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Elementary Fact 1

f0 = α0t0 + α1t1
f1 = β0t

2
0 + β1t0t1 + β2t

2
1

Rest(f0, f1)
=

det

α0 α1 0
0 α0 α1

β0 β1 β2

 = β0α
2
1 + β1α0α1 + β2α

2
0

(Sylvester, 1845)
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A smaller determinant?

NO unless the entries of the matrix get more
“complicated”

Rest(f0, f1) = det

(
α0 α1

−β0α1 β2α0 + β1α1

)
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A larger determinant?

det


α0 α1 0 0 0
0 α0 α1 0 0
0 0 α0 α1 0
0 0 0 α0 α1

0 0 β0 β1 β2

 = Rest(f0, f1) · α2
0

Obs:α2
0 is the determinant of several principal

2× 2 minors above
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(Trivial) Macaulay style formula


α0 α1 0 0 0
0 α0 α1 0 0
0 0 α0 α1 0
0 0 0 α0 α1

0 0 β0 β1 β2


If deg(fi) = di , for any d ≥ d0 + d1 “Sylvester
matrix”, Rest(f0, f1) can be computed as the

quotient of this determinant by the green
d − d0 − d1 principal minor
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(Less) Elementary Fact 2

f0 = α0t0 + α1t1 + α2t2
f1 = β0t

2
0 + β1t0t1 + β2t

2
1 + β3t0t2 + β4t1t2 + β5t

2
2

f2 = γ0t
2
0 + γ1t0t1 + γ2t

2
1 + γ3t0t2 + γ4t1t2 + γ5t

2
2

What is

Rest(f0, f1, f2)

the “resultant” of f0, f1, f2 ?
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Answer: Rest(f0, f1, f2) =

β2
5γ

2
2α

4
0 + β2β5γ

2
4α

4
0 + β2

2γ
2
5α

4
0 − β4β5γ2γ4α

4
0 + β2

4γ2γ5α
4
0 − 2β2β5γ2γ5α

4
0 − β2β4γ4γ5α

4
0 − 2α2β3β5γ

2
2α

3
0

−α2β2β3γ
2
4α

3
0 − α1β1β5γ

2
4α

3
0 − 2α1β1β2γ

2
5α

3
0 − 2α1β

2
5γ1γ2α

3
0 + α2β4β5γ1γ2α

3
0 − α2β

2
4γ2γ3α

3
0

+2α2β2β5γ2γ3α
3
0 + α1β4β5γ2γ3α

3
0 − 2α2β2β5γ1γ4α

3
0 + α1β4β5γ1γ4α

3
0 + α2β3β4γ2γ4α

3
0 + α2β1β5γ2γ4α

3
0

+α1β3β5γ2γ4α
3
0 + α2β2β4γ3γ4α

3
0 − 2α1β2β5γ3γ4α

3
0 − α1β

2
4γ1γ5α

3
0 + α2β2β4γ1γ5α

3
0 + 2α1β2β5γ1γ5α

3
0

+2α2β2β3γ2γ5α
3
0 − 2α2β1β4γ2γ5α

3
0 − 2α1β3β4γ2γ5α

3
0 + 2α1β1β5γ2γ5α

3
0 − 2α2β

2
2γ3γ5α

3
0 + α1β2β4γ3γ5α

3
0

+α2β1β2γ4γ5α
3
0 + α1β2β3γ4γ5α

3
0 + α1β1β4γ4γ5α

3
0 + α2

1β
2
5γ

2
1α

2
0 + α2

2β2β5γ
2
1α

2
0 − α1α2β4β5γ

2
1α

2
0

+α2
2β

2
3γ

2
2α

2
0 + 2α2

2β0β5γ
2
2α

2
0 + α2

2β
2
2γ

2
3α

2
0 − α1α2β2β4γ

2
3α

2
0 + α2

1β2β5γ
2
3α

2
0 + α2

2β0β2γ
2
4α

2
0 + α1α2β1β3γ

2
4α

2
0

+α2
1β0β5γ

2
4α

2
0 + α2

1β
2
1γ

2
5α

2
0 + 2α2

1β0β2γ
2
5α

2
0 + α2

2β
2
4γ0γ2α

2
0 + 2α2

1β
2
5γ0γ2α

2
0 − 2α2

2β2β5γ0γ2α
2
0

−2α1α2β4β5γ0γ2α
2
0 − α2

2β3β4γ1γ2α
2
0 − α2

2β1β5γ1γ2α
2
0 + 3α1α2β3β5γ1γ2α

2
0 + α1α2β

2
4γ1γ3α

2
0

−α2
2β2β4γ1γ3α

2
0 − α2

1β4β5γ1γ3α
2
0 − 2α2

2β2β3γ2γ3α
2
0 + 2α2

2β1β4γ2γ3α
2
0 + α1α2β3β4γ2γ3α

2
0

−3α1α2β1β5γ2γ3α
2
0 − α2

1β3β5γ2γ3α
2
0 − α2

2β2β4γ0γ4α
2
0 + 4α1α2β2β5γ0γ4α

2
0 − α2

1β4β5γ0γ4α
2
0

+2α2
2β2β3γ1γ4α

2
0 − α1α2β3β4γ1γ4α

2
0 + α1α2β1β5γ1γ4α

2
0 − α2

1β3β5γ1γ4α
2
0 − α1α2β

2
3γ2γ4α

2
0

−α2
2β1β3γ2γ4α

2
0 − α2

2β0β4γ2γ4α
2
0 − 2α1α2β0β5γ2γ4α

2
0 − α2

2β1β2γ3γ4α
2
0 + α1α2β2β3γ3γ4α

2
0

−α1α2β1β4γ3γ4α
2
0 + 2α2

1β1β5γ3γ4α
2
0 + 2α2

2β
2
2γ0γ5α

2
0 + α2

1β
2
4γ0γ5α

2
0 − 2α1α2β2β4γ0γ5α

2
0

−2α2
1β2β5γ0γ5α

2
0 − α2

2β1β2γ1γ5α
2
0 − 3α1α2β2β3γ1γ5α

2
0 + α1α2β1β4γ1γ5α

2
0 + 2α2

1β3β4γ1γ5α
2
0

−2α2
1β1β5γ1γ5α

2
0 + α2

2β
2
1γ2γ5α

2
0 + α2

1β
2
3γ2γ5α

2
0 − 2α2

2β0β2γ2γ5α
2
0 + 4α1α2β0β4γ2γ5α

2
0

−2α2
1β0β5γ2γ5α

2
0 + 3α1α2β1β2γ3γ5α

2
0 − α2

1β2β3γ3γ5α
2
0 − α2

1β1β4γ3γ5α
2
0 − α1α2β

2
1γ4γ5α

2
0

−2α1α2β0β2γ4γ5α
2
0 − α2

1β1β3γ4γ5α
2
0 − α2

1β0β4γ4γ5α
2
0 − α3

2β2β3γ
2
1α0 + α1α

2
2β3β4γ

2
1α0

−α2
1α2β3β5γ

2
1α0 − 2α3

2β0β3γ
2
2α0 − α1α

2
2β1β2γ

2
3α0 + α2

1α2β1β4γ
2
3α0 − α3

1β1β5γ
2
3α0 − α1α

2
2β0β1γ

2
4α0

−α2
1α2β0β3γ

2
4α0 − 2α3

1β0β1γ
2
5α0 − α1α

2
2β

2
4γ0γ1α0 − 2α3

1β
2
5γ0γ1α0 + α3

2β2β4γ0γ1α0 − 2α1α
2
2β2β5γ0γ1α0

+3α2
1α2β4β5γ0γ1α0 + 2α3

2β2β3γ0γ2α0 − 2α3
2β1β4γ0γ2α0 + 4α1α

2
2β1β5γ0γ2α0 − 2α2

1α2β3β5γ0γ2α0

−α1α
2
2β

2
3γ1γ2α0 + α3

2β1β3γ1γ2α0 + α3
2β0β4γ1γ2α0 − 2α1α

2
2β0β5γ1γ2α0 − 2α3

2β
2
2γ0γ3α0 . . .
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2
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2
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2
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0 + 3α1α2β1β2γ3γ5α

2
0 − α2

1β2β3γ3γ5α
2
0 − α2

1β1β4γ3γ5α
2
0 − α1α2β

2
1γ4γ5α

2
0

−2α1α2β0β2γ4γ5α
2
0 − α2

1β1β3γ4γ5α
2
0 − α2

1β0β4γ4γ5α
2
0 − α3

2β2β3γ
2
1α0 + α1α

2
2β3β4γ

2
1α0

−α2
1α2β3β5γ

2
1α0 − 2α3

2β0β3γ
2
2α0 − α1α

2
2β1β2γ

2
3α0 + α2

1α2β1β4γ
2
3α0 − α3

1β1β5γ
2
3α0 − α1α

2
2β0β1γ

2
4α0

−α2
1α2β0β3γ

2
4α0 − 2α3

1β0β1γ
2
5α0 − α1α

2
2β

2
4γ0γ1α0 − 2α3

1β
2
5γ0γ1α0 + α3

2β2β4γ0γ1α0 − 2α1α
2
2β2β5γ0γ1α0

+3α2
1α2β4β5γ0γ1α0 + 2α3

2β2β3γ0γ2α0 − 2α3
2β1β4γ0γ2α0 + 4α1α

2
2β1β5γ0γ2α0 − 2α2

1α2β3β5γ0γ2α0

−α1α
2
2β

2
3γ1γ2α0 + α3

2β1β3γ1γ2α0 + α3
2β0β4γ1γ2α0 − 2α1α

2
2β0β5γ1γ2α0 − 2α3

2β
2
2γ0γ3α0

. . .
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Answer: Rest(f0, f1, f2) =

β2
5γ

2
2α

4
0 + β2β5γ

2
4α

4
0 + β2

2γ
2
5α

4
0 − β4β5γ2γ4α

4
0 + β2

4γ2γ5α
4
0 − 2β2β5γ2γ5α

4
0 − β2β4γ4γ5α

4
0 − 2α2β3β5γ

2
2α

3
0

−α2β2β3γ
2
4α

3
0 − α1β1β5γ

2
4α

3
0 − 2α1β1β2γ

2
5α

3
0 − 2α1β

2
5γ1γ2α

3
0 + α2β4β5γ1γ2α

3
0 − α2β

2
4γ2γ3α

3
0

+2α2β2β5γ2γ3α
3
0 + α1β4β5γ2γ3α

3
0 − 2α2β2β5γ1γ4α

3
0 + α1β4β5γ1γ4α

3
0 + α2β3β4γ2γ4α

3
0 + α2β1β5γ2γ4α

3
0

+α1β3β5γ2γ4α
3
0 + α2β2β4γ3γ4α

3
0 − 2α1β2β5γ3γ4α

3
0 − α1β

2
4γ1γ5α

3
0 + α2β2β4γ1γ5α

3
0 + 2α1β2β5γ1γ5α

3
0

+2α2β2β3γ2γ5α
3
0 − 2α2β1β4γ2γ5α

3
0 − 2α1β3β4γ2γ5α

3
0 + 2α1β1β5γ2γ5α

3
0 − 2α2β

2
2γ3γ5α

3
0 + α1β2β4γ3γ5α

3
0

+α2β1β2γ4γ5α
3
0 + α1β2β3γ4γ5α

3
0 + α1β1β4γ4γ5α

3
0 + α2

1β
2
5γ

2
1α

2
0 + α2

2β2β5γ
2
1α

2
0 − α1α2β4β5γ

2
1α

2
0

+α2
2β

2
3γ

2
2α

2
0 + 2α2

2β0β5γ
2
2α

2
0 + α2

2β
2
2γ

2
3α

2
0 − α1α2β2β4γ

2
3α

2
0 + α2

1β2β5γ
2
3α

2
0 + α2

2β0β2γ
2
4α

2
0 + α1α2β1β3γ

2
4α

2
0

+α2
1β0β5γ

2
4α

2
0 + α2

1β
2
1γ

2
5α

2
0 + 2α2

1β0β2γ
2
5α

2
0 + α2

2β
2
4γ0γ2α

2
0 + 2α2

1β
2
5γ0γ2α

2
0 − 2α2

2β2β5γ0γ2α
2
0

−2α1α2β4β5γ0γ2α
2
0 − α2

2β3β4γ1γ2α
2
0 − α2

2β1β5γ1γ2α
2
0 + 3α1α2β3β5γ1γ2α

2
0 + α1α2β

2
4γ1γ3α

2
0

−α2
2β2β4γ1γ3α

2
0 − α2

1β4β5γ1γ3α
2
0 − 2α2

2β2β3γ2γ3α
2
0 + 2α2

2β1β4γ2γ3α
2
0 + α1α2β3β4γ2γ3α

2
0

−3α1α2β1β5γ2γ3α
2
0 − α2

1β3β5γ2γ3α
2
0 − α2

2β2β4γ0γ4α
2
0 + 4α1α2β2β5γ0γ4α

2
0 − α2

1β4β5γ0γ4α
2
0

+2α2
2β2β3γ1γ4α

2
0 − α1α2β3β4γ1γ4α

2
0 + α1α2β1β5γ1γ4α

2
0 − α2

1β3β5γ1γ4α
2
0 − α1α2β

2
3γ2γ4α

2
0

−α2
2β1β3γ2γ4α

2
0 − α2

2β0β4γ2γ4α
2
0 − 2α1α2β0β5γ2γ4α

2
0 − α2

2β1β2γ3γ4α
2
0 + α1α2β2β3γ3γ4α

2
0

−α1α2β1β4γ3γ4α
2
0 + 2α2

1β1β5γ3γ4α
2
0 + 2α2

2β
2
2γ0γ5α

2
0 + α2

1β
2
4γ0γ5α

2
0 − 2α1α2β2β4γ0γ5α

2
0

−2α2
1β2β5γ0γ5α

2
0 − α2

2β1β2γ1γ5α
2
0 − 3α1α2β2β3γ1γ5α

2
0 + α1α2β1β4γ1γ5α

2
0 + 2α2

1β3β4γ1γ5α
2
0

−2α2
1β1β5γ1γ5α

2
0 + α2

2β
2
1γ2γ5α

2
0 + α2

1β
2
3γ2γ5α

2
0 − 2α2

2β0β2γ2γ5α
2
0 + 4α1α2β0β4γ2γ5α

2
0

−2α2
1β0β5γ2γ5α

2
0 + 3α1α2β1β2γ3γ5α

2
0 − α2

1β2β3γ3γ5α
2
0 − α2

1β1β4γ3γ5α
2
0 − α1α2β

2
1γ4γ5α

2
0

−2α1α2β0β2γ4γ5α
2
0 − α2

1β1β3γ4γ5α
2
0 − α2

1β0β4γ4γ5α
2
0 − α3

2β2β3γ
2
1α0 + α1α

2
2β3β4γ

2
1α0

−α2
1α2β3β5γ

2
1α0 − 2α3

2β0β3γ
2
2α0 − α1α

2
2β1β2γ

2
3α0 + α2

1α2β1β4γ
2
3α0 − α3

1β1β5γ
2
3α0 − α1α

2
2β0β1γ

2
4α0

−α2
1α2β0β3γ

2
4α0 − 2α3

1β0β1γ
2
5α0 − α1α

2
2β

2
4γ0γ1α0 − 2α3

1β
2
5γ0γ1α0 + α3

2β2β4γ0γ1α0 − 2α1α
2
2β2β5γ0γ1α0

+3α2
1α2β4β5γ0γ1α0 + 2α3

2β2β3γ0γ2α0 − 2α3
2β1β4γ0γ2α0 + 4α1α

2
2β1β5γ0γ2α0 − 2α2

1α2β3β5γ0γ2α0

−α1α
2
2β

2
3γ1γ2α0 + α3

2β1β3γ1γ2α0 + α3
2β0β4γ1γ2α0 − 2α1α

2
2β0β5γ1γ2α0 − 2α3

2β
2
2γ0γ3α0 . . .
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−α2
1α2β

2
4γ0γ3α0 + 3α1α

2
2β2β4γ0γ3α0 − 2α2

1α2β2β5γ0γ3α0 + α3
1β4β5γ0γ3α0 + α3

2β1β2γ1γ3α0

+α1α
2
2β2β3γ1γ3α0 − α1α

2
2β1β4γ1γ3α0 − α2

1α2β3β4γ1γ3α0 + α2
1α2β1β5γ1γ3α0 + α3

1β3β5γ1γ3α0

−α3
2β

2
1γ2γ3α0 + 2α3

2β0β2γ2γ3α0 + α1α
2
2β1β3γ2γ3α0 − 3α1α

2
2β0β4γ2γ3α0 + 4α2

1α2β0β5γ2γ3α0

+α3
2β1β2γ0γ4α0 − 3α1α

2
2β2β3γ0γ4α0 + α1α

2
2β1β4γ0γ4α0 + α2

1α2β3β4γ0γ4α0 − 3α2
1α2β1β5γ0γ4α0

+α3
1β3β5γ0γ4α0 + α2

1α2β
2
3γ1γ4α0 − 2α3

2β0β2γ1γ4α0 − α1α
2
2β1β3γ1γ4α0 + α1α

2
2β0β4γ1γ4α0

+α3
2β0β1γ2γ4α0 + 3α1α

2
2β0β3γ2γ4α0 + α1α

2
2β

2
1γ3γ4α0 − α2

1α2β1β3γ3γ4α0 + α2
1α2β0β4γ3γ4α0

−2α3
1β0β5γ3γ4α0 − 2α1α

2
2β1β2γ0γ5α0 + 4α2

1α2β2β3γ0γ5α0 − 2α3
1β3β4γ0γ5α0 + 2α3

1β1β5γ0γ5α0

−α3
1β

2
3γ1γ5α0 + 4α1α

2
2β0β2γ1γ5α0 + α2

1α2β1β3γ1γ5α0 − 3α2
1α2β0β4γ1γ5α0 + 2α3

1β0β5γ1γ5α0

−2α1α
2
2β0β1γ2γ5α0 − 2α2

1α2β0β3γ2γ5α0 − α2
1α2β

2
1γ3γ5α0 − 2α2

1α2β0β2γ3γ5α0 + α3
1β1β3γ3γ5α0

+α3
1β0β4γ3γ5α0 + 3α2

1α2β0β1γ4γ5α0 + α3
1β0β3γ4γ5α0 + α4

2β
2
2γ

2
0 + α2

1α
2
2β

2
4γ

2
0 + α4

1β
2
5γ

2
0

−2α1α
3
2β2β4γ

2
0 + 2α2

1α
2
2β2β5γ

2
0 − 2α3

1α2β4β5γ
2
0 + α4

2β0β2γ
2
1 − α1α

3
2β0β4γ

2
1 + α2

1α
2
2β0β5γ

2
1 + α4

2β
2
0γ

2
2

+α2
1α

2
2β0β2γ

2
3 − α3

1α2β0β4γ
2
3 + α4

1β0β5γ
2
3 + α2

1α
2
2β

2
0γ

2
4 + α4

1β
2
0γ

2
5 − α4

2β1β2γ0γ1 + α1α
3
2β2β3γ0γ1

+α1α
3
2β1β4γ0γ1 − α2

1α
2
2β3β4γ0γ1 − α2

1α
2
2β1β5γ0γ1 + α3

1α2β3β5γ0γ1 + α4
2β

2
1γ0γ2 + α2

1α
2
2β

2
3γ0γ2

−2α4
2β0β2γ0γ2 − 2α1α

3
2β1β3γ0γ2 + 2α1α

3
2β0β4γ0γ2 − 2α2

1α
2
2β0β5γ0γ2 − α4

2β0β1γ1γ2 + α1α
3
2β0β3γ1γ2

+α1α
3
2β1β2γ0γ3 − α2

1α
2
2β2β3γ0γ3 − α2

1α
2
2β1β4γ0γ3 + α3

1α2β3β4γ0γ3 + α3
1α2β1β5γ0γ3 − α4

1β3β5γ0γ3
−2α1α

3
2β0β2γ1γ3 + 2α2

1α
2
2β0β4γ1γ3 − 2α3

1α2β0β5γ1γ3 + α1α
3
2β0β1γ2γ3 − α2

1α
2
2β0β3γ2γ3 − α1α

3
2β

2
1γ0γ4

−α3
1α2β

2
3γ0γ4 + 2α1α

3
2β0β2γ0γ4 + 2α2

1α
2
2β1β3γ0γ4 − 2α2

1α
2
2β0β4γ0γ4 + 2α3

1α2β0β5γ0γ4 + α1α
3
2β0β1γ1γ4

−α2
1α

2
2β0β3γ1γ4 − 2α1α

3
2β

2
0γ2γ4 − α2

1α
2
2β0β1γ3γ4 + α3

1α2β0β3γ3γ4 + α2
1α

2
2β

2
1γ0γ5 + α4

1β
2
3γ0γ5

−2α2
1α

2
2β0β2γ0γ5 − 2α3

1α2β1β3γ0γ5 + 2α3
1α2β0β4γ0γ5 − 2α4

1β0β5γ0γ5 − α2
1α

2
2β0β1γ1γ5 + α3

1α2β0β3γ1γ5
+2α2

1α
2
2β

2
0γ2γ5 + α3

1α2β0β1γ3γ5 − α4
1β0β3γ3γ5 − 2α3

1α2β
2
0γ4γ5.
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−α2
1α2β

2
4γ0γ3α0 + 3α1α

2
2β2β4γ0γ3α0 − 2α2

1α2β2β5γ0γ3α0 + α3
1β4β5γ0γ3α0 + α3

2β1β2γ1γ3α0

+α1α
2
2β2β3γ1γ3α0 − α1α

2
2β1β4γ1γ3α0 − α2

1α2β3β4γ1γ3α0 + α2
1α2β1β5γ1γ3α0 + α3

1β3β5γ1γ3α0

−α3
2β

2
1γ2γ3α0 + 2α3

2β0β2γ2γ3α0 + α1α
2
2β1β3γ2γ3α0 − 3α1α

2
2β0β4γ2γ3α0 + 4α2

1α2β0β5γ2γ3α0

+α3
2β1β2γ0γ4α0 − 3α1α

2
2β2β3γ0γ4α0 + α1α

2
2β1β4γ0γ4α0 + α2

1α2β3β4γ0γ4α0 − 3α2
1α2β1β5γ0γ4α0

+α3
1β3β5γ0γ4α0 + α2

1α2β
2
3γ1γ4α0 − 2α3

2β0β2γ1γ4α0 − α1α
2
2β1β3γ1γ4α0 + α1α

2
2β0β4γ1γ4α0

+α3
2β0β1γ2γ4α0 + 3α1α

2
2β0β3γ2γ4α0 + α1α

2
2β

2
1γ3γ4α0 − α2

1α2β1β3γ3γ4α0 + α2
1α2β0β4γ3γ4α0

−2α3
1β0β5γ3γ4α0 − 2α1α

2
2β1β2γ0γ5α0 + 4α2

1α2β2β3γ0γ5α0 − 2α3
1β3β4γ0γ5α0 + 2α3

1β1β5γ0γ5α0

−α3
1β

2
3γ1γ5α0 + 4α1α

2
2β0β2γ1γ5α0 + α2

1α2β1β3γ1γ5α0 − 3α2
1α2β0β4γ1γ5α0 + 2α3

1β0β5γ1γ5α0

−2α1α
2
2β0β1γ2γ5α0 − 2α2

1α2β0β3γ2γ5α0 − α2
1α2β

2
1γ3γ5α0 − 2α2

1α2β0β2γ3γ5α0 + α3
1β1β3γ3γ5α0

+α3
1β0β4γ3γ5α0 + 3α2

1α2β0β1γ4γ5α0 + α3
1β0β3γ4γ5α0 + α4

2β
2
2γ

2
0 + α2

1α
2
2β

2
4γ

2
0 + α4

1β
2
5γ

2
0

−2α1α
3
2β2β4γ

2
0 + 2α2

1α
2
2β2β5γ

2
0 − 2α3

1α2β4β5γ
2
0 + α4

2β0β2γ
2
1 − α1α

3
2β0β4γ

2
1 + α2

1α
2
2β0β5γ

2
1 + α4

2β
2
0γ

2
2

+α2
1α

2
2β0β2γ

2
3 − α3

1α2β0β4γ
2
3 + α4

1β0β5γ
2
3 + α2

1α
2
2β

2
0γ

2
4 + α4

1β
2
0γ

2
5 − α4

2β1β2γ0γ1 + α1α
3
2β2β3γ0γ1

+α1α
3
2β1β4γ0γ1 − α2

1α
2
2β3β4γ0γ1 − α2

1α
2
2β1β5γ0γ1 + α3

1α2β3β5γ0γ1 + α4
2β

2
1γ0γ2 + α2

1α
2
2β

2
3γ0γ2

−2α4
2β0β2γ0γ2 − 2α1α

3
2β1β3γ0γ2 + 2α1α

3
2β0β4γ0γ2 − 2α2

1α
2
2β0β5γ0γ2 − α4

2β0β1γ1γ2 + α1α
3
2β0β3γ1γ2

+α1α
3
2β1β2γ0γ3 − α2

1α
2
2β2β3γ0γ3 − α2

1α
2
2β1β4γ0γ3 + α3

1α2β3β4γ0γ3 + α3
1α2β1β5γ0γ3 − α4

1β3β5γ0γ3
−2α1α

3
2β0β2γ1γ3 + 2α2

1α
2
2β0β4γ1γ3 − 2α3

1α2β0β5γ1γ3 + α1α
3
2β0β1γ2γ3 − α2

1α
2
2β0β3γ2γ3 − α1α

3
2β

2
1γ0γ4

−α3
1α2β

2
3γ0γ4 + 2α1α

3
2β0β2γ0γ4 + 2α2

1α
2
2β1β3γ0γ4 − 2α2

1α
2
2β0β4γ0γ4 + 2α3

1α2β0β5γ0γ4 + α1α
3
2β0β1γ1γ4

−α2
1α

2
2β0β3γ1γ4 − 2α1α

3
2β

2
0γ2γ4 − α2

1α
2
2β0β1γ3γ4 + α3

1α2β0β3γ3γ4 + α2
1α

2
2β

2
1γ0γ5 + α4

1β
2
3γ0γ5

−2α2
1α

2
2β0β2γ0γ5 − 2α3

1α2β1β3γ0γ5 + 2α3
1α2β0β4γ0γ5 − 2α4

1β0β5γ0γ5 − α2
1α

2
2β0β1γ1γ5 + α3

1α2β0β3γ1γ5
+2α2

1α
2
2β

2
0γ2γ5 + α3

1α2β0β1γ3γ5 − α4
1β0β3γ3γ5 − 2α3

1α2β
2
0γ4γ5.
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Definition of Rest(f0, f1, f2)?

Is it a determinant?
If not, how do you define it?
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Definition of Rest(f0, f1, f2)?

Is it a determinant?
If not, how do you define it?
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Back to the classics...

{
f0 = α0t

d0
0 + α1t

d0−1
0 t1 + . . . + αd0t

d0
1

f1 = β0t
d1
0 + β1t

d1−1
0 t1 + . . . + βd1t

d1
1

What is Rest(f0, f1) (or Resd0,d1) the resultant of f0
and f1?
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Algebraic Definitions

Rest(f0, f1) is:

the “condition” to test when
gcd(f0, f1) = 1 (Sylvester)
One of the (two) generators of the
elimination ideal

〈f0(1, t1), f1(1, t1)〉 ∩ Z[α0, . . . , αd0, β0, . . . , βd1]
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Geometry

K any field

V = {(α̃, β̃; ξ0 : ξ1) : f0(α̃, ξ0, ξ1) = f1(β̃, ξ0, ξ1) = 0}

V ⊂ Kd0+d1+2 × P1
K

π1|V ↓ ↓ π1

π1(V ) ⊂ Kd1+d2+2

{Resd0,d1 = 0} = π1(V )
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Computation

For f̃0, f̃1 ∈ K[t0, t1] homogeneous of
degrees d0, d1 to have a nontrivial

common factor, the map

K[t0, t1]d1−1 ⊕K[t0, t1]d0−1
φ→ K[t0, t1]d0+d1−1

(g0, g1) 7→ g0f̃0 + g1f̃1

must fail to be an isomorphism
Resd0,d1 = det(φ)

Carlos D’Andrea
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d-Sylvester matrices

For f̃0, f̃1 ∈ K[t0, t1] to have a
nontrivial common factor and any

d ≥ d0 + d1 − 1, the map

K[t0, t1]d−d0 ⊕K[t0, t1]d−d1
φd→ K[t0, t1]d

(g0, g1) 7→ g0f̃0 + g1f̃1

must fail to be onto.
The d -Sylvester matrix is a maximal

submatrix of φd

Carlos D’Andrea
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Back to multivariate Resultants


f0 =

∑
|a|=d0

α1,at
a0
0 . . . t

an
n

f1 =
∑
|a|=d1

α2,at
a0
0 . . . t

an
n

...
fn =

∑
|a|=dn

αn,at
a0
0 . . . t

an
n

What is Rest(f0, . . . , fn)/ Resd0,...,dn?

Carlos D’Andrea
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Answer

A generator of

〈f0(1, t), . . . , fn(1, t)〉 ∩ Z[αi ,a, i = 0, . . . , n]

The defining equation of

V = {(ui ,a, ξ) : fi(ui ,a, ξ) = 0} ⊂ KN × Pn

↓ ↓ π1
π1(V ) ⊂ KN

A condition for the fi ’s to have a common zero
in Pn−1

K
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Resd0,...,dn = det(φd)?

Sylvester, Bézout, Cayley, Dixon,
Macaulay. . . (1800)

Zariski, Jouanolou, Kapranov,
Sturmfels, Zelevinski, . . . (1900)
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Sylvester, Bézout, Cayley, Dixon,
Macaulay. . . (1800)

Zariski, Jouanolou, Kapranov,
Sturmfels, Zelevinski

, . . . (1900)

Carlos D’Andrea

The Canny-Emiris conjecture for the sparse resultant



Resd0,...,dn = det(φd)?
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So far Macaulay’s formulation (1902)
is the only one that works for any

data (d0, . . . , dn)

Carlos D’Andrea
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Macaulay’s formula (1902)

f0 = α0t0 + α1t1 + α2t2
f1 = β0t

2
0 + β1t0t1 + β2t

2
1 + β3t0t2 + β4t1t2 + β5t

2
2

f2 = γ0t
2
0 + γ1t0t1 + γ2t

2
1 + γ3t0t2 + γ4t1t2 + γ5t

2
2

Any monomial ta0t
b
1 t

c
2 of degree 3 or more is either

multiple of t0:
{t30 , t20 t1, t20 t2, t0t21 , t0t1t2, t0t22}
or multiple of t21 : {t21 t2, t31}
or multiple of t22 : {t1t22 , t32}
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In general

Any monomial of degree
d ≥ d0 + . . .+ dn− n is a multiple of

tdii for some i = 0, . . . , n

“Rigid monomials”: divisible by
only one tdii ({t3

0 , t
3
1 , t

2
0t2, . . .})

“Flexible monomials”, otherwise
({t0t

2
1 , t0t

2
2})
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Macaulay formula (1902)

Resd0,...,dn =
det(Md

d0,...,dn
)

det(Fd
d0,...,dn

)
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Back to n = 1

{
f0 = α0t0 + α1t1
f1 = β0t

2
0 + β1t0t1 + β2t

2
1

M4
1,2 =


t40 t30 t1 t20 t

2
1 t0 t31 t41

t30 f0 α0 α1 0 0 0
t20 t1f0 0 α0 α1 0 0
t0t21 f0 0 0 α0 α1 0
t31 f0 0 0 0 α0 α1

t21 f1 0 0 β0 β1 β2


F4
1,2 =

[ t20 t
2
1 t0 t31

t0t21 f0 α0 α1

t31 f0 0 α0

]
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Observation

Given d ≥ d0 + . . . + dn − n, for the polynomials
f̃0, . . . , f̃n ∈ K[t] to have a common zero in Pn

K the
K-linear map

K[t]d−d0 ⊕ · · · ⊕K[t]d−dn
φd→ K[t]d

(g0, . . . , gn) 7→
∑n

j=0 gi f̃i

must fail to be onto

Md
d0,...,dn

is a maximal submatrix of the matrix of
φd
=⇒ Resd0,...,dn | det(Md

d0,...,dn
)
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Sketch of Macaulay’s proof

1 det(Md
d0,...,dn

) and Resd0,...,dn have the same
degree in the coefficients of fn (= d0 . . . dn)

2 Resd0,...,dn|fn 7→tdnn
= Resdnd0,...,dn−1

3 det(Md
d0,...,dn

)|fn 7→tdnn
=
∏dn

j=1 det(Md+1−j
d0,...,dn−1

)

4 det(Fd
d0,...,dn

) =
∏dn

j=1 det(Fd+1−j
d0,...,dn−1

)

det(Md
d0,..,dn

)

Resd0,..,dn
=

det(Md
d0,..,dn

)

Resd0,..,dn
|fn=tdnn

=
dn∏
j=1

det(Md+1−j
d0,..,dn−1

)

Resd0,..,dn−1

=
dn∏
j=1

det(Fd+1−j
d0,..,dn−1

)
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Important Observation

To have

det(Md
d0,..,dn

)

Resd0,..,dn

=

dn∏
j=1

det(Md+1−j
d0,..,dn−1

)

Resd0,..,dn−1

you need a formulation for any
d ≥ d0 + . . . + dn − n
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Sparse Resultants, 100 years later...

In the “real world” systems of
equations are neither homogeneous
nor all the monomials up to a fixed

degree appear f0 = α0 + α1t
2
1 t

2
2 + α2t1 t

3
2

f1 = β0 + β1t
2
1 + β2t1 t

2
2

f2 = γ0t
3
1 + γ1t1 t2
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Sparse Resultants

A0, . . . ,An ⊂ Zn

fi =
∑

a∈Ai
αi ,at1

a1 . . . tn
an, i ≤ n

What is
Res(f0, . . . , fn) = ResA0,...,An?
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Geometric definition

(D-Sombra), PLMS 2015

V = {(αi ,a, ξ) : fi(α, ξ) = 0 ∀i} ⊂ KN × (K×)n

↓ ↓ π1
π1(V ) ⊂ KN

ResA0,...,An
is the defining equation of the direct

image π1∗V
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Example

A0 = A1 = A2 = {(0, 0), (2, 0), (0, 2)}
f0 = α0 + α1t

2
1 + α2t

2
2

f1 = β0 + β1t
2
1 + β2t

2
2

f2 = γ0 + γ1t
2
1 + γ2t

2
2

Classically (algebraic definition):
ResA0,A1,A2

= det(αi , βj , γk)

With the new definition,
ResA0,A1,A2

= det(αi , βj , γk)4
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Properties

(D-Sombra), PLMS 2015

ResA0,...,An
may not be irreducible but it is the

power of the irreducible “eliminant” (the old
resultant)
ResA0+A′0,A1...,An

= ResA0,...,An
· ResA′0,...,An

Poisson Formula:
ResA0,...,An

=(∏
v Res

−hA0
(v)

A1,v ,...,An,v

)
·
∏

fi (ξ)=0, 1≤i≤n f0(ξ)mξ

v finite integer vectors, hA0 is the “lattice
distance” to A0
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Algebra meets Geometry

(D-Sombra), PLMS 2015
(if π1(V ) has codimension one)

ResA0,...,An
(f̃0, . . . , f̃n) = 0
m

∃p ∈ XA| f̃0(p) = . . . = f̃n(p) = 0

XA is the toric variety being the image of

(C×)n → P#A0−1 × . . .× P#An−1

ξ 7→
(
ξai
)
i=0,...,n,ai∈Ai

Carlos D’Andrea

The Canny-Emiris conjecture for the sparse resultant



Algebra meets Geometry

(D-Sombra), PLMS 2015
(if π1(V ) has codimension one)

ResA0,...,An
(f̃0, . . . , f̃n) = 0
m

∃p ∈ XA| f̃0(p) = . . . = f̃n(p) = 0

XA is the toric variety being the image of

(C×)n → P#A0−1 × . . .× P#An−1

ξ 7→
(
ξai
)
i=0,...,n,ai∈Ai

Carlos D’Andrea

The Canny-Emiris conjecture for the sparse resultant



Algebra meets Geometry

(D-Sombra), PLMS 2015
(if π1(V ) has codimension one)

ResA0,...,An
(f̃0, . . . , f̃n) = 0
m

∃p ∈ XA| f̃0(p) = . . . = f̃n(p) = 0

XA is the toric variety being the image of

(C×)n → P#A0−1 × . . .× P#An−1

ξ 7→
(
ξai
)
i=0,...,n,ai∈Ai

Carlos D’Andrea

The Canny-Emiris conjecture for the sparse resultant



Sparse generalizes classical

If we set
Ai = {a ∈ Nn : a1 + . . . + an ≤ di}
then we have ResA0,...,An = Resd0,...,dn
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How do you compute it?

As a determinant?

As a quotient of determinants?
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Canny-Emiris’ construction

Generalize Macaulay matrices for
computing Resd0,...,dn
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The method (pics. from that paper)

Matrix MA0,...,An
is indexed by the monomials with

exponents in the (displaced) Minkowsky sum of
conv(A0) + . . . + conv(An)
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Subdivision via projection
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Rigid vs flexible monomials

“Rigid points”:those lying in
parallelograms
“Flexible points:”otherwise
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Observation

In the classical case, there is a lifting
which builds Macaulay matrix with is
rigid/flexible structure of monomials

In this sense, Canny and Emiris’
construction is a generalization of

Macaulay matrices
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Theorem (Canny-Emiris 95)

det(MA0,...,An) = ResA0,...,An · E,
with E 6= 0 being independent of the

coefficients of fn
Conjecture

E = det(FA0,...,An)
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Observations

The conjecture was not for all
liftings.There were
counterexamples.

Even in the classical case it would
fail (with a bad lifting).
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How would Macaulay prove this?

1 det(MA0,...,An) and ResA0,...,An have the same degree in
the coefficients of fn

2 Resd0,...,dn |fn 7→tdnn
= Resdnd0,...,dn−1

3 det(Md
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=
∏dn

j=1 det(Md+1−j
d0,...,dn−1

)

What is the sparse analogue of fn 7→ tdnn ?
Are there “larger” matrices to do the recursion?
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My PhD thesis (2001)

A different (recursive) construction of
the matrix MA0,...,An(and larger):

same monomials as in C-E
“Partition” of the support changes
Rigid/Flexible points defined
recursively
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Theorem (D-TAMS 2002)

With all those modifications:
det(MA0,...,An)

det(FA0,...,An)
= ResA0,..,An

Some connections to the original
C-E’s conjecture in the “handable”

cases worked out by Emiris and
Konaxis 2011
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Main Theorem

(D-Jeronimo-Sombra 2020)

For i = 0, . . . , n, let ωi : Ai → R be
the lifting function. If the subdivision

is “admissible” (for instance if
ω0 � ω1 � . . . ) then the

Canny-Emiris Conjecture holds
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Proof “a la Macaulay”

1 det(MA0,...,An) and ResA0,...,An have the same degree in
the coefficients of fn

2 Resd0,...,dn |fn 7→tdnn
= Resdnd0,...,dn−1

replaced with

initωn(ResA0,...,An) =
∏

v ResA0,v,...,An,v with v parametrizing
the cells of the subdivision

3 det(Md
d0,...,dn

)|fn 7→tdnn
=
∏dn

j=1 det(Md+1−j
d0,...,dn−1

) replaced with

initωn(det(MA0,...,An)) =
∏

v det(MA0,v,...,An,v )
4 det(FA0,...,An) =

∏
v det(FA0,v,...,An,v )
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Not really a proof “a la Macaulay”

Macaulay makes recursion on the dimension of
the ambient space (n, n − 1, . . .)

We make recursion on the “size” of the Newton
polytopes, never go down in the dimension

We do not need “larger” matrices at any
step(but can define them too)
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Further comments

The results in (C-E 95) and (D-2002) are stated
for “eliminants”, the resultants of their
time.They work fine in our new approach.

It is not easy to prove ResA0,...,An
| det(MA0,...,An

)
in our case!

The linear lifting building Macaulay matrix is
not admissible. But can be refined (new proof of
Macaulay’s classical theorem)

Our results work for any configuration of
supports, even non essentials
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Further work

Implement this.

We showed that
initω(ResA0,...,An) =∏

vω
ResA0,vω ,...,An,vω

for any ω.
Study initω(det(MA0,...,An))

Characterize those ω giving a
Macaulay-style formulae
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