevance in the statistical practice. TNs  is a plea for more applied 
work to make use of the available theoretical  tools. 
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N .  B a l a k r l s h n a n  
M c M a s t e ' c  Urt, i.z*eT"sity, Car~ada 

First of all, I would like to congratulate Professors Arnold and Beaver 
for providing an excell.ent discussion on skew-normal distribution, different 
derivations, various generalizations, and multivariate extensions of it. The 
authors '  idea of using h idden  t r ' ,mcat io~  to  propose univariate generaliza- 
tions as well as natural  multivariate extensions of skew-normal distributions 
is qtfite interesting. The approach is flexible enough to derive general forms 
as well. As the authors have poia ted  out  at the  end of Section 2, the skew- 
normal distr ibution was present either explicitly or implicitly in the early 
works of Birnbaum (1950), Nelson (1964), \Veinstein (1964), and O'Hagan 
and Leonard (1976). Yet, it is the article of Azzalini (1985) tha t  gener- 
a ted  a lot of activity on this family of distributions. Considerable at tent ion 
seems to have been paid to deriving generalizations and multivariate forms. 
It appears to me that more at tent ion needs to be paid to the development 
of efficient inferential methods for these models and also on discrimination 

between these models and formal tests of fit. If sisalificazlt progTess is made 
orl these aspects, then the practical applicability of these distributions will 
be gTeatly enhanced. 

In what  follows, I will present a new motivat ion of the skew-normal 
distr ibution and point a dose  connection of it to normal order statistics. I 
shall then  use this approach to derive two more general families of skew- 
normal distributions (as they are similar in form to Azzalini's skew-normal 
distribution in (2.1)). For r~ 0, 1, 2 , . - - ,  let us consider the integral 

(NO 

Clearlg we have L0(A) = 1, A ~ IR. Then, since 

Cx~ 

because the integrand is an odd  function of z, we readily have 

2n+l 
/_~2~,q_1(/~) ~ (--1)i@l(2r"/ 1)~--~//~2~,§ \ ~  0,1,2,.-. ,/~ Q IP~. (2) 

i=1 
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Equa t ion  (2) impl ies  (for n 0) 

F L1()Q = ~(Az) ~(z)dz  = L0(z) = 0, ,k ~ IR, 
OO 

which leads to the  skew-normal  densi ty  (cf. (2.1)) 

f l ( z ;A)  2e(Az)  ~(z ) ,  z E JR, A E ]R. (a) 

Next,  f rom 

F L~(A) {e(A~)} ~ ~(~)d~, A ~ ~., 
OO 

(4) 

w e  find 

d5~ ( :, ) 
dA F 2 ~ ( ~ )  ~(A~)~(~)d~ 

O 0  

1 d2(Az) , exp - r 2 4 7  s ) dz 
7C c ~  

j_ , c ~  

F { ; } ~(1 + a~) ~ ~(z~) exp - ~ (~  + a ~) d~ 

A 
~(~ + A s ) , / ~ '  

which yields 

L 2 ( A ) =  1 ~an- l v ~ + 2 A  2, A ~ I R .  
7r 

This, glong wi th  (4), then  leg(is to ano ther  skew-normal  dens i ty  

.s ~ _ _ { r  ~ , ,  A ~ , .  (.5) 
tan -1 ,,/T + 2), 2 

Note t h a t  this family of dis tr ibut ions also includes t he  s t anda rd  normal  
d is t r ibut ion  when. A = 0 and  the  half n.ormal d is t r ibut ion w h e n  A ~ (x~ 

(just as ,fl does). 
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Next, (2)implies (for .n 1) 

L;~(A) ~ L 2 ( A ) - ~ L ]  (A)+ 81-L0(A) 

_ 3L~(A ) 1 _  3 tan-  ~ v / I + 2 A  2 1 
2 4 27r 4 

Tiffs leads to yet ~nother skew-normal density 

1 {~(),z)}:~ ~(z), z ~ n~, a ~ a .  (6)  
,/;(z; X) :• tan ] ~/1 + 2A 2 ! 

27r 4 

This family of distributions also includes s tandard normal distribution 
when A 0 and  the half normal distribution when A ~ oc. 

E~ddently, in the special case when A 1, the densities f l ,  f2 and ,/)~ in 
(3), (5) and (6) become the densities of the largest order statistic: in a sample 
of size 2, 3 and  4, respectively~ from the s tandard normal distribution. In 
addition to this obxdous connection to order statistics, the integral L,(A) 
in (1) also plays a role in the derivation of means of standard normal order 
statistics as shown by Bose and Gupta (1959). For example, with # ....... 
denoting the mean of the largest order statistic in a sample of size m from 
standard normal distribution, Bose and Gupta  (1959) have shown that  

1 , 10 
V2:'2 ~ L o ,  #:~:3 ~ L ] ( 1 ) ,  V~:~ ~ L 2 ( 1 ) ,  and ,~:r> v/ L..~(1); 

for pertinent details, one may also refer to Da~dd (1981) and Arnold et al. 
(1992). 

The densities ,/'2 (z; A) and ,/)~ (z; A) in (5) and  (6) may be further studied 
in terms of properties, interpretations, inferential issues, etc. 

R e f e r e n c e s  

ARNOLD, B. C., BALAKRISHNAN, N., and NAGARAJA, H. N. (1992). A 
Firs t  Course in Order Stat is t ics .  John \u and Sons, New York. 

BosE, R. C. and GUPTA, S. S. (1959). Moments of order statistics from 
a normal population. Biornetrika,  46:433-440. 

DAVID, H. A. (1981). Order Statist ics.  Seco~d E d i t i o n . . J o h n  Wiley and 
Sons, New York. 



40 Harry~ C. Arnold and Robert, J. Beaver 

A. B h a u m i k  and D.  K. D e y  
U'ni.versity of Co,metric.at, USA 

First let us compliment Professor Barry Arnold and Professor Rober t  
Beaver on their excellent paper on Skewed Multivariate distributions. 
Though it was primarily devoted to the  scope of application of skewed 
niu.ltivari~te distributions~ it is ~ useful summary  of all the recent develop- 
ments in skewed distributions. It is very unfortunate tha t  the development 
of this class of distr ibution has progTessed very slowly after its introduction 
by Azzalini (1985). Some of the recent papers including Arnold and Beaver 
(2000a, b,c), azzalini and Dalla Valle (1996), Branco and Dey (2001), Gup ta  
and Chen (2001), Sahu el, al. (2001) showed various scopes of this distribu- 

tion. This paper not only demonstrates its practical applicability but  also 
gears towards the development of non normal skewed distributions. It is 
really hard to add something interesting to this complete re,dew. In view of 
tha t  we would like to add three recent applications of skewed distributions 
and one possible area where it's application is very mearfingful. 

R e g r e s s i o n  w i t h  s k e w  e r r o r  

Sahu et al. (2001) has proposed, a Bayesian model with skewed elliptical 
error wffich can eliminate the need of ad-hoc transforma~tion for symmetry  

of skewed data. This model  is also capable of taking care of tmobserved 
random effects. Formulation of this new skewed elliptical family is done first 
by defining generM elliptical distr ibution and then conditioning oil a given 
lin.ear constraint of two independent  ell.iptical distributions. Following is 
the complete formulation., 

X, a m-dimensional random vector is said to be elliptically distr ibuted 
if its pdf is of the form 

where 9('~0(u), the density generator of X, is a non-increasing function 
~OO 

from IR + to ][~+ such that  the integTal J0 r ~'/~ 19(r; ra)d'r exists, g 5  ~Jll 

denote this distribution by EL(0,  ~; 9 (~0). Different choices of it yields well 
known distributions like mtt[tivariate normal, multivariate-t etc. Let 

Y D Z + e  
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where 

z 0 ' 0 i (1) 

and D is a diagonal matrix with elements 51, (~2, ..., s This new skewed 
elliptical class of distributions is developed by obtaining the distribution 
of the random variable [YIZ > 0], where Z > 0 m.eans Zi > 0, for i = 
1~ 2~ ...~ rr~. 

The proposed regression model is a usual regression model except the 
error te rm is skewed elliptically distributed. Let Y{ ~ SE( t t~  , E, D;9 (''~)) 
for i = 1, 2, ..., n. For each da ta  point with the covariate iifformation as- 
sumed in a p x m matr ix X{, the linear model is specified as 

f / 

ffi = Xi..3. 

Using a Bayesian viewpoint, usual conjugate priors on ..d and E are 
taken to get the tractable expressions of the posterior distribution. For the 
ease of MCMC computat ion hierarchical setup of f (y l z )  and f(z)I(z > 0) 
are used. The form of these two distributions are same as (1) which is, 

Z ) ~ E L  [~ ' D D2 f](~"')) (2) 

which implies 

w i t h  q ( z )  z'z.  Four models, normal r skewed-normal r t and skewed-t are 
studied with four real li% data  set and are compared with Bayes factor. 
One important  observation in these studies is that  the skewness parameter 
is prior sensitive whereas the regression parameter is not. The diffu.se prior 
allows the regression coefficients to wander around with larger variation. 
This influences the skewness parameter considerably. Under diffuse prior 

it takes nmch higher v~lue. The estimate of the variance also changes 
under different error distributions. Under the skewed setup it is a little 
smaller, which indicates tha t  the ske~less parameter is taking care of some 

variability present in the data.  

The above formulation of the model is quite simple but  very general 
in nature.  It is also quite extendable towards different directions. As 
mentioned by Arnold and Beaver the linear constraint of Z > 0 can be 
replaced by Z > c for some non zero constant c. Variable selection and 
model averaging are two other possible issues that  can also be explored 
under skewed situation. 
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Binary response  data  with skew link 

Chert et al. (1999) showed the applicability of skewed link flmction to model 
binary response da ta  in particular when the probability of a given binary 
response approaches 0 al~ a different rat~e than  it approaches 1,o 1. Sym- 
metric link functions like logit, probit are inappropriate in tiffs situation. 

There are many proposals of the use of different kinds of asymmetric link 
functions. One very general link function is Stukel's generalized logistic 
link function (see Stukel (1988)). But one problem with this link function 
is thaC iC yields improper posterior distribution in the preseime of cox~riaCes 
for many types of noninformative improper priors. The method introduced 
by Chen et al. (1999) not only yields proper posterior under a wide class 
of no~fiIfformative priors, but also it includes many different types of com- 

mo~fly used symmetric and asymmetric link ftmctions. Also it is compu- 
tat ionally very attractive because of its formulation using latent variables. 
The formulation is very simple and  straightforward. The proposed model 
is 

I 0 if wi < 0 
Yi = 1 if ws _> 0 ' 

where w = (w~, w2, ..., w~,) ~ is a vector of independent latent variables with 

the follow,Jug setup, 

and 

z i and c i are independent, G is the cdf of a skewed distribution, and F is 
the cdf of a symmetric distribution. Using different examples ~Jth real life 

da ta  and empirical study, it was s h o ~ l  that  the asymmetric link model 
is more appropriate t han  symmetric models when the number of 0's are 
mttch different t han  number of l 's  in the data. One important  issue in this 
model is the choice of C and F. The choices used in tha t  article was normal 
or logistic for F and  s tandard  half-normal for G. Nonparametric mixtm'e 
models such as Dirichlet process mixture model and more general class of 

skewed link models are a few directions to be explored. 
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Modell ing frailty distribution in survival analysis 

Sahu and Dey (2001) proposed the use of a class of log-ske~-t distributions 
to model  the dependence in multivariate survival data.  Gamma distribution 
is mos% popular and madiema%ically simple ~o model fraiby. But  one disad- 
vantage with this distribution is that  it weakens the effect of the  covariates. 
Hougaard (1986), Qiou et al. (2000) and Ravishanker and Dey (2000) dis- 
cussed the use of h e a w  tailed positive stable distributions to overcome this 
problem. The proposed chss of distributions often have heavier tails than 
~he gamma and posbive s~able distr ibution ~nd include many odie, r heavy 
tailed distr ibution like log-Cauchy, log-t etc. So, these are more suitable for 
s tudying robustness. A correlated prior process is proposed for the baseline 
hazard function, which imposes smoothness on the baseline hazard func- 
tion in adjacent intervals. In addition to this the endpoints of the interval 
themselves are assumed to form a t ime homogeneous Poisson process. So 
the nmnber and position of the jump can be est imated using data  and prior 
assumptions.  The forrmflation of the model follows : 

Let the frailty parameters  b i, ( logwi)  i 1, 2, ...,r~ be independent 
and identically distr ibuted for every group with the following density, 

,,b(blI,,a,~,) 2 ( p 2 + @ ) . 1 / 2  F ( @ )  [ b2 ] -(~+1]/2 
p(~,/2)(~,Tr)j/2 1 + ~,(pZ + 62) 

,/qT  (3) 

vvhere 
~ + 1  

q(b) + b: /(p2 + 82) 

and T,,, (.) is the cumulative distr ibution function of the s tandard t-distribu- 
t ion with rn, degrees of freedom. The parameters  p, 6 and I/ influence the 
shape of the distribution. Wi th  6 = 0 die above distr ibution reduces to a 
s tandard t~-distribution with ~ dr. In addit ion if ~ ~ oc then it approaches 
the normal distr ibution with p2 as scale parameter.  With  6 = 0 and ~ = 1 
(3) is the pdf  of the Cauchy distribution. For d # 0 a skewed distribution is 
obtained. The mean of this distr ibution exists if 1/> 1 and variance exists 
if 1/> 2. Mean and variance of b are of the form 

/2 = (;) 1)/21  
' 
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and 

Vat (b) + 
2 / " 

The density of w exp(b) implied by (3) is given by 

,~,,,('~lp, ~, ,,) -- i f~ (log(b)lp, a, ,,) (4) 

where  .r ~, '~) is g iven in (3). 

The assumption of correlated processes for the baseline hazard function 
is very common ira survival analysis. R,eferences are due to Gamerman 
(1991), a r ias  and Casbarra  (1994), Sinha and Dey (1997) and Sahu et al. 
(1997). Here constant baseline hazard is assumed within each interval. 
More general models are discussed in Gamerman (1991) and Arias and 
Gasbarra  (1994). 

Cross-ratio function is used to  compare local dependence structure among 
the frailty models. Unfor tunately  this function does not have analyt ical  

closed form under log-skew-t frailty distr ibution which limits the scope of 
the theoretical comparison. Correlation of log-survival times is used to 
s tudy frailty models using a global measure of dependance.  Since moments 
of the frMlty distribution w do not always exist the correlation between 
survival times themselves, is not meaningful in this setup. One interesting 
observation was that  the tail of the  frailty distribution plays an important  
role in dictating the dependance structure. 

Using various graphical methods the proposed model is shown to  be 
a viable alternative to the gamma arrd stable fk'ailty models. Though the 
introduction of skewed distributions made the formulation little more com- 
plicated, it is a more flexible approach to model frailty. 

Skewed d i s t r ibut ions  in t i m e  series analys i s  

Time series analysis probably is another topic where skewed distr ibution 
will give more flexibility. Azzalini (198.5) %rmulated a dynamic model with 
normality in observational error and skewed normal error in. parameter  
which is changing with time. The formulation of iris model  is very straight 
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forward: 

Yt = 

where rtt is white noise N(0,  cr2). 

W t  + ~?t 

~)Wt I + zt, 

{'/t} and {a,} are independent.  Under 
normality assumption on the initial prior on W0 all the conditional dis- 
tr ibutions of W t  given (YI~ Y3~ ...~ Y~) are normal. What  Azzalini (1985) 
has sho~;Rl is tha t  the similar property holds if we change the ittitial prior 
on W0 from normal to skewed normal distribution. The advantage of this 
formulation is tha t  it is computat ional ly  as intensive as usual normal model  
but  more flexibility wiU be gained through ske~uless parameter.  Azzalini 
used most general version of skewed normal distribution. It is of the form 

The above model can be extended by taking skewed distributions in 
observational error which will be able to accommodate  skewed time series 
data. Any available covariate information can easily be included in the 
observation equation. Also further generalization can. be obtained through 
the introduction of skewed elliptical distributions. 

As an overall conclusion, we could say that  multivariate skewed dis- 
tributioIL~ have a t remendous scope of application in different variety of 
statistical modeling. Professors Am.old and Beaver's paper has done a 
great job to motivate the use of skewed clistributions. 
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C. M .  C u a d r a s  
Unive~sit, at de Ba~velona, Spain 

Arnold and Beaver present a useful and well ~witten overview on skew 
multivariate models, including skew-normal, ~qth new" results on i~fference. 
I enjoyed reading this article and I oIfly would like to add an aspect con- 
cerning mixtm'es of distributions. 

The starting point of this work is the Azzalini distribution with density 
(2.1), which has nice properties. This distribution generalizes the fact that  
d~2(z) is a cdf, the pdf being 2~(z)d~(z), the density of max(lI/~l, II/)), where 
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W-j, lI/~ are i.i.d. N(0, 1). Azzalitfi introduces a parameter and considers 
the family SN(A) with pdf 2~(z)~(az) ,  which is N(0, 1) for a = 0 and 
converges to the half-normal as A --* oo. Thus A is a ske~less  parameter 
and SN(A) is useflfi for modelling skew data. 

The family SN(A) contains the normal and is different from normal if 
A ~ 0. However, the normal distribution can appear by mixture. First note 
that 

and the mixture of 5'1%7(A) when A is 2V(0, 1) is also ,~: (0, 1). More generally, 
if the p d f / ( a )  is symmetric, f(a) s 

J'n2~(z)c~(,~z)f(X)d,~ f,~ 2~2(z)[~(,~z) + c~(-Az)]f(A)dA 

Therefore, if Wl, IE2, ~, ~, Z, }r are N(0, i), and A is random with sym- 
metric distribution, then: a) i f  W~, If% have corrdat ion p - (1 A2)/(l+A2), 
the mixture distribution of max(W1, W~) is ;N~(0, 1), b) if Z, Y have correla- 
tion . s u c h  tha t  A p/V/1 _ p2, the mixtm'e of Z given (F > 0)is  N(0, 1), 
c) if ~ ,  Y2 are independent and  A is distributed on ( -1 ,  1), the mixture 
distribution of 2,t~ [ + v/1 A2~ is again N(0, 1). 

These mixture properties do not apply for tM extended family (2.,3) pro- 
posed by Arnold and Beaver, except for A0 = 0, so providing a more general 
family. However, the mixture of (2.3) for A~ symmetrically distr ibuted may 
give, practically, the normal distribution. Thus the mixture 

p(Z) = 292(Z) ~ ~ ~1--/~)/A()/~\ f(Xl)d/~l 

is practically N(0, 1) when A~ is symmetric normal, Laplace or CatK'tty for 
A0 _> 4, or when Aj is symmetric beta on ( 1/2, 1/2), (i.e., with parameters 
~.r .3 and subtracting 1/2 from the beta  variable) b r  A0 > 0. The difference 
may be appreciable for A0 < 0, but even there is a quite small distinction 
between p(z) and N(0, 1) in the normal, Laplace or Cauchy distribution %r 
A1 when A0 ranges in the interval (0, 4). Statistically speaking, it is quite 
difficult to reject the normality of a sample following the distribution (2.3) 
when A0 > 0 and A1 is random and symmetrically distributed. 
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The multivariate skew-normal (4.4) has a similar property: if A 
(A~,. . . ,  l~) '  is a randorn vector of i.i.d. N(O, 1), then  the mixture is also 
n o r n l a l  

k k k 

k 
i = l  i = 1  i = l  

Even, if Aj, . . . ,  A~: are independent  and the pdf of each Ai is symmetric,  
J'i(A~) = f i (A . i ) ,  then the mixture is 

k k 

/R 2 H ~(wi)~(_A'w) H f i(Ai)dAi 
~: i = 1 i = 1 

k k 

- 2 H f + +...111/,(A,)dA, 
i = 1  _>0 i = l  

k k k 

again muRivariate normal. 

The family (4.3) proposed by Arnold and Beaver has nice features, as 
rnarginals and conditionals distributions belong to the same farnily~ and 
specific qua&'atic forms may be ctd-square. The above mixture property 
does not hokt except for A0 = 0. However, as in the u N ~ r i a t e  case, the 
mix tme  may give approxknately a multivariate normal distribution. 

As a conclusion, the skew-normal distribution may model the data  with 
hidden t runcat ion when AI is fixed, but  the normal distribution may yet 
be correct when A] is random. 

J.  M .  S a r a b i a  
U~i.versit:q of Cantabria, Spai~ 

I would like to congratulate Professors Arnold and Beaver for this nice 
paper about  skewed multivariate models, and their relation ~ i th  trunca- 
tion and selective reporting. Many of the ideas developed by Arnold and 
Beaver should have impact in the field of da ta  analysis. For example, if we 
think about modeling obserx~tions (tmivariate or multivariate) taken from 
psychological, biornetrical or econornical sciences, on individuals with some 
type of previous selection, we should work with this type of distributions. 
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Arnold and Beaver present several interesting examples of tiffs situation. 
This fact has already been noted by Azzalini and DMla Valle (1996) using 
da ta  of weight and height in australian athletes. I shall divide my comments 
in two parts. The first part is devoted to the stochastic frontier models. 
The second part  is dedicated to the s tudy of a class of multivariate skewed 
distributions based on conditional specification. 

S t o c h a s t i c  D o n t i e r  m o d e l s  

The frontier models together with the associated evaluation of efficiency 
of the economic units are an active research field in econometrics. The 
production or cost frontier itself is not  supposed to be known exactly and 
usually some symmetric error is a t tached to it. A second type of error is 
introduced to represent deviations of the individual units from the fl'on- 
tier (inefficiency) which is by definition of a one-sided nature. Then, the 

stochastic fk'ontier model takes the form: 

sj, f ( < ; 3 )  - 

with v i symmetric. Among the proposals for [~,il, one encounters the expo- 
nential distribution of Meeusen and w~n den Broeck (1977), the half-nomal 
of Aig~er et al. (1.977), the t runcated normal proposed by Stevenson (1980), 
the gamma distribution of Greene (1990) and several proposals of Broeck 

et al. (1994) from a Bayesian framework. The most common specification 
consists of assuming v i ~ N(0, o-~.) and ~,i ~ N (0, cry), to obtain the pdf: 

where cr 2 2 '~ cr + cr~ and A o-~/cr v. Several generalizations of the pre- 

vious models immediately arise based on Arnold and Beaver ideas. The 
following robust model can be obtained by applying (8.2) to the classical 
t-distribution: 

2 

where f,,, and F~  represent the pdf and cdf of a #distribution with lJ degrees 
of freedom, respectively. If v --* oo the classical skewn-normal distribution 

is obtained. The even moments of (1) coincide with the even ntoments of 
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a t-distribution, and in consequence G(X 2) 1/(u - 2) Jcr 2, if 1/ > 2. The 
odd moments don' t  seem easy to obtain. For example, for 7/> 1 one gets: 

+ + 

where Z~ ~ t,, and k~ V/TB(~, ,~). A simple approximation is given by: 

This basic model  and the different multivariate extensions require a 
more detailed analysis. 

A c lass  o f  m u l t i v a r i a t e  s k e w e d  d i s t r i b u t i o n s  b a s e d  on cond i -  
t i o n a l  s p e c i f i c a t i o n  

In this section we present a general class of multivariate skewed distribu- 
tioILs from the conditional perspective included in Section 8 of the paper 
and largely exposed in ArnoM et al. (1999, 2001). Let X ~ SD('r T~; A) 

be a random variable with pdf  (.3.2), where "~';1 and ~2 are symmetric.  Let 
us assume one is interested in obtaining the most general k-dimensional 
random variable aqth mfiwria te  conditional distributions such that: 

X i t X o )  = z(. 0 ~ SD(~)~.; ~; Xi.(z(.0)), i = 1, 2, . . . ,  ~ (2) 

for some functions As.(.). Note tha~ the cdf ~ is common to all the condi- 
tional distributions. Two types of sohfl, ions appear in (2). The first one 
corresponds to the independence case, where Ai is constant, i = 1, 2 , . . . ,  k. 
After introducing location and scale parameters,  the second leads to the 
k-dimensional density. 

H ,'~:i - -  t* i  ;r.i - -  # i  2 �9 a . (3)  
�9 i = 1  O-i i = 1  O-i 

The family (3) has some unusual properties. First  at all, the normalizing 
constant is kno~m (note tha t  in many models of the type (2) the normalizing 
constant should be evaluated numerically). The margin.al distributions of 

X~ have pdf  Z't,",. (<-t,..,'~ and the mfivariate conditional distributions are 
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of the form (2) ~ i th  Xi(~:(i)) A l~ (z ' . j -  #j)/crj,  i 1, 2 , . . . ,  ~'. A non 
jT~i 

expected property is the nmltimodality. In l, he normal case with '~).i 0, 
i = 1, 2,...,/,~ and  �9 = ~, the modes are the solutions of the system: 

) , I I z . j~  X zi z ir )~ I I z i  =0, i = l , 2 , . . . , k .  
jTL.i i.=1 i=1 / 

According to Arnold et al. (2002), in the bidimensional case we have 
bimodali ty if I At > x/~/2 .  As a consequence, this class of models are a 
reasonable alternative to the finite mixtures of distributions~ for modelling 
heterogeneity. This implies an important  reduction in the nmnber of pa- 
rameters.  More versatility could be obtained by considering the pdf (3.1) 
or (3.2) ,,dth location and scale parameters.  For example, the model  (8.3) 
in the bidimensional case contains as submodels: the  product of indepen- 
dent normal densities, a model with skewed normal conditionals and normal 
marginals, a model with skewed normal marginals and linearly skewed nor- 
real conditionals and the model (4.3) with linearly skewed normal marginals 
and conditionals. 
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Rejo inder  by Barry  C. A r n o l d  and R o b e r t  J. Beaver  

\~Te are grateful to all those who have contr ibuted to the discussion of 
our article. Several COlllinon themes can be noted in their remarks. The 
skew-normal distribution. (and many of its variants and relatives) has sur- 
faced in the  quantitative li terature related to a w~de variety of scientific 
disciplines. We were aware of som.e modelling involving hidden and/or  un- 
observed t runcat ion  in economic settings. It is however quite appropriate 
tha t  the dose  parallel between hidden truncation, models as discussed in. our 
paper and stochastic frontier models be highlighted. Both  Professor Az- 
zalim and Professor Sarabia provide useful links, discussion and. references 
related to the stochastic frontier avatar of hidden truncation.  Professor 
Azzaliui also reminds us of the relation to biased sampling (a commotdy 
postula ted genesis of weighted distributions (see, e.g., R.ao (1985)), of which 
our hidden truncat ion models are indeed a special case. 

Professor Cuadras draws at tention to models obtained by mixing skewed 
distributions of the Azzalim type.  Typically such. mixture models are more 
complicated (involving more parameters)  than are the component  distri- 
butions. Bu~ as Professor Cuack'as points ou~, this is no~ always the case. 
Mixing can take us back to the simple symmetric normal model. Indeed 
an analogous phenonenon can be encountered in the more general (non- 
normal) model  (3.2) pro~4ded ~ha~ ~he distr ibution function 92 in (3.2) 
is symmetric and the mixing distr ibution for Aj is also symmetric.  It is 
intriguing to speculate on the consequences of such %implification by mix- 
ing"' in a Bayesian context where the role of the  mixing distribution for 
the skewness parameters  can be played by a subjective or objective prior 
distribution. It is also interesting that ,  even in the  extended family of den- 
sities (2.3) (or (3.1)), mixtures can be hard to distinguish from the s tandard 
normal model  (or fi'om t) 2 in the case of the more general model (3.1). 
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Professor Sarabia has provided a good introduction to non-normal con- 
ditionally specified distributions involving hidden truncation.  There are 
still interesting open questions regarding how to characterize all multivari- 
ate densities with given skewed conditionals. Hopefully, Pro%ssor Sarabia's 
COllllllents %11 prol f lp t  sorlleone to make progress in this direction. 

It is not surprising that  Professor Balakrishnan would fh~d order statis- 
tics h rk ing  in the background of our skew-normal discussion. It has been 
observed by several researchers that  the skew-normal family (2.1) includes 
as special cases the s tandard  normal density when (A = 0), the density of 
the minimum of two i.i.d, s t~Mard  normal variables Z~:2 (when A = 1), 
and the density of the maximum of two s tandard  normal variates Z~:2 (when 
A 1). The form of the  density (2.1) evokes images of the density of Z2:2 
to anyone who has more than a minimal amount  of experience with order 
statistics. Professor Balakrishnan invites us to consider models in which 
we consider a weight function of the form [d~(Az)] '~ wlflch will be related 

(when A = 1) to the distr ibution of maxima of s tandard normal samples of 
size gTeater than 2. He is able to obtain the explicit analytic form of the 
required imrmalizing constant  in the cases n = 1 (already known), n = 2 
and n = 3 (not previously known). For other values of n, the  normalizing 
constant  will most likely need to be obta ined by numerical integration for 
various values of A. Professor Balakristman's comments lead naturally to 
consideration of the following very general family of skewed normal distri- 
butions: 

f (z ;  A0, A], c~) o( [r -- A, z)]%2(z), 

where Ao, Aj c ]R and c~ C ]R +. Except  in special cases, the corresponding 
normalizing constant will be unavailable in closed form but,  for example, 
numerical implementation of maximum likelihood estimation should be fea- 

sible. 

But ,  as Professors Azzalini and Balakrishnan point out, we are less in 
need of models with more bells and wNstles such as these, than  we are of 
some illustrations of practical utility of all these ske~.v,d models. They both  
call for more practical examples. 

It is consequently more serendipity than we deserve that  Professors 
Bhaumik and Dey chose to provide us ~i th  a catalog of settings in which 
such skewed models might be profitably utilized. They point out tha t  such 
skew models can provide added flexibility when used as error distributioi~% 
link functions, frailty structures and shock processes in time series settings. 
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There is tmdoubtedly still much scope for development of improved 
est imation and inference procedures associated with all these complicated 

models. Misbehaving likelihood functions will abound but  progress in over- 
coming this difficulty for the basic Azzalini model  has already been docu- 
mented. We are hopeful that  advances will soon be made in more general 
settings as well. 

The constructive and creative comments made by the discussants will 
surely help to kindle interest in hidden t runcat ion  models and to  encourage 
progress in developing needed inferential techniques. Again, we thank them 
for sharing their ideas with us. 
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