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Motivation: univariate interpolation

(x1, y1), . . . , (xN , yN) ⊂ K2
xi 6= xj i 6= j

Find the polynomial of smallest
degree passing through these points
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Univariate interpolation

f (x) =
∏N

i=1(x − xi)

p(x) :=
N∑
i=1

yi

∏
j 6=i(x − xj)

f ′(xi)
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Interpolating polynomial

p(x) =
N∑
i=1

yi

∏
j 6=i(x − xj)

f ′(xi)

deg(p(x)) ≤ N − 1

deg(p(x)) < N − 1?

⇐⇒ 0 =
∑N

i=1
yi

f ′(xi )

=
∑N

i=1
p(xi )
f ′(xi )

= Resg(p(x)
f (x)dx)
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Moreover...

If N 6 |char(K), any p(x) ∈ K[x ] can
be expressed modulo f (x) as

N−2∑
i=0

λix
i +

Resg

(
p(x)
f(x) dx

)
N

f ′(x)

with λ0, . . . , λN−2 ∈ K
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Complex local residues

ϕ(z) =
∑∞

j=−∞ aj(z − ξ)j

meromorphic in ξ ∈ C

Resξ
(
ϕ(z) dz

)
:=

1

2π i

∫
C+
ξ,ρ

ϕ(z) dz = a−1

The (local) residue of ϕ(z) dz at ξ
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Rational functions

f (z), p(z) ∈ C[z ], ξ ∈ C
Resξ

(p(z)

f (z)
dz
)

=
1

2π i

∫
C+
ξ,ρ

p(z)

f (z)
dz

=



0 if f (ξ) 6= 0,
p(ξ)
f ′(ξ) if f (ξ) = 0 6= f ′(ξ)

lim
ε→0

∑
f (ξε) = ε
ξε → ξ

p(ξε)

f ′(ξε)
if not
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The global (rational) residue

Resξ

(
p(z)
f (z)dz

)
= 1

2π i

∫
C+
ξ,ρ

p(z)
f (z) dz

Resg
(
p(z)
f (z)dz

)
:=
∑

ξ∈C Resξ
(
p(z)
f (z)dz

)
=
∑

f (ξ)=0 Resξ
(p(z)
f (z)dz

)
=

1
2π i

∫
C+
ξ,R

p(z)
f (z) dz

Can be defined algebraically
(over any field)
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Properties

Resg

(
p(z)
f (z)dz

)
=
∑

f (ξ)=0
p(ξ)
f ′(ξ)

Resg is linear in p(z)

Resg

(
f ′(z)
f (z) dz

)
= deg(f (z))

Resg

(
p(z)
f (z)dz

)
= 0 if f (z) | p(z)
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We just saw that

Resg

(
p(z)
f (z)dz

)
= 0 ⇐⇒

modulo

f (z), p(z) can be represented by a
polynomial of degree < deg(f (z))− 1

Euler-Jacobi Vanishing Theorem
If deg(p(z)) < deg(f (z)) − 1

then Resg
(
p(z)
f (z)dz

)
= 0
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Consequences

p(z) =
h0 + h1z + . . . + hd−1z

d−1 mod f (z)

= h̃0 + h̃1z + . . .+ h̃d−1f
′(z) mod f (z)

Resg

(
p(z)
f (z)dz

)
= h̃d−1Resg

(
f ′(z)
f (z) dz

)
= h̃d−1 d ∈ K
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A division test

f (z) | p(z)
⇐⇒

Resg

(
z i p(z)
f (z) dz

)
= 0, i = 0, 1, . . . , d − 1
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How to do this in several variables?

f1, . . . , fk ∈ C[z1, . . . , zn]
V (f ) := {f1 = 0, . . . , fk = 0} ⊂ Cn

of codimension k
ω a meromorphic k-form with poles

in ∪ki=1V (fi)
Resf [ω](·) := limδ→0+

∫
Tf ,δ

ω ∧ ·
residual currents
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Our focus (today)

f1, . . . , fn ∈ K[z1, . . . , zn]
V (f ) finite (K = K)

Bézout’s bound:

di := deg(fi) #V (f ) ≤ d1 . . . dn
with equality generically
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Algebraic residues

(char(K) = 0) Jf := det
( ∂fi
∂zj

)
,

p ∈ K[z1, . . . , zn], ξ ∈ Kn

Resξ
(p dz1 ∧ . . . ∧ dzn

f1 . . . fn

)
:=
∑
ξε→ξ

p(ξε)

Jf (ξε)

Resg
( p dz

f1 . . . fn

)
:=

∑
ξ∈V (f )

Resξ
( p dz

f1 . . . fn

)
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∑
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Properties

Resξ
(

p dz
f1...fn

)
= 1

(2π i)n

∫
Cξ

p dz1∧...∧dzn
f1...fn

Resg is linear in p

Resg
( Jf
f1...fn

)
= #V (f )

If the input has coefficients in
k ⊂ K, Resg

(
p dz
f1...fn

)
∈ k

Resg
(
p dz
f1...fn

)
is computable
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Moreover...

p =
∑n

i=1 fi gi ⇐⇒
Resg

(bj p dz
f1...fn

)
= 0 j = 1, . . . , `

with (b1, . . . , b`) a basis of
K[z1, . . . , zn]/〈f1, . . . , fn〉

=⇒ effective membership tests
Dickenstein-Sessa 1990
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Euler-Jacobi vanishing Theorem

Jacobi 1835
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Vanishing Theorem

Multidimensional Euler-Jacobi
If #V (f ) = d1 . . . dn and

deg(p) < d1 + . . . + dn − n

then

Resg

( p dz

f1 . . . fn

)
= 0
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Multivariate Interpolation

If #V (f ) = d1 . . . dn
any p ∈ K[z1, . . . , zn] can be

expressed mod 〈f1, . . . , fn〉
as

p0 +
Resg

(
h dz
f1...fn

)
d1 . . . dn

Jf

with deg(p0) < d1 + . . . + dn − n
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Multivariate Interpolation II

V (f ) = {ξ1, . . . , ξd}
y1, . . . , yd ⊂ K

∃p ∈ K[z1, . . . , zn] such that
p(ξj) = yj with

deg(p) < d1 + . . . + dn − n ⇐⇒∑d
j=1

yj
Jf (ξj)

= Resg
(

p dz
f1...fn

)
= 0
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A “negative” consequence

If #V (f ) = d1 . . . dn
you will never find a K-basis of

K[z1, . . . , zn]/〈f1, . . . , fn〉 made of
polynomials of degree
< d1 + . . . + dn − n
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How to prove these results?

Compactifications and Stokes Theorem
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Algebraic “compactifications’

f1, . . . , fn ∈ K[z1, . . . , zn]
f h1 , . . . , f

h
n ∈ K[z0, z1, . . . , zn]

homogenizations
#V (f1, . . . , fn) = d1 . . . dn ⇐⇒
VPn(z0, f

h
1 , . . . , f

h
n ) = ∅ ⇐⇒

Jz0,f
h

1 ,...,f
h
n
/∈ 〈z0, f

h
1 . . . , f

h
n 〉 ⇐⇒

dimK
(
K[z0, . . . , zn]/〈z0, f h1 , . . . , f hn 〉

)
d1+...+dn−n

= 1
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Homogeneous residues

The map(
K[z0, . . . , zn]/〈z0, f h1 , . . . , f hn 〉

)
d1+...+dn−n

→ K
Jz0,f h1 ,...,f hn 7→ d1 . . . dn

is the global residue of f1, . . . , fn
Obs: Resg

(
p dz
f1...fn

)
= Res0

(
ph dz

z0f
h

1 ...f
h
n

)
If deg(p) < d1 + . . . + dn − n

z0 |ph =⇒ Euler-Jacobi
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Limitations

#V (f ) = d1 . . . dn
is a very strong condition

“Sparse” philosophy: f =
∑

a∈A cat
a

A ⊂ Zn finite
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Newton polytopes

f1 = a + b x2y + c x3y 3

f2 = a′ + b′xy 2 + c ′x4y 2
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BKK-bound

If f1, . . . , fn ∈ K[t±1
1 , . . . , t±1

n ] and
V (f ) ⊂ (K×)n finite then

#V (f ) ≤ MV (N(f1), . . . ,N(fn))
with generic equality

the mixed volume
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Residues in the torus

f1, . . . , fn ∈ K[t±1
1 , . . . , t±1

n ]
V (f1, . . . , fn) ⊂ (K×)n finite

local and global residues are defined
as usual:

Resg
(

h dz
f1...fn

)
:=
∑

ξ∈V (f ) Resξ
(

h dz
f1...fn

)
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Computing residues

Easy in the generic case
#V (f ) = MV(N(f1), . . . ,N(fn))

Cattani-Dickenstein-Sturmfels 1992
Cattani-Dickenstein 1994
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Euler-Jacobi in the torus

If #V (f ) = MV(N(f1), . . . ,N(fn))
and

N(t1 . . . tn p) ⊂ (N(f1)+ . . .+N(fn))◦

=⇒ Resg
( p dz

f1 . . . fn

)
= 0

Khovanskii 78 – Cattani-Dickenstein 1994
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Sparse Interpolation

If #V (f ) = MV(N(f1), . . . ,N(fn))

any p ∈ K[t±1
1 , . . . , t±1

n ] mod
〈f1, . . . , fn〉

= p0 +
Resg

(
p dz
f1...fn

)
#V (f )

Jf

with
N(t1 . . . tn p0) ⊂ (N(f1)+. . .+N(fn))◦

Soprunov 07
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Sparse Interpolation II

V (f ) = {ξ1, . . . , ξm} ⊂ (K×)n

y1, . . . , ym ⊂ K
∃p ∈ K[t±11 , . . . , t±1n ] with p(ξj) = yj and

N(t1 . . . tn p) ⊂
(N(f1) + . . . + N(fn))◦ ⇐⇒∑m

j=1
yj

Jf (ξj)
= Resg

(
p dz
f1...fn

)
= 0

Soprunov 07
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Sparse compactifications

Cn ↪→ Pn

(C×)n ↪→??
Poltyope P ↔ Fan ΣP ↔ Toric

Variety XP
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“Homogeneous” polynomials

P := N(f1) + N(f2) + . . .N(fn) The
Cox ring is K[x1, x2, . . . , xN ]

(one variable per facet)

and a “homogenization” rule
fi 7→ f hi ∈ K[x1, . . . , xN ]
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BKK bound and Toric residues

#V (f1, . . . , fn) = m ⇐⇒
VXP

(xα, f h1 , . . . , f
h
n ) = ∅

There is a trace map(
K[x1, . . . , xN ]/〈xα, f h1 , . . . , f hn 〉

)
ρ
→ K

giving the global residue
Cox 96

Cattani, Cox, Dickenstein 97
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Toric jacobians?

Jxα,f h1 ,...,f hn
∈ K[x1, . . . , xN ]

very special cases
Cox 96

Cattani, Cox, Dickenstein 97

“Combinatorial” jacobian
Cattani, Cox, Dickenstein 97

D, Khetan 2003
Khetan, Soprunov 05
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Codimension one?

dim
(
K[x1, . . . , xN ]/〈xα, f h1 , . . . , f hn 〉

)
ρ

= 1

if there is a Jacobian
Combinatorial characterization given

in
Cox, Dickenstein 05
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Current work

w/ A. Dickenstein & I. Soprunov

Is it true that
Euler-Jacobi ⇐⇒ #V (f ) = m?

Jf h0 ,...,f hn
∈ 〈f h0 , . . . , f hn 〉 ⇐⇒

V (f 0
h , . . . , f

h
n ) 6= ∅?
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Euler-Jacobi

Is it true that if #V (f ) < m? then
∃p : N(t1 . . . tn p) ⊂

(N(f1) + . . . + N(fn))◦

such that Resg

(
p

f1...fn

)
6= 0?

Carlos D’Andrea

Computing Residues in Toric Varieties



Euler-Jacobi

Is it true that if #V (f ) < m? then
∃p : N(t1 . . . tn p) ⊂

(N(f1) + . . . + N(fn))◦

such that Resg

(
p

f1...fn

)
6= 0?

Carlos D’Andrea

Computing Residues in Toric Varieties



Answer: look at the codimension

dim
(
K[x1, . . . , xN ]/〈xα, f h1 , . . . , f hn 〉

)
ρ

= 1


f1 = 2− t1 + t21 + t2 + 2t1t2 + t22
f2 = 1 + t1 + t2
f3 = 2− 3t3 + t23

N(f1) = 2∆2 × {0}
N(f2) = ∆2 × {0}

N(f3) = {(0, 0)} × [0, 2]
fails the codimension 1 property
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Only obstruction (so far):

D-Dickenstein 2025

Assume that N(f1), . . . ,N(fn) is
“completable”. If #V (f ) < m and

VX (f h) is finite then
∃p : N(t1 . . . tn p) ⊂

(N(f1) + . . . + N(fn))◦ such that

Resg

(
p

f1...fn

)
6= 0
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Second question

D-Dickenstein 2025

If generically
dim

(
K[x1, . . . , xn+r ]/〈F h

0 ,F
h
1 , . . . ,F

h
n 〉
)
ρ

= 1 but
∅ 6= VX (f h0 , f

h
1 , . . . , f

h
n )

and VX (f h1 , . . . , f
h
n ) is finite then

Jf h0 ,...,f hn
∈ 〈f h0 , . . . , f hn 〉
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In progress (Dickenstein & Soprunov)

Description of(
K[x1, . . . , xN ]/〈f h0 , f h1 , . . . , f hn 〉

)
ρ

when the
codimension is larger than 1

Computing “canonical” elements
of residue 1

Computing “canonical” elements
of residue 0
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To learn more

Cox, D.; Little, J.; Schenck, H. Toric varieties.
Graduate Studies in Maths 2011

Cattani, E.; Cox, D.; Dickenstein, A. Residues in
toric varieties. Compositio Math. 97

Cox, D.; Dickenstein, A. Codimension theorems
for complete toric varieties. Proceedings AMS
05

Sombra, M.; Yger, A. Bounds for multivariate
residues and for the polynomials in the
elimination theorem. Moscow Math J. 2021
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