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Rational Plane Parametrizations

o 1—-t> 2t
T 1420 1422
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Rational Plane Parametrizations

o 1—-t> 2t
T 1420 1422

— P2
(to:t1) — (B+t8: 8 —t7:2tt)

y = ulx+r)
Zag? = o2
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Parametrization of Plane Curves

o: P = P2
(T_'O : tl) > (a(to, tl) : b(to, tl) : C(l’o7 tl))
m a, b, c € K[Ty, T1], homogeneous of the same

degree d > 1
m gcd(a, b,c) =1
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Rational Curves in the plane

The image of ¢ is a rational plane curve
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Rational Curves in the plane

The image of ¢ is a rational plane curve

m |t has degree d if ¢ is “generically’” injective
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Rational Curves in the plane

The image of ¢ is a rational plane curve

m |t has degree d if ¢ is “generically’” injective

m |t has genus 0, which means the maximal number
(d—1)(d—2)

of multiple points 5
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Rational Curves in the plane

The image of ¢ is a rational plane curve

m |t has degree d if ¢ is “generically’” injective
m |t has genus 0, which means the maximal number

of multiple points w
m Computing its implicit equation is relatively easy

from ¢
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Sylvester’s resultant

Xga(I) — XoC(I) = X2 T02 — 2X0 TO Tl + X2 T12

Xzb(I) — XIC(I) = X2 T02 — 2X1 TO T]_ — X2 T12

’

ReSI(Xg . B(I) — X() . C(I) X2 . b(I) — X1 . C(I))
Xo —2Xp X5 0

0 X, —2X, Xo
Xo —2X1 =X 0

0 Xy —2X; —X;

det
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From parametric to implicit
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From parametric to implicit

Resy(Xz - a(T) — Xo - ¢(T), Xo - b(T) — Xy - ¢(T))

—4AX3 (X5 — X2 = X3)
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L(To, T1, Xo, X1, X2) = wo(T)Xo+wvi(T)X1+va(T) Xz
such that
’C( TO? Tlv a(I)u b(I)a C(I)) =0
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In our example...

£1(I, K) = -2 T02 T1X0 + OX1 + (T3 + TO T2)X2
/:,2(1, K) = -2 TO T12X0 + OX1 -+ (TO Tl + T3)X2
£3(I, K) = OXO — 27_02 T1X1 + ( — Ty Tl )Xg
LT, X) = 0Xo—2ToT{Xy + (TO 1 — T9)X;

Carlos D'Andrea

On minimal generators of the ideal of moving curves following a rational plane parametrization



In our example...

Li(T,X) = =2 T02 T1Xo + 00Xy + (T3 + Ty T2)X2
EQ(I, K) = -2 TO T12X0 + OX1 -+ (TO Tl + T3)X2
£3(I, K) = OXO — 27_02 T1X1 + ( — Ty Tl )Xg
LT, X) = 0Xo—2ToT{Xy + (TO 1 — T9)X;

Xo —2Xo X2 0
0 Xo —2Xo X
Xo —2X1 =X 0
0 Xy —2X1 =X
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In general

The determinant of a "matrix of
moving lines” is a multiple of the
implicit equation
L11(X) Lia(X) ... Lik(X)
Ly1(X) Lo(X) ... Low(X)

La(X) Lo(X) - Lu(X)




How small can the matrix be?

Li11(T,X) = X2 To —(Xo+X1) T1
(I X) = (=X +X1) To +X5 T
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How small can the matrix be?

Li11(T,X) = X2 To —(Xo+X1) T1
(I X) = (=X +X1) To +X5 T
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The (free) module of moving line

(Hilbert (1890)

There exists ;1 < % and
pu(T,X), q4—u(T, X) moving lines following ¢ such
that any other rs( T, X) following ¢ is of the form

P(5 ;1( )P;L(T X)+ Q(5 d-‘-/l(T)qd—/L(IvK)
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Geometric version

There exist 1 < % and two other parametrizations
©u(to, t1), Va—p(to, t1) of degrees 1, d — v such that

d(to, t1) = pu(to, t1) A Yg—u(to, t1)

—

=
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For the unit circle...
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For the unit circle...

Carlos D'Andrea

On minimal generators of the ideal of moving curves following a rational plane parametrization



For the unit circle...
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Hilbert's Syzygy Theorem
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Hilbert's Syzygy Theorem

The homogeneous ideal
I = (a(T), b(T), c(T)) C K[To, T1] has a
Hilbert-Burch resolution of the type

a.b,c
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Hilbert's Syzygy Theorem

The homogeneous ideal
I = (a(T), b(T), c(T)) C K[To, T1] has a
Hilbert-Burch resolution of the type

(a,b,c)

0 — K[T]? ) Ky @29 k(7]

A pi-basis of the parametrization is a basis of Syz(/)
as a K[T]-module
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Why do we care about -bases?
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Why do we care about -bases?

Implicit equation

Rest (pu(T, X), 44— (T, X))
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Why do we care about -bases?

Implicit equation

Rest (pu(T, X), qa—u(T, X))

Busé-D (2012)
If B is a Bézout matrix, and S one of Sylester type, then

X2 S(p,u(I~K)/ qd—,u,(I7K)) =M- B(aX2 - CXO; bXZ - CXl)v

with M € K99 invertible
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Moving conics, moving cubics,...
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Moving conics, moving cubics,...

O(T)XE + P(T)Xo X1 + Q(T)XoXo + R(T)XZ +
S(T)Xi X + T(T)X5 € K[T, X]
is a moving conic following the parametrization if
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Moving conics, moving cubics,...

O(T)X§ + P(T) XXy + Q(T) X Xo + R(T)XZ +
S(T)Xi X + T(T)X5 € K[T, X]
is a moving conic following the parametrization if

O(T)a(T)* +P(T)a(T)b(T) + QT)a(T)c(T) +
R(T)b(T)* + S(T)b(T)e(T) + T(T)e(T)* =0
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The method of moving curves
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The method of moving curves

The implicit equation can be computed as the
determinant of a small matrix with entries
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The method of moving curves

The implicit equation can be computed as the
determinant of a small matrix with entries

some moving lines
some moving conics
some moving cubics
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The method of moving curves

The implicit equation can be computed as the
determinant of a small matrix with entries

some moving lines
some moving conics
some moving cubics

the more singular the curve, the simpler the
description of the determinant
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Example (Sederberg & Chen 1995
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Example (Sederberg & Chen 1995

The implicit equation of a quartic can be computed
as a 2 x 2 determinant.
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Example (Sederberg & Chen 1995

The implicit equation of a quartic can be computed
as a 2 x 2 determinant.

If the curve has a triple point, then one row is linear
and the other is cubic.
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Example (Sederberg & Chen 1995

The implicit equation of a quartic can be computed
as a 2 X 2 determinant.
If the curve has a triple point, then one row is linear
and the other is cubic.
Otherwise, both rows are quadratic.
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A quartic with a triple point
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A quartic with a triple point

H(to, t1) = (tg — tf : —t3t7 : tot3)
F(XOaXIaXZ) - Xz4 - X14 - X0X1X22
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A quartic with a triple point

H(to, t1) = (tg — tf : —t3t7 : tot3)
F(XOaXIaXZ) - Xz4 - X14 - X0X1X22

NG
\\ //
//,
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A quartic with a triple point

H(to, t1) = (tg — tf : —t3t7 : tot3)
F(XOaXIaXZ) - Xz4 - X14 - X0X1X22

NG
\\ //
//,

, X) = ToXo+ T Xy
L13(T,X) = To(XP+XoX3) + T1 X3

Xa Xy
X34+ XoX2 X3
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A quartic without triple points

H(tg : t1) = (tg : 63t — 4t} : At3ty — biot3)
F(X) = X} +4Xo X3 +2X0 X0 X2 — 16X2X2 — 6X2X2 +16X3X,
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A quartic without triple points

H(tg : t1) = (tg : 63t — 4t} : At3ty — biot3)
F(X) = X} +4Xo X3 +2X0 X0 X2 — 16X2X2 — 6X2X2 +16X3X,
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A quartic without triple points

H(tg : t1) = (tg : 63t — 4t} : At3ty — biot3)
F(X) = X} +4Xo X3 +2X0 X0 X2 — 16X2X2 — 6X2X2 +16X3X,

Lipo(T,X) = To(XiXo — XoXo) + Ti(—=X7 — 2Xo X1 + 4X3)
Lio(T,X) = To(X7+ 35X —2XX1) + Ta(XoXo — X2 X2)
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Very concentrated singularities
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Very concentrated singularities

. /
) \\ //
P

N

If the curve has a point of multiplicity d — 1
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Very concentrated singularities

If the curve has a point of multiplicity d — 1
the implicit equation is always a 2 x 2 determinant

' L1a(X)  L14(X) ‘
L14-1(X) Ly 4.4(X)
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In general, we do not know..
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In general, we do not know..

which moving lines?
which moving conics?
which moving cubics?
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The Rees Algebra associated to the parametrization

Cox, D. The moving curve ideal and the Rees
algebra. Theoret. Comput. Sci. 392 (2008), no. 1-3,
23-36
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The Rees Algebra associated to the parametrization

Cox, D. The moving curve ideal and the Rees
algebra. Theoret. Comput. Sci. 392 (2008), no. 1-3,
23-36
ICs := {Moving curves following ¢} =
homogeneous elements in the kernel of

K[T07 T17X07X17X2] — K[TO, Tl,S]

T; = Ti

Xo — a(T)s
X1 — b(I)S
X5 —  c(T)s
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The Rees Algebra associated to the parametrization

Cox, D. The moving curve ideal and the Rees
algebra. Theoret. Comput. Sci. 392 (2008), no. 1-3,
23-36
ICs := {Moving curves following ¢} =
homogeneous elements in the kernel of

K[T07 T17X07X17X2] — K[TO, Tl,S]

T; = Ti

Xo — a(T)s
X1 — b(I)S
X5 —  c(T)s
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Method of moving curves revisited
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Method of moving curves revisited

The implicit equation should be obtained as the
determinant of a matrix with
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Method of moving curves revisited

The implicit equation should be obtained as the
determinant of a matrix with

some minimal generators of /C,
and relations among them
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Method of moving curves revisited

The implicit equation should be obtained as the
determinant of a matrix with

some minimal generators of /C,
and relations among them

The more singular the curve, the simpler the
description of ICy
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New Problem
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New Problem

Compute a minimal system of
generators of /C;
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New Problem

Compute a minimal system of
generators of [Cy for any ¢
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New Problem

Compute a minimal system of
generators of [Cy for any ¢

Known for
m 1 = 1 (Hong-Simis-Vasconcelos,
Cox-Hoffmann-Wang, Busé, Cortadellas-D)
m ;. = 2 (Busé, Cortadellas-D, Kustin-Polini-Ulrich)
n (’C¢>(172) # 0 (Cortadellas- D)
m Monomial Parametrizations (Cortadellas-D)
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A coarser problem
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A coarser problem

Compute ng(/Cy), the number of
minimal generators of Ky
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A coarser problem

Compute ng(/Cy), the number of
minimal generators of Ky

Show that if ¢ is "more singular” than
@' then no(KCy) < no(Ky)
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Example:

The curve has either
m one point of multiplicity d — 2
n-0()
(Cortadellas-D, Kustin-Polini-Ulrich)
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Example:

The curve has either

m one point of multiplicity d — 2
n-0()
(Cortadellas-D, Kustin-Polini-Ulrich)

C
\\ -

np =0 (%2) (Busé)
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Other problems
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Other problems

m Describe all the possible values and
parameters of the “function”ny(/Cy)
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Other problems

m Describe all the possible values and
parameters of the “function”ny(/Cy)

m Does there exist a generic value

for no(/1Cy)?
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Other problems

m Describe all the possible values and
parameters of the “function”ny(/Cy)

m Does there exist a generic value
for ny(/Cy)? Is this the maximal
value?
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Other problems

m Describe all the possible values and
parameters of the “function”ny(/Cy)

m Does there exist a generic value
for ny(/Cy)? Is this the maximal
value?

m In which"regions” is ny(/Cy)
constant?
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Recent Progress
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Recent Progress

Jeff Madsen
Equations of Rees algebras of ideals in

two variables
arXiv:1511.04073
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Recent Progress

Jeff Madsen
Equations of Rees algebras of ideals in
two variables
arXiv:1511.04073
Describes the bi-degrees of all
minimal generators in T-degree larger
than or equal to 1
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Ongoing Project

(w/Teresa Cortadellas and David Cox)

m Make explicit these generators and
their degrees
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Ongoing Project

(w/Teresa Cortadellas and David Cox)

m Make explicit these generators and
their degrees

m Complete the description to a set
of all minimal generators
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The -type of

¢" =" (a(T), b(T),c(T))

(the parametrization)




The -type of

¢" =" (a(T), b(T),c(T))

(the parametrization)

pu(T, X)" =" (po(T), p1(T), p2(T))
(“the” smallest degree element of

theji-basis)




The -type of

¢" =" (a(T), b(T),c(T))
(the parametrization)
pu(L, X)" =" (po(T), pr(T), p2(T))
(“the” smallest degree element of
theji-basis)
It also has a p-basis!




The -type of

The p-basis of
pu(L X)" =" (po(T), (), po(T))

A = (Ao(T). Ax(T), Ax(T))
B, — (Bo(T), Bi(T), Bo(T))




The -type of

The p-basis of
pu(T, X)" =" (po(T) pi(T), po(T))

( T), A)(T))
1(1), Bx(T))
< deg(B) = ¢

Ap = (Ao(T), A
B, = (By(T), B
deg(An) = h

with




The -type of

The p-basis of
pu(T, X)" =" (po(T) pi(T), po(T))

Ah:(AO( ) ( ) (I)) with
By = (Bo(T), Bi(T), Bx(T))
deg(Ap) = h < deg(B;) = ¢
h+/0=pu
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(h,0) is the u type of ¢
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(h,0) is the u type of ¢

Bernardi, Gimigliano,

(arXiv:1507.02227)

h =0 <= there is an axial moving
line
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(Jeff Madsen arXiv:1511.04073 )
The minimal generators of (/Cy)> ..
are inside the triangle
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Moreover...

(Jeff Madsen arXiv:1511.04073 )
If h < ¢ there is one minimal
generator at bidegree
(i,j))=(n—p—ah—p5la+5+1)
(a,8>0,n—p—ah— 30> p)
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(Jeff Madsen arXiv:1511.04073 )
If h = ( there are exactly j minimal at

()= (n—si—ahat)
(>0, n—pu—ah>pu)
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Our Contribution

(Cortadellas-Cox-D 2016)
Construction of explicit generators
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Our Contribution

(Cortadellas-Cox-D 2016)
Construction of explicit generators
Recall: The p-basis of

pulL, X)" =" (po(T), pr(T), po(T))

A = (Ao(T), A(T), Ar(T))
B, — (Bo(T). B/(T). By(T))




The Construction

(Cortadellas-Cox-D 2016)
It G € (/Cgb),',j, > pu+0—1,
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The Construction

(Cortadellas-Cox-D 2016)
It G € (/Cgb),',j, i >+ ¢ —1, then
G = Gopo + Gip1 + Gopo
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The Construction

(Cortadellas-Cox-D 2016)
It G € (/Cgb),',j, i >+ ¢ —1, then
G = Gopo + Gip1 + Gopo
Go G G
DA(G) = | Xp X1 Xp | € (/C¢),'_g,j+1
Ay A1 A
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Analogously

(Cortadellas-Cox-D 2016)
Gy Gi G
DB(G) = | Xp X1 X2 E(/Cqs),'_h,jjul
By B B;
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Creating minimal generators

6 10 16

FIGURE 2. Degrees whenn=22,p=6,h=1,(=5

Starting from qq_,
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Creating minimal generators

FIGURE 2. Degrees whenn=22,p=6,h=1,(=5

Starting from g4, we apply either
D, or Dg to get almost all the
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Another approach

The p-basis of
pulT, X) " =" (po(T), P1(T), po(T))

A = (Ao(T), A(T), Ao(T))
B. — (By(T), B(T), B(T))




Another approach

The p-basis of
pu(L.X)* =" (1), pu(T). po T)
Ap = (A(T), All(SDa Ax(T))
Bi = (Bo(T), Bi(T), Bs(T))

¢ = cg—n(T)An+ Ba—e(T)By




The “lifting” of

(Bernardi, Gimigliano, Ida arXiv:1507.02227)
Pl — Pprtl

t o= (gn(t)t) .. Ba—i(t)t)
The lifted curve is singular if and only

if h=20
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The “lifting” of

(Bernardi, Gimigliano, Ida arXiv:1507.02227)
Pl — Pprtl

t o= (gn(t)t) .. Ba—i(t)t)
The lifted curve is singular if and only

ifh=20
The projection P! — P? is linear
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Algebraically...

(Cortadellas-Cox-D 2016)
(a(T), b(T), c(T)) C
(ad_,,(l) TiT ', Ba-d( D TETy _j)

0<i<h,0<j<t
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Algebraically...

(Cortadellas-Cox-D 2016)
(a(T),b(T),c(T)) C
(ad_,,(l) T Ba—e(T) 3T, _j)
—

0<i<h,0<j<t
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Algebraically...

(Cortadellas-Cox-D 2016)
(a(T), b(T),c(T)) C
(@d_h(l) LT Ba-l DT _j)
—
K4 = Rees(¢) " C" Rees(lifted curve)

0<i<h, 0<j<(
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Main Result

(Cortadellas-Cox-D 2016)
Explicit generators of
Rees(lifted curve)
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Main Result

(Cortadellas-Cox-D 2016)
Explicit generators of
Rees(lifted curve)

m Some generators from the normal scroll

Carlos D'Andrea

On minimal generators of the ideal of moving curves following a rational plane parametrization



Main Result

(Cortadellas-Cox-D 2016)
Explicit generators of
Rees(lifted curve)
m Some generators from the normal scroll

m Some coming from “polarizing”

ag—n(T), Ba—e(T)
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Main Result

(Cortadellas-Cox-D 2016)
Explicit generators of
Rees(lifted curve)
m Some generators from the normal scroll
m Some coming from “polarizing”
ag—n(T), Ba—o(T)

m Some coming from the “monomial ideal”
(i,j,k) eN3: i+ hj+(lk>d—p
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m Knowledge of the lifted curve
should help unraveling the plane
curve
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m Knowledge of the lifted curve
should help unraveling the plane
curve

m Complete the list of minimal
generators given by Madsen
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m Knowledge of the lifted curve
should help unraveling the plane
curve

m Complete the list of minimal
generators given by Madsen

m And also for smaller values of /!
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