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Projective codimension 1

f0, . . . , fn ∈ C[x0, . . . , xn]
homogeneous of degrees d0, . . . , dn
ρ := d0 + d1 + . . . + dn − n − 1

If VPn(f0, . . . , fn) = ∅,
dimC (C[x0, . . . , xn]/〈f0, . . . , fn〉)ρ = 1

The residue map
resf (C[x0, . . . , xn]/〈f0, . . . , fn〉)ρ → C is an
isomorphism
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What is the residue map?

Algebraic definition

Jf := det
(
∂fi
∂xj

)
ij
∈ C[x0, . . . , xn]ρ

Jf /∈ 〈f0, . . . , fn〉 ⇐⇒
VPn(f0, . . . , fn) = ∅

resf : (C[x0, . . . , xn]/〈f0, . . . , fn〉)ρ → C
[Jf ] 7→ d0 . . . dn
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What is the residue map?

Analytic definition

resf ([h]) :=
1

(2πi)n+1

∫
|fi |=ε

h dx0 ∧ . . . ∧ dxn
f0 . . . fn

Geometric definition
Ω :=

∑n
i=0 xi

∧
j 6=i dxj

Tr : Hn(Pn,Ω) ' C
resf ([h]) = Tr

([
hΩ

f0...fn

])
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Toric codimension and residues

f0, . . . , fn ∈ C[x1, . . . , xN ]
homogeneous in the Cox ring of an
n-th dim. complete toric variey X

Σ is the fan defining X

N is the number of 1-dimensional
cones in Σ

0→ Zn → ZN → An−1(X )→ 0
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Critical degree

deg(fi) = αi ∈ An−1(X ), i = 0, . . . n
ρ = α0 + . . . + αn − deg(x1 . . . xN)

VX (f0, . . . , fn) = ∅
dimC (C[x1, . . . , xN ]/〈f0, . . . , fn〉)ρ =

1
If all the αi ’s are ample

Cattani-Cox-Dickenstein 97 – Cattani-Dickenstein
97
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In general...

If Pαi is a lattice polytope
i = 0, . . . , n and the family {Pαi}is
essential, the dimension is bounded

between 1 +
∑

dim(Pαi )=1 #(P◦αi ∩ Zn)

and 1 +∑n−1
k=1

∑
dim(Pαi1

+···+Pαik
)=k #(Pαi1

+ · · ·+ Pαik
)◦ ∩Zn

Cox-Dickenstein 05
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Polytopes and essentiality

α =
∑N

i=j ajDj

Pα := {m ∈ Rn : 〈n, ηj〉 + aj ≥ 0}
η1, . . . , ηN ∈ Σ(1) lattice primitive

The family {Pαi}is essential ⇐⇒
∀J ( {0, . . . , n}

dim
(∑

j∈J Pαj

)
≥ j
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Residues in toric varieties

There is a residue map
resf (C[x1, . . . , xN ]/〈f0, . . . , fn〉)ρ → C
Cox 96 - Cattani-Cox-Dickenstein 97

It is not identically zero if Pαi is a
lattice polytope ∀i and {Pαi}is

essential
Khetan-Soprunov 05
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Elements of non-zero residue?

Toric jacobians
Cox 96, Cattani-Dickenstein 97

Discrete/combinatorial versions
Cattani-Cox-Dickenstein 97 – D-Khetan 05 –
Khetan-Soprunov 05
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Elements of zero residue?

Work in progress
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General idea

If dim (C[x1, . . . , xN ]/〈f0, . . . , fn〉)ρ >
1, ∃J : dim(

∑
j∈J Pαj) = |J | < n

Any polynomial of the form p ∆ has
residue 0 with

deg(p) =
∑

j∈J αj−deg(
∏

i“∈′′J xi)

∆ has residue 1 wrt {fi , i /∈ J}
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Example

C[x0, x1, y0, y1], X = P1 × P1

deg(f0) = (k , 0)

deg(f1) = (0, l)

deg(f2) = (m, n)

ρ = (m + k − 2, n + l − 2)

{y l−i−2
0 y l1Jx(f0, f2), xk−2−i

0 x i1Jy(f1, f2)}i ,l
is a basis of Ker(resf )
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is a basis of Ker(resf )
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Work in Progress

For I1, . . . , I` with dim(PIj) = |Ij |,
maximal with respect to inclusion, Γj

a set of m ∈ P◦Ij ∩Z
n such that {xum}

is l.i. in
(
C[xIj ]/〈Fi , i ∈ Ij〉

)
ρIj
,then

{xum∆j | u ∈ Γj 1 ≤ j ≤ `} is l.i. in
Ker(resf )

D-Dickenstein-Soprunov
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Improved lower bounds

The codimension is at least
1 +

∑`
j=1 dimC

(
C[xIj ]/〈Fi , i ∈ Ij〉

)
ρIj

and also
1 +

∏
dim(Pj)=1

(
#(Pj ∩ Zn)− 1

)
D-Dickenstein-Soprunov
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Construction of ∆j

Obtained when {P⊥i , i /∈ Ij} has
codim 1

Sresf (xa) for deg(xa) = ρ

resf (xa) = ±Sresf (xa)

Elim(f )

Elim(f ) =
∑

a ca Sresf (xa)

∆ :=
∑

a ca x
a
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Further work

Obtain “canonical” elements of
non-zero residue in any situation
Compute bases of(
C[xIj ]/〈Fi , i ∈ Ij〉

)
ρIj

Describe
dimC (C[x1, . . . , xN ]/〈f0, . . . , fn〉)ρ
in combinatorial terms
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Last but not least
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Thanks!

cdandrea@ub.edu
http://www.ub.edu/arcades/cdandrea.html

Carlos D’Andrea, Alicia Dickenstein, Ivan Soprunov

An Algorithmic Approach to Codimension Theorems for Complete Toric Varieties


