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Intersection Algebras

The Intersection Algebra of /
and J is the subring of R[x, xo]

Br(l,J) 1= @y senl” N ISXIXE

( X1, xo indeterminates over R )
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“Easy” construction but

The “behavior” of I" N J° is harder
to predict than /"J?®
There are examples of Bg(/, J)
that are not even finitely
generated over R!
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Why do we care

Finiteness of the intersection algebra implies

e “smoothness” in the length of Tors of
quotient by powers of ideals
(J.B. Fields, 2002)

e control on the asymptotic growth of powers
of ideals
(Ciuperca, Enescu,Spiroff, 2007)
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Open Questions
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o When is Bg(/, J) afinite
algebra?

o If sO, can we compute a set of
generators?
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Fans Algebras: a generalization

Principal ideals in a UFD:
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Fan Linear Functions

f. : N> — N2 given by
fi(r,s) == max{r.a;, s.bj} is
o piece-wise linear
 Subadditive
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Fan linear functions

Given a rational fan F in R™of
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» N-linear on each face of F
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e F arational fan in R™ of convex support
o f="1f,... f,fan linear maps
ol=1,...,l, C Rideals

e X = (X1,...,Xn) indeterminates over R
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o | F| = (Rx0)"™
° j:O,i:1,...,n

Biri= D F... X =R[x1, ..., Xn)

veNm

Teresa Cortadellas (UB) , Carlos D’Andrea (UB) , Florian Enescu (GSU):
On the resolution of fan algebras of principal ideals over a Noetherian ring



Teresa Cortadellas (UB) , Carlos D’Andrea (UB) , Florian Enescu (GSU):
On the resolution of fan algebras of principal ideals over a Noetherian ring



Teresa Cortadellas (UB) , Carlos D’Andrea (UB) , Florian Enescu (GSU):
On the resolution of fan algebras of principal ideals over a Noetherian ring



o |F| =R"

Teresa Cortadellas (UB) , Carlos D’Andrea (UB) , Florian Enescu (GSU):
On the resolution of fan algebras of principal ideals over a Noetherian ring



Teresa Cortadellas (UB) , Carlos D’Andrea (UB) , Florian Enescu (GSU):
On the resolution of fan algebras of principal ideals over a Noetherian ring



Teresa Cortadellas (UB) , Carlos D’Andrea (UB) , Florian Enescu (GSU):
On the resolution of fan algebras of principal ideals over a Noetherian ring



Example 3: The multi-Rees Algebra

Teresa Cortadellas (UB) , Carlos D’Andrea (UB) , Florian Enescu (GSU):
On the resolution of fan algebras of principal ideals over a Noetherian ring



Example 3: The multi-Rees Algebra

Teresa Cortadellas (UB) , Carlos D’Andrea (UB) , Florian Enescu (GSU):
On the resolution of fan algebras of principal ideals over a Noetherian ring



Example 3: The multi-Rees Algebra

em=n
o [F| = (Rx0)"

Teresa Cortadellas (UB) , Carlos D’Andrea (UB) , Florian Enescu (GSU):
On the resolution of fan algebras of principal ideals over a Noetherian ring



Example 3: The multi-Rees Algebra

em=n
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o fi(X1,...,Xn) = X;

ki1 kn K k
Bf,./r,l — @ I1 o« o . InnX11 e e . Xnn
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e m= 2,|./_"‘ — (Rzo)z

° I/:<p/>, i:1,...,n
o fi(r,s) :=max{r.a,s.bj},i=1,....n

Bf',]-‘7| _ @ <p:nax{r.a1,s.b1}mprr?ax{r.an,s.b,,}>x1rxzs
(r,s)eN2
The intersection algebra of (p{' ... p5") and
by by
o o)
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Finite Generation of Fan Algebras

If R is Noetherian, 5; r is finitely
generated
and a finite set of generators can
be computed!
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Computing generators

e {Cy,...,C;} =the maximal cones of F
o H;={Vj1,...,Vjg,} C Z™, the Hilbert Basis of
CiNnzZ™ i=1,....¢

f1 (V,“) fn(Vi’)
o [NV LTV = <l’/j1,---7rijh,-,->

Theorem

B r1 Is generated as an algebra over R by
{fithV”; i=1,....0,/=1,....0, h:1,...,h/j}
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Moreover...

For the intersection algebra of
principal ideals in a UFD, it is a
minimal set of generators
(S. Malec, 2013)

* *
’(\T’
* *
.
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¢ A d
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Further questions

A—\
o o

Can you compute:
» minimal generators of 5; ~ for
all the cases?
» minimal resolutions of B; r?
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Our contribution

(Cortadellas-D-Enescu)
Computation of a whole minimal
resolution of B; r for:

om=2
» | F| contained in a halfplane
o i = (pj) principal, i=1,....n
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Our Main Result

(Cortadellas-D-Enescu)
If | F| is a pointed rational cone in R?, we can

make explicit a Z2-graded free resolution of
Bs 7 p of the form

0 — RIY|-2 752 S RiY(") B RY)(2) ZLRY] 2 B rp — 0
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Our Main Result

(Cortadellas-D-Enescu)
If | F| is a pointed rational cone in R?, we can

make explicit a Z2-graded free resolution of
Bs 7 p of the form

0 — RIY|-2 752 S RiY(") B RY)(2) ZLRY] 2 B rp — 0

o M ="\, #H; = #minimal generators
o Y = (Yy)icict1<j<g
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Moreover...

If R is *local with respect to the Z2-graduation,
then the resolution is minimal iff
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Moreover...

If R is *local with respect to the Z2-graduation,
then the resolution is minimal iff

e fis strict with respect to F
e none of the p;’s is a zero divisor in R
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Moreover...

If R is *local with respect to the Z2-graduation,
then the resolution is minimal iff

e fis strict with respect to F
e none of the p;’s is a zero divisor in R

e all of the p;’s belong to the unique
homogeneous maximal ideal of R
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e Minimal syzygies come from non adjacent
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Ideas of the Proof

e Minimal generators can be obtained as in
Malec’s case

e Minimal syzygies come from non adjacent
vectors in the clockwise list of vectors v;;

e The rest of the resolution is computed “a la
Schreyer”...(we actually show that the
syzygies are minimal Grobner bases for the
induced order)
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I = (pip2), J = (p1P5)
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I = (p7p2), J = (p105)
Bf7f7| C R[X1 ) X2] s the

intersection algebra Bg(/, J):

max(2r,s) ,.max(r,2s)\ ,r s
Z (P Pz ) X1 X5

(r,s)eN2
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The Fan

The maximal cones are
Ci={(r,s) eR%y:2r<s, r<2s}
Co={(r,s)eRey:2r>s,r<2s}
Cs={(r.s)eRsy:2r>s,r>2s}
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The Fan

The maximal cones are
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Cs={(r.s)eRsy:2r>s,r>2s}

The monoids C; N N?, j = 1,2, 3, have Hilbert
bases
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The Fan

The maximal cones are
Ci={(r,s) eR%y:2r<s, r<2s}
Co={(r,s)eRey:2r>s,r<2s}
Cs={(r.s)eRsy:2r>s,r>2s}

The monoids C; N N?, j = 1,2, 3, have Hilbert
bases

(0,1), (1,2)}, {(1,2), (1,1),(2,1)}, {(2,1), (1,0);
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The Fan

The maximal cones are
Ci={(r,s) eR%y:2r<s, r<2s}
Co={(r,s)eRey:2r>s,r<2s}
Cs={(r.s)eRsy:2r>s,r>2s}

The monoids C; N N?, j = 1,2, 3, have Hilbert
bases

(0,1), (1,2)}, {(1,2), (1,1),(2,1)}, {(2,1), (1,0);

M=5, H = {V{,V2,V3,V4,Vs5}
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Minimal Generators
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Minimal Generators

Br(1,J)

2 2 44 2 2 12 4.~2,,2 2
R[p1p3X2, PIPaX1X5, PTP3X1X2, PIPaXT X2, PTP2X1]
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Minimal Generators

Br(1,J)

2 2 44 2 2 12 4.~2,,2 2
R[p1p3X2, PIPaX1X5, PTP3X1X2, PIPaXT X2, PTP2X1]

e fi(r,s) = max(2r,s), f(r,s) = max(r,2s)
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Minimal Generators

Br(1,J)

2 2 44 2 2 12 4.~2,,2 2
R[p1p3X2, PIPaX1X5, PTP3X1X2, PIPaXT X2, PTP2X1]

e fi(r,s) = max(2r,s), f(r,s) = max(r,2s)
e Br(1,J) is minimally generated by p/(V)x"/,
i=1....5
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Presentation
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Presentation

We look for relations from the epimorphism

R[Y] B Br(l,J)
Yi = pipixe

Yo — pZpaxixs
Ys = pipsxixe
Yo = pipExix
Ys — pipexi
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Minimal Syzygies
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Minimal Syzygies

Ifi<j— 1, thereexistsi < k<j anda, o’ € N
such that v; + v; = avi + o'V 1
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Minimal Syzygies

Ifi<j— 1, thereexistsi < k<j anda, o’ € N
such that v; + v; = avy + a/V, 1

sj = Yy, Yy, — YaYap™ € ker(ypo)
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Minimal Syzygies

Ifi<j—1,thereexists i < k <j,and a, o € N
such that v; + v; = avy + a/V, 1
sj = Yy, Yy, — YaYap™ € ker(ypo)

with
Twv =

(V) + A (V) = H(V+V), (V) +H(V) — H(V+V))
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si3=YiYVs—p1Ye, S1u=VYYVa—p1YZ
Si5=Y1Ys —p1p2Ys, Spa=YoVsi—VY3
Sos = YoVs — Y2, Sgs=Y3Vs—poYa
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si3=YiYVs—p1Ye, S1u=VYYVa—p1YZ
Si5=Y1Ys —p1p2Ys, Spa=YoVsi—VY3
Sos = YoVs — Y2, Sgs=Y3Vs—poYa

The family S := {s13,S14,S15, 524,525, S35} iS @
reduced Grobner basis for /lex, and a minimal
set of generators of ker(yp)
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si3=YiYVs—p1Ye, S1u=VYYVa—p1YZ
Si5=Y1Ys —p1p2Ys, Spa=YoVsi—VY3
Sos = YoVs — Y2, Sgs=Y3Vs—poYa

The family S := {s13,S14,S15, 524,525, S35} iS @
reduced Grobner basis for /lex, and a minimal
set of generators of ker(yp)

#S=6=(",")
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The Resolution

With similar combinatorial
arguments we obtain explicitly

the minimal free resolution
0 — R[YPP B R[YEBR[YPAR[Y]|BB—-0
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The maps are explicit

©1 :(Y1Y3*P1Y2 ViYe—piYE  YiYs —pipeYs  YaYa— Y YaYs —poYi Y3Y5*P2Y4>

—Y2  —pYa Yy Ys 0 0 0 0
Yo 0 -V 0 —p Ys 0 0
B 0 Y 0 -V Ys -V 0 0
2= =Y 0 P1 0 0 0 —p Y5
0 -v 0 1 0 0 Ys =Y
0 0 0 0 —Yy pYs —Y vz

—p2 3 0

Ya —Y, 0

0 —po Yg Ys

B 0 Y2 v,

LER A ng 0

0 -Y, Ys

0 Yi —p1

i —p1Ys 0
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