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A bit of history




A bit of history

In the problem of elimination, one seeks the
relationship that must exist between the coefficients
of a function or system of functions in order that
some particular circumstance (or singularity) can
occur.

Cayley, 1864 Nouvelles recherches sur I'élimination et la

théorie des courbes
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A bit of history

A system of arbitrarily many algebraic equations for
20,7, 7" ..., z("D in which the coefficients belong
to the rationality domain (R, R, R",....), define
the algebraic relations between z and R, whose
knowledge and representation are the purpose of the
theory of elimination.

Kronecker, 1882 Grundziige einer arithmetischen Theorie der

algebraischen Grossen
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The baby example in elimination

Find “the condition” on
aio, 411, a0, d21 SO that the system

aloxo + axy = 0
aXo + arixy = 0

has a solution different from (0, 0)




a10Xp + a11X1, dxXp + ax1Xxi

e Klaio, a11, a2, a1, X0, x1]




a10Xp + a11X1, dxXp + ax1Xxi

e Klaio, a11, a2, a1, X0, x1]

!

ajoax — axa1 € Klaio, a11, ax, ai]




More general

Find “the condition” for the system

)
aipXo + auxy + ...+ 31Xy =0
axXp + axxy + ...+ axXy =0

| 3(n+1)0X0 T a(n+11X1 + .-+ 3(n1)nXn = 0
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More general

Find “the condition” for the system

( apXo + aiiXy + ...+ aipXy =0
aroXp + a1 Xy + ...+ aXp =0
| 3(n+1)0X0 T a(n+11X1 + .-+ 3(n1)nXn = 0

to have a solution different from
(0,0,...,0)
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Another more general

Let di, d» € N. Find “the condition”
for the system of polynomials

31()X()d1 + 311X0d1_1X1 +...=0
320X0d2 + 321X0d2_1X1 +...=0

to have a solution different from

0,0)




More more more general...

Let n€ N, and d,...,d,.1 € N, find the condition

for
( [o7s} Qv —
Z(l/o+...+()én:d1 a]-aaOa-“-,OénXO - Xn ! - O
Qp (0% —
Z(y0+...+an:d2 azv(y()v"",anxo ttt Xn ! - 0
Qp « —
\ Z(X0+...+(){n:dn+1 an+1aa07---7anxo ttt Xn To= O

to have a solution different from (0.0, ...,0)
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Elimination: The general problem

For a= (ai,...,an), k, n € N let
fila, x1, ...y Xn), -, f(@,xg, ..., xn) €
K[a, x1, ..., X,]. Find conditions on a such that

( fila,x,...,xp) = 0
hla,x,....,xp) = 0
L fk(a,xl,...,x,,) =0

has a solution
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Solution?

m Depends on the ground field




Solution?

m Depends on the ground field

m There is not necessarily a “closed”
condition




Solution?

m Depends on the ground field

m There is not necessarily a “closed”
condition

m Algorithms??




Easy example

r
ayxy+...+ax, = 0
anxy+...+amux, = 0
\ anX1+ ...+ akx, = 0
with kK > n
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Easy example

(

ayxy+...+ax, = 0

< anxy+...+amux, = 0

\ aknX1+ ...+ amx, = 0
with kK > n

Conditions: all maximal minors of (a,-j)
equal to zero
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Another “easy’ example

k=n=1,

2 d
a+ aixy+axy +...+agx; =0




Another “easy’ example

k=n=1,

2 d
a+ aixy+axy +...+agx; =0

Conditions?




V= {(a,xl,...,xn) : fi(a,Xl,---,Xn) -
0,...fk(a,X1,---;Xn) :O}




V= {(a,xl,...,xn) : fi(a,Xl,---,Xn) -
0,...fk(a,X1,---;Xn) :O}

vV < KNVNxK"

Wl‘vi lm

7Tl(\/) C KN




Geometry

V= {(a,xl,...,xn) : fi(a,Xl,---,Xn) -
0,...fk(a,X1,---;Xn) :O}

v < KNxK”

milv 1 m

7Tl(\/) C KN

The set of conditions is m1(V/) is not necessarily
described by zeroes of polynomials
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Projective Elimination

(homogeneous polynomials in an algebraically closed field)
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Projective Elimination

(homogeneous polynomials in an algebraically closed field)
V ={(a,x0,x1, ..., %) : f(a, X0, X1,..., %) =
0, Ce fk(a,Xo,Xl, Ce 7Xn) = O}
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Projective Elimination

(homogeneous polynomials in an algebraically closed field)
V ={(a,x0,x1, ..., %) : f(a, X0, X1,..., %) =
0, Ce fk(a,Xo,Xl, Ce 7Xn) = O}

v < KNxP"

milv 1 m

7Tl(\/) C KN
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Projective Elimination

(homogeneous polynomials in an algebraically closed field)
V ={(a,x0,x1, ..., %) : f(a, X0, X1,..., %) =
0, Ce fk(a,Xo,Xl, Ce 7Xn) = O}

v < KNxP"

milv 1 m

7Tl(\/) C KN
(V) = {p(a) = 0,.... p(a) = 0}
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How do we compute these conditions?
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How do we compute these conditions?




How do we compute these conditions?

mInput: fi(a, x),...fH(a,x)
m Output: pi(a), ..., pia)




Mertens 1889




Mertens 1889

Set s := maxdeg(f;), and Gy, ..., G, expressions of
the form
Gi(a,x) := > u,;x“fi(a, x) of degree s in x with
new parameters u, ;.
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Mertens 1889

Set s := maxdeg(f;), and Gy, ..., G, expressions of
the form
Gi(a,x) := > u,;x“fi(a, x) of degree s in x with
new parameters u, ;.
Then, “the Kronecker u-Resultant”
Resy(Go, ..., Gy) = > 5 Ps(a)u” gives the
conditions {Pjs(a
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van der Waerden 1926




van der Waerden 1926

For arbitrary s, we use the “Macaulay matrix”
Ms(a) such that

Mya) | x" | = | x°f; | ,|a]=s




van der Waerden 1926

For arbitrary s, we use the “Macaulay matrix”
Ms(a) such that

Mya) | x" | = | x°f; | ,|a]=s

For s > 0, all maximal minors of M(a) vanish iff
there is a common solution
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Algebra & Geometry

(van der Waerden, 1926)
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Algebra & Geometry

(van der Waerden, 1926)

(A, fi) s X0y vy Xn)™)




Algebra & Geometry

(van der Waerden, 1926)

((A,. .. ) {x0, ..., xn)°) NK][a]

The “elimination ideal”




B B




1

B B

m the polynomials are not
homogeneous?




B

m the polynomials are not
homogeneous?

m K is not algebraically closed?




is the problem?
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is the problem?

m Embed K < K and work there




is the problem?

m Embed K — K and work there
m Use specific (topological,
characteristic,...) properties of K




is the problem?

m Embed K — K and work there
m Use specific (topological,
characteristic,...) properties of K




Homogeneous vs non homogeneous
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Homogeneous vs non homogeneous

Analogy with Linear Algebra...
-1 —21_3

1
{
1
1

-

-

T
S D -

r 1
S O -
o [=] =

-1 -1]
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Generalization of the determinant?

V ={(a,xp,x1, ..., %) : fi(@, X0, X1, ..., %) =
O,...,an(a,xo,xl,...,x,,) = 0}




Generalization of the determinant?

V ={(a,xp,x1, ..., %) : fi(@, X0, X1, ..., %) =
O,...,an(a,xo,xl,...,x,,) = 0}

vV < KNxP"

Wl\vi 1 m

7Tl(\/) C KN




Generalization of the determinant?

V ={(a,xp,x1, ..., %) : fi(@, X0, X1, ..., %) =
O,...,an(a,xo,xl,...,x,,) = 0}

v < KNVxPpr
mlv | L
(V) ¢ KV
m(V) = {p(a) = 0}




Generalization of the determinant?

V ={(a,xp,x1, ..., %) : fi(@, X0, X1, ..., %) =
O,...,an(a,xo,xl,...,x,,) = 0}

v < KNVNxP"
Wl\vi 1 m
7Tl(\/) C KN

m(V) = {pi(a) = 0}

One hopes!




)
agoXo + aoixy + ...+ agnx, = 0
apxo+ ayxy+...+ax, =0

anXo+ amx1+ ... +ammx, = 0




)
agoXo + aoixy + ...+ agnx, = 0
apxo+ ayxy+...+ax, =0

anXo+ amx1+ ... +ammx, = 0

pi(a) = det(ay)

\




Example 2

- d d—1 d

fi = a1oxo™ + a11xe™ xy + ...+ arg, X1t
- d dr—1 d
fo = axX0® + anXo® X1+ ...+ 2, X1
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Example 2

- d d—1 d
fi = a1oxo™ + a11xe™ xy + ...+ g, X1
- d do—1
fo = acoXo™ + a1 X0 X1+ ...+ X

Res(f1, f,) = det

a10

0

0

a0

0

a1

aio
0

ani

ano

0

d>

aid, 0 c. 0

aid,—1 aid; - - - 0
aio s e a1y

a2d, 0 c. 0

Ad,—1 d2dy - - - 0
dano T - o7
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Example 3

( — Qo o]
h = ZaoJr...Jran:dl al.ag,...,0,X0 - - Xn "

« Qap
< fz - Zao-l—.‘.—l—(yn:(b 82,(10,...704,,X0 0. Xn
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Example 3

( — Qo o]
h = ZaoJr...Jran:dl al.ag,...,0,X0 - - Xn "

« Qap
< fz - Zao-l—.‘.—l—(yn:(b 82,(10,...704,,X0 0. Xn

Resdl,...7dn(f;l7 f-29 cee fn+1)
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Example 3

,
- Qo e
fl ZaoJr...Jran:dl al,()zo,...,ognx() oo Xy "

— « On
4 f= Zao+-‘.+an:d2 32,000, X0 0 oo X

Resdl,...7dn(fi7 f-27 ey fn+1)
Macaulay/dense/classical resultant

Carlos D'Andrea
Elimination Theory



No-example
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No-example

.E-)()()X()4 + 301X§X1X2 + 802X12X24 =0
a10x0" + a1 xgxxe + anxixt = 0
320X04 + 321X3X1X2 + 322X12X24 =0
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No-example

o

4 2 2,4 __
agoXp  + apiXgX1Xe + agppXxiXo' =
4 2 2,4 __
aipXp  + anXgXixe + appxixyw =
320X04 + 321X§X1X2 + 322X12X24 =0

pi(a) 7 det(a;)

(@)
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No-example

o

4 2 2,4 __
dpoXo + do1XgXiXo + dppX{ X2 =
4 2 2,4 __
aipXo -+ aiiXgXxiXe + apXxixpw =
axxo" + a21X3 X1 X2 + 322X12 Xt =0

pi(a) # det(aj)

_ a2 42 2
Pl(a) = dppd12 — Q004019114912 — 2300302310312 + dood02d7; +
> 2 2
dg1810d12 — do1dp2a10d11 1+ dgra7g

(@)
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No-example

o

4 2 2,4 __
dpoXo + do1XgXiXo + dppX{ X2 =
4 2 2,4 __
aipXo -+ aiiXgXxiXe + apXxixpw =
axxo" + a21X3 X1 X2 + 322X12 Xt =0

pi(a) # det(aj)

Pl(a) = 3(2)0352 — dopodo1d11412 — 2300302310312 + 3003023%1 +
aglaloalg — ao1do2d10a11 + 3(2)2350

po(a) = a3ya3, — a0a01a2132 — 2300302320322 + A00d0233; +
831320322 — 01402820821 + 332350
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No-example

o

4 2 2,4 __
dpoXo + do1XgXiXo + dppX{ X2 =
4 2 2,4 __
aipXo -+ aiiXgXxiXe + apXxixpw =
axxo" + a21X3 X1 X2 + 322X12 Xt =0

pi(a) # det(aj)

pl(a) = 3(2)03%2 — dopodo1d11412 — 2300302310312 + 3003023%1 +
aglaloalg — ao1do2d10a11 + 3(2)2350

po(a) = a3ya3, — a0a01a2132 — 2300302320322 + A00d0233; +
351320322 — 301302320321 + 3333

p3(a) = a%oaé — dppd21d114d12 — 2320922310312 + 320322‘3%1 +

5 2 .2
a>1d10312 — 321322310311 + 35 a]g
Carlos D'Andrea
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Cautionary Example

é)ooXo2 + a1 XoX1 + 302X12 =0
2 2

aipXo~ + aiixoxy + apxy =

aroXg + arixy + anxy, = 0

()




Cautionary Example

é)ooXo2 + a1 XoX1 + 302X12 =0
2 2

aipXo~ + aiixoxy + apxy =

aroXg + arixy + anxy, = 0

pi(a) # det(a;)

()




Cautionary Example

é)ooXo2 + apg1XoX1 + 302X12 =0
D >

aipXp” + di1XoX1 1+ diX|y =

axXg + ayxy +anxy = 0

pi(a) # det(ay)

()

2 2

Pl(a) = aypaly — do0d01d11d12 — 2800802310312 +
2 2 2 2
doodo2d11 + 451210812 — d01d02310a11 + a7




“Triangulating” a system
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“Triangulating” a system

Two ways:
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“Triangulating” a system

Two ways:
m Grobner Bases (w.r.t. “lex")




“Triangulating” a system

Two ways:
m Grobner Bases (w.r.t. “lex")
m [riangular Decomposition
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“Triangulating” a system

Two ways:
m Grobner Bases (w.r.t. “lex")
m [riangular Decomposition
Both use some kind of division of

polynomials
aq: Y
as: -1
I Ve
ity
—y+1
—y— 1
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Grobner Bases

Every ideal in K[a, x|has a finite set
of generators | = (g1, ..., gn)




Grobner Bases

 ~
/.

Every ideal in K[a, x|has a finite set
of generators | = (g1, ..., gn)
{g1,...,gn} is a Grobner basis iff
g§EI < ry 4 I(8)=0




Grobner Bases and Elimination




Grobner Bases and Elimination

In K[a, x|, if a < x, then




Grobner Bases and Elimination

In K[a, x|, if a < x, then
G=GB(l) = GnKl|a] =
GB(I NK|a])




Grobner Bases and Elimination

In K[a, x|, if a < x, then
G=GB(l) = GnNK|a] =
GB(I N K]a])

And | N K][a] is the (affine) ideal of

the projection




Triangular sets
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Triangular sets

m Characteristic set's method (J.F.
Ritt - 1940’s)




Triangular sets

m Characteristic set's method (J.F.
Ritt - 1940’s)

m Wu's method (Wenjun Wu -
1970's)




Triangular sets
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Triangular sets

For any ideal /| C K]a, x| one can
associate a finite family of
characteristic sets of polynomials
which are in triangular shape:




Triangular sets

For any ideal /| C K]a, x| one can
associate a finite family of
characteristic sets of polynomials
which are in triangular shape:
polynomials in this set have different
main variables




Triangular sets

For any ideal /| C K]a, x| one can
associate a finite family of
characteristic sets of polynomials
which are in triangular shape:
polynomials in this set have different
main variables
Membership to / is easily tested




The “elimination” dictionary

Linear Polynomial




The “elimination” dictionary

Linear Polynomial
Gauss elimination Grobner Bases




The “elimination” dictionary

Linear Polynomial
Gauss elimination Grobner Bases
Triangulation Triangular sets




The “elimination” dictionary

Linear Polynomial
Gauss elimination Grobner Bases
Triangulation Triangular sets

Determinants Resultants




The “elimination” dictionary

Linear Polynomial
Gauss elimination Grobner Bases
Triangulation Triangular sets
Determinants Resultants

Cramer's rule u-resultants




History Continues...

The rigorous foundation of the theory of algebraic
varieties . . . can be formulated more simply than it
has been done so far, without the help of
elimination theory, on the sole basis of field theory
and of the general theory of ideals in ring domains.
van der Waerden, 1926 First Paper on Algebraic Geometry

' 1
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Fortunately....
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Fortunately....

Work continued in the Bourbaki era:
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m Bruno Buchberger, 1965
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Fortunately....
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Fortunately....

Work continued in the Bourbaki era:
m Bruno Buchberger, 1965

m Abhyankar, 1976

m Giraud 1977

m Lazard 1977

m Wu 1978




Fortunately....

Work continued in the Bourbaki era:
m Bruno Buchberger, 1965

m Abhyankar, 1976

m Giraud 1977

m Lazard 1977

m Wu 1978
m Jouanolou 1979




In the 80’s
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In the 80’s

m Complexity gets into the picture
(Pan, Roy, Heintz,...)




In the 80’s

m Complexity gets into the picture
(Pan, Roy, Heintz,...)

m Computer Aided Design
(Sederberg & Goldman)




In the 80’s

m Complexity gets into the picture
(Pan, Roy, Heintz,...)

m Computer Aided Design
(Sederberg & Goldman)

m ISSAC conferences start...




The boom of the 90's




The boom of the 90's

m Algebraic Geometry and Commutative Algebra
get involved (Galligo, Eisenbud, Sturmfels, Cox,
Gelfand...)
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The boom of the 90's

m Algebraic Geometry and Commutative Algebra
get involved (Galligo, Eisenbud, Sturmfels, Cox,
Gelfand...)

m Complexity over the reals (Shub & Smale,...)

m Symbolic-Numeric Methods (\Wampler &
Sommesse, ...)




The boom of the 90's

m Algebraic Geometry and Commutative Algebra
get involved (Galligo, Eisenbud, Sturmfels, Cox,
Gelfand...)

m Complexity over the reals (Shub & Smale,...)

m Symbolic-Numeric Methods (\Wampler &
Sommesse, ...)

m Software to do computation: Macaulay?2,
CoCoA, Singular,....




The boom of the 90's

m Algebraic Geometry and Commutative Algebra
get involved (Galligo, Eisenbud, Sturmfels, Cox,
Gelfand...)

m Complexity over the reals (Shub & Smale,...)

m Symbolic-Numeric Methods (\Wampler &
Sommesse, ...)

m Software to do computation: Macaulay?2,
CoCoA, Singular,....

m MEGA, EACA, ACA, FoCM...




At the beginning of this Century




At the beginning of this Century

m Applications dominate the picture
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At the beginning of this Century

m Applications dominate the picture
m SIAM AG, ICIAM...
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m SIAM AG, ICIAM...
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At the beginning of this Century

m Applications dominate the picture

m SIAM AG, ICIAM...

m More “general” resultants (Busé-D-Sombra,...)
m Rees Algebras (Cox, Kustin, Polini, Ulrich,...)

m Representation Matrices (Busé, Chardin,
Dickenstein,...)




Conclusion...

Elimination Theory is Important for
both algorithmic and complexity
aspects of polynomial system solving




It has led and still leads the
development of Algebraic Geometry
and Commutative Algebra in the last

60 years

e




It also impacts several other areas of
Mathematics (Numerical Analysis,
Linear Algebra, Complexity

Theory,...)




Main tools of (classic) Elimination
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Main tools of (classic) Elimination

m Grobner Bases




Main tools of (classic) Elimination

m Grobner Bases

m Triangular Sets




Main tools of (classic) Elimination

m Grobner Bases
m Triangular Sets
m Resultants

n Sp ap i}
0 a, a, dy i
i gixl b0 it
- Fx P hob 0 0
0 b 5 b 0
o o b
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Syllabus




Syllabus

m Univariate Resultant (afternoon)
m Multivariate Resultants
(tomorrow)




Syllabus

m Univariate Resultant (afternoon)

m Multivariate Resultants
(tomorrow)

m "Other” Resultants (Thursday)




