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Given (Xla)/l)a R (XN7yN) = K2
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Lagrange Interpolation

Given (X17y1)7 R (XN7yN) = K2
compute P € K][x]| of minimal degree

such that P(x;) = y;,i=1,..., N
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“Easy’ Solution
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“Easy’ Solution
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_ a 1
1 x x22 X2N 1 _0 Y
_ an-1 N
1 xp x,%, Xy ! y
N—1 N Y
i - A
P = g ajx! = g Y
: Xj — Xi
J=0 J=1 i#]
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Hermite Interpolation

Given xq, ..., X,
_y].O)'"7_y1N1_17"'7_yLO7"'7_yLNL_].
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Hermite Interpolation

Given xi, ..., X,

_y].O)'"7_y1N1_17"'7_yLO7"'7yLNL_].
compute P € K][x]| of minimal degree

such that | PY)(x;) = y;
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How to solve it?

1 xx X ... x] 1 ;

0 1 2x1 ... (N—1)xM? 0 Y10

0 0 0 >I<X/\/;/\/Lfl an-1 Yin, —1
L
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How to solve it?

1 xx X ... x] 1

0 1 2xI ... (N—1)xM?2 % Yio

6 O 0 >I<X/\/;/\/Lfl an-1 Yin, —1
i

N—1
_ )
P = E ajx
Jj=0
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How to solve it?

1 x1 xp ... x] 1
0 1 2xI ... (N—1)xM?2 % Yio
0 0 0 *XZV N, —1 an-1 Yin -1
N—1 L
P = ajx) = Z Pi(x)
j=0 j=0
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m Linear Algebra O(N°?)
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m Chinese Remainder Theorem
(Hermite)
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m Linear Algebra O(N°?)

m Chinese Remainder Theorem
(Hermite)

m Divided Differences
O(N log*(N))
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Rational Interpolation

Given xq, ..., x|,
Y10y - - -5 YIN;—15- - -5 YLOy - - - 7.yL/VL—l
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Rational Interpolation

Given xq, ..., x|,

Y10y - - -5 YIN;—15- - -5 YLOy - - - 7.yL/VL—l
compute R € K(x) such that

RU(x) = yi
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Rational Interpolation

Given xq, ..., x|,

Y10y - - -5 YIN;—15- - -5 YLOy - - - 7.yL/VL—l
compute R € K(x) such that

RU(x) = yi

of minimal degree
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Sub-Problem (Cauchy/osculatory)

Gven 0 < n<N-1
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Sub-Problem (Cauchy/osculatory)

Given 0 < n < N — 1 compute
A c ]I<[X]§n7 B c K[X]SN—n—l




Sub-Problem (Cauchy/osculatory)

Given 0 < n < N — 1 compute

Ae K[x]<n, B € K[x]<y_n_1 such
that R := solves the interpolation
problem
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Problem with the Sub-Problem
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Problem with the Sub-Problem

It may be unsolvable!

-
@ @
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Problem with the Sub-Problem

It may be unsolvable!

-
@ @

N:3, n:1,X1:1,X2:2
vio=Lyi1=0,y00=0
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Problem with the Sub-Problem

It may be unsolvable!

-
@ @

N:3, n:1,X1:1,X2:2
vio=Lyi1=0,y00=0

ap+a
Eo—l—blx
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The “Problem’ is the denominato

One needs B(x;) #0Vi=0,...,L
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The “Problem’ is the denominato

One needs B(x;) #0Vi=0,...,L
For “generic’ input, there is a unique
solution
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The “Problem’ is the denominato

One needs B(x;) #0Vi=0,...,L
For “generic’ input, there is a unique
solution
Description of the set of "bad points”

given in Cortadellas-D-Montoro
arXiv:1704.08563
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The Weak Sub-Problem

Given the data x;, yj
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The Weak Sub-Problem

Given the data x;, y;; compute

A c K[X]Sna B c K[X]SN—n—l
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The Weak Sub-Problem

Given the data x;, y;; compute
A € K|x|<n, B € K|[x]<py-p-1 such
that A(X,') = y,'B(X,')
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The Weak Sub-Problem

Given the data x;, y;; compute
A € K|x|<n, B € K|[x]<py-p-1 such
that A(X,') = y,'B(X,')

A(j)(Xi) — Z(j)s)/isB(j_S)(Xf)

s=0




Linear Algebra solves it!
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Linear Algebra solves it!

m [he Weak Problem is always
solvable
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Linear Algebra solves it!

m [he Weak Problem is always
solvable

m T he solution is “unique”

m T he denominator of "the” solution
does not vanish in the x; 's <=
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Linear Algebra solves it!

m [he Weak Problem is always
solvable

m T he solution is “unique”

m The denominator of "the" solution
does not vanish in the x; 's <=
the sub-problem can be solved
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How to solve it
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How to solve it

m Linear Algebra
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How to solve it

m Linear Algebra
m Symmetric functions/Subresultants
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m Linear Algebra
m Symmetric functions/Subresultants
m Euclidean Algorithm

Teresa Cortadellas, Carlos D’Andrea, Eulalia Montoro

Solving the Rational Interpolation Problem



How to solve it

m Linear Algebra

m Symmetric functions/Subresultants
m Euclidean Algorithm

m Barycentric Coordinates
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How to solve it

m Linear Algebra
m Symmetric functions/Subresultants
m Euclidean Algorithm

m Barycentric Coordinates
m Jacobi's Method
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How to solve it

m Linear Algebra

m Symmetric functions/Subresultants
m Euclidean Algorithm

m Barycentric Coordinates

m Jacobi's Method
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Euclidean Algorithm revisited

f = H,'L:1(X — Xi)Ni
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Euclidean Algorithm revisited

f = H,'L:1(X — Xi)Ni

g € K[x]<n_1, gV(x) = y;




Euclidean Algorithm revisited

f = H,'L:1(X - x;)
g € K[x]<n_1, gV(x) = y;

NOfF 4 80g =0 p =1 ..
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Euclidean Algorithm revisited

o= [iso(x —x)"

g € K[x]<n-1, & ( i) =
(¢
Whf + 88 = oy, 0=

resa Cortadellas, Carlos D'Andrea, Eulalia Montoro
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Euclidean Algorithm revisited

fi= H,L o( Xi)N’

g € K[x]<n_1, gV(x) = y;

'_l

(¢
5+ 8 = ol =
EzN—n—LA:&LBzﬁ@

work!
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you may have oY) = gl0) =0 |

(oops!

v

0
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you may have oY) = gl0) =0 |

(oops!

g
N\

However
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But...

you may have oY) = gl0) =0 |

(oops!

g
N\

However picking “the closest” nonzero
¢ to N —n—1 works...
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Complexity?
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Complexity?

m Computing f, g : O(N log” N)
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Complexity?

m Computing f, g : O(N log” N)
m One single step of the EEA costs

O(M(N)log(N))




Complexity?

m Computing f, g : O(N log” N)
m One single step of the EEA costs

O(M(N)log(N)) = O(N log® N)




Can you improve this?
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Can you improve this?

m Linear Algebra based methods:
O(N3)
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Can you improve this?

m Linear Algebra based methods:
O(N3)

m Barycentric Coordinates:
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Can you improve this?

m Linear Algebra based methods:
O(N3)

m Barycentric Coordinates:
more stable numerically but yet

O(N3)
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Can you improve this?

m Linear Algebra based methods:
O(N3)

m Barycentric Coordinates:
more stable numerically but yet
O(N3)

m Jacobi’'s Method:single roots
+ mild conditions O(N?)
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Barycentric coordinates

(Schneider - Werner 86)
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Barycentric coordinates

(Schneider - Werner 86)
Any choice of ay,...,ay # 0 makes

N ajy
Zi:l (x—x;)

N =h
2 -1 (x—x;)
a ‘solution’ of the WRIP

R:
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Barycentric coordinates

(Schneider - Werner 86)
Any choice of ay,...,ay # 0 makes

ZN aiyi

=1 (x—xj)

zN aj
i=1 (x—xj)

a ‘solution’ of the WRIP
RIP is solvable <——

R:
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Barycentric coordinates

(Schneider - Werner 86)
Any choice of ay,...,ay # 0 makes

ZN aiyi

=1 (x—xj)

zN aj
i=1 (x—xj)

a ‘solution’ of the WRIP
RIP is solvable <= a; # 0

R:
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Jacobi’'s method

(Egecioglu-Koc 89)
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Jacobi’'s method

(Egecioglu-Koc 89)
From a Bézout type identity:
Cf+Bg=A
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Jacobi’'s method

(Egecioglu-Koc 89)
From a Bézout type identity:
Cf+Bg=A
k
we pass to x*C + xkgg — %
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Jacobi’'s method

(Egecioglu-Koc 89)
From a Bézout type identity:
Cf+Bg=A
we pass to x*C + xkgg = XkTA It
k + deg(A) < N — 2, Resoo(XkTA) =0
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Jacobi’'s method

(Egecioglu-Koc 89)
From a Bézout type identity:
Cf+Bg=A
we pass to x¥C + xkgg = XkTA If
k + deg(A) < N — 2, Resoo(XkTA) =0
Separated equations for the
coefficients of A and B!

Teresa Cortadellas, Carlos D’Andrea, Eulalia Montoro

Solving the Rational Interpolation Problem



Our contribution

(Cortadellas-D-Montoro)
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Our contribution

(Cortadellas-D-Montoro)
Extend Jacobi's method to:
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Our contribution

(Cortadellas-D-Montoro)
Extend Jacobi's method to:

m the case with multiplicites
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Our contribution

(Cortadellas-D-Montoro)
Extend Jacobi's method to:

m the case with multiplicites
m climinate the “conditions”
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Our contribution

(Cortadellas-D-Montoro)
Extend Jacobi's method to:

m the case with multiplicites
m climinate the “conditions”

m improve the complexity
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Moreover...
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Moreover...

m [ he matrix of residues is
computable, of size n x n, of
Hankel type
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Moreover...

m T he matrix of residues is
computable, of size n x n, of
Hankel type

m Computing an element in the
kernel of this matrix can be done at
cost O(n log® n)
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Moreover...

m The matrix of residues is
computable, of size n x n, of
Hankel type

m Computing an element in the
kernel of this matrix can be done at
cost O(n log® n)

m B can be interpolated a posteriori
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Cost of the Algorithm

(Cortadellas-D-Montoro)
O(nlog”(n) 4 Nlog(N))




Cost of the Algorithm

(Cortadellas-D-Montoro)
O(nlog”(n) 4 Nlog(N))

Euclides approach: O(N log®(N))




What about the minimal problem?
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What about the minimal problem~

(07 ]

()

Given (X17.y1)7 SR (XNa)/N) = Kz
compute a rational function

R € K(x) such that RU)(x;) = y; of
minimal degree
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Weak Version (single root)

(Ravi 97)
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Weak Version (single root)

(Ravi 97)
Any pair (A, B) solves the weak RIP
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Weak Version (single root)

(Ravi 97)
Any pair (A, B) solves the weak RIP
X — X 0 0 1 —y *
0 X—X ... 0 1 —y :
— : : : : : * -
d 0 oo x=xy 1 —yn g
0
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Hilbert's Syzygy's Theorem

Teresa Cortadellas, Carlos D’Andrea, Eulalia Montoro
Solving the Rational Interpolation Problem



Hilbert's Syzygy's Theorem

m | he kernel of this matrix is free of
rank 2
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Hilbert's Syzygy's Theorem

m | he kernel of this matrix is free of
rank 2

m There are two generators of
degrees t < N — 1
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Hilbert's Syzygy's Theorem

m | he kernel of this matrix is free of
rank 2

m There are two generators of
degrees t < N — 1
m /, should be the minimal degree!
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Don’'t bother computing that!

(Cortadellas-D-Montoro)
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Don’'t bother computing that!

(Cortadellas-D-Montoro)

m /1 is closest degree of a remainder
in the EEA to %

m The "p-basis” are just two
consecutive rows of the EEA!
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From the Weak to the Strong...

(Cortadellas-D-Montoro)
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From the Weak to the Strong...

(Cortadellas-D-Montoro)
One uses the stratification of "bad
points’ given in
Cortadellas-D-Montoro
arXiv:1704.08563
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To conclude...
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conclude...
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