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Starting example

In Clxq, x| set

f:x12—x2—1, g:X12+x1x2—2
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Starting example

In Clxq, x| set

f:X12—X2—]., g:X12+x1x2—2

A lex Grobner basis of (f, g) with
Xy < X1 1S {x23+2x2— 1, xl—x22—|—1}
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Shape Lemma

A zero-dimensional ideal | C C[xq, x]
has a Shape Lemma if
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Shape Lemma

A zero-dimensional ideal | C C[xq, x]
has a Shape Lemma if

[ = (p(x2), x1 — q(x2))




Shape Lemma

A zero-dimensional ideal | C C[xq, x]
has a Shape Lemma if

[ = (p(x2), x1 — q(x2))

m One generator depending only on
X2
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Shape Lemma

A zero-dimensional ideal | C C[xq, x]
has a Shape Lemma if

[ = (p(x2), x1 — q(x2))

m One generator depending only on
X2
m One generator of degree one in x
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Resultants and Subresultants
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Resultants and Subresultants

| ={f,g)= <x§’—i—2x2—1, x1—x22—1>
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Resultants and Subresultants

| ={f,g)= <x§’—i—2x2—1, x1—x22—1>

x§+2x2—1
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Resultants and Subresultants

| ={f,g)= <x§’—i—2x2—1, x1—x22—1>

X; + 2x — 1 =|Res(f, g, x1)
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Resultants and Subresultants

| ={f,g)= <x§’—i—2x2—1, x1—x22—1>

X; + 2x — 1 =|Res(f, g, x1)

xi— x5 — 1

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



Resultants and Subresultants

| ={f,g)= <x§’—i—2x2—1, x1—x22—1>

X; + 2x — 1 =|Res(f, g, x1)

xi— x5 —1=
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Resultants and Subresultants

| ={f,g)= <x§’—i—2x2—1, x1—x22—1>

X; + 2x — 1 =|Res(f, g, x1)

x1 — x5 — 1 =|Sres;(f, g, x1)
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Resultants

f(x1) =Ffpx{" + ...+ Axi+ 1y
glx1) = g7 + ...+ g+ g
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Resultants

f(x) = mx1 4+ fixg + 1

g(x1) = gnx{ +g1X1+go

Res(f, g, x1) = det (Sy/v(f g))
o )




Subresultants

For 0 < t < min{m, n},

Sres:(f, g, x1)
m+n—2t
fry «-- R ftJrl—(n—t—l) Xf_t_lf(Xl)
n—t
. 0
det fm ft—i—l m)iltfg)q)
gn - o Bil-(m—t-1) Xy g(x1)
C m—t
g ge1 xg(x)
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In our case...
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In our case...

Sresi(f, g, x1) = xox1 + xp — 1
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In our case...

Sresi(f,g,x1) = xox1 +x — 1 #
X1 — x22 —1
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In our case...

Sresi(f,g,x1) = xox1 +x — 1 #
x| — x5 — 1
But

<f7g> — <Res(f7gaxl)7 Sresl(fagaxl»




Questions
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Suppose | = (f(x1,x), g(x1, %))
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\

Suppose | = (f(x1, %), g(x1, X))
m When has / a Shape Lemma?
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’—-
L)
\

Suppose | = (f(x1, %), g(x1, X))
m When has / a Shape Lemma?
m When is

I N Clxz| = (Res(f, g, x1))7?




’—-
L)
\

Suppose | = (f(x1, x2), g(x1,x2))
m When has / a Shape Lemma?
m When is
I N Clxz| = (Res(f, g, x1))7?
| = (Res(f, g, x1),Sres1(f, g,x1))7?




Warning!
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Warning!

VAN

f:X2X12—|—X1—|—X22+X2, g = xox;+1
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Warning!

VAN

f :x2x12+x1+x22+x2, g =Xxox;+1
Res(f,g.x1) = 300 + 1)
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f :X2X12—|—X1—|—X22+X2, g = xox;+1
Res(g.x1) = (0 + 1)
Sresl(f,g,xl) = xox1 + 1
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f :X2X12—|—X1—|—X22+X2, g = xox;+1
Res(f, g, x1) = x3(xo + 1)
Sresl(f,g,xl) = xox1 + 1

| = (x3(xo + 1), xox; + 1)




f = X2X12—|—X1—|—X22+X2, g = xox;+1
Res(f, g, x1) = x3(xo + 1)
Sresl(f,g,xl) = xox1 + 1

| = <X23(X2 + 1),X2X1 + 1> =
<X2 +1,x — ].>




Geometry of the Shape Lemma
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Geometry of the Shape Lemma

I = (p(x2), x1 — q(x2))
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Geometry of the Shape Lemma

I = (p(x2), x1 — q(x2))

m Projection onto the x, axis should
be injective
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Geometry of the Shape Lemma

I = (p(x2), x1 — q(x2))

m Projection onto the x, axis should
be injective
m How about multiplicities?
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Equivalences

If | N Clx| = (r(x2)) and the
projection V/(/) — C onto the x,-axis
injective, TFAE:




Equivalences

If | N Clx| = (r(x2)) and the
projection V/(/) — C onto the x,-axis
injective, TFAE:

m / has a Shape Lemma
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Equivalences

If | N Clx| = (r(x2)) and the
projection V/(/) — C onto the x,-axis
injective, TFAE:

m / has a Shape Lemma
m V¢ = (&1, 8) € V), my(§) =
m.(&2)




Equivalences

If | N Clx| = (r(x2)) and the
projection V/(/) — C onto the x,-axis
injective, TFAE:
m / has a Shape Lemma
" VE = (61,6) € V(I), my(€) =
m,(&2) N
v € V(1), Te(V(1)) 3 To(V(1r)

eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee



Geometry of Resultants
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Geometry of Resultants
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Geometry of Resultants

Poisson formula:
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Geometry of Resultants

Poisson formula:

Res(f,g,x1) = ¢ H (o—&)™
(€1,.62)eV (/)
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Resultants and Shape Lemma

(Cox-D)
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Resultants and Shape Lemma

(Cox-D)
If the projection V(/) — C onto the
X>-axis Is Injective,
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Resultants and Shape Lemma

(Cox-D)
If the projection V(/) — C onto the
Xo>-axis is injective, any two of the
following conditions imply the third:
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Resultants and Shape Lemma

(Cox-D)
If the projection V(/) — C onto the
Xo>-axis is injective, any two of the
following conditions imply the third:
m / has a Shape Lemma
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Resultants and Shape Lemma

(Cox-D)
If the projection V(/) — C onto the
Xo>-axis is injective, any two of the
following conditions imply the third:
m / has a Shape Lemma

m/ NClx] = (Res(f, g, x1))

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



Resultants and Shape Lemma

(Cox-D)
If the projection V(/) — C onto the
Xo>-axis is injective, any two of the
following conditions imply the third:
m / has a Shape Lemma
m/ NClx] = (Res(f, g, x1))
mged(ley (f),ley(g)) =1
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f:x2x12+x1+x22+x2, g =xx;+1
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f:x2x12+x1+x22+x2, g =xx;+1
e (F) = lex, (8) = x2

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



f:x2x12+x1+x22+x2, g =xx;+1

e (F) = ek, (8) = %2
[ =(f,g)=(x+1,x —1)




f:x2x12+x1+x22+x2, g =xx;+1
e (F) = ek, (8) = %2
[ =(f,g)=(x+1,x —1)
Res(f, g, x1) = x3(x + 1)




Subresultants and Shape Lemma

(Cox-D) TFAE;
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Subresultants and Shape Lemma

(Cox-D) TFAE:
m / has a Shape Lemma and
ged(lex (f).leq(g)) =1




Subresultants and Shape Lemma

(Cox-D) TFAE:
m / has a Shape Lemma and
ged(lex (f).leq(g)) =1
m/ NC[x] = (Res(f, g)) and
gcd(Res(f, g), Sresy(f, g)) =1




Subresultants and Shape Lemma

(Cox-D) TFAE:
m / has a Shape Lemma and
ged(lex (f).leq(g)) =1
m/ NC[x] = (Res(f, g)) and
gcd(Res(f, g), Sresy(f, g)) =1
m/ = (Res(f,g),Sresi(f, g))) and
I N C[x,] = (Res(f, g))

eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee



Works in several variables!
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Works in several variables!

Same results for zero-dim ideals
| ={f,....,f) CKlxg,...,x)]
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Works in several variables!

Same results for zero-dim ideals
| ={f,....,f) CKlxg,...,x)]

using multivariate resultants and
subresultants
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Multivariate Resultants
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Multivariate Resultants

m A an integral domain
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Multivariate Resultants

m A an integral domain

mg,...,Z, homogeneous
polynomials in Alxo, ..., x, 1] of
degrees dy, ..., d,
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Multivariate Resultants

m A an integral domain

mg,...,Z, homogeneous
polynomials in Alxo, ..., x, 1] of
degrees dy, ..., d,

mResy  4(81,---,8n) € Athe
multivariate resultant

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



Multivariate Resultants
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Multivariate Resultants

mf,..., e Kx)|[x, -, x01]
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Multivariate Resultants

mf,..., e Kx)|[x, -, x01]
u flh, Cee fnh c K[Xn][Xo, . ;Xn—l]
their homogenizations
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Multivariate Resultants

mf,..., e Kx)|[x, -, x01]

mf . e Kxlxo, ..., Xeo1]
their homogenizations

(),i=1,...,n

m d; = deg,,

7777 Xﬂ—].




Resultants and Shape Lemma

(Cox-D)
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Resultants and Shape Lemma

(Cox-D)
Any two of the following three
conditions imply the third:
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Resultants and Shape Lemma

(Cox-D)
Any two of the following three
conditions imply the third:
(fi,...,f,) has a Shape Lemma
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Resultants and Shape Lemma

(Cox-D)

Any two of the following three
conditions imply the third:
(fi,...,f,) has a Shape Lemma
fi, ..., f, have no solutions at 0o
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Resultants and Shape Lemma

(Cox-D)

Any two of the following three
conditions imply the third:
(fi,...,f,) has a Shape Lemma
fi, ..., f, have no solutions at 0o
g (f,.. ., fH) NK[x,| =

<Res)c<l;,...,dn(f17 T fn)>
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Multivariate Subresultants
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Multivariate Subresultants

.p:d1_|_..._|_dn_n
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Multivariate Subresultants

.p:d1_|_..._|_dn_n
m Generically
dimg(x,) (K(xn)[x0, - - - Xnoa] /(- f,f’})p =1
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Multivariate Subresultants

mp=d +---+d,—n
m Generically

dimic(s,) (K(xo)[x0, - - o] /(A B)) =1
m For x* in xp, ..., x,_1 of degree p
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Multivariate Subresultants

mp=d +---+d,—n
m Generically

dimic(s,) (K(xo)[x0, - - o] /(A B)) =1
m For x* in xp, ..., x,_1 of degree p

the scalar subresultant
sa(xn) € K[x,]
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Multivariate Subresultants

mp=d +---+d,—n
m Generically
dimgx,) (K(x,,)[xo, o X [ f,f’})p =1
m For x* in xp, ..., x,_1 of degree p
the scalar subresultant
sa(xn) € K[x,] measures whether
this monomial is nonzero above
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First Subresultant Polynomials

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



First Subresultant Polynomials

xo‘(")—x0 x,forl:0 .n—1
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First Subresultant Polynomials

xo‘(")—x0 x,forl:0 .n—1

5i(Xn) = Sa(i)(Xn)
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First Subresultant Polynomials

x‘J‘(")—x0 x,forl:0 .n—1

5i(Xn) = Sa(i)(Xn)

pi(Xi, xn) == so(xa)xi—si(xn) € K[x;, x,]
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(Cox-D)
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Subresultants and Shape Lemma

(Cox-D)

If | = (fi,...,f,) is zero-dimensional
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Subresultants and Shape Lemma

(Cox-D)
If | = (fi,...,f,) is zero-dimensional TFAE:

m / has a Shape Lemma and no solutions at oo
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Subresultants and Shape Lemma

(Cox-D)
If | = (fi,...,f,) is zero-dimensional TFAE:

m / has a Shape Lemma and no solutions at oo

.....
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Subresultants and Shape Lemma

(Cox-D)
If | = (fi,...,f,) is zero-dimensional TFAE:

m / has a Shape Lemma and no solutions at oo

.....

m/ =
<Res)c<j: d,,(fl’ ceey fn)7 pl(Xla Xn)a ceey pnfl(anlyxn)>

geeey
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Subresultants and Shape Lemma

(Cox-D)
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Subresultants and Shape Lemma

(Cox-D)

f I = (f,....f,) =

<Res§:7m’dn(ﬂ, o)y pi(xt, Xn), - -y Pre1(Xn—1, Xn))
is zero-dimensional, then:
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Subresultants and Shape Lemma

(Cox-D)

If I =(f,....f) =
<Res§:7m’dn(ﬂ, o)y pi(xt, Xn), - -y Pre1(Xn—1, Xn))
is zero-dimensional, then:

gcd(ResZ’; d,,(fl7 Ce fn), SO(Xn), Ce Sn_l(Xn)) =1

.....
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Subresultants and Shape Lemma

(Cox-D)

If I =(f,....f) =
<Res§:7m’dn(ﬂ, o)y pi(xt, Xn), - -y Pre1(Xn—1, Xn))
is zero-dimensional, then:

gcd(ResZ’; d,,(fl7 Ce fn), SO(Xn), Ce Sn_l(Xn)) =1

.....

and / has a Shape Lemma
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