
On the resolution of fan algebras of principal
ideals over a Noetherian ring

Teresa Cortadellas (UB) , Carlos D’Andrea (UB) , Florian
Enescu (GSU)

MEGA 2017
Nice, June 2017

Teresa Cortadellas (UB) , Carlos D’Andrea (UB) , Florian Enescu (GSU):

On the resolution of fan algebras of principal ideals over a Noetherian ring



Motivation

R a commutative ring
I, J ⊂ R ideals
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for all r , s ∈ N?
for r , s � 0?
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Intersection Algebras

The Intersection Algebra of I
and J is the subring of R[x1, x2]

BR(I, J) := ⊕r ,s∈NIr ∩ Jsx r
1xs

2

( x1, x2 indeterminates over R )
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Compare with

The double Rees Algebra of I
and J :

RR(I, J) := R[Ix1, Jx2]
= ⊕r ,s∈NIrJsx r

1xs
2
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“Easy” construction but

The “behavior” of Ir ∩ Js is harder
to predict than IrJs

There are examples of BR(I, J)
that are not even finitely

generated over R!
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What is known:

The intersection algebra is finite
for

Monomial ideals
(J.B. Fields, 2000)
Principal ideals in a UFD
(S. Malec, 2013)
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Why do we care

Finiteness of the intersection algebra implies
“smoothness” in the length of Tors of
quotient by powers of ideals
(J.B. Fields, 2002)
control on the asymptotic growth of powers
of ideals
(Ciuperca, Enescu,Spiroff, 2007)
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Open Questions

When is BR(I, J) a finite
algebra?
If so, can we compute a set of
generators?
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Fans Algebras: a generalization

Principal ideals in a UFD:
I = 〈pa1

1 . . . pan
n 〉, J = 〈pb1

1 . . . pbn
n 〉

BR(I, J) = ⊕r ,sIr ∩ Jsx r
1xs

2

Ir∩Js = 〈pmax{r .a1,s.b1}
1 ...pmax{r .an,s.bn}

n 〉
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Fan Linear Functions

fi : N2 → N2 given by
fi(r , s) := max{r .ai , s.bi} is

piece-wise linear
subadditive
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Fan linear functions

Given a rational fan F in Rmof
convex support.

A fan linear
map in F is f : |F| ∩ Zm → N

N-linear on each face of F
f (u + v) ≤ f (u) + f (v)
∀u, v ∈ |F| ∩ Zm
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Fan Algebras: Definition

F a rational fan in Rm of convex support
f = f1, . . . , fn fan linear maps
I = I1, . . . , In ⊂ R ideals
x = (x1, . . . , xm) indeterminates over R

Bf,F ,I :=
⊕

v∈|F|∩Zm I f1(v)
1 . . . I fn(v)

n xv

⊂ R[x±1
1 , . . . , x±1

m ]
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Example 1

|F| = (R≥0)
m

fi = 0, i = 1, . . . ,n

Bf,F ,I =
⊕
v∈Nm

I0
1 . . . I

0
nxv = R[x1, . . . , xm]
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Example 3: The multi-Rees Algebra

m = n
|F| = (R≥0)

n

fi(x1, . . . , xn) = xi

Bf,F ,I =
⊕

(k1,...,kn)∈Nn

Ik1
1 · · · I

kn
n xk1

1 · · · x
kn
n
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Example 4: principal ideals

m = 2,|F| = (R≥0)
2

Ii = 〈pi〉, i = 1, . . . ,n
fi(r , s) := max{r .ai , s.bi}, i = 1, . . . ,n

Bf,F ,I =
⊕

(r ,s)∈N2

〈pmax{r .a1,s.b1}
1 ...pmax{r .an,s.bn}

n 〉x r
1xs

2

The intersection algebra of 〈pa1
1 . . . pan

n 〉 and
〈pb1

1 . . . pbn
n 〉
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Finite Generation of Fan Algebras

If R is Noetherian, Bf,F ,I is finitely
generated

and a finite set of generators can
be computed!

(S. Malec, 2013)
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Computing generators

{C1, . . . ,C`} = the maximal cones of F
Hi = {vi1, . . . ,vigi} ⊂ Zm, the Hilbert Basis of
Ci ∩ Zm, i = 1, . . . , `
I f1(vij)
1 . . . I fn(vij)

n = 〈rij1, . . . , rijhij〉

Theorem
Bf,F ,I is generated as an algebra over R by
{rijh xvij ; i = 1, . . . , `, j = 1, . . . ,gi , h = 1, . . . ,hij}
(S. Malec, 2013)
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Moreover...

For the intersection algebra of
principal ideals in a UFD, it is a

minimal set of generators
(S. Malec, 2013)
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Further questions

Can you compute:
minimal generators of Bf,F ,I for
all the cases?
minimal resolutions of Bf,F ,I?
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Our contribution

(Cortadellas-D-Enescu)

Computation of a whole minimal
resolution of Bf,F ,I for:

m = 2
|F| contained in a halfplane
Ii = 〈pi〉 principal, i = 1, . . . ,n
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Our Main Result

(Cortadellas-D-Enescu)

If |F| is a pointed rational cone in R2, we can
make explicit a Z2-graded free resolution of

Bf,F ,p of the form
0→ R[Y]M−2 ϕM−2→ . . .

ϕ3→ R[Y]2(
M−1

3 ) ϕ2→ R[Y](
M−1

2 ) ϕ1→ R[Y] ϕ0→ Bf,F,p → 0

M =
∑`

i=1 #Hi = #minimal generators
Y = (Yvij)1≤i≤`,1≤j≤gi
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Moreover...

If R is *local with respect to the Z2-graduation,
then the resolution is minimal iff

f is strict with respect to F
none of the pi ’s is a zero divisor in R
all of the pi ’s belong to the unique
homogeneous maximal ideal of R
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Ideas of the Proof

Minimal generators can be obtained as in
Malec’s case
Minimal syzygies come from non adjacent
vectors in the clockwise list of vectors vij

The rest of the resolution is computed “a la
Schreyer”...(we actually show that the
syzygies are minimal Gröbner bases for the
induced order)
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Example

I = 〈p2
1p2〉, J = 〈p1p2

2〉
Bf,F ,I ⊆ R[x1, x2] is the

intersection algebra BR(I, J):∑
(r ,s)∈N2

〈pmax(2r ,s)
1 pmax(r ,2s)

2 〉x r
1xs

2
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The Fan

The maximal cones are
C1 = {(r , s) ∈ R2

≥0 : 2r ≤ s, r ≤ 2s}
C2 = {(r , s) ∈ R2

≥0 : 2r ≥ s, r ≤ 2s}
C3 = {(r , s) ∈ R2

≥0 : 2r ≥ s, r ≥ 2s}
The monoids Ci ∩ N2, i = 1,2,3, have Hilbert

bases

{(0,1), (1,2)}, {(1,2), (1,1), (2,1)}, {(2,1), (1,0)}
M=5, H = {v1,v2,v3,v4,v5}
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Minimal Generators

BR(I, J)
=

R[p1p2
2x2, p2

1p4
2x1x2

2 , p2
1p2

2x1x2, p4
1p2

2x2
1 x2, p2

1p2x1]

f1(r , s) = max(2r , s), f2(r , s) = max(r ,2s)
BR(I, J) is minimally generated by pf (vi)xvi ,

i = 1, . . . ,5
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Presentation

We look for relations from the epimorphism

R[Y] ϕ0→ BR(I, J)
Y1 7→ p1p2

2x2

Y2 7→ p2
1p4

2x1x2
2

Y3 7→ p2
1p2

2x1x2

Y4 7→ p4
1p2

2x2
1 x2

Y5 7→ p2
1p2x1
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Minimal Syzygies

If i < j − 1, there exists i ≤ k < j , and α, α′ ∈ N
such that vi + vj = αvk + α′vk+1

sij := Yvi Yvj − Y α
wY α′

w′p
γvi vj ∈ ker(ϕ0)

with
γvv′ =(

f1(v)+ f1(v′)− f1(v+v′), f2(v)+ f2(v′)− f2(v+v′)
)
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In our case

s13 = Y1Y3 − p1Y2, s14 = Y1Y4 − p1Y 2
3

s15 = Y1Y5 − p1p2Y3, s24 = Y2Y4 − Y 3
3

s25 = Y2Y5 − p2Y 2
3 , s35 = Y3Y5 − p2Y4

The family S := {s13,s14,s15,s24,s25,s35} is a
reduced Gröbner basis for lex, and a minimal

set of generators of ker(ϕ0)
#S = 6 =

(M−1
2

)
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The Resolution

With similar combinatorial
arguments we obtain explicitly

the minimal free resolution
0→ R[Y]3 ϕ3→ R[Y]8 ϕ2→ R[Y]6 ϕ1→ R[Y] ϕ0→ B → 0
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The maps are explicit

ϕ1 =
(

Y1Y3 − p1Y2 Y1Y4 − p1Y 2
3 Y1Y5 − p1p2Y3 Y2Y4 − Y 3

3 Y2Y5 − p2Y 2
3 Y3Y5 − p2Y4

)

ϕ2 =


−Y 2

3 −p2Y3 Y4 Y5 0 0 0 0
Y2 0 −Y3 0 −p2 Y5 0 0

0 Y2 0 −Y3 Y3 −Y4 0 0
−Y1 0 p1 0 0 0 −p2 Y5

0 −Y1 0 p1 0 0 Y3 −Y4
0 0 0 0 −Y1 p1Y3 −Y2 Y 2

3



ϕ3 =



−p2 Y5 0
Y3 −Y4 0

0 −p2Y3 Y5
0 Y 2

3 −Y4
−Y2 Y 2

3 0
0 −Y2 Y3
0 Y1 −p1

Y1 −p1Y3 0


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See you in a month!
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