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Abstract

A general subresultant method is introduced to compute elements of a given
ideal with few terms and bounded coefficients. This subresultant method is
applied to solve over-determined polynomial systems by either finding a
triangular representation of the solution set or by reducing the problem to
eigenvalue computation. One of the ingredients of the subresultant method is
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Starting example

In Clxq, x| set

f:x12—x2—1, g:X12+x1x2—2
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Starting example

In Clxq, x| set

f:X12—X2—]., g:X12+x1x2—2

A lex Grobner basis of (f, g) with
Xy < X1 1S {x23+2x2— 1, xl—x22—|—1}
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Shape Lemma

A zero-dimensional ideal | C C|xq, x;]
has a Shape Lemma if
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Shape Lemma

A zero-dimensional ideal | C C|xq, x;]
has a Shape Lemma if

I = (p(x), x1 — q(x2))

m A generator depending only on x,
m A monic generator linear in x;
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| ={f,g)= <x§’—i—2x2—1, x1—x22—1>
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Resultants and Subresultants

| ={f,g)= <x§’—i—2x2—1, x1—x22—1>

X; + 2x — 1 =|Res(f, g, x1)

x1 — x5 — 1 =|Sres;(f, g, x1)
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Resultants

f(x1) =Ffox{"+...+ixi+ 1y
g(x1) = goX{ + ...+ gix1 + &
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Resultants

f(x1) =Ffox{"+...+ixi+ 1y

g(x1) = goX{ + ...+ gix1 + &
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Res(f, g, x;) = det P
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First subresultant
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Sresi(f, g, x1) = det P
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In our case...

Sresi(f, g, x1) = xox1 + xp — 1
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In our case...

Sresi(f,g,x1) = xox1 +x — 1 #
X1 — x22 —1
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In our case...

Sresi(f,g,x1) = xox1 +x — 1 #
x| — x5 — 1
But

<f7g> — <Res(f7gaxl)7 Sresl(fagaxl»
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Suppose | = (f(x1, x2), g(x1, x2))
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Suppose | = (f(x1, x2), g(x1, x2))

m When has / a Shape Lemma?

m When /| N C[x;| = (Res(f, g, x1))?
| = (Res(f, g, x1),Sresi(f, g, x1))?
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Warning!

VAN

f:X2X12—|—X1—|—X22+X2, g = xox;+1
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Warning!

VAN

f :x2x12+x1+x22+x2, g =Xxox;+1
Res(f,g.x1) = 300 + 1)
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f :X2X12—|—X1—|—X22+X2, g = xox;+1
Res(g.x1) = (0 + 1)
Sresl(f,g,xl) = xox1 + 1
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f :X2X12—|—X1—|—X22+X2, g = xox;+1
Res(f, g, x1) = x3(xo + 1)
Sresl(f,g,xl) = xox1 + 1

| = (x3(xo + 1), xox; + 1)




f = X2X12—|—X1—|—X22+X2, g = xox;+1
Res(f, g, x1) = x3(xo + 1)
Sresl(f,g,xl) = xox1 + 1

| = <X23(X2 + 1),X2X1 + 1> =
<X2 +1,x — ].>
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Geometry of the Shape Lemma

I = (p(x2), x1 — q(x2))
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Geometry of the Shape Lemma

I = (p(x2), x1 — q(x2))

m Projection onto the x, axis should
be injective
m How about multiplicities?
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Equivalences

If | N Clx:| = (r(x2)) and the
projection V/(/) — C onto the x,-axis
injective, TFAE:
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Equivalences

If | N Clx:| = (r(x2)) and the
projection V/(/) — C onto the x,-axis
injective, TFAE:

m / has a Shape Lemma

mVE e V(1) my(§) = m(&)




Equivalences

If | N Clx:| = (r(x2)) and the
projection V/(/) — C onto the x,-axis
injective, TFAE:

m / has a Shape Lemma

.\V/§ S V(’)? mV(g) — mr(€2)
Ve € V(1), Te(V(1) = Te(V(r))




Geometry of Resultants
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Geometry of Resultants

Poisson formula:
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Geometry of Resultants

Poisson formula:

Res(f,g,x)=c ]| (e—&)™
(&1.82)€ V(1)
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Resultants and Shape Lemma

(Cox-D)
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Resultants and Shape Lemma

(Cox-D)
If the projection V(/) — C onto the
X>-axis Is Injective,
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(Cox-D)
If the projection V(/) — C onto the
Xo>-axis is injective, any two of the
following conditions imply the third:
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Resultants and Shape Lemma

(Cox-D)
If the projection V(/) — C onto the
Xo>-axis is injective, any two of the
following conditions imply the third:
m / has a Shape Lemma

m/ NClx] = (Res(f, g, x1))
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Resultants and Shape Lemma

(Cox-D)
If the projection V(/) — C onto the
Xo>-axis is injective, any two of the
following conditions imply the third:
m / has a Shape Lemma
m/ NClx] = (Res(f, g, x1))
mged(ley (f),ley(g)) =1

David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma



David Cox & Carlos D’Andrea

Subresultants and the Shape Lemma




f:x2x12+x1+x22+x2, g =xx;+1
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f:x2x12+x1+x22+x2, g =xx;+1
e (F) = lex, (8) = x2
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f:x2x12+x1+x22+x2, g =xx;+1

e (F) = ek, (8) = %2
[ =(f,g)=(x+1,x —1)




f:x2x12+x1+x22+x2, g =xx;+1
e (F) = ek, (8) = %2
[ =(f,g)=(x+1,x —1)
Res(f, g, x1) = x3(x + 1)
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(Cox-D) TFAE:
m / has a Shape Lemma and
ged(lex (f).leq(g)) =1




Subresultants and Shape Lemma

(Cox-D) TFAE:
m / has a Shape Lemma and
ged(lex (f).leq(g)) =1
m/ N C[x] = (Res(f, g,x1)) and
gcd(Res(f, g, x1), Sresy(f, g)) = 1




Subresultants and Shape Lemma

(Cox-D) TFAE:
m / has a Shape Lemma and
ged(ley, (1), ley(g)) =1
m/ N C[x] = (Res(f, g,x1)) and
gcd(Res(f, g, x1), Sresi(f, g)) =1
m/ = <Res(f,g,X1), Sresl(fvgvxl)»
and | N C[xy] = (Res(f, g, x1))

eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee
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Sresi(f, g, x1) gives the only
“solution” modulo Res(f, g, x1)
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Works in several variables!
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Works in several variables!

Same results for zero-dim ideals
| ={f,....,f) CKlxg,...,x)]

using multivariate resultants and
subresultants
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Multivariate Resultants

m A an integral domain
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Multivariate Resultants

m A an integral domain

mg,...,Z, homogeneous
polynomials in Alxo, ..., x, 1] of
degrees dy, ..., d,
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Multivariate Resultants

m A an integral domain

mg,...,Z, homogeneous
polynomials in Alxo, ..., x, 1] of
degrees dy, ..., d,

mResy  4(81,---,8n) € Athe
multivariate resultant
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Multivariate Resultants
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Multivariate Resultants

mf,..., e Kx)|[x, -, x01]
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Multivariate Resultants

mf,..., e Kx)|[x, -, x01]
u flh, Cee fnh c K[Xn][Xo, . ;Xn—l]
their homogenizations
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Multivariate Resultants

mf,..., e Kx)|[x, -, x01]

mf . e Kxlxo, ..., Xeo1]
their homogenizations

(),i=1,...,n

m d; = deg,,

7777 Xﬂ—].
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Resultants and Shape Lemma

(Cox-D)

Any two of the following three
conditions imply the third:
(fi,...,f,) has a Shape Lemma
fi, ..., f, have no solutions at 0o
g (f,.. ., fH) NK[x,| =

<Res)c<l;,...,dn(f17 T fn)>
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“First Subresultant Polynomials”
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“First Subresultant Polynomials”

pf(Xi7Xn) — SO(Xn)Xi_Si(Xn) S <f17 c ey fn>




“First Subresultant Polynomials”

pi(Xi7 Xn) — SO(Xn)Xi_Si(Xn) S <f17 c ey fn>

Szanto, A. Multivariate subresultants

using Jouanolou matrices. J. Pure
Appl. Algebra 214 (2010), no. 8,
1347-1369
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If | = (fi,...,f,) is zero-dimensional TFAE:

m / has a Shape Lemma and no solutions at oo
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If | = (fi,...,f,) is zero-dimensional TFAE:

m / has a Shape Lemma and no solutions at oo
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(Cox-D)
If | = (fi,...,f,) is zero-dimensional TFAE:

m / has a Shape Lemma and no solutions at oo

.....

m/ =
<Res)c<j: d,,(fl’ ceey fn)7 pl(Xla Xn)a ceey pnfl(anlyxn)>

geeey
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(Cox-D)

f I = (f,....f,) =

<Res§:7m’dn(ﬂ, o)y pi(xt, Xn), - -y Pre1(Xn—1, Xn))
is zero-dimensional, then:
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(Cox-D)

If I =(f,....f) =
<Res§:7m’dn(ﬂ, o)y pi(xt, Xn), - -y Pre1(Xn—1, Xn))
is zero-dimensional, then:

gcd(ResZ’; d,,(fl7 Ce fn), SO(Xn), Ce Sn_l(Xn)) =1

.....
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(Cox-D)

If I =(f,....f) =
<Res§:7m’dn(ﬂ, o)y pi(xt, Xn), - -y Pre1(Xn—1, Xn))
is zero-dimensional, then:

gcd(ResZ’; d,,(fl7 Ce fn), SO(Xn), Ce Sn_l(Xn)) =1

.....

and / has a Shape Lemma
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