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Find the polynomial of smallest
degree passing through these points




Univariate interpolation




Univariate interpolation




Univariate interpolation




Interpolating polynomial

;é/ J)
Zy’ J f'(x;)




Interpolating polynomial

;é/ J)
Zy’ J f'(x;)

deg( ( )) <N -1




Interpolating polynomial

;é/ J)
Zy’ J f'(x;)

degl(p ( )) <N -1
deg(p(x)) < N — 17




Interpolating polynomial

;é/ J)
Zy’ J f'(x;)

degl(p ( )) <N -1
deg(p(x)) < N — 17

N f
= 0=2_111 707




Interpolating polynomial

p(x) = Zy/ Hj;éi(x — X))

f/(X,')
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p(x) = Zy/ Hj;éi(x — X))

f/(X,')
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Moreover...

If N fchar(K), any p(x) € K[x] can

be expressed modulo f(x) as




Moreover...

If N fchar(K), any p(x) € K[x] can

be expressed modulo f(x) as

N-2  Res, (p(:)dx)
Z )\/'XI 4 Iil( ) f/(X)
1=0

with g, ..., Ay € K
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Complex local residues

o(2) = 3275 o ai(z = &Y

meromorphic in ¢ € C

1
Res; (gp(z) dz) =5 o(z)dz =

+
C£ P

The (local) residue of ¢(z) dz at £
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Rational functions
f(z), p(z) € Clz], £ € C

p(z) \_ 1 p(z)
Res§<TZ) dz) =5 /C;p 7(2) dz
( 0 if f(&) # 0,
%% if £(£) =0 /(&)
= 9 lim Z P(&) if not
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The global (rational) residue

Res ( E )dz> = fc+ fz)
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The global (rational) residue

Res ( E )dz> = fc+ fz)
Resg( E gdz) = D _cec Rese (%dz)
= Zf(g):o Resf(%dz) -

27TI fC+ f
Can be deflned algebralcally
(over any field)
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m Res, is ||near in p(z)
. Resg(%dz) — deg(f(2))
lResg<%d2) —0if f(2) | p(z2)
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(2)




We just saw that

Res, (%dz) — 0 <= modulo

f(z), p(z) can be represented by a
polynomial of degree < deg(f(z)) —1




We just saw that
Res, (%dz) =0 <= modulo
f(z), p(z) can be represented by a
polynomial of degree < deg(f(z)) —1
Euler-Jacobi Vanishing Theorem

If deg(p(z)) < deg(f(z)) — 1
then Res, (&dz) =0

f(2)
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p(z) =
ho + hz+ ...+ hg- 12971 mod f(2)
—h0+h12+ A+ hyg_1f'(z) mod f(2)

Res, (%dz) = hy_1Res, (1
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Consequences

p(z) =
ho + hz+ ...+ hg- 12971 mod f(2)
—h0+h12+ A+ hyg_1f'(z) mod f(2)

Res, (%dz) = hy_1Res, (1
— F’d—l d e K
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A division test

f(z) | p(z)

<
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How to do this in several variables?

ﬂ,...,kaC[Zl,...,Zn]
V(f)={A=0,..., (=0} CC"
of codimension k
w a meromorphic k-form with poles
in Ui, V(f)
Rese[w](+) := lims_,q+ fo(;w A -
residual currents




Our focus (today)




Our focus (today)

oo €Kz, 2
V(F) finite (K = K)




Our focus (today)

oo €Kz, 2
V(f) finite (K = K)
Bézout's bound:

%

di = deg(f;)




Our focus (today)

oo €Kz, 2
V(f) finite (K = K)
Bézout's bound:

%

d; = deg(f) [#V(F) < dr...d,

with equality generically
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Algebraic residues

(char(K) = 0) Jr = det (L),
p < K[zl,...,z,,],£ c K"

dzy \ ... Ndz, .
Rese © 7 ) Jf((ggg))

§-—§




Algebraic residues

(char(K) = 0) Jr = det (L),
p < K[Zl,...,Zn],£ c K"

... N\ dz,
Ress(p dzy A ... A Z) _ p(€.)
f... 1,

d d
Resg(ﬂé..zf) =2 Resﬁ(ﬂé.%ﬁ,)
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pdz\ __ pdzl/\ /\dzn
. Res&(fl...f,,) -

fi..




- Res£( pdz ) o fCE pdzl/\ /\dzn

m Res, is linear in p

27r/ fi..
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27r/

fi...
m Res, is linear in p

m Res (7) = #V(f)
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- Res£( pdz ) o fCE pdzll/\ Ndzp

fi...
m Res, is linear in p

'Resg(f fn) #V(f)

m If the input has coefficients in
k C K, Resg (%) € k

27r/




- Resé(ff dz ) o fCE pdzll/\ Ndzp

m Res, is linear in p

'Resg(f fn) #V(f)

m If the input has coefficients in

k C K, Resg (%) € k
p dz

27r/

N Resg(f f) Is computable
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Moreover...

p=>",fg
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Moreover...

=), _lig =
b dz
fn>

Resgf 0j=1,....,¢




Moreover...

pbz_;,r-':lffg,- =
Resg(#77) =0/ =1,....¢

with (by, ..., by) a basis of
Klzi,...,zp)/{f,. ., F)




Moreover...

A
with (lbl, ..., by) a basis of
Klzi,...,zp)/{f,. ., F)

— effective membership tests
Dickenstein-Sessa 1990
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Euler-Jacobi vanishing Theorem

THEOREMATA NOVA ALGEBRAICA CIRCA SYSTEMA
DUARUM AEQUATIONUM INTER DUAS VARIABILES
PROPOSITARUM.

1
E theorematis, quae in elementis algebraicis traduntur, vix extat aliud
utile in nequationibus maxime diversis, quam notum illud:

«Designante X functionem ipsius © rationalem integram, fieri

:'( f‘ ] =0,
rn

L quidem extendatur summa ad omnes radices & ac

Jacobi 1835

onis X = 0,
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Multidimensional Euler-Jacobi
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deg(p) <di+...+d,—n




Vanishing Theorem

Multidimensional Euler-Jacobi
If #V(f) =d;...d, and

deg(p) <di+...+d,—n

then
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Multivariate Interpolation

It #V(f)=d,...d,
any p € K[z, ..., z,] can be
expressed mod (f1,... f,)
as

Resg ( ff | .C{?n)

Jr

Po +

di...d,
with deg(po) < i + ... +d, —n
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Multivariate Interpolation Il

V(F) ={&., .-, &4}
Yi,--,yd CK
dp € K|z, ..., z,| such that
p(&;) = yj with
deg(p) <di+...+d,—n




Multivariate Interpolation Il

V(f) ={&.---.&a}
Yi,---5Yd C K
dp € K|z, ..., z,| such that
p(&;) = yj with
deg(p) <di+...+d,— n —

d Yj dz
i1 Jf(Jgj) - Resg(ff...fn) =0




A “negative” consequence




A “negative” consequence

If £V (F) = dh . ..d,




A “negative” consequence

If #V(f)=d;...d,
you will never find a K-basis of
K|z, ..., z)]/(f,...,f,) made of
polynomials of degree
<d+...+d,—n

v
-
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How to prove these results?

F~
L)
\

Compactifications and Stokes Theorem

/w:/dw
o0 Q
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Algebraic “compactifications’

f f < K[Zl,.. ]
fl?" f EK[Zo,Zl,... n]
homogenlzatlons
#V(ﬂ,...,fn):dl...dn —
Vpn(zo, £, . . ) ) +—

Jzo,flh, Lfh ¢ <207 ° fh>




Algebraic “compactifications’

f f < IK[Zl7 .. ]
fl?" f EK[Zo,Zl,... n]
homogenlzatlons
#V(f,...,f))=d...d, <
Vpn(Zojflh,...,fnh) — @ <
J RSN . §§ <ZO7 flh R fnh> —

20
dimK (K[Zo,...,Zn]/<Zo,f1h,... =1

h
K fn >) d1+...+dn—n
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The map
(Klzo, - zal /(20 K ) s e — K
Joosth g — di...d,

20
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Homogeneous residues

The map
(K[zo,... zn]/(zo,flh,... fh>)d+ wden K
Lot o = dp...
is the global residue of fi,..., f

f

Obs: Resg( pdz ) = Resy (p—dz)

zof{...£h
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The map
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Homogeneous residues

The map
(Klz, - - -, zn]/(zo,flh,... fh>)d+ van — K

J _____ fh = dp. ..

is the global residue of fi,..., f
Obs: Resg( pdz ) = Resy (p—dz)

M 2f. P

Ifdeg( )<d1—|—...+dn—n
zo|p" == Euler-Jacobi
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LV(F)=d,...d,

is a very strong condition




LV(F)=d,...d,

is a very strong condition

“Sparse” philosophy: f = > __, c,t?
A C 7" finite
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Newton polytopes
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Newton polytopes

fi=a+ bx’y + cxy3
f2 _ a/+ blxyz i c’x4y2
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BKK-bound

If f1,....f, € K[t;}, ..., t5] and




BKK-bound

If f1,....f, € K[t;}, ..., t5] and
V(f) C (K*)" finite




BKK-bound

If f1,....f, € K[t;}, ..., t5] and
V(f) C (K*)" finite then
BV(F) < MV(N(R), ..., N(£,)
with generic equality

the mixed volume
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Residues in the torus

f, ... e K[t ..., e
VI(f,... f) C (K*)" finite




Residues in the torus

f, ... e K[t ..., e
VI(f,... f) C (K*)" finite
local and global residues are defined
as usual:

Resg(%)- 2 _geV(F) Resé(

%)
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Easy in the generic case

#V(f) = MV(N(f), ..., N(f,))




Computing residues

Easy in the generic case

#V(f) = MV(N(f), ..., N(f,))

Cattani-Dickenstein-Sturmfels 1992
Cattani-Dickenstein 1994
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If #V(f) = MV(N(f), ..., N(f,))
and
N(ty...t,p) C(N(R)+...+N(f))°
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Sparse Interpolation
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Sparse Interpolation

It #V(f) = MV(N(f), ..., N())
any p € K[tlil, Ce tnil] mod
(fi, ..., f)

Res,g ( ff..c.j?,,) J

#V(f)
with
(t1 o tapo) C (N(R)+...+N(F))°
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Sparse Interpolation |I

V(f) — {Ela T 7€m} - (Kx)n

Yi,.--,¥m C K
Ip € K[t ..., 7] with p(¢,) =y, and
N(ty...t,p) C

(N(A) + ...+ N(f))°




Sparse Interpolation |I

V(f) — {Ela T 7€m} - (Kx)n

Yi,.--,¥m C K
Ip € K[t ..., 7] with p(¢,) =y, and
N(tl...tnp) C

Soprunov 07
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Sparse compactifications

C"— P"
(C*)" =77
Poltyope P <+ Fan 2p <+ Toric
Variety Xp

Va4
| %

Vs
Ve E ; O3 01
V3
Oy Og

] P =p os
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“Homogeneous” polynomials

P := N(f)+ N(f) + ... N(f,) The
Cox ring is K[xq, xo, ..., xp]
(one variable per facet)

and a “homogenization” rule
ﬁ'l—> f,-h - K[Xl,...,X/\/]
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BKK bound and Toric residues

#V(f,....f,)=m —
Vi, (x?, o f =0
There is a trace map
(K[Xl,...,XN]/<X“,f1h,...,fnh>)p — K
giving the global residue
Cox 96

Cattani, Cox, Dickenstein 97
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Toric jacobians?

X

J avflhv--'vfnh < K[Xl, R ,X/\/]

very special cases
Cox 96
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Toric jacobians?

JXa,flh,...,fnh - IK[X]_7 ... ,XN]
very special cases
Cox 96

Cattani, Cox, Dickenstein 97

“Combinatorial” jacobian
Cattani, Cox, Dickenstein 97
D, Khetan 2003
Khetan, Soprunov 05




Codimension one?

dim (K[xi, ..., xn]/(x*, £, .. fh>)p =1
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Codimension one?
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Codimension one?

dim (K[xi, ..., xn]/(x*, £, .. f,f’))p =1
if there is a Jacobian
Combinatorial characterization given
In

Cox, Dickenstein 05
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w/ A. Dickenstein & I. Soprunov

L~

&

Is it true that
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L~

@

s it true that
Euler-Jacobi <= #V/(f) =m?




w/ A. Dickenstein & I. Soprunov

L~

@

s it true that
Euler-Jacobi <= #V/(f) =m?
Jen €y, .. fN) =

O’...’ n

V(F0,... 1)+ 07
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Euler-Jacobi

Is it true that if #V/(f) < m? then

dp : N(tl R ,D)
(N(f) + ...+ N(f,)

such that Resg £ ) 7& 07?




Answer: look at the codimension

n

dim (K[xi, ..., xn]/(x*, A, .. fh>)p =1




Answer: look at the codimension

n

dim (K[xi, ..., xn]/(x*, A, .. fh>)p =1

i = 2—t+ti+t+2tt+ t
1+t +t
fz = 2—3t3—|-t§

oh
I




Answer: look at the codimension

dim (K[Xl, cooxn] /(x flh7 o fnh>>p —1
A =2-t+t+bH+2ut+ts

1+t +t

fz = 2—3t3—|-t§

oh
I

N(%) = B, x {0}
N(f) = {(0,0)} x [0,2]




Answer: look at the codimension

dim (K[Xl,...,XN]/<Xijlh7,..,fnh>>p:1
i = 2—t+t2+b+ 200+t

1+t +t

2—3t3—|-t§

&hHSh
Il

N(f) =24, x {0}
N(f) = A, x {0}
N(f;) = {(0,0)} x [0,2]
fails the codimension 1 property
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Only obstruction (so far):

D-Dickenstein 2025
Assume that N(f),..., N(f,) is
“completable”. If #V(f) < m and
V(") is finite then
dp: N(t;...t,p) C
(N(f) + ...+ N(f)) such that
p

) 41

Resg
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D-Dickenstein 2025
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D-Dickenstein 2025
If generically
dim (K[x, ..., x1 )/ (FS, FE, . F1Y) =1 but
0 ?’é VX(thv flh? Ty nh)
and Vx (£, ..., ") is finite




Second question

D-Dickenstein 2025

If generically
dim (K[x, ..., x1 )/ (FS, FE, . F1Y) =1 but
0 # VX(thv flh? g nh)
and Vx (£, ..., £") is finite then

Jfoh,...,fnh = <f0hv T fnh>
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m Description of
(K, ..ol /(f A0, 1)) when the
codimension is larger than 1

m Computing “canonical” elements
of residue 1

m Computing “canonical” elements
of residue 0
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To learn more

m Cox, D.; Little, J.; Schenck, H. Toric varieties.
Graduate Studies in Maths 2011

m Cattani, E.; Cox, D.; Dickenstein, A. Residues in
toric varieties. Compositio Math. 97

m Cox, D.; Dickenstein, A. Codimension theorems
for complete toric varieties. Proceedings AMS
05

m Sombra, M.; Yger, A. Bounds for multivariate
residues and for the polynomials in the
elimination theorem. Moscow Math J. 2021
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