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Episode 1: Curves
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Rational Plane Curves

o: P = P2
(to : tl) — (a(to, tl) ) b(to, fl) : C(to, tl))
m a, b, c € K[Ty, T1], homogeneous of the same

degree d > 1
m gcd(a, b,c) =1
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Rational Plane Curves

The image of the map is a rational plane curve

m |t has degree d if ¢ is injective “almost
everywhere”
m |t has genus 0, which means “maximal” number
: . (d—1)(d—2)
of multiple points *=——5—=
m Computing the “implicit equation” is relatively

easy from ¢
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From affine to projective
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From parametric to implicit

Rest (Xa - a(T) — Xo - ¢(T), Xo - b(T) — X1 - ¢(T))

G0 - X2 - )

ah

|/
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The Sylvester Resultant

XQQ(I) — X()C(I) = X2 T02 — 2X0 T() Tl + X2 T12

Xzb(I) — XIC(I) = X2 T02 — 2X1 To T]_ — X2 T12

ReSI(X2 . a(I) — XO . C(I),XQ . b(I) — X1 . C(I))
Xo —2Xp X5 0

0 X, —2X, Xo
Xo —2X1 =X 0

0 Xo —=2X; =X

det
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The Sylvester matrix is a matrix of

L( Ty, T1, Xo, X1, X2) = wo(T) Xo+v1(T) X1+ va(T)Xo
such that
L(To, T, uo(T), ni(T), u2(T)) =0
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In our example...

L1(T,X) = =2T¢T1iXo+0Xy + (T§ + ToT?) Xz
Lo(T,X) = —2ToT#Xg +0X; + (T0 T+ T2)X;
£3(I, K) = 0Xo — 27_02 T1.X1 + ( — Ty Tl )X2
Li(T,X) = 0Xg—2ToT2X + (T0 T — T3)X,

X, —2X, Xo 0
0 X0 —2X, Xo
X, —2X; —X 0
0 Xo —2X; —X»
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Can you do it in degree 17

Li(T,X) = X2 To —(Xo+X1) T1
To +X5 I
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The module of moving lines following ¢

(Hilbert)

There are j1 < % and
P.(T,X), Qg—,u(T,X) independent moving lines
following ¢ such that every other moving line
Ls( T, X) following ¢ is of the form

Pé—M(I),P (T X) + Q5 d+u( )Pd u(T X)
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Geometric version

There exist ;1 < % and two other plane
parametrizations ¢, (to, t1), ¥g—,(to, t1) of degrees
(, d — 11 such that

P(to, t1) = wulto, t1) A a—u(to, t)

1 <NV
I

1

Carlos D'Andrea
Moving surfaces ideals of rational parametrizations



For the unit circle

gOl(to : tl) = (—tl 1y t())
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bases and Hilbert’s Syzygy Theorem

The homogeneous polynomial ideal
I = (a(T), b(T), c(T)) C K[To, T3] has a
Hilbert-Burch resolution of the type

(a,b,c)

0 — K[T] ((pllidglt) K[I]3 _) K[T]

A 11 basis of the parametrization is a basis of Syz(/)
as a K[T]-module
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Why do we care about bases?

Implicit equation

RGSI (PM (I; K)a Qdfp,(I? K))

Busé-D (2012)

If B denotes a Bézout matrix and S a Sylvester matrix then,

X2 S(,P,U,(I7 K)a Qd—/},(Ia K)) — M B(aX2 - CXO7 bX2 - CX1)7

with M € K99 invertible
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A bit of history on the CAGD side

m Sederberg, Saito, Qi, Klimaszewski. (1994), Curve
implicitization using moving lines, Computer Aided
Geometric Design 11, 687-706

m Sederberg, Chen. Implicitization using moving curves
and surfaces. Proceedings of SIGGRAPH 1995,
301-308.

m Sederberg, Goldman, Du. (1997), Implicitizing rational
curves by the method of moving algebraic curves,
J. Symbolic Comp. 23, 153-175

m Cox., Sederberg, Chen. (1998), The moving line ideal
basis for planar rational curves, Computer Aided
Geometric Design 15, 803-827
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Moving conics, Moving cubics,...

3 (T)X5 + bi(D)XeXs + 6(T) XoXo + d(T)X] +
ei(T) X Xo + G(T)X3
is a moving conic which follows the
parametrization if
aj(T)a(T)* + b(T)a(T)b(T) + ;(T)a(T)c(T) +
d(T)b(T)* + &(T)b(T)c(T) + f(T)c(T)* =0
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The method of moving curves for implicitization

The implicit equation may be computed as a small
determinant of

some moving lines
some moving conics
some moving cubics

the more singular the curve is, the smaller the
determinant is
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One of those theorems (Sederberg & Chen 1995)

The implicit equation of a quartic curve with no base

points can be written as a 2 x 2 determinant. If the

curve doesn't have a triple point, then each element

of the determinant is a quadratic; otherwise one row
is linear and one row is cubic
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A quartic with triple point

H(to, t1) = (tg — tf : —t3t7 : tot3)
F(X07X17X2) - Xz4 - Xl4 - X0X1X22

NG
\\ Vi
//,

T.X) = ToXo+ T1 X
L13(T,X) = To(XP+ XoX3)+ T X3

X2 X
X34+ XoX2 X3
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A quartic without a triple point

H(tg : t1) = (tg : 613t — 4t} : 4t3ty — biot3)
F(X) = X&+4Xo X3 +2Xo X1 X2 — 16 X2 X2 — 6X2X2 4+ 16 X3 X,

€1,2(Iv X) = To(XiXo — XoXo) + Ti(—XZ — 2Xo X1 + 4X3)
Lio(T,X) = To(XZ+ iXZ —2X0X1) + T1(XoXo — X1.X2)

Carlos D'Andrea
Moving surfaces ideals of rational parametrizations



For large , we do not know...

which moving lines?
which moving conics?
which moving cubics?
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The Rees Algebra associated to the parametrization

Cox, D. The moving curve ideal and the Rees
algebra. Theoret. Comput. Sci. 392 (2008), no. 1-3,
23-36.

ICy := {moving curves following ¢} = kernel of
K[T07 Tla XO; Xla X2] — K[T(), Tl, S]

T — T

Xo — a(T)s
Xl — b(I)S
X5 > c(T)s

“The defining ideal of the Rees Algebra associated to
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The implicit equation may be obtained as the
determinant of a very small matrix:

some minimal generators of ICy

The more singular the curve, the simpler the
description of ICy
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Main Problem

Compute a minimal set of generators

of IC; for any ¢

Known for:
m i = 1 (Hong-Simis-Vasconcelos,
Cox-Hoffmann-Wang, Busé, Cortadellas-D)
m 1 = 2(Busé, Cortadellas-D, Kustin-Polini-Ulrich)
m (’C¢>(172) # 0 (Cortadellas- D)
m Monomial plane parametrizations (Cortadellas-D)
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Coarse problem

Compute ng(/Cy), the number of
minimal generators of Ky

Show that if ¢ is “'more singular’ than
@' then no(ICy) < no(Ky)




Example:

The curve has either

m one point of multiplicity d — 2
m =0 (%)
(Cortadellas-D, Kustin-Polini-Ulrich)

C
\\ o

2

d .
np =0 (7 (Busé)
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Related Problems

m Describe all the possible values
and the parameters of the function

no (ko)
m |s there a generic value for
no(/Cy)? Is this the maximal value?

m Where is ng(KC;) constant?
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An example with

Py = TgXo + (T3 — ToT{) X
Qr = (ToTa = TgT0)Xo + (TgT7 + Te T0)Xa + (70 + T{)Xe

with minimal generators of bidegree
(3,1), (7,1), (2,3), (2,3), (4,2), (2,4), (1,6), (1,6), (1,6), (0,10)

Py = (T3 — TET1)Xo + (T2 + To T2 — To TH) X
Qr = (T8T1 — T2THXo + (TFTE + T2TX, + (T{ + T{) X

with minimal generators of bidegree
(3.1), (7,1), (2.3), (2,3), (4,2), (2,4), (1,5), (1,6), (1,6), (0, 10)

Carlos D'Andrea
Moving surfaces ideals of rational parametrizations



Episode 2 : Surfaces
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Rational Parametrizations

bs - P? s P?
t=(to:t1:1) — (a(t): b(t): c(t): d(z))
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Elimination

m multivariate / sparse resultants (Macaulay, Dixon,
Gelfand-Kapranov-Zelevinskii), ...

m Determinants of complexes Botbol, Busé,
Chardin, Jouanlou, ...

Base Points!
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Moving Planes, Quadrics,...

(Sederberg-Chen, Cox-Goldman-Zhang, Busé-Cox, D,
D-Khetan)

Features
m The module of moving planes is not free anymore!

m Definition of p-basis given by Chen-Cox-Liu. Not
easy to compute
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Some results

Implicitization

m Quadratic and cubic surfaces (Chen-Shen-Deng)
m Steiner surfaces (\Wang-Chen)

m Surfaces of revolution (Shi-Goldman)

..

Rees Algebra

m Monoid surfaces (Cortadellas - D)

m de Jonquiéres surfaces (Hassanzadeh- Simis)
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Episodes 3, 4, ...

m Curves in space
m Adjoints

ideals of rational parametrizations



Adjoints

A curve Cy is adjoint to another curve C if
my(Co) > my(C) — 1 forall p e C

Cox's conjecture (2008)

Any moving curve of the form

Fio = ToA(Xo, X1, X2) + T1B(Xo, X1, X2)

is a pencil of adjoints if (> d —2
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Cox’s conjecture

Works for
m =1 (Cox)
m 1« = 2 and only double points (Busé)
m general curves
Fails in general
m 1 = 2 and a very singular point (Cortadellas-D)
m Monomial plane parametrizations (Cortadellas-D)

Conjecture (Cortadellas - D )

dimg (K1.¢/{pencils of adjoints} N KC; ) is indepen-
dent of 7, for / > 0
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Current work on the subject

Cox, Kustin, Polini. A study of singularities on rational
curves via syzygies. Memoirs of AMS, Volume 222, 2013
Cortadellas, D. The Rees Algebra of a monomial plane
parametrization arXiv:1311.5488 (2013)

D. Moving curve ideals of rational plane
parametrizations. Proceedings of this conference, LNCS
Hassanzadeh, Simis. Implicitization of the Jonquiéres
parametrizations.arXiv:1205.1083

Kustin, Polini, Ulrich.The bi-graded structure of
Symmetric Algebras with applications to Rees rings.
arXiv:1301.7106

larrobino. Strata of vector spaces of forms in k[x,y] and
of rational curves in PX. arXiv:1306.1282
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