
Krick Subresultants Barcelona

Carlos D’Andrea

Teresapalooza, December 15th 2021

Carlos D’Andrea

Krick Subresultants Barcelona



Teresian Mathematical Axioms

You must have a motivation for the Math you
are doing. “My advisor told me to study this”/
“It is in the syllabus”are not valid motivations

You must share your enthusiasm

Your audience must understand your
explanations and share your enthusiasm
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Motivation of the talk

f (x) = x4 − 3x3 + 5x2 + 7x + 2
g(x) = 2x3 + 5x2 + x + 3

gcd(f , g) = 1 = A(x)·f (x)+B(x)·g(x)

A(x) = −3493−15019x−5262x2
80341

B(x) = 29109+8460x−6961x2+2631x3

80341
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Questions?

How large the coefficients of
A(x), B(x) are compared to those
of f (x), g(x)?
Can you perform the Extended
Euclidean Algorithm without
making divisions in Z?
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First definition of subresultants
Subresultants are polynomials arising
in the Extended Euclidean Algorithm

of f (x), g(x) without making
divisions among coefficients
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A Mathematica Session
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Formulas in roots

f (x) = (x − r1)(x − r2)(x − r3)(x − r4)
g(x) = 2(x − s1)(x − s2)(x − s3)

SRes0(f , g) = Res(f , g) = 24
∏
i ,j

(si−rj)
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Subresultants in roots

SRes1(f , g) = 23
3∑

j=1

(x − sj)

∏
i ,j ′ 6=j(ri − sj ′)∏
j ′ 6=j(sj − sj ′)

SRes2(f , g) = −22
∑
i ,j

(x−ri)(x−sj)
(ri − sj)

∏
i ′ 6=i ,j ′ 6=j(ri ′ − sj ′)∏

i ′ 6=i(ri − si ′)
∏

j ′ 6=j(sj − sj ′)

SRes3(f , g) = g(x) = 2(s − s1)(x − s2)(x − s3)
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Elementary Proof!

Linear Algebra, Sylvester and
Vandermonde matrices
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Sylvester double’s sums

For p + q small, these give (scalar
multiples of) Sresp+q(fA, gB)

How about p + q large?
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simple Linear Algebra description to
describe all Sylvester sums
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What’s next?

You can even do it simpler!
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Application: rational interpolation

Find r(x) ∈ K(x) of bounded degree
such that r (j)(xi) = yij
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What about multiple roots?

The extremal case:
f = (x − r)m, g = (x − s)n
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Results:

Coefficients are easily described by
expanding SResk as a polynomial
in (x − α)j(x − β)k−j

They are hypergeometric
expressions in terms of some
Hankel matrices

Carlos D’Andrea

Krick Subresultants Barcelona



Results:

Coefficients are easily described by
expanding SResk as a polynomial
in (x − α)j(x − β)k−j

They are hypergeometric
expressions in terms of some
Hankel matrices

Carlos D’Andrea

Krick Subresultants Barcelona



Results:

Coefficients are easily described by
expanding SResk as a polynomial
in (x − α)j(x − β)k−j

They are hypergeometric
expressions in terms of some
Hankel matrices

Carlos D’Andrea

Krick Subresultants Barcelona



SResk is a Jacobi polynomial
You can compute the coefficients
in the Taylor expansion of SResk
with linear arithmetic complexity
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Back to Sylvester sums...
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Applications: Multiple roots
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What about more variables?

Res(f , g) = 24
∏
i ,j

(si−rj) = 24
∏
i

f (si)

Res(f1, . . . , fn+1) = c
∏

fi (ξ)=0, 1≤i≤n

fn+1(ξ)

How is this for subresultants?
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Multiple roots?
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To conclude...

Two gifts for Teresa!
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Gift #1
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The fabulous main result

f (x , y), g(x , y) ∈ K[x , y ]

〈f , g〉 ?
= 〈SRes0(f , g , y), SRes1(f , g , y)〉
⇐⇒ gcd(SRes0, SRes1) = 1

(the ideal has a Shape Lemma)
〈SRes0〉 = 〈f , g〉 ∩K[x ]

⇐⇒ gcd(LCy(f ), LCy(g)) = 1
(no roots at infinity)
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Gift #2
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Gift #2
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Happy Birthday Teresa!
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