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Summary: The problem of allocating one observation to one of two given popula-
tions is fundamental in multivariate analysis. In some applications (distinctiveness
studies) it is also interesting to determine whether one observation is related to both
populations or to an enterely different population. The classic test to detect atypical
observations pressuposes p-variate normality. This contribution suggests a gener-
alization of this test by using the distance-based approach in discrimination, which
can deal with mixed variables.
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1. Typicality in Linear Discrimination

Suppose that X is a p-dimensional random vector, I1;, ¢ = 1, 2, are two known pop-
ulations and II3 is a third population. Typicality is described as a test to determine
whether an observation x of X is typical of a mixture of II; and II; or belongs to
II3. When II; ~ N,(u;, ), 7 = 1,2, 3, the appropriate hypotheses to be tested are

Hy: x€e Ny(ap + (1 —a)pe,X),0<a <1,
H,: x € Ny(us, X).

For testing the hypotheses H)(a = 1), Hj(a = 0), Hy(0 < a < 1), Rao(1973)
proposes the statistics

Us(x) = (k=) 27 (o — 1))/ (pa—p1)' " e — pa) ~ x5 (i=1,2),
W(x) = (x—pm)Ex—m)-Ui(x) ~x5 -

These tests work with p-variate normal data when ¥ is known or estimated from
large samples. If W (x) is significant, then x is atypical and cannot belong to the
predefined populations, otherwise U, (x) and Us(x) can be used to decide whether
x comes from II; or II,. See also Bar-Hen and Daudin (1997). The aim of this
contribution is to present the typicality test for general data using distances and
proximity functions.



2. The Proximity Function in Discrimination

Suppose that X has a probability density f(x) and support S. Let §(xy,x,) be a
distance function between observations of X. The geometric variability of X and
the proximity function of an observation x, of X to the population I, represented
by X, are respectively defined by

VX) = = [ 0%k, %0) f(x0) f (e i, M

SxS

2
D¥(xy) = /S(SQ(XO,X)f(X)dX—V;;(X). )

Vs(X) is a general measure of variability and D?(x,) can be used in discriminant
analysis. It can be proved that if (S, ¢) can be represented in a Hilbert space L, i.e.,
there exists ¢ : S — L such that 6%(x1,x,) = ||¢(x1)—@(x3)||, then

Vs(X) = E(lsX)I”)= 1B@X)I,
Di(xo) = l¢(x0)—E($(X))I” -

Thus D?(x,) is the squared distance from x to the §-mean E(¢(X)).
If T1, is a second population represented by Y, with density ¢g(y) and same support
S, the distance-based (DB) rule allocates x, to the nearest population

xo comes from IT; if  D?(xq) =min{D?(x¢), D3(x¢)}.

The squared distance between two populations from distances between observa-
tions, can be defined by

AN L) = [ 80 3) fgy)dxdy—Vs(X) - Vi(Y). O

SxS

When 4 is the Mahalanobis distance we have

D} (x) = (x—pe)' 7% — pa),
AQ(HD H2) = (FLZ_NI)IZ_I(MZ - Ml)a

and the DB rule is equivalent to performing a Linear Discriminant Analysis. Other
classic discriminant rules can be obtained as particular cases of DB by choosing
suitable distances. The real advantadge arises in nominal or mixed data, when
it is difficult to obtain a probabilistic model, while a proximity function, which
can be estimated from a sample without knowing the density, is more accessible.
This approach was introduced, studied and applied by Cuadras and Fortiana(1995),
Cuadras et al.(1997a, 1997b).



3. Typicality using Proximity Functions

Suppose that we have multivariate mixed data and a suitable distance 6. The DB ver-
sions for Py (x) =(po—p1) S (x — 1) and Po(x) = (po—p1 ) 71 (x—p), when
0 is a general distance, are

Pi(x) = [A*(T0,,IDy) + D} (x)
Py(x) = [A*(IIy, II,) + D3(x)

D5(x)]/2,
Di(x)]/2.

The test that x comes from the convex linear combination oIl; + (1 — o)1y, i.e.,
from a population with 6-mean aE(¢(X)) + (1 — a)E(¢(Y)),0 < a < 1, and the
other two related tests, may be performed by using the statisitcs
Hyla=1): Ui(x) = (Pi(x))’/A% (I, ITy),
Hy(a=0): Us(x) = (P(x))’/A%(I0, Iy),
Hy(0<a<1): W(x) =D?x)—U(x) = Di(x) — Uy(x).

W (x) significant means that x comes from a different population II3.

The sampling distributions of U, U; and W can be difficult to find for mixed data
and may be obtained by resampling methods. But we prefer to follow a procedure
proposed by Cuadras and Fortiana(1994).

4. Distribution of W

Suppose that the sample sizes are Ny, N,. Then we have N = N; + N, observations
of Uy, Us and W, respectively. Let x; < ... < xy be an ordered sample with mean
T and sample variance s, of observed values of W, say. Let Fiy be the empirical
cumulative distribution function and suppose that F' is the theoretical distribution
of W, wich has mean g and variance 2. To measure the agreement between Fly
and F', we propose the maximal Hoeffding correlation between the sample and W.
This correlation r3; is the maximum correlation which we can obtain considering
all bivariate distributions with marginals /'y and F. The value of r7; is invariant
from linear transformations of W, that is, it does not depend of the particular values
of  and o.

Assume, for example, that /' is the exponential distribution. Then we can suppose
that x = o = 1 and we obtain

1 [Nl A A
ri = N Lz% x; (log(N — )Nt log(N +1 gVt g log(N)> +zy log(N)] .

% close to 1 indicates that the sample comes from an exponential distribution.



5. One mixed data example

Cuadras, Fortiana and Oliva(1997a) used a cancer data set, consisting of 11 mixed
measurements (7 continuous, 2 binary and 2 categorical) to illustrate a distance-
based discrimination rule, based on (2). This rule is applied to allocate individuals
in two groups of tumours: beningn (/NV; = 78) and malignant (N, = 59). The data
comes from Krzanowski(1980) and the distance is computed from Gower(1971)
similarity coefficient for mixed variables.

In order to ascertain whether or not one observation is atypical we consider W (x)
expressed as

W(x) = D?— 1(A? + D? — D3)?/A? = D3 — 1(A?+ D3 — D?)?/A2.

3

where D? = D?(x), D2 = D32(x) are the proximity functions, see (2), and A?
is a distance between the two populations, see (3). These quantities can be easily
estimated from the sample. 1 (x) significant is interpreted as x comes from another
different population (the individual may not have this tumour).

The distribution of W for this cancer data seems to be exponential and taking the
sample of N = N; + Ny = 137 individuals, we obtain rj{, = 0.9285. Individual
11 of the malignant group gives one extreme W value and may be atypical, so
is removed. The computations for the N — 1 = 136 remaining individuals give
ri_, = 0.9732. The fit to the exponential distribution is quite good. Assuming this
distribution, individual 11 is clearly atypical.
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