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Equidistribution vs Distribution at Random
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Equidistribution on the 1-dimensional torus (S?)
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Angular Discrepancy
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Radius Discrepancy
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There is equidistribution when

Ny(P), A(P:e) < 1 Ve
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Another way of measuring equidistribution

mop = %ZZzl Op,
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Another way of measuring equidistribution

1 d
mop = d Zkzl Op,
m /.51 : the Haar measure supported on St C C~
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Another way of measuring equidistribution

1 d
mop = d Zkzl Op,
m /.51 : the Haar measure supported on St C C~

Equidistribution <= | [.. Fddp — [ Fdus| < 1
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Quantitative equidistribution

How to estimate
Ay(P), A(P; ), and

Uccx Fdop — [o. Fdl@l}
as functions of P, F?
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Quantitative equidistribution for polynomials

P = Z(f), f(x) = agx? + --- 4+ ag € C[x]
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Quantitative equidistribution for polynomials

P = Z(f), f(x) = agx? + --- 4+ ag € C[x]

Theorem
[Erdos-Turdn 1948], [Hughes-Nikeghbali 2008]

Dy(P) < c\/% log (J&)
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Quantitative equidistribution for polynomials

P = Z(f), f(x) = agx? + --- 4+ ag € C[x]

Theorem
[Erdos-Turdn 1948], [Hughes-Nikeghbali 2008]

Dy(P) < c\/% log (J&)

A(P;e) < 2 log (

with [|f]| := max|ax|, ¢ <10
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Example

d = 30 and

Foo x30 429 (28 4 (26 25 24 23 (20
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Example 2

d = 50 and

f = —24+412x — 44x*8 — 48x%9 — 42x%8 1 15x29 + 34x20 4 22x27 —
24x%% 4 29x25 4 14x2 — 40x3 — 48x* 4 35x° + 24x0 + 27x7 — 3x8 —
15x9 — 21x10 4 12x14 — 15x%0 — 14x33 + 38x34 + 10x3° — 23x36 +
48x37 +30x38 —23x39 —31x%04-2x*1 4-24x42 1 9x*3 —15x** —20x*° +
45x40 + 40x*7 4 40x3! — 40x32 + 38x11 4 8x12 — 16x13 — 30x™® +
2x16 —38x17 — x18 1 16x19 — 44x20 — 20x2! 4 22x%2 4 28x23 + 32x30
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Quantitative equidistribution of algebraic numbers

For f € Clx]|, its Mahler Measure is

M(f) := exp (% /027r log \f(e"")\am)
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Quantitative equidistribution of algebraic numbers

For f € Clx]|, its Mahler Measure is

M(f) := exp (% /027r log \f(e"")\am)

Let p € Q*, and g, € Z[x] its irreducible defining
polynomial. The height of pis

_ log M(gp)
(p) = deg(g)p)
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Quantitative equidistribution

peQ*, P=0(p)
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Quantitative equidistribution

peQ*, P=0(p)

Theorem [Petsche 2003]

For ¢ > 0 and an admissible function F : C* — C,
there is a constant c¢(F,c) > 0 such that

/Fdép—/ Fdus
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Quantitative equidistribution 2

peQ", P=0(p),#P=d
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Quantitative equidistribution 2

peQ, P=0(p), #P=d

3C > 0 such that VF € C!(P!(C),R)

: 1 log d\ 2
Fdd —/ Fdus: SLlpF[+ h(p) + C }
/m P [, s <L) |+ (hp) + €25
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Quantitative equidistribution 2

peQ, P=0(p), #P=d

3C > 0 such that VF € C!(P!(C),R)

: 1 log d\ 2
Fdd —/ Fdus: SLlpF[+ h(p) + C }
/m P [, s <L) |+ (hp) + €25
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Equidistribution in the N-dimensional torus

> =

7 N

Slx.. .. xSt

P= {p]_7"'7pd} C (CX)N
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Equidistribution in the N-dimensional torus

N
7\
7 N

Slx.. .. xSt

P= {p]_7"'7pd} C (CX)N

ié’kl

Pe = (Px1, - - Pav) = (prae™, ... prwe’®™)
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Radius and Angular Discrepanc
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Quantitative equidistribution in (S')V

How to estimate
Ay(P), A(P;¢), and

iy Fddp = o Fdpisiyy
as functions of P, e, F?
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Evidence

Theorem [Bilu, 1997]

Let {p tren C (@)Y be a strict sequence with
limy_,o0 h(py) = 0. Then, for F € Co((C*)", C)

lim ‘/ Fdapk—/ Fd,LL(Sl)N =0
k—00 (Cx)N (Cx)N
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Quantitative equidistribution for polynomials

P=2Z(,....f), F €Clx,....xz1], L<j<N
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Quantitative equidistribution for polynomials

P=2Z(h,...,fn), FECT,...,x3], 1<j<N

Carlos D’Andrea, Marta Narvdez-Clauss, Martin Sombra

Quantitative equidistribution of algebraic points in the N-dimensional torus



Quantitative Equidistribution for algebraic points

pe (@), P=0(p)
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Quantitative Equidistribution for algebraic points

pe (@), P=0(p)

For F € C2NT((C*)N,C), c(F) > 0 such that

1 log d
/ Fd(Sp — / Fd,u(sl)lv o8
((CX)N (CX)N

< ¢(F) Lﬁ (h(p)+c ; )}
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Quantitative Equidistribution for algebraic points

pe (@), P=0(p)

For F € C2NT((C*)N,C), c(F) > 0 such that

/ Fd(Sp —/ Fd,u(sl)lv
((CX)N (CX)N

d = min,cqn | deg(p")
C = Favre-Rivera Letelier's constant (N = 1)

< ¢(F) E + (h(p) +C '°idﬂ
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Corollary: Bilu's Theorem
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Corollary: Bilu's Theorem

1

< c(F) L,k + (h(pi) + '°ikdkﬂ

/ Fd(spk 7/ Fd/l,(sl)/v
J(Cx)N (Cx)N

which goes to zero if h(p,) — 0, and the sequence
is strict (dx — 00)
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The size of the constant
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The size of the constant

c(F) < V2rLip(F)+23 ) 1H0p/‘

+r <|0g2+37\/—> it Hae,’
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Main ingredient of the Proof

Fourier Analysis on (C*)V
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Main ingredient of the Proof

Fourier Analysis on (C*)V

m Projection via monomial maps

X" (CHV — C*
p = prt.. Py
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Main ingredient of the Proof

Fourier Analysis on (C*)V

m Projection via monomial maps

X" (CHV — C*
p = prt.. Py

m Apply known results in one dimension
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Main ingredient of the Proof

Fourier Analysis on (C*)V

m Projection via monomial maps

X" (CHV — C*
p = prt.. Py

m Apply known results in one dimension

m Reconstruction via “tomography”
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Excited about equidistribution of points?
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Excited about equidistribution of points?

Tomorrow at 10.30!

José Ignacio Burgos
Essential minimum and equidistribution
of small points on toric varieties
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