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Teresian Mathematical Axioms

m You must have a motivation for the Math you
are doing. “My advisor told me to study this" /
“It is in the syllabus” are not valid motivations

m You must share your enthusiasm

m Your audience must understand your
explanations and share your enthusiasm
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Motivation of the talk

f(x) = x* —3x> +5x> + 7x + 2
g(x) = 2x° +5x* + x + 3
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Motivation of the talk

f(x) = x* —3x> +5x% + Tx +2

)
g(x) = 2x° +5x* + x + 3
ged(f, g) = 1 = Alx)-F(x)+B(x)-g(x)




Motivation of the talk

) = x* —3x° +5x° + Tx +2
g(x) = 2x° +5x* + x + 3

ged(f, g) = 1= Alx)-f(x)+B(x)-g(x)
)

_ —3493-15019x—5262x2
Alx) = 80341 i ;

_ 20109+8460x—6961x2+2631x
B(x) = 80341
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m How large the coefficients of
A(x), B(x) are compared to those

of f(x), g(x)?




Questions?

—
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m How large the coefficients of
A(x), B(x) are compared to those
of f(x), g(x)?

m Can you perform the Extended
Euclidean Algorithm without
making divisions in Z7?
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% = Yes We Can!
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First definition of subresultants
Subresultants are polynomials arising
in the Extended Euclidean Algorithm

of f(x), g(x)
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First definition of subresultants

Subresultants are polynomials arising

in the Extended Euclidean Algorithm
of f(x), g(x) without making
divisions among coefficients
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A Mathematica Session

5= PolynomialExtendedGCD[x*4 -3 x*34+5x"2+Tx+2, 2x7345x224+x+3, x]
{1 { 3493 - 15019 x - 5262 x? 29109 + 8460 x - 6961 x? + 2631 x°
Out[5]= 13
o ' 80341 ! 80341
n7= Subresultants[x*4 -3x*3+5x*2+7Tx+2, 2x*3+5x*2+x+3, x]

oul7- {80341, -2631, 73, 2}

= SubresultantPolynomialRemainders[x*4-3x*3+5x*2+7Tx+2, 2Xx*3+5x*2+x+3, x]

oulgl: {2+ Tx+5x% -3x7 +x*, 34x+5x7+2x7, 41433 x+73x%, 932-2631x, 80341}

2= Resultant[x*4-3x*3+5x*2+Tx+2, 2x*3+5x*2+x+3, x]
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Formulas in roots

fix) = (x—n)x—n)(x—n)(x—rn
g(x) = 2(x — s1)(x — 92)(x — s3)




Formulas in roots

F(x) = (x— n)(x — )(x — r)(x —
g(x) = 2(x —s1)(x — s)(x — s3)

SReso(f. g) = Res(f. g) = 2* [ [ (si—)

iJ
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Subresultants in roots

Hi,j/;éj(ri —57)
Hj/yéj(sj - 5)

3
SRes, (f,g) = 2° Z(X —5j)

j=1
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Subresultants in roots

H,H@(f: sy')
H/;AJ(SJ s1)

(x—s; (r, ')H/;ﬁ,”@(ﬂ s7)
2 ngé/( SI)HJ;&J(SJ si)

SResy(f, g) —232

j=1

SResy(f, g) ——222 X—r;)
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Subresultants in roots

H,H@(f: sy')
H/;AJ(SJ s1)

(x—s; (r, ')H/;ﬁ,”@(ﬂ s7)
2 ngé/( SI)HJ;&J(SJ si)

SResy(f, g) —232

j=1

SResy(f, g) ——222 X—r;)

SRes3(f,g) =
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Subresultants in roots

H,H@(f: sy')
H/;AJ(SJ s1)

(x—s; (r, ')H/;ﬁ,”@(ﬂ s7)
2 ngé/( SI)HJ;&J(SJ si)

SRes3(f, g) = g(x) = 2(s — s1)(x — 2)(x — s3)

SResy(f, g) —232

j=1

SResy(f, g) ——222 X—r;)
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Elementary Proof!

Avalabie onbre ot Wi
8 Joumal of

“*.* ScienceDirect Symbolic
Conmptation

ELSEVIER Jourmal of Symbalic Computatizn 42 (2007) 290-197

warw glsevior comih

An elementary proof of Sylvester’s double sums for
subresultants

Carlos D' Andrea®, Hoon Hong", Teresa Krick®, Agnes Szanto™*
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Elementary Proof!

Avaiabie onire 3t wwa

. L Jounal of
=.” ScienceDirect Symbolic
3 Computation
ELSEVIER Journal of Symbalic Computation 42 (2007) 190-197

wrw glsevic comdosiafse

An elementary proof of Sylvester’s double sums for
subresultants

Carlos D' Andrea®, Hoon Hong", Teresa Krick®, Agnes Szanto™*

m Linear Algebra, Sylvester and
Vandermonde matrices
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Sylvester double’s sums

Carlos D'Andrea

Krick Subresultants Barcelona



Sylvester double’s sums

RiA", B RiAVA, B\ B
RiA, A\ATRIB, B\B"'

SyW" (A, Bix):= 3. Rix, A)Rix, B)
A'cA, B'CE
ﬁ'l—_u. IB'.l_I'I
where

Rx.Y = [] x-w. R F:=[Je-n

X, el vel

Carlos D'Andrea
Krick Subresultants Barcelona



Sylvester double’s sums

RiA", B RiAVA, B\ B

Sylv™T{A, B x) := Rix, AV Rix, B :
R e E—._ t A Rix, B R AAD RUE, BB
e ]
Al=p, |F =g
where
Rx.Y = [] x-w. R F:=[Je-n
X el wis i

For p + g small, these give (scalar
multiples of ) Sres, (fa, g5)
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Sylvester double’s sums

RiA", B RiAVA, B\ B

Sylv™T{A, B x) := Rix, AV Rix, B :
R e E—._ t A Rix, B R AAD RUE, BB
e ]
Al=p, |F =g
where
Rx.Y = [] x-w. R F:=[Je-n
X el wis i

For p + g small, these give (scalar
multiples of ) Sres, (fa, g5)
How about p + g large?
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Journal of Symbolic Computatsen 44 (B09] 1164-1175

Contants lists available at ScienceDiract
Sl ol

] \ Camputation

4 Journal of Symbolic Computation

T,
Py

joumnal homapage: wwow.elsavier.com/locatefjsc

Sylvester’s double sums: The general case®

Carlos D'Andrea®', Hoon Hong"®, Teresa Krick™, Agnes Szanto”
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Journal of Symbelic Computation 44 (F9] 11641175

Contants lists available at ScienceDiract

4 Journal of Symbolic Computation

joumnal homapage: wwow.elsavier.com/locatefjsc

Sylvester’s double sums: The general case®

Carlos D'Andrea®', Hoon Hong"®, Teresa Krick™, Agnes Szanto”

simple Linear Algebra description to
describe all Sylvester sums
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What’s next?
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What’s next?

Contents lists available ot ScilVarse Sciencalirect

Camputsan

v Journal of Symbolic Computation

joumal homepage: wew.elsavier.com/locatefjsc

Sylvester's double sums: An inductive proof of the
general case

Teresa Krick®', Agnes Szanto®
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What’s next?

Contents lists available ot ScilVarse Sciencalirect

V| Journal of Symbolic Computation

joumal homepage: wew.elsavier.com/locatefjsc

Sylvester's double sums: An inductive proof of the
general case

Teresa Krick®', Agnes Szanto®

You can even do it simpler!
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Application: rational interpolation
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Application: rational interpolation

. Contants lists available at Sciancelirect
: ‘i Journal of Symbolic Computation
el

www.elsevier.com/locatefjsc

Subresultants, Sylvester sumns and the rational @,‘
interpolation problem”
Carlos D'Andrea’, Teresa Krick", Agnes Szanto

# Universits de Bercelon. Depisme e d Aigeirm | ,chww i Vi S5 D80G Darceionn, Spain
Facukad de (3 215 y Baturales, Universidad de Buencs Aéres

asd A, COMICET, Argenisa
© Uepartment &f Motbemesics, Norrh Carsling State Liniversity, Refrigh, M 27655, U4
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Application: rational interpolation

Cantants lists available at Sciancelirect

a ‘i Journal of Symbolic Computation
OB

www.elsevier.com/locatefjsc

Subresultants, Sylvester sumns and the rational @,‘
interpolation problem”
Carlos D'Andrea’, Teresa Krick", Agnes Szanto

£ Universits de Barcelon. Depmtament d i\mw oo, Geur 14 usva Barcrione, Spain
tas y M -ms Unisersidad de Buencs Aires

s BAS COMCET, Argentisa
repartment of Mathemics, Narth Carpiing Stare Univernity, Refeigh, MC 2700, LSt

Find r(x) € K(x) of bounded degree
such that rV)(x;) = y;
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What about multiple roots?
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What about multiple roots?
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What about multiple roots?

The extremal case:
f=(kx—r)"g=(x—5)
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What about multiple roots?

The extremal case:
f=(kx—r)"g=(x—5)

Contents lists avallable at Sciencelirec

Linear Algebra and its Applications

wwarelsevier.com flocate,

Cressark

Subresultants in multiple roots: An extremal case @)

A Bostan®, C. D'Andrea™, T. Krick®, A. Szanto™*,
M. Valdettaro
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Results:
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m Coefficients are easily described by
expanding SRes, as a polynomial

in (x — oY (x — )~
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m Coefficients are easily described by
expanding SRes, as a polynomial
in (x —a)(x - B)

m They are hypergeometric
expressions in terms of some
Hankel matrices
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G Contants lista availabla at Scancalirect
3

¥ f'v}"i . Journal of Symbolic Computation
il

o sl seviercomdlocatelfjsc

Subresultants of (x — )™ and (x — 8)", [ |
Jacobi polynomials and complexity |

A. Bostan®, T. Krick ", A. Szanto ", M. Valdettaro?
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i Contants lista availabla at Scancalirect

e . r*i : Journal of Symbolic Computation

il -E-u

o sl seviercomdlocatelfjsc

Subresultants of (x — &)™ and (x — )",
Jacobi polynomials and complexity

A. Bostan®, T. Krick ", A. Szanto ", M. Valdettaro?

m SRes is a Jacobi polynomial
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Contants lista availabla at Scancalirect

’r*&, ; Journal of Symbolic Computation
AN

'.-‘r'.‘\.'~'r.':'|:\."-.'i\.".l\.'\'.ll""l%'\"\.':l:\.'-llif.'
Subresultants of (x — )™ and (x — 8)", [ |

Jacobi polynomials and complexity

A. Bostan®, T. Krick ", A. Szanto ", M. Valdettaro?

m SRes is a Jacobi polynomial
m You can compute the coefficients
in the Taylor expansion of SRes)
with linear arithmetic complexit
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Back to Sylvester sums...
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Back to Sylvester sums...

Communications in Algebra > Enter keywords, authors, DOI, ORGID « | Thisjournal v
Volume 45, 2017 - Issue 8

Submit an article Journal homepage

97 Original Articles

Symmetric interpolation, Exchange
n Lemma and Sylvester sums

CrossRef citations

Advanced <

g Teresa Krick &, Agnes Szanto & Marcelo Valdettaro
0 Pages 3231-3250 | Received 23 Mar 2016, Accepted author version posted online: 19 Oct 2016, Published online: 09 Jan 2017
At 6 Download citation https://doi-org sire.ub.edu/10.1080/00927872.2016.1236121 0 Cheskiorupeates
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Back to Sylvester sums...

Communications in Algebra > Enter keywords, authors, DOI, ORGID « | Thisjournal v
Volume 45, 2017 - Issue 8

Submit an article Journal homepage

97 Original Articles

Symmetric interpolation, Exchange
n Lemma and Sylvester sums

CrossRef citations

Advanced <

cas Teresa Krick &, Agnes Szanto & Marcelo Valdettaro
0 Pages 3231-3250 | Received 23 Mar 2016, Accepted author version posted online: 19 Oct 2016, Published online: 09 Jan 2017
liinatre &6 Download citation hitps://doi-org.sire.ub.edu/10.1080/00927872.2016.1236121 0 Csionumetss
/ L
RLAWA BJ—R['T' . S (=1 %" R4, BY B_TAX B
W 2 T i T Ll L] n T 1
3 R4, 4\ A" "R(B', B\B"

B'CE
(BT
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Applications: Multiple roots

Contents lists avallable at Sciencelirect

Linear Algebra and its Applications

www_ ebsevier.comlocate /laa

Closed formula for univariate subresultants in
multiple roots

@

Carlos D' Andrea ®, Teresa Krick ", Agnes Szanto ™",
Marcelo Valdettaro®




Applications: Multiple roots

Contents lists avallable at Sciencelirect

Linear Algebra and its Applications

www_ ebsevier.comlocate /laa

Closed formula for univariate subresultants in
multiple roots

@

Carlos D' Andrea ®, Teresa Krick ", Agnes Szanto ™",
Marcelo Valdettaro®

SyIM (A, Bfx) =
RIAVA B\ B R{A\ A, B\B'YR(x, A'|R(z, B
R(A', A\ A YR(B', B\B") :

S Yl

i




What about more variables?
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What about more variables?

Res(f,g) = 2° H(s,-—rj)

IJ
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What about more variables?

4 H f(s;)




What about more variables?




What about more variables?

Res(f,g) = 2° H(s,-—rj) =

IJ

Res(fi,...,fu1) =c H

4 H f(s;)

fn+1(£)

f(€)=0,1<i<n

How is this for subresultants?
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Ayadable anline at www stiencedisect com
sarmncs (homear: JOURNAL OF
i Algebra

Joursal of Algebea 307 (2006) 16-36 ——
www.elsevier comocmeljelpebes

Multivariate subresultants in roots

Carlos D' Andrea™', Teresa Krick™?, Agnes Szanto***
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Avadable online at wwvw sthencediect com
.D...c.@n.q.m- JOURNAL OF
Algebra

Joursal of Algebea 307 (2006) 16-36 ——
www.elsevier comocmeljelpebes

Multivariate subresultants in roots

Carlos D' Andrea™', Teresa Krick™?, Agnes Szanto***

f
L]
Ag=+ Az | ==
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Multiple roots?

Caontents lists available at Scierse ScienceDirect

Frpications

Linear Algebra and its Applications

journal homepage: www.elsevier.com/locate/laa

Subresultants in multiple roots®
Carlos D’Andrea®*, Teresa Krick®, Agnes Szanto©




Multiple roots?

Caontents lists available at Scierse ScienceDirect

Frpications

ol

o3

Linear Algebra and its Applications

journal homepage: www.elsevier.com/locate/laa

Subresultants in multiple roots®
Carlos D’Andrea®*, Teresa Krick®, Agnes Szanto©

s - det [s{A))
Aglfi,....fas1) == Ay, | 220
- I .?'=I—-!:.-[ +1 : det (Vr(A))
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To conclude...

Two gifts for Teresal
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To conclude...

Two gifts for Teresal
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Gift #1

SUBRESULTANTS AND THE SHAPE LEMMA

DAVID A. COX AND CARLOS D’ANDREA

This paper is dedicated to Teresa Krick on the occasion of the
TeresaFest 2021 conference in her honor

ABSTRACT. In nice cases, a zero-dimensional complete intersection ideal over
a field of characteristic zero has a Shape Lemma. There are also cases where
the ideal is generated by the resultant and first subresultant polynomials of
the generators. This paper explores the relation between these representations
and studies when the resultant generates the elimination ideal. We also prove
a Poisson formula for resultants arising from the hidden variable method.

Carlos D'Andrea

K bresultants Barcelona



The fabulous main result

Carlos D'Andrea

Krick Subresultants Barcelona



The fabulous main result

f(x,y), g(x,y) € K[x,y]
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f(x,y), g(x,y) € K[x,y]
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The fabulous main result

f(X ), 8(x,y) € K[x, y]
(f.g) = (SReso(f, &, ), SRes(f, g, y))

<= gcd(SResp, SRes;) =1
(the ideal has a Shape Lemma)
(SResp) = (f, g) N K[x]




The fabulous main result

f(X ), 8(x,y) € K[x, y]
(f.g) = (SReso(f, &, ), SRes(f, g, y))

<= gcd(SResp, SRes;) =1
(the ideal has a Shape Lemma)
(SResg) = (f, g) NK[x]
> gad(LG(f), LG (g)) =1




The fabulous main result

f(X ), 8(x,y) € K[x, y]
(f.g) = (SReso(f, &, ), SRes(f, g, y))

<= gcd(SResp, SRes;) =1
(the ideal has a Shape Lemma)
(SResg) = (f, g) NK[x]
< gad(LG(f), LG (g)) =1

(no roots at infinity)
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Happy Birthday Teresal!
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