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Back to Sylvester’s times...

f = a0 + a1x + a2x
2 + . . . + amx

m

g = b0 + b1x + b2x
2 + . . . + bkx

k

What is the resultant of f and g?
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Algebraic Definitions

Resm,k(f , g) is:

the “condition” such that there are polynomials
F ,G of respective degrees k − 1, m − 1 such
that F · f + G · g = 1 (Sylvester)

The determinant of the “Sylvester” Matrix
(Sylvester)

One of the (two) generators of the ideal

〈f , g〉 ∩ Z[a0, . . . , am, b0, . . . , bk ]
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Geometric Interpretation

Resm,k(f , g) is:

W = {(a,b, x) : f = g = 0} ⊂ Pm × Pk × P1

↓ ↓ π
π(W ) ⊂ Pm × Pk

the (up to ±) primitive defining equation of π(W )
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Properties

Resm,k(f , g) is:

irreducible in Z[a0, . . . , am, b0, . . . , bk ]

homogeneous of degreee m + k

bihomogeneous of bidegree (m, k)

weighted homogeneous of degree mk

One of its terms is akmb
n
0
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Algebra meets Geometry

Resm,k(f , g) = 0

m

∃p ∈ P1| f (p) = g(p) = 0
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Poisson’s formula and additivity

Resm,k(f , g) = akm
∏

f (ξ)=0 g(ξ)

= ±bmk
∏

g(ν)=0 f (ν)

Resm1+m2,k(f1 · f2, g) = Resm1,k(f1, g) · Resm2,k(f2, g)
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Determinantal Formulae

Resm,k(f , g) = deg
(

Sylvm,k(f , g)
)

Bézout’s formulas

Hybrid formulas

· · ·
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Bézout’s formulas

Hybrid formulas

· · ·

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



Determinantal Formulae

Resm,k(f , g) = deg
(

Sylvm,k(f , g)
)
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Back to Modern times: Sparse Resultants

A0, . . . ,An ⊂ Zn

For i = 0, . . . , n, fi =
∑

a∈Ai
ci ,axa

What is the resultant of f0, . . . , fn?
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Sparse resultants

A generator of

〈f0, . . . , fn〉 ∩ Z[ci ,a, i = 0, . . . , n]?

The defining equation of

W = {(ci ,a, x) : fi = 0} ⊂ Pm0 × . . .× Pmn × (C×)n

↓ ↓ π
π(W ) ⊂ Pm0 × . . .× Pmn

?
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Issues

A0 = A1 = A2 = {(0, 0), (1, 0)}
f0 = c00 +c01x1, f1 = c10 +c11x1, f2 = c20 +c21x1

〈f0, f1, f2〉 ∩ Z[cij ] is not principal

π(W ) does not have codimension 1

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



Issues

A0 = A1 = A2 = {(0, 0), (1, 0)}

f0 = c00 +c01x1, f1 = c10 +c11x1, f2 = c20 +c21x1

〈f0, f1, f2〉 ∩ Z[cij ] is not principal

π(W ) does not have codimension 1

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



Issues

A0 = A1 = A2 = {(0, 0), (1, 0)}
f0 = c00 +c01x1, f1 = c10 +c11x1, f2 = c20 +c21x1

〈f0, f1, f2〉 ∩ Z[cij ] is not principal

π(W ) does not have codimension 1

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



Issues

A0 = A1 = A2 = {(0, 0), (1, 0)}
f0 = c00 +c01x1, f1 = c10 +c11x1, f2 = c20 +c21x1

〈f0, f1, f2〉 ∩ Z[cij ] is not principal

π(W ) does not have codimension 1

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



Issues

A0 = A1 = A2 = {(0, 0), (1, 0)}
f0 = c00 +c01x1, f1 = c10 +c11x1, f2 = c20 +c21x1

〈f0, f1, f2〉 ∩ Z[cij ] is not principal

π(W ) does not have codimension 1

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



Another issue

A0 = A1 = A2 = {(0, 0), (2, 0), (0, 2)}
f0 = c00 + c01x

2
1 + c02x

2
2

f1 = c10 + c11x
2
1 + c02x

2
2

f2 = c20 + c21x
2
1 + c02x

2
2

〈f0, f1, f2〉 ∩ Z[cij ] is generated by the
determinant of the coefficients

π(W ) has codimension 1 but π|W is not
birational anymore
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You get to make a decision

With the algebraic definition you get:

Irreducibility

homogeneities

all sort of extremal coefficients

determinantal formulae

· · ·
But you do not get neither satisfactory
Poisson nor additivity formulae

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



You get to make a decision

With the algebraic definition you get:

Irreducibility

homogeneities

all sort of extremal coefficients

determinantal formulae

· · ·
But you do not get neither satisfactory
Poisson nor additivity formulae

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



You get to make a decision

With the algebraic definition you get:

Irreducibility

homogeneities

all sort of extremal coefficients

determinantal formulae

· · ·
But you do not get neither satisfactory
Poisson nor additivity formulae

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



You get to make a decision

With the algebraic definition you get:

Irreducibility

homogeneities

all sort of extremal coefficients

determinantal formulae

· · ·
But you do not get neither satisfactory
Poisson nor additivity formulae

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



You get to make a decision

With the algebraic definition you get:

Irreducibility

homogeneities

all sort of extremal coefficients

determinantal formulae

· · ·
But you do not get neither satisfactory
Poisson nor additivity formulae

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



You get to make a decision

With the algebraic definition you get:

Irreducibility

homogeneities

all sort of extremal coefficients

determinantal formulae

· · ·
But you do not get neither satisfactory
Poisson nor additivity formulae

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



You get to make a decision

With the algebraic definition you get:

Irreducibility

homogeneities

all sort of extremal coefficients

determinantal formulae

· · ·

But you do not get neither satisfactory
Poisson nor additivity formulae

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



You get to make a decision

With the algebraic definition you get:

Irreducibility

homogeneities

all sort of extremal coefficients

determinantal formulae

· · ·
But you do not get neither satisfactory
Poisson nor additivity formulae

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



A Geometric Sparse Resultant

(D-Sombra), PLMS 2015

W = {(ci ,a, x) : fi = 0} ⊂ Pm0 × . . .× Pmn × (C×)n

↓ ↓ π
π(W ) ⊂ Pm0 × . . .× Pmn

The sparse resultant of f0, . . . , fn is the defining
equation of the direct image π∗W

With this definition, Poisson’s formula works!
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Example

A0 = A1 = A2 = {(0, 0), (2, 0), (0, 2)}
f0 = c00 + c01x

2 + c02y
2, f1 =

c10 + c11x
2 + c02y

2, f2 = c20 + c21x
2 + c02y

2

Classically: ResA0,A1,A2
= det(cij)

With the new definition, ResA0,A1,A2
= det(cij)

4
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With the new definition

ResA0,...,An
is not irreducible anymore but the

power of an irreducible element (the old
resultant)

ResA0+A′
0,...,An

= ResA0,...,An
· ResA′

0,...,An

ResA0,...,An
=
∏

v Res
−hA0

(v)

A1,v ,...,An,v
·
(∏

ξ f0(ξ)mξ

)
ξ ∈ V (f1, . . . , fn)
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Algebra meets Geometry

(if π(W ) has codimension one)

ResA0,...,An
(f0, . . . , , fn) = 0
m

∃p ∈ XA| f0(p) = . . . = fn(p) = 0

XA is the toric variety defined by A0, . . . ,An with
respect to (C×)n
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More properties

degci,a (ResA0,...,An
) = MV (Q0, . . . , Q̂i , . . . ,Qn)
Qi = chull(Ai)

“hidden variables”:

ResxnA1,...,An
(f1, . . . , fn) =

±xdn Res{0,en},A1,...,An
(z − xn, f1, . . . , fn)

∣∣
z=xn

for some d ∈ Z
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Today we present...

(D-Jeronimo-Sombra)

Initial forms

Vanishing coefficients

More homogeneities

“Determinantal” formulae

of ResA0,...,An
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Initial forms

For ω ∈
∏n

i=0 RAi , ω = (ωi ,a)

initω(ResA0,...,An
) = ±

∏
v

ResA0,v,...,An,v

(
f0,v . . . , fn,v

)
,

the product is over all primitive v ∈ Zn+1 inner
normals to a facet of the lower envelope of the
“lifted” polytopes Q0,ω0

+ · · ·+ Qn,ωn

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



Initial forms

For ω ∈
∏n

i=0 RAi , ω = (ωi ,a)

initω(ResA0,...,An
) = ±

∏
v

ResA0,v,...,An,v

(
f0,v . . . , fn,v

)
,

the product is over all primitive v ∈ Zn+1 inner
normals to a facet of the lower envelope of the
“lifted” polytopes Q0,ω0

+ · · ·+ Qn,ωn

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



Initial forms

For ω ∈
∏n

i=0 RAi , ω = (ωi ,a)

initω(ResA0,...,An
) = ±

∏
v

ResA0,v,...,An,v

(
f0,v . . . , fn,v

)
,

the product is over all primitive v ∈ Zn+1 inner
normals to a facet of the lower envelope of the
“lifted” polytopes Q0,ω0

+ · · ·+ Qn,ωn

Carlos D’Andrea (Barcelona), Gabriela Jeronimo (Buenos Aires), Mart́ın Sombra (Barcelona)

Sparse resultants: initial forms, vanishing coefficients, homogeneities and generalized Macaulay formulas



Vanishing Coefficients

f̃i with support Ãi ⊂ Ai

What is ResA0,...,An
(f̃0, . . . , f̃n)?

= ±ResÃ0,...,Ãn
·
∏
v

ResA0,v,...,An,v

iff the CMD is “relevant”, otherwise it vanishes
identically
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= ±ResÃ0,...,Ãn
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More Homogeneities

ResA0,...,An

(
f0(λ1x1, . . . , λnxn), . . . , fn(λ1x1, . . . , λnxn)

)
=

λA1

1 · · ·λAn
n · ResA0,...,An

where

Ai = MVZn+1(Q0,i ,µ0
, . . . ,Qn,i ,µn

)
+
∑n

j=0 µjMVZn(Q0, . . . ,Qi−1,Qi+1, . . . ,Qn)

with µj � 0, and
Qj ,i ,µj

= chull
(
{(x, xi), (x, µi) | x ∈ Qj}

)
⊂ Rn+1
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“Determinantal” formulae

Work in Progress!
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Thanks!

http://mate.dm.uba.ar/~ coalaga/
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