
Bounds for Degrees of Minimal µ-bases of
Parametric Surfaces

Teresa Cortadellas, Carlos D’Andrea, Eulàlia Montoro
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Parametric Plane Curves

φ : P1 → P2

(t0 : t1) 7→ (a(t0, t1) : b(t0, t1) : c(t0, t1))

a, b, c ∈ K[T0,T1], homogeneous of the same
degree δ ≥ 1
gcd(a, b, c) = 1

Teresa Cortadellas, Carlos D’Andrea, Eulàlia Montoro
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A “factorization” theorem

There exist µ ≤ δ
2 and two parametrizations of

degree µ and δ − µ ϕµ(t0 : t1), ψδ−µ(t0 : t1) such
that

φ(t0 : t1) = ϕµ(t0 : t1) ∧ ψδ−µ(t0 : t1)
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“Factorization” of the unit circle

ϕ1(t0 : t1) = (−t1 : −t1 : t0)
ψ1(t0 : t1) = (−t0 : t0 : t1)∣∣∣∣∣∣

i j k
−t1 −t1 t0

−t0 t0 t1

∣∣∣∣∣∣ =
(
− t0

2 − t1
2 : t1

2 − t0
2 : −2t0t1

)
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Bounds for Degrees of Minimal µ-bases of Parametric Surfaces



A less trivial factorization

φ(t0 : t1) = (t0
4 : 6t0

2t1
2 − 4t1

4 : 4t0
3t1 − 4t0t1

3)

ϕ2(t0, t1) = (−2t0t1 : t0t1 : t0
2

2 − t1
2)

ψ2(t0, t1) = (−2t1
2 : t0

2 : −t0t1)
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Algebra

The homogeneous ideal
I = 〈a(T0,T1), b(T0,T1), c(T0,T1)〉 ⊂ K[T] has a

Hilbert-Burch resolution

0→ K[T]2 (ϕµ,ψδ−µ)t

−→ K[T]3 (a,b,c)−→ K[T]

{ϕµ, ψδ−µ} is called a µ-basis
The data (µ, δ − µ) is univocally determined
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Surfaces

φ : P2 99K P3

(t0 : t1 : t2) 7→ (a(t) : b(t) : c(t) : d(t))

a, b, c , d ∈ K[T0,T1,T2], homogeneous of the
same degree δ ≥ 1
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Algebra

Hilbert-Burch Theorem does not apply
anymore

0→ K[T0,T1,T2]3 −→ K[T0,T1,T2]4 (a,b,c,d)−→ K[T0,T1,T2]

is almost never exact
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However...

(Chen-Cox-Liu JSC 2005)

There is an “affine” Hilbert-Burch:
ã := a(1,T1,T2), b̃ := b(1,T1,T2, ) . . . ∈ K[T1,T2]

0→ K[T1,T2]3 (φ,ψ,χ)t

−→ K[T1,T2]4 (ã,b̃,c̃ ,d̃)−→ K[T1,T2]

is exact
{φ, ψ, χ} is also called a µ-basis of the affine

parametrization
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ã := a(1,T1,T2), b̃ := b(1,T1,T2, ) . . . ∈ K[T1,T2]

0→ K[T1,T2]3 (φ,ψ,χ)t
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Applications of µ-bases

φ ∧ ψ ∧ χ = (ã, b̃, c̃, d̃)
This factorization “simplifies” the

parametrization

implicitization

detection of singular points

plotting

. . .

Teresa Cortadellas, Carlos D’Andrea, Eulàlia Montoro
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Bounds for Degrees of Minimal µ-bases of Parametric Surfaces



Applications of µ-bases

φ ∧ ψ ∧ χ = (ã, b̃, c̃, d̃)
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Question

(Chen-Cox-Liu JSC 2005)

deg(ã, b̃, c̃, d̃) ≤ δ
deg(ψ, φ, χ) ≤ ??
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deg(ã, b̃, c̃, d̃) ≤ δ

deg(ψ, φ, χ) ≤ ??

Teresa Cortadellas, Carlos D’Andrea, Eulàlia Montoro
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First Bounds

(Cid Ruiz JSC 2019)

deg(ψ, φ, χ) = O(δ33)

O(δ22) if VP2(a, b, c, d) = ∅
O(δ12) if 〈a, b, c, d〉 is a general
Artinian almost complete
intersection
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Bounds for Degrees of Minimal µ-bases of Parametric Surfaces



First Bounds

(Cid Ruiz JSC 2019)

deg(ψ, φ, χ) = O(δ33)

O(δ22) if VP2(a, b, c, d) = ∅
O(δ12) if 〈a, b, c, d〉 is a general
Artinian almost complete
intersection

Teresa Cortadellas, Carlos D’Andrea, Eulàlia Montoro
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General Belief

These bounds are not optimal
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Our contribution

(Cortadellas -D- Montoro 2020)

Apply the Effective Quillen-Suslin
Theorem to improve these bounds
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Quillen-Suslin Theorem

Conjectured by Serre in 1955
Solved independently by Quillen and

Suslin in 1976
Several effective versions in the 90’s:

Fitchas-Galligo, Sturmfels,
Laubenbaucher-Woodburn
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“Weak” Quillen-Suslin Theorem

If f1, . . . , fm∈ K[T1, . . . ,Tn] have no common zeros
in Kn

then there exist
fij ∈ K[T1, . . . ,Tn], 2 ≤ i ≤ m, 1 ≤ j ≤ m such

that

det


f1 f2 . . . fm
f21 f22 . . . f2m
...

... . . .
...

fm1 fm2 . . . fmm

 = 1
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Effective Quillen-Suslin

(Fitchas-Galligo Math. Nach. 1990)

det


f1 f2 . . . fm
f21 f22 . . . f2m
...

... . . .
...

fm1 fm2 . . . fmm

 = 1

If deg(f1, . . . , fm) ≤ δ =⇒ deg(fij) ≤ (mδ)O(n)
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Connections with µ-bases

If B = (B1 B2 . . . Bm) ∈ K[T]m×m is the inverse of
f1 f2 . . . fm
f21 f22 . . . f2m
...

... . . .
...

fm1 fm2 . . . fmm


=⇒ {B2, . . . ,Bm} is a µ-basis of (f1, . . . , fm)
(and B1 encodes a Bézout identity for these

polynomials (Nullstellensatz) )
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Bounds for Degrees of Minimal µ-bases of Parametric Surfaces



Connections with µ-bases

If B = (B1 B2 . . . Bm) ∈ K[T]m×m is the inverse of
f1 f2 . . . fm
f21 f22 . . . f2m
...

... . . .
...

fm1 fm2 . . . fmm



=⇒ {B2, . . . ,Bm} is a µ-basis of (f1, . . . , fm)
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Bounds for Degrees of Minimal µ-bases of Parametric Surfaces



Connections with µ-bases

If B = (B1 B2 . . . Bm) ∈ K[T]m×m is the inverse of
f1 f2 . . . fm
f21 f22 . . . f2m
...

... . . .
...

fm1 fm2 . . . fmm


=⇒ {B2, . . . ,Bm} is a µ-basis of (f1, . . . , fm)
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First direct application

Set (f1, f2, f3, f4) = (ã, b̃, c̃ , d̃) ∈ K[T1,T2]
Assume that VK(ã, b̃, c̃ , d̃) = ∅

deg(ã, b̃, c̃ , d̃) ≤ δ

then, the Effective Quillen-Suslin implies that there
exists a µ-basis {φ, ψ, χ} such that

deg(φ, ψ, χ) = O(δ4)

Previous bound: O(δ22)
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Assume that VK(ã, b̃, c̃ , d̃) = ∅
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deg(ã, b̃, c̃ , d̃) ≤ δ

then, the Effective Quillen-Suslin implies that there
exists a µ-basis {φ, ψ, χ}

such that

deg(φ, ψ, χ) = O(δ4)

Previous bound: O(δ22)

Teresa Cortadellas, Carlos D’Andrea, Eulàlia Montoro
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Our main result

(Cortadellas -D- Montoro 2020)
Assume that 〈ã, b̃, c̃ , d̃〉 is radical

deg(ã, b̃, c̃ , d̃) ≤ δ
then there exists a µ-basis {φ, ψ, χ} such that

deg(φ, ψ, χ) = O(δ12)

Previous bound: O(δ33)
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Our approach

Algorithmic proof. Uses

Shape Lemma

Effective Quillen-Suslin in two
steps
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A running example


ã(t1, t2) = 11− 4t1 + 3t1

2 + 4t2

b̃(t1, t2) = 5− 4t1 + 2t1
2 + 4t2 − 2t1t2 + t2

2

c̃(t1, t2) = 1 + 3t1
2 − t1

3 + t1
2t2

d̃(t1, t2) = 7− 3t1 + t1
2 + 3t2
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First step: Shape Lemma

〈ã, b̃, c̃, d̃〉 = 〈2− t1 + t2, 1 + t1
2〉

We have
4 3

2− t1 + t2 1
t1

2 1
3 1

·(2− t1 + t2

1 + t1
2

)
=


ã

b̃
c̃
c̃


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Apply Univariate Quillen-Suslin

The second column of
4 3

2− t1 + t2 1
t1

2 1
3 1


always depends only of the variable t1

the gcd of these elements is 1
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Simplify

Apply Effective Quillen-Suslin in K[t1] to get
2− t1 + t2 1
−2 + 3t1 − 3t2 0

4− 3t1
2 0

−5 0


The new (equivalent) parametrization (˜̃a, ˜̃b, ˜̃c , ˜̃d)has

the last three polynomials being multiple of
2− t1 + t2
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Factor out

Remove this common factor.You are left with
(˜̃a, ˜̃b0, ˜̃c0,

˜̃d0)

Claim: VK(˜̃a, ˜̃b0, ˜̃c0,
˜̃d0) = ∅

Apply the Effective Quillen-Suslin again to this data
“Add” the common factor at the end
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In our case

(˜̃a, ˜̃b0, ˜̃c0,
˜̃d0)

= (5− 4t1 + 2t1
2 + 4t2 − 2t1t2 + t2

2,−2 + 3t1 −
3t2, 4− 3t1

2,−5)
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A Quillen-Suslin matrix B such that

(˜̃a, ˜̃b0, ˜̃c0,
˜̃d0) · B = (1 0 0 0) is


0 5 − 150t2

37
+

45t1t2
37

− 540t2
2

1369
+

405t1
2t2

2

1369
135t2

37
0

0 m1 5 +
150t2

37
− 45t1t2

37
+

45t2
2

37
0

0 − 60t2
37

+
30t1t2

37
− 180t2

2

1369
+

135t1
2t2

2

1369
45t2

37
5

− 1
5

5 − 4t1 + 2t1
2 −2 + 3t1 4 − 3t1

2



with

m1 = −
125t2

37
+

100t1t2

37
−

2450t2
2

1369
+

735t1t2
2

1369
+

450t1
2t2

2

1369
−

135t1
3t2

2

1369
−

180t2
3

1369
+

135t1
2t2

3

1369
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0

0 − 60t2
37

+
30t1t2

37
− 180t2

2

1369
+

135t1
2t2

2

1369
45t2

37
5

− 1
5

5 − 4t1 + 2t1
2 −2 + 3t1 4 − 3t1

2



with

m1 = −
125t2

37
+

100t1t2

37
−

2450t2
2

1369
+

735t1t2
2

1369
+

450t1
2t2

2

1369
−

135t1
3t2

2

1369
−

180t2
3

1369
+

135t1
2t2

3

1369
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Next Step

To produce a µ-basis of (˜̃a, ˜̃b, ˜̃c , ˜̃d)

Remove the first column of B

Multiply the first row by the “common factor”
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Change back the coordinates

From (˜̃a, ˜̃b, ˜̃c , ˜̃d) to the original (ã, b̃, c̃ , d̃)
We get ψ, φ, χ with

ψ1 = 5− 4t1 + 2t1
2 − 5t2 + 130t1t2

37 − 2630t2
2

1369 + 735t1t2
2

1369

+585t1
2t2

2

1369 − 135t1
3t2

2

1369 − 180t2
3

1369 + 135t1
2t2

3

1369

ψ2 = 10− 5t1 + 260t2

37 −
60t1t2

37 −
45t1

2t2

37 + 720t2
2

1369

−540t1
2t2

2

13

ψ3 = 180t2

37 −
90t1t2

37 + 540t2
2

1369 −
405t1

2t2
2

1369

ψ4 = −15 + 12t1 − 6t1
2
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We get ψ, φ, χ with

ψ1 = 5− 4t1 + 2t1
2 − 5t2 + 130t1t2

37 − 2630t2
2

1369 + 735t1t2
2

1369

+585t1
2t2

2

1369 − 135t1
3t2

2

1369 − 180t2
3

1369 + 135t1
2t2

3

1369

ψ2 = 10− 5t1 + 260t2

37 −
60t1t2

37 −
45t1

2t2

37 + 720t2
2

1369

−540t1
2t2

2

13

ψ3 = 180t2

37 −
90t1t2

37 + 540t2
2

1369 −
405t1

2t2
2

1369

ψ4 = −15 + 12t1 − 6t1
2

Teresa Cortadellas, Carlos D’Andrea, Eulàlia Montoro
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φ1 = 3 + 3t1 + 195t2
37 −

45t1t2
37 + 45t2

2

37

φ2 = −15− 180t2
37

φ3 = −135t2
37

φ4 = 6− 9t1

χ1 = 9− 3t1
2

χ2 = 0
χ3 = −15
χ4 = −12 + 9t1

2
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Remarks

Our approach can be extended to
the case 〈ã, b̃, c̃, d̃〉 = 〈p, q〉 with
degree bounds depending also on
the degrees of p, q

Cannot extrapolate from here to
“all the cases”

Bounds still not known to be sharp
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Thanks!

cdandrea@ub.edu
http://www.ub.edu/arcades/cdandrea.html
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