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Elementary Fact 1

fo = aotg+ a1ty
Botd + Bitoty + Bat?

Res;(fo, f1)

e
I

ap Q1 0
det | 0 a9 a1 | = 6004% + Bragpay + ﬁga%

Bo b1 P2
(Sylvester, 1845)
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A smaller determinant?

NO unless the entries of the matrix get more
“complicated”
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NO unless the entries of the matrix get more
“complicated”

(070} o
Ress(f,. ;) — det
esilfo, ) = de <—50041 52040+51Oé1>
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A larger determinant?

Qg 01 0 0 0
0 ap 1 0 0
0 ap a; 0 | =Resify,f)- a3
0 0 Qo o7

0 fo B1 [

det

o O O

Obs:




A larger determinant?

Qg 01 0 0 0
0 ap 1 0 0
det | 0 0 ag a;r 0 | =Resi(fy, f1) -
0 0 0 ap O
0 0 B B1 B
Obs:a} is the determinant of several principal
2 X 2 minors above
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(Trivial) Macaulay style formula

ap (1 0 0 0
0 ap (7 0 0
0 0 ap a1 O
0 0 0 ay aq

0 0 Bo B P2

If deg(f;) = d;, for any d > dy + d; “Sylvester
matrix", Res;(fy, fi) can be computed as the
quotient of this determinant by the green
d — dy — d; principal minor
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(Less) Elementary Fact 2

fb = ooty + a1ty + anb
A = Botd + Pitoty + Bot? + Batoty + Batity + Pst?
fh = 70f3+71t0t1+’72t12+73t0t2+74t1t2+’75f22
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(Less) Elementary Fact 2

fb = ooty + a1ty + anb
A = Botd + Pitoty + Bot? + Batoty + Batity + Pst?
fh = 70f3+71t0t1+’72t12+73t0t2+74t1t2+’75f22

What is
Rest(ﬂ)a f17 f2)
the “resultant” of fy, f1,f 7
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Is it a determinant?
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Is it a determinant?
If not




Definition of

|s it a determinant?
If not, how do you define it?




Back to the classics...

{ fo = aptl® + artd M + ..+ agts

i = Botd + Bt My + . 4 Bt
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Back to the classics...

{ fo = aptl® + artd M + ..+ agts

i = Botd + Bt My + . 4 Bt

What is Res;(fy, i) (or Resy, 4 ) the resultant of f;
and 1,7
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m the “condition” to test when
gcd(fy, f1) = 1 (Sylvester)




Algebraic Definitions

Res;(f, f1) is:
m the “condition” to test when
gcd(fy, f1) = 1 (Sylvester)

m One of the (two) generators of the
elimination ideal

<fb(1a tl)a fl(]-a tl)> N Z[(X07 ey Oy, BOJ cee 7Bd1]
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K any field
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Geometry

K any field
V={(&B:&: &) h(é &, &)= (B & &) =0}

milv 4 1 m

Wl( \/) C Kd1+d2+2

{Resdo’dl = O} = 71'1(\/)
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degrees dj, d; to have a nontrivial
common factor
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For fy, f, € K[to, t1] homogeneous of
degrees dj, d; to have a nontrivial
common factor, the map

K[to, t1]a,—1 ® K[to, t1]4, -1 4 K[to,Ntl]doerNl—l
(go, &1) —  gofo+&1h

must fail to be an isomorphism




Computation

For fy, f, € K[to, t1] homogeneous of
degrees dj, d; to have a nontrivial
common factor, the map

K[to, t1]a,—1 ® K[to, t1]4, -1 4 K[to,Ntl]doerNl—l
(go, &1) —  gofo+&1h

must fail to be an isomorphism
Resg, 4, = det(¢)
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For fy, i € K[ty, t1] to have a
nontrivial common factor
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-Sylvester matrices

For fy, i € K[ty, t1] to have a
nontrivial common factor and any
d>dy+ dy — 1, the map
Klto. t1]a—d, ® Klto, t1]a—a, &t Klto, t1]a

(g0, &1) — gofo + g1fi

must fail to be onto.




-Sylvester matrices

For fy, i € K[ty, t1] to have a
nontrivial common factor and any
d>dy+ dy — 1, the map

Klto. t1]a—d, ® Klto, t1]a—a, &t Klto, t1]a
(g0, &1) — gofo + g1fi
must fail to be onto.
The d-Sylvester matrix is a maximal
submatrix of ¢4
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Back to multivariate Resultants

f(-:) — E \3|:d0 CE]_)atO . e tﬁn
_ E: 40 a
ﬂ — \3|:d1 a2’at0 P tnn

N\

— a0 a
K fn - Z|a|:dn &n’ato ) tnn

What is Resi(fy, ....f,)/ Resq, 4,7




Answer

m A generator of
(fo(1,t),...,f(1,t)) NZ[aja, i =0,...,0]
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m A generator of
(fo(1,t),...,f(1,t)) NZ[aja, i =0,...,0]

m The defining equation of
V = {(ui,avg) : fi(Ui,a,f) = 0} C KN x Pn




Answer

m A generator of
(fo(1,t),...,f(1,t)) NZ[aja, i =0,...,0]

m The defining equation of
V = {(ui,avg) : fi(Ui,a,f) = 0} C KN x Pn

4 L m
ﬁl(\/) C KN

m A condition for the f;'s to have a common zero
in IP’]’I’{_I
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m Sylvester, Bézout, Cayley, Dixon,
Macaulay
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m Sylvester, Bézout, Cayley, Dixon,
Macaulay. .. (1800)

m Zariski, Jouanolou, Kapranov,
Sturmfels, Zelevinski, ... (1900)
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So far Macaulay's formulation (1902)

is the only one that works for any
data (dy, ..., d,)




Macaulay’s formula (1902)




Macaulay’s formula (1902)

/’b = ooty + a1ty + anb
fi = Botd + Bitoty + Bot? + Batots + Batits + Bsts
hh = Yotd +ntots + 1tf + 3tota + Yatity + Ysts
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Macaulay’s formula (1902)

fo = ooty + arty + axty
Botg + Bitoty + fatf + Patoty + Batrty + Osts
70t3+71t0t1+72t12+73t0t2+’)/4t1t2—|—fy5t22

ShSh
I

Any monomial t3tPtS of degree 3 or more is either
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Macaulay’s formula (1902)

/’b = ooty + a1ty + anb
fi = Botd + Bitoty + Bot? + Batots + Batits + Bsts
hh = Yotd +ntots + 1tf + 3tota + Yatity + Ysts

Any monomial t3tPtS of degree 3 or more is either
m multiple of t;:
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Macaulay’s formula (1902)

fo = ooty + a1ty + asty
i = Botg + Pitots + Bot? + Batots + Batity + Pst
fr = oty + 7itots + 2tf + 3toty + Yatity + Y5t
Any monomial t3tPtS of degree 3 or more is either
m multiple of t;:

{t3, t3ty, tity, totl, totity, tots}
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Macaulay’s formula (1902)

/’b = ooty + a1ty + anb
fi = Botd + Bitoty + Bot? + Batots + Batits + Bsts
hh = Yotd +ntots + 1tf + 3tota + Yatity + Ysts

Any monomial t3tPtS of degree 3 or more is either
m multiple of t;:

{83, t2t, t3ty, toti, totita, fofs}
m or multiple of t2:
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Macaulay’s formula (1902)

/’b = ooty + a1ty + anb
fi = Botd + Bitoty + Bot? + Batots + Batits + Bsts
hh = Yotd +ntots + 1tf + 3tota + Yatity + Ysts

Any monomial t3tPtS of degree 3 or more is either
m multiple of t;:

{3, 81, Bty tot7, totitr, foi)}
m or multiple of t2: {t2t,, t}}
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Macaulay’s formula (1902)

fo = apty+ a1ty + arty
i = Botg + Pitots + Bot? + Batots + Batity + Pst
fr = qot§ + mtots + k] + 3tots + Yatity + st
Any monomial t3tPtS of degree 3 or more is either
m multiple of t;:

{t3, t3ty, tity, totl, totity, tots}
m or multiple of t2: {t2t,, t}}
m or multiple of £3:
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Macaulay’s formula (1902)

fo = oty + a1ty + arty
i = Dot + bitoty + [otf + Batota + Patrty + Fst
fh = otg + mtots + atf + Y3toty + yataty + Y5t
Any monomial tgtlbtf of degree 3 or more is either
m multiple of t;:

{t3, t3ty, tity, totl, totity, tots}
m or multiple of t2: {t2t,, t}}
m or multiple of t3: {t;t2, t3}
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d>dy+ ...+ d,— nisa multiple of
dj :
t.' forsomei=0,...,n
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In general

Any monomial of degree

d>dy+ ...+ d,— nisa multiple of
dj :
t.' forsomei=0,...,n

m 'Rigid monomials”: divisible by
di
only one ¢ ({t3, £}, tots,...})
m ‘Flexible monomials”, otherwise




In general

Any monomial of degree

d>dy+ ...+ d,— nisa multiple of
dj :
t.' forsomei=0,...,n

m 'Rigid monomials”: divisible by
only one t% ({83, £, #2t,...})

m ‘Flexible monomials”, otherwise
({totl, t0t2})
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5 2t 2t totity ot tts £ 2t ttd 8
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Macaulay Matrices

2 2
5 2t 2t totity ot tts £ 2t ttd 8

fh [ g a1 a2 0 0 0 0 0 0 0
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t2fy

to t1fo

Carlos D'Andrea

The Canny-

Macaulay Matrices

totity totl tots £ b
a1 a2 0 0 0 0 0
ap 0 (%] (05} 0 0 0

2t Bt

conjecture for the sparse resultant




t2f
to t1fo
to tafo

Carlos D'Andrea
The Canny-Emiris conjecture for the sparse resultant

Macaulay Matrices

3 2 2
ty ty t1 ty t2

i (07 a1 a2 0 0

0 a O ax o
0 0 (67)) a1 0

totity ot}

o O O



Macaulay Matrices

5 2t 2t totity ot tts £ 2t ttd 8

fh [ g a1 a2 0 0 0 0 0 0 0
to t1fy 0 (e7)) 0 [6%) a1 0 0 0 0 0
to t2fy 0 0 o (%1 0 (%) 0 0 0 0
t1 trfp 0 0 0 (e 7s) 0 0 (051 0 (0%) 0
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Macaulay Matrices

5 2t 2t totity ot tts £ 2t ttd 8

fh [ g a1 a2 0 0 0 0 0 0
to t1fy 0 (e7)) 0 [6%) a1 0 0 0 0 0
to t2fy 0 0 o (%1 0 (%) 0 0 0 0
t1 tafo 0 0 0 Qg 0 0 a1 O ar 0
t2f 0 0 0 0 QQ 0 ay o1 0 0
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Macaulay Matrices

5 2t 2t totity ot tts £ 2t ttd 8

to2 o [ ap a1 (6%} 0 0 0 0 0 0
to t1fy 0 (e7)) 0 [6%) a1 0 0 0 0 0
to t2fy 0 0 o (%1 0 (%) 0 0 0 0
t1 trfp 0 0 0 (e 7s) 0 0 (051 0 (0%) 0
t2f 0 0 0 0 QQ 0 ay o1 0 0
t2fo 0 0 0 0 0 Qg 0 0 a1 Qo
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Macaulay Matrices

5 2t 2t totity ot tts £ 2t ttd 8

to2 o [ ap a1 (6%} 0 0 0 0 0 0 T
to t1fy 0 (e7)) 0 [6%) a1 0 0 0 0 0
to t2fy 0 0 o (%1 0 (%) 0 0 0 0
ty tofy 0 0 0 (e 7s) 0 0 (051 0 (0%) 0
t2f 0 0 0 0 QQ 0 ay o1 0 0
t2fo 0 0 0 0 0 Qg 0 0 a1 Qo
tifi 0 B 0 B B 0 B2 Ba Bs O
tafy 0 0 Bo A 0 B3 0 P2 Ba PBs
tif 0O % 0 mm m 0 72 m » O

o L O 0 % 7 0 3 0 72 7 75 ]

Carlos D'Andrea
The Canny-Emiris conjecture for the sparse resultant



Macaulay Matrices

2 2
5 2t 2t totity ot tts £ 2t ttd 8

to2 o [ ap a1 (6%} 0 0 0 0 0 0 T

to t1fy 0 (e7)) 0 [6%) a1 0 0 0 0 0

to t2fy 0 0 o (%1 0 (%) 0 0 0 0

ty tofy 0 0 0 (e 7s) 0 0 (051 0 (0%) 0
t2f 0 0 0 0 QQ 0 ay o1 0 0
t2fo 0 0 0 0 0 Qg 0 0 a1 Qo
t1fi 0 /30 0 /3 3 [31 0 /32 [34 ﬁ 5 0
t2fy 0 0 Bo B 0 B3 0 B Ba PBs
tify 0O 0 m m 0 7 % 5 O
o LO 0 % m 0 73 0 72 % 9]

2 matrices:
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Macaulay Matrices

2 2
5 2t 2t totity ot tts £ 2t ttd 8

to2 o [ ap a1 (6%} 0 0 0 0 0 0 T

to t1fy 0 (e7)) 0 [6%) a1 0 0 0 0 0

to t2fy 0 0 o (%1 0 (%) 0 0 0 0

ty tofy 0 0 0 (e 7s) 0 0 (051 0 (0%) 0
t2f 0 0 0 0 QQ 0 ay o1 0 0
t2fo 0 0 0 0 0 Qg 0 0 a1 Qo
tifi 0 Bo O B B 0 B Pa Bs O
tofy 0 0 Bo B 0 B3 0 p2 Ba Bs
tifs 0O % 0 3 71 0 72 7 7 0
b L O 0 % m 0 3 0 7 7 75 ]

2 matrices: Mi2,2 of size 10 x 10,
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t2f
to t1fo
to t2fp
t1 tofy
t2f
t2fo
t1fi
trfy
t1
tofr

OH.(.O

i (07

O O OO O o oo

o

Macaulay Matrices

2t
a1
%)
0
0
0
0
Bo
0

Y0
0

t2 t
(&%)
0
o7
0
0

0

Bo
0

o

toty b
0
0%
aq
Qg
0
0
B3
b1
73
71

to t?

(%)
0

A
0

71
0

g
0

3
0

73

B2
0

V2
0

2t

o O O o

Qg
0
Ba
B2
Ya
Y2

ty t2

o O O

o2
0
a1
Bs
Pa
V5
V4

5

2 matrices: Mi2,2 of size 10 x 10, and I} | , of size 2 x 2
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Macaulay formula (1902)




Macaulay formula (1902)




Back to
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Back to

{fo = oty + a1ty
A = Botd + Bitots + [otd
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Back to

fo = apty+ auty
h = Botg + Pitots + Sotf
td t3n t7t]

tgfo Qo o7 0 0 0

3 4
to ty tl

gur,b | 0 ap a3 0 O

ML{Q = totffo 0 0 Q) (0%} 0
/ t3f 0O O 0 ay oy

2 0 0 B [ B
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Back to

fo = apty+ auty
Botd + Bitoty + Bat?

2 3 4
1 to t ty

e
I

tg tdn it

tgfo Qo o7 0 0 0

gur,b | 0 ap a3 0 O

M‘{Q = tt2h 0 ap o1 O
/ t3f 0 0 ay oy
t2f 0 Bo D1 D2

212 tot]

4 totify g Q7
< 26 0
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Observation
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Observation

Given d > dy + ...+ d, — n, for the polynomials
fo, ..., f, € K[t] to have a common zero in P}

Carlos D'Andrea
The Canny-Emiris conjecture for the sparse resultant



Observation

Given d > dy + ... + d, — n, for the polynomials
fo,....f, € K[t] to have a common zero in P the
K-linear map

K[ty g, ® - ®K[tlog, % Kltls
(g07---7gn) — Jr?:ogif;'

must fail to be onto

Carlos D'Andrea

The Canny-Emiris conjecture for the sparse resultant



Observation

Given d > dy + ... + d, — n, for the polynomials
fo,....f, € K[t] to have a common zero in P the
K-linear map

Kltlo o @ @ Kltlya, % Kltlg
(g - -, &n) = 78
must fail to be onto
= M g, 152 maximal submatrix of the matrix of

¢d
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Observation

Given d > dy + ... + d, — n, for the polynomials
fo,....f, € K[t] to have a common zero in P the
K-linear map

Kltlo o @ @ Kltlya, % Kltlg
(g - -, &n) = 78
must fail to be onto
= Mgo,--.,dn Is a maximal submatrix of the matrix of
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Sketch of Macaulay’s proof




Sketch of Macaulay’s proof

det(Mg, . ) and Resy,

. ¢, have the same
degree in the coefficients of f, (= dy ... d,)

B N
o
o &
= &
z&
QQ
o
&
&
N




Sketch of Macaulay’s proof

ReSd,...dpl etn = RESG g
d» d+1—j
det(MZo,...,d,,) fistdn = Hj:l det(Md:...,dn,l)
dn d1l—j
det(Fg, )= [[2 det(F, "4 )




Sketch of Macaulay’s proof

d, d41—j
..... frspn = [ 12 det(M "5 )

d, d+1—j
det(FZO ‘‘‘‘‘ dn) = Hj:l det(FdO.....dJ,,,l)




Sketch of Macaulay’s proof

det(M ) and Resy, 4, have the same
degree in the coefficients of f, (= dy ... d,)

_ dn
- Resdo,.. d

-Un—1

d, d1—j
..... fosen = 12 det(Md:...,jn,l)

d, d1l—j
det(FZO ‘‘‘‘‘ d,,) = Hj:l det(FdO j,,,l)

11111
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Sketch of Macaulay’s proof

det(M ) and Resy, 4, have the same
degree in the coefficients of f, (= dy ... d,)

_ dn
- Resdo,.. d

-Un—1

d, d1—j
..... fosen = 12 det(Md:...,jn,l)

d, d1l—j
det(FZO ‘‘‘‘‘ d,,) = Hj:l det(FdO j,,,l)
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Sketch of Macaulay’s proof

det(M ) and Resy, 4, have the same
degree in the coefficients of f, (= dy ... d,)

dn
= Resdo,...,c/,,_1

d d+1
:Hj 1d t(Md(;L ¥ )

d d dy di1-j
det(M§ ...,dn) B det(Mdowd B H det( Mdo_”,dn Do Hdet 1)
Resq, .4 Resd....d, Resg,.. oo 1)

j=1 -1 j=1

Carlos D'Andrea

The Canny-Emiris conjecture for the sparse resultant



Important Observation
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Important Observation

To have

det(Mg o) o det(Mg ") )

Resd07 7dn H Resd07 ) n 1




Important Observation

To have
d 1—j
det(MY ﬁd et(Mg" 7 )
Resd07 7dn : ; Resd07 °y n 1

you need a formulation for any
d>dy+...+d,—n
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Sparse Resultants, 100 years later...

In the “real world” systems of
equations are neither homogeneous
nor all the monomials up to a fixed

degree appear




Sparse Resultants, 100 years later...

In the “real world” systems of
equations are neither homogeneous
nor all the monomials up to a fixed

degree appear
fo = g+ 041t12 t22 + oty tg
i = Bo+ Pty + Bty B3
fy = Yot + it b




Sparse Resultants

IA(),...,A”CZ”
mf = ZaeA,- ittty 0 < on




Sparse Resultants

IA(),...,A”CZ”
mf = ZaeA,- ittty 0 < on

What is
Res(fy,...,f,) = Resa, 4,7




Geometric definition
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Geometric definition

(D-Sombra), PLMS 2015

A, is the defining equation of the direct
image 7y, V

geeey




ET][E
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DETIIE

L AO = Al — -/42 - {(07 0)7 (270)7 (07 2)}




ET][E

| Ao = ./41 — ./42 — {(O; 0)7 (270)7 (07 2)}
mfy =g+ ait? + aot?

A= Bo+ fitd + fots
h = + 1td + 7t
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ET][E

| Ao = ./41 — ./42 — {(O; 0)7 (270)7 (07 2)}
mfy =g+ ait? + aot?

h = Bo+ bit] + bats
fo =0 + Mtf + 12t

m Classically (algebraic definition):
Resag,4,,4, = det(cvj, B, Vk)
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DETIIE

L AO = Al — -/42 - {(07 0)7 (2? 0)7 (07 2)}
mfy =g+ ait? + aot?
L = Bo + b1t + Pots
o =0+ Mt + 72t
m Classically (algebraic definition):
Res 4,,4;,.4, = det(a, Bj, Vk)
m With the new definition,
Res 4,.4,,.4, = det(cv, B, k)
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Properties

(D-Sombra), PLMS 2015
A, may not be irreducible

geeey
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Properties

(D-Sombra), PLMS 2015
m Resy, 4, may not be irreducible but it is the
power of the irreducible “eliminant” (the old
resultant)
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Properties

(D-Sombra), PLMS 2015
m Resy, 4, may not be irreducible but it is the
power of the irreducible “eliminant” (the old
resultant)

m Res a4 4, = Resag .4, - Resqy 4,
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Properties

(D-Sombra), PLMS 2015
m Resy, 4, may not be irreducible but it is the
power of the irreducible “eliminant” (the old
resultant)
m Resg 44,4, = Resa, 4, Resyq a4,
Poisson Formula:
| ResAO JA, &

h
<H ResAlé? ) Hf _0.1<i<n (&)™
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Properties

(D-Sombra), PLMS 2015
m Resy, 4, may not be irreducible but it is the
power of the irreducible “eliminant” (the old
resultant)
m Resg 44,4, = Resa, 4, Resyq a4,
Poisson Formula:
| ResAO JA, &

h m
<H ResAlé? ) Hf _0.1<i<n (&)™

v finite integer vectors, hy, is the “lattice
distance” to Ay
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Algebra meets Geometry




Algebra meets Geometry

(D-Sombra), PLMS 2015
(if 71(V) has codimension one)




Algebra meets Geometry

(D-Sombra), PLMS 2015
(if 71(V) has codimension one)

Resa,,..a,(fo, . f) = 0
0

3p € X4 fo(p) = ... = fo(p) =0

X4 is the toric variety being the image of
(C)" — P#A—l x . x P#AL
E = (€ai)i:0,...,n,a;€.z4,'




Sparse generalizes classical
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Sparse generalizes classical

5|

Y

’e

e

B=¢

If we set
Ai={aeN": a+...+a,<d}




Sparse generalizes classical

5|

Y

’e

e

B=¢

If we set
Ai={aeN":a+...+a,<d}
then we have Resy, 4, = Resq, 4,




How do you compute it?
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How do you compute it?

m As a determinant?




How do you compute it?

m As a determinant?
m As a quotient of determinants?




Canny-Emiris’ construction

An Efficient Algorithm For The Sparse Resultant

Article - February 1995

Source: CiteSeer

CITATIONS

39
2 authors:
) John Francis Canny
University of California, Berkeley
284 PUBLICATIONS 37,514 CITATIONS.

SEE PROFILE

Carlos D'Andrea

READS

81

loannis Z Emiris
National and Kapodistrian University of Athens
245 PUBLICATIONS 2,932 CITATIONS

SEEPROFILE
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Canny-Emiris’ construction

An Efficient Algorithm For The Sparse Resultant

Article - February 1995

ciTaTions READS
39 81
2 authors:
i John Francis Canny loannis Z Emiris
University of California, Berkeley National and Kapodistrian University of Athens
284 PUBLICATIONS 37,514 CITATIONS. 245 PUBLICATIONS 2,932 CITATIONS
see pROFILE SEEPROFILE

Generalize Macaulay matrices for
computing Resy, 4,
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The method (pics. from that paper)

222
a a
12 13 a a
32 33
az a3
231 83

211 Q1 224
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The method (pics. from that paper)

222
a a
12 13 a a
32 33
az a3
211 Q1 224 231 83

Matrix M4, . 4, is indexed by the monomials with
exponents in the (displaced) Minkowsky sum of
conv(Ag) + ... + conv(A,)




The method (pics. from that paper)

Matrix M4, . 4, is indexed by the monomials with

exponents in the (displaced) Minkowsky sum of
conv(Ag) + ... + conv(A,)

22 22,33
. 0 .

11 33 33

. . . .
1132
12323 |3




Subdivision via projection




Subdivision via projection




Rigid vs flexible monomials

3 22 22,33
Yy 32 o 0 .
11 33 33
YZ . ° . .
11,32
13|23 |3
B . o [
11 1
11 34
1 2 3 4
X X X X
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Rigid vs flexible monomials

3 22 22,33
Yy 32 o 0 .
11 33 33
YZ . ° . .
11,32
13|23 |3
B . o [
11 1
\ 11 34
1 2 3 4
X X X X

m "Rigid points”:
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Rigid vs flexible monomials

3 2 /233
¥y 32 ° ° .
11 |33 |33
YZ . .
11,32
\ 1123 | 23 |23
¥ °
uly,
\ 11 /34
1 2 3 4
X X X X

m "Rigid points”:those lying in
parallelograms




Rigid vs flexible monomials

22

Yy 32 o

22,33
° .

2
Y .
11,32
¥ \ °
11 |41

\11
X

11

33

11,23

23

34

33

L]
23

2
X

3
X

4
X

m "Rigid points”:those lying in
parallelograms
m ‘Flexible points:”




Rigid vs flexible monomials

22

Yy 32 o

22,33
° .

2
Y .
11,32
¥ \ °
11 |41

\11
X

11

33

11,23

23

34

33

L]
23

2
X

3
X

4
X

m "Rigid points”:those lying in
parallelograms
m ‘Flexible points:” otherwise
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Observation

In the classical case, there is a lifting
which builds Macaulay matrix with is
rigid /flexible structure of monomials




Observation

In the classical case, there is a lifting
which builds Macaulay matrix with is
rigid /flexible structure of monomials
In this sense, Canny and Emiris’
construction is a generalization of
Macaulay matrices
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Theorem (Canny-Emiris 95)

det(M4,...4,) = Resa,.. 4, - E,

with [E =4 0 being independent of the
coefficients of f,

E = det(F 4, .4,)
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Observations

m The conjecture was not for all
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m The conjecture was not for all
liftings. There were
counterexamples.




Observations

m The conjecture was not for all
liftings. There were
counterexamples.

m Even in the classical case it would
fail (with a bad lifting).
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.....

the coefficients of f,
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How would Macaulay prove this?

det(Ml 4, 4,) and Resy, 4, have the same degree in
the coefficients of f,

Resdow - Reszgwwdnfl

','dn |fn0—>t,‘,1"

dn d+1—j
det(Mgo,.u,d") Frstdn = Hj:l det(Md;,r...,jn,l)
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How would Macaulay prove this?

det(Ml 4, 4,) and Resy, 4, have the same degree in
the coefficients of f,

Resdow - Reszgwwdnfl

-,-dn|fr,»—>t,‘,1"
d o dn d+1—j

det(Mg, g,)lg,peen = [1;2y det(Mg g )
What is the sparse analogue of f, + t?
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How would Macaulay prove this?

det(Ml 4, 4,) and Resy, 4, have the same degree in
the coefficients of f,

Resq, . = Resy

ol s -
dn d+1—j
det(Mgo,.u,d") Frstdn = Hj:l det(Md;,r...,jn,l)

What is the sparse analogue of f, + t?
Are there “larger” matrices to do the recursion?
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My PhD thesis (2001)

A different (recursive) construction of
the matrix M4, _4,(and larger):

m same monomials as in C-E

m “Partition” of the support changes

m Rigid /Flexible points defined
recursively
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With all those modifications:




With all those modifications:
det(M4,....4,)

) = Res 4.4,




With all those modifications:

) 0,--+An

Some connections to the original
C-E's conjecture in the “handable”

cases worked out by Emiris and
Konaxis 2011
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End of the story
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The Canny-Emiris conjecture for the sparse resultant
Carlos D'Andrea, Gabriela Jeronimo, Martin Sombra

We present a product formula for the initial parts of the sparse resultant associated to an arbitrary family of supports, generalizing a previous result
by Sturmfels. This allows to compute the homogeneities and degrees of the sparse resultant, and its evaluation at systems of Laurent polynomials
with smaller supports. We obtain a similar product formula for some of the initial parts of the principal minors of the Sylvester-type square matrix
associated to a mixed subdivision of a polytope. Applying these results, we prove that the sparse resultant can be computed as the quotient of the
determinant of such a square matrix by a certain principal minor, under suitable hypothesis. This generalizes the classical Macaulay formula for the
homogeneous resultant, and confirms a conjecture of Canny and~Emiris.
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Main Theorem

(D-Jeronimo-Sombra 2020)
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the lifting function.
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Fori=0,....n let w;: A, — R be
the lifting function. If the subdivision

is “admissible” (for instance if

Wp > w1 >>...)




(D-Jeronimo-Sombra 2020)
Fori=0,....n let w;: A, — R be
the lifting function. If the subdivision

is “admissible” (for instance if
wo > wi > ... ) then the
Canny-Emiris Conjecture holds
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det(M 4, 4,) and Res 4,
the coefficients of f,
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Proof “a la Macaulay”

det(M 4, 4,) and Res 4,
the coefficients of f,

e
Resq.....d, = Resg 4.,

A, have the same degree in

f,,»—>t,‘,1"
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Proof “a la Macaulay”

det(M 4, 4,) and Res 4,
the coefficients of f,
Resay,....dulg, pon = ResZgMC,ni1 replaced with

init,,, (Res,,...4,) = [, ReSAp.,.... An

A, have the same degree in
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det(Ml 4, 4,) and Resy, 4, have the same degree in
the coefficients of f,

Resq,.....d,

— dn H
£ = Resgr - replaced with

init,, (Res,,...4,) = [ [, Resa,,,....4,, With v parametrizing
the cells of the subdivision
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Proof “a la Macaulay”

det(M 4, 4,) and Res 4,
the coefficients of f,
Resq,....d, frstdn = ResZgMC,ni1 replaced with

init,, (Res,,...4,) = [ [, Resa,,,....4,, With v parametrizing
the cells of the subdivision

det(Mg 4 )lp, e = Hfll det(MZﬁ:{j‘nfl) replaced with
init,,, (det(Ma, . 4,)) = [T, det(Moa,, . 4,.)

A, have the same degree in
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Proof “a la Macaulay”

det(M 4,,...4,) and Resy4,.
the coefficients of £,

— dn H
ReSay.....dnl g, o0 = Resgy - replaced with

init,, (Res,,...4,) = [ [, Resa,,,....4,, With v parametrizing
the cells of the subdivision

det(Mg 4 )lp, e = Hd" det(Mg 571) replaced with

Inlt (det(MAO ..... -An)) H det(MAO,v«,~~-7An,v)
det(B Aoy ) H det(i* Aoy _\M)
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polytopes
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Not really a proof “a la Macaulay”

m Macaulay makes recursion on the dimension of
the ambient space (n, n —1, ...)

m We make recursion on the “size” of the Newton
polytopes, never go down in the dimension

m We do not need “larger’ matrices at any
step
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Not really a proof “a la Macaulay”

m Macaulay makes recursion on the dimension of
the ambient space (n, n —1, ...)

m We make recursion on the “size” of the Newton
polytopes, never go down in the dimension

m We do not need “larger’ matrices at any
step(but can define them too)
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time. They work fine in our new approach.
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m |t is not easy to prove Res, . 4,
in our case!

m The linear lifting building Macaulay matrix is
not admissible.
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time. They work fine in our new approach.
det(M4,.....4,)

m |t is not easy to prove Res, . 4,
in our case!

m The linear lifting building Macaulay matrix is
not admissible. But can be refined (new proof of
Macaulay's classical theorem)
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Further comments

m The results in (C-E 95) and (D-2002) are stated
for “eliminants”, the resultants of their
time. They work fine in our new approach.
det(M4,.....4,)

m |t is not easy to prove Res, . 4,
in our case!

m The linear lifting building Macaulay matrix is
not admissible. But can be refined (new proof of
Macaulay's classical theorem)

m QOur results work for any configuration of
supports
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Further comments

m The results in (C-E 95) and (D-2002) are stated
for “eliminants”, the resultants of their
time. They work fine in our new approach.
det(M4,.....4,)

m |t is not easy to prove Res, . 4,
in our case!

m The linear lifting building Macaulay matrix is
not admissible. But can be refined (new proof of
Macaulay's classical theorem)

m QOur results work for any configuration of
supports, even non essentials
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Further work

m Implement this.

m We showed that
initw(ResAow.’An) _
[, Ressq,, .4, for any w
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m Implement this.
m We showed that
init,, (Res4,...4,) =

va Resag,,... Ay, for any w.
Study init,,(det(M 4, . 4,))

m Characterize those w giving a
Macaulay-style formulae
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