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Curves and Surfaces ‘‘on screen’

@ 3D-XplorMath
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m Affine Geometry
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Geometry < Algebra
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Geometry < Algebra

Parametric and Implicit
representations of curves and surfaces
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Geometry < Algebra

Parametric and Implicit
representations of curves and surfaces
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Implicit and parametric forms
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Implicit and parametric forms

m Parametric: “plot’ points
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Implicit and parametric forms

m Parametric: “plot’ points

m Implicit: “split” regions
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Our Project..

Carlos D'Andrea

Relating geometric singularities of parametric curves and surfaces with algebraic moving ideals



implicitization of curves and surfaces
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From affine to projective

o 1—t2 2t
T 1420 1422
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From affine to projective

o 1—t2 2t
T 1420 1422

6. P P2
(to:t1) — (B+t8: 8 —t7:2tt)

y = ulx+r)
W2ayZ = p2
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Sylvester’s resultant

Xga(I) — XoC(I) = X2 T02 — 2X0 TO Tl + X2 T12

Xzb(I) — XIC(I) = X2 T02 — 2X1 TO T]_ — X2 T12

Xo —2Xp

0 Xs

det X, —2X,
0 Xo

’

Rest(Xz - a(T) — Xo - ¢(T), Xo - b(T) — Xy - c(T))

X2 0
—2X0 X2
—X5 0
—2Xi =X
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From parametric to implicit
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From parametric to implicit

Resy(Xz - a(T) — Xo - ¢(T), Xo - b(T) — Xy - ¢(T))

—4AX3 (X5 — X2 = X3)
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L(To, T1, Xo, X1, X2) = wo(T)Xo+wvi(T)X1+va(T) Xz
such that
’C( TO? Tlv a(I)u b(I)a C(I)) =0
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In our example...

Li(T,X) = =2 T02 T1Xo + 00Xy + (T3 + Ty T2)X2
/:,2(1, K) = -2 TO T12X0 + OX1 -+ (TO Tl + T3)X2
£3(I, K) = OXO — 27_02 T1X1 + ( — Ty Tl )Xg
LT, X) = 0Xo—2ToT{Xy + (TO 1 — T9)X;
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In our example...

Li(T,X) = =2 T02 T1Xo + 00Xy + (T3 + Ty T2)X2
EQ(I, K) = -2 TO T12X0 + OX1 -+ (TO Tl + T3)X2
£3(I, K) = OXO — 27_02 T1X1 + ( — Ty Tl )Xg
LT, X) = 0Xo—2ToT{Xy + (TO 1 — T9)X;

Xo —2Xo Xo 0
0 Xo —2Xo X
Xo —2X1 =X 0

Carlos D'Andrea

Relating geometric singularities of parametric curves and surfaces wi



In general

The determinant of a "matrix of
moving lines” is a multiple of the
implicit equation
L11(X) Lia(X) ... Lik(X)
Ly1(X) Lo(X) ... Low(X)

La(X) Lo(X) - Lu(X)




How small can the matrix be?

Li11(T,X) = X2 To —(Xo+X1) T1
(I X) = (=X +X1) To +X5 T
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How small can the matrix be?

Li11(T,X) = X2 To —(Xo+X1) T1
(I X) = (=X +X1) To +X5 T
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The (free) module of moving line

(Hilbert (1890)

There exists ;1 < % and
P.(T.X), Qy—,(T,X) moving lines following ¢
such that any other Ls( T, X) following ¢ is of the
form

Ps—u(L)Pu(L, X) + Go—d+u( L) Pa—p( L, X)
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Why do we care about these bases
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Why do we care about these bases

Implicit equation

Rest (Pu(T, X), Qu—u(T, X))
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Why do we care about these bases

Implicit equation

Rest (Pu(T, X), Qu-u(T, X))

Busé-D (2012)
If B is a Bézout matrix, and S one of Sylester type, then

X2 S(IP/I,(I7K)7 Qd—,u,(Ia K)) =M- B(aX2 - CXO; bX2 - CX1)7

with M € K99 invertible
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Moving conics, moving cubics,...
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Moving conics, moving cubics,...

o(T)XG + p(T)XoX1 + q(T)XoXo + r(T)X? +
s(T)Xi Xo + t(T)X?
is a moving conic following the parametrization if
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Moving conics, moving cubics,...

o(T)X5 + p(T)XoX1 + q(T)XoXo + r(T)XT +
s(T)Xi Xo + t(T)X?
is a moving conic following the parametrization if
o(T)a(T)* + p(T)a(T)b(T) + q(T)a(T)c(T) +

r(T)b(T)? + s(T)b(T)c(T) + t(T)c(T)* =0
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The method of moving curves
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The method of moving curves

The implicit equation can be computed as the
determinant of a small matrix with entries
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The method of moving curves

The implicit equation can be computed as the
determinant of a small matrix with entries

some moving lines
some moving conics
some moving cubics
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The method of moving curves

The implicit equation can be computed as the
determinant of a small matrix with entries

some moving lines
some moving conics
some moving cubics

the more singular the curve, the simpler the
description of the determinant
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Example (Sederberg & Chen 1995
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Example (Sederberg & Chen 1995

The implicit equation of a quartic can be computed
as a 2 x 2 determinant.
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Example (Sederberg & Chen 1995

The implicit equation of a quartic can be computed
as a 2 x 2 determinant.

If the curve has a triple point, then one row is linear
and the other is cubic.
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Example (Sederberg & Chen 1995

The implicit equation of a quartic can be computed
as a 2 X 2 determinant.
If the curve has a triple point, then one row is linear
and the other is cubic.
Otherwise, both rows are quadratic.
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A quartic with a triple point
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A quartic with a triple point

H(to, t1) = (tg — tf : —t3t7 : tot3)
F(XOaXIaXZ) - Xz4 - X14 - X0X1X22
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A quartic with a triple point

H(to, t1) = (tg — tf : —t3t7 : tot3)
F(XOaXIaXZ) - Xz4 - X14 - X0X1X22

NG
\\ Vi
//,
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A quartic with a triple point

H(to, t1) = (tg — tf : —t3t7 : tot3)
F(XOaXIaXZ) - Xz4 - X14 - X0X1X22

NG
\\ //
//,

, X) = ToXo+ T Xy
L13(T,X) = To(XP+XoX3) + T1 X3

Xa Xy
X34+ XoX2 X3

Carlos D'Andrea

Relating geometric singularities of parametric curves and surfaces with algebraic moving ideals



A quartic without triple points

H(tg : t1) = (tg : 63t — 4t} : At3ty — biot3)
F(X) = X} +4Xo X3 +2X0 X0 X2 — 16X2X2 — 6X2X2 +16X3X,

Carlos D'Andrea

Relating geometric singularities of parametric curves and surfaces with algebraic moving ideals



A quartic without triple points

H(tg : t1) = (tg : 63t — 4t} : At3ty — biot3)
F(X) = X} +4Xo X3 +2X0 X0 X2 — 16X2X2 — 6X2X2 +16X3X,
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A quartic without triple points

H(tg : t1) = (tg : 63t — 4t} : At3ty — biot3)
F(X) = X} +4Xo X3 +2X0 X0 X2 — 16X2X2 — 6X2X2 +16X3X,

) = To(XiXo — XoXo) + Ti(—XZ — 2Xo X1 + 4X3)
) = To(XZ+iXZ —2XoX1) + Ti(XoXo — Xi Xo)
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Very concentrated singularities
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Very concentrated singularities

. /
) \\ //
P

N

If the curve has a point of multiplicity d — 1
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Very concentrated singularities

If the curve has a point of multiplicity d — 1
the implicit equation is always a 2 x 2 determinant

' L1a(X)  L14(X) ‘
L14-1(X) Ly 4.4(X)
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In general, we do not know..
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In general, we do not know..

which moving lines?
which moving conics?
which moving cubics?
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The Rees Algebra associated to the parametrization

Cox, D. The moving curve ideal and the Rees
algebra. Theoret. Comput. Sci. 392 (2008), no. 1-3,
23-36
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The Rees Algebra associated to the parametrization

Cox, D. The moving curve ideal and the Rees
algebra. Theoret. Comput. Sci. 392 (2008), no. 1-3,
23-36
ICs := {Moving curves following ¢} =
homogeneous elements in the kernel of

K[T07 T17X07X17X2] — K[TO, Tl,S]

T; = Ti

Xo — a(T)s
X1 — b(I)S
X5 —  c(T)s
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The Rees Algebra associated to the parametrization

Cox, D. The moving curve ideal and the Rees
algebra. Theoret. Comput. Sci. 392 (2008), no. 1-3,
23-36
ICs := {Moving curves following ¢} =
homogeneous elements in the kernel of

K[T07 T17X07X17X2] — K[TO, Tl,S]

T; = Ti

Xo — a(T)s
X1 — b(I)S
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Method of moving curves revisited
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Method of moving curves revisited

The implicit equation should be obtained as the
determinant of a matrix with
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Method of moving curves revisited

The implicit equation should be obtained as the
determinant of a matrix with

some minimal generators of /C,
and relations among them
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Method of moving curves revisited

The implicit equation should be obtained as the
determinant of a matrix with

some minimal generators of /C,
and relations among them

The more singular the curve, the simpler the
description of ICy
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New Problem
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New Problem

Compute a minimal system of
generators of /C;
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New Problem

Compute a minimal system of
generators of [Cy for any ¢
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New Problem

Compute a minimal system of
generators of [Cy for any ¢

Known for
m 1 = 1 (Hong-Simis-Vasconcelos,
Cox-Hoffmann-Wang, Busé, Cortadellas-D)
m ;. = 2 (Busé, Cortadellas-D, Kustin-Polini-Ulrich)
n (’C¢>(172) # 0 (Cortadellas- D)
m Monomial Parametrizations (Cortadellas-D)
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A coarser problem
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A coarser problem

Compute ng(/Cy), the number of
minimal generators of Ky
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A coarser problem

Compute ng(/Cy), the number of
minimal generators of Ky

Show that if ¢ is "more singular” than
@' then no(KCy) < no(Ky)
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Example:

The curve has either
m one point of multiplicity d — 2
n-0()
(Cortadellas-D, Kustin-Polini-Ulrich)
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Example:

The curve has either

m one point of multiplicity d — 2
n-0()
(Cortadellas-D, Kustin-Polini-Ulrich)

C
\\ -

np =0 (%2) (Busé)
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Other problems
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Other problems

m Describe all the possible values and
parameters of the “function”ny(/Cy)

Carlos D'Andrea

Relating geometric singularities of parametric curves and surfa



Other problems

m Describe all the possible values and
parameters of the “function”ny(/Cy)

m Does there exist a generic value

for no(/1Cy)?
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Other problems

m Describe all the possible values and
parameters of the “function”ny(/Cy)

m Does there exist a generic value
for ny(/Cy)? Is this the maximal
value?
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Other problems

m Describe all the possible values and
parameters of the “function”ny(/Cy)

m Does there exist a generic value
for ny(/Cy)? Is this the maximal
value?

m In which"regions” is ny(/Cy)
constant?
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Only curves in the plane?

fime

Carlos D'Andrea

Relating geometric singularities of parametric curves and surfa



Rational Surfaces

Ps P>
t=(ty: ty:

Carlos D'Andrea

Relating geometric singularities of parametric curves and surfaces wi



Rational Surfaces

Ps P>
t=(ty: ty:

There are base points!
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Implicitization via

m Resultants Macaulay, Dixon,
Gelfand-Kapranov-Zelevinskii, ...
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Implicitization via

m Resultants Macaulay, Dixon,
Gelfand-Kapranov-Zelevinskii, ...

m Determinants of complexes Botbol, Busé,
Chardin, Jouanlou, ...
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Implicitization via

m Resultants Macaulay, Dixon,
Gelfand-Kapranov-Zelevinskii, ...

m Determinants of complexes Botbol, Busé,
Chardin, Jouanlou, ...

m Representation matrices Botbol, Busé, Chardin,
Dickenstein, ...
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Implicitization via

m Resultants Macaulay, Dixon,
Gelfand-Kapranov-Zelevinskii, ...

m Determinants of complexes Botbol, Busé,
Chardin, Jouanlou, ...

m Representation matrices Botbol, Busé, Chardin,
Dickenstein, ...
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Moving planes, moving quadrics,...
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Moving planes, moving quadrics,...

(Sederberg-Chen, Cox-Goldman-Zhang, Busé-Cox, D,
D-Khetan)
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Moving planes, moving quadrics,...

(Sederberg-Chen, Cox-Goldman-Zhang, Busé-Cox, D,
D-Khetan)

Contrast:

m The module of moving planes is not free
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Moving planes, moving quadrics,...

(Sederberg-Chen, Cox-Goldman-Zhang, Busé-Cox, D,
D-Khetan)

Contrast:
m The module of moving planes is not free

m There is a concept of u-basis given by
Chen-Cox-Liu
Not easy to compute
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Some results
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Some results

Implicitization

Carlos D'Andrea

Relating geometric singularities of parametric curves and surfaces with algebraic moving ideals



Some results

Implicitization

m Quadratic and cubic surfaces (Chen-Shen-Deng)
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Some results

Implicitization

m Quadratic and cubic surfaces (Chen-Shen-Deng)
m Steiner surfaces (Wang-Chen)
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Some results

Implicitization

m Quadratic and cubic surfaces (Chen-Shen-Deng)
m Steiner surfaces (Wang-Chen)
m Revolution surfaces (Shi-Goldman)
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Some results

Implicitization

m Quadratic and cubic surfaces (Chen-Shen-Deng)
m Steiner surfaces (Wang-Chen)

m Revolution surfaces (Shi-Goldman)

m.

Rees Algebras
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Some results

Implicitization

m Quadratic and cubic surfaces (Chen-Shen-Deng)
m Steiner surfaces (Wang-Chen)
m Revolution surfaces (Shi-Goldman)
..
Rees Algebras
m “Monoid" Surfaces (Cortadellas - D)
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Some results

Implicitization

m Quadratic and cubic surfaces (Chen-Shen-Deng)
m Steiner surfaces (Wang-Chen)
m Revolution surfaces (Shi-Goldman)
..
Rees Algebras
m “Monoid" Surfaces (Cortadellas - D)

m de Jonquiéres surfaces (Hassanzadeh- Simis)
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Similar Results for

Spatial curves
dc - P ——» P
t=(to:tr) — (a(t):b(t): c(t): d(t))

time

space
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Thanks!
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