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Projective codimension

fb,...,anC[Xo,...,Xn]
homogeneous of degrees dj, . . ., d,
p = d+di+...+d,—n—1
If Vien(fo, ..., ) = 0,
m dime (Clxo, - .., xa] /(fo, ..., ), = 1
m [ he residue map

resf (Clxo, ..., xa]/(fo, ..., fa)),, — Cis an
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What is the residue map?

Algebraic definition
Jr = det (%) € Clxpy .-, %0,
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Analytic definition
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What is the residue map?

Analytic definition
1 / hdxg A ... A dx,
=2

res¢([h]) := W fo...1f

Geometric definition

Q=310 ox /\jsi A%
Tr: H'(P".Q) ~C
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What is the residue map?

Analytic definition

1 / hdxo A ... A dx,
(27Ti)n+1 Ifi| ﬁ)fn

res¢([h]) :=

Geometric definition

Q=310 ox /\jsi A%
Tr: H'(P".Q) ~ C

resr([h]) = Tr([,r fn])
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Toric codimension and residues

ﬂ),...,f,,EC[Xl,...,X/\/]
homogeneous in the Cox ring of an
n-th dim. complete toric variey X
m 2 is the fan defining X
m // is the number of 1-dimensional
cones in X

m0 2" = 7ZN - A, 1(X) =0
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Critical degree

deg(f) = a; € Ap_1(X), i=0,...n
p=ag+...+a,—deg(x...xy)
Vx(fy, ..., f,) =10

dime (Clxy, ..., xn]/{f, - . -, f,,})p —
1
If all the ;'s are ample
Cattani-Cox-Dickenstein 97 — Cattani-Dickenstein
o7
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In general...

If P, is a lattice polytope
i =0,...,n and the family {P,, }is
essential, the dimension is bounded
between 1+ >y p =1 #(Pa, NZ")

and 1+

Zk 1 dim(P,. —|— +Pa; k#( 0/1 "+ Paik)omzn
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Carlos D’Andrea, Alicia Dickenstein, lvan Soprunov

An Algorithmic Approach to Cod sion Theorems for Complete Toric Varieties



Polytopes and essentiality

Carlos D’Andrea, Alicia Dickenstein, lvan Soprunov

An Algorithmic Approach to Codimension Theorems for Complete Toric Varieties



Polytopes and essentiality

Carlos D’Andrea, Alicia Dickenstein, lvan Soprunov

An Algorithmic Approach to Codimension Theorems for Complete Toric Varieties



Polytopes and essentiality

= > 3D
v ={meR": (n,n;) +a >0}

Carlos D’Andrea, Alicia Dickenstein, lvan Soprunov

An Algorithmic Approach to Codimension Theorems for Complete Toric Varieties



Polytopes and essentiality

N
a=) . aDb;
P,.={meR": (n,n) +a >0}
n,...,nn € (1) lattice primitive

Carlos D’Andrea, Alicia Dickenstein, lvan Soprunov

An Algorithmic Approach to Codirr on Theorems for Complete Toric Varieties



Polytopes and essentiality

N
a=) . aDb;
P,.={meR": (n,n) +a >0}
n,...,nn € (1) lattice primitive

The family {P,.}is essential

ms for Complete Toric Varieties



Polytopes and essentiality

N
a =i ;3D
P, = {mER”: <n,nj>+aj20}
n,...,nn € (1) lattice primitive
The family {P,. }is essential <=
vJ C{0,...,n}

dim (SjesPy) > J
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Residues in toric varieties

There is a residue map
reSf(C[Xl,...,X/\/]/<fb,...,fn>)p — C
Cox 96 - Cattani-Cox-Dickenstein 97

It is not identically zero if P, is a
lattice polytope Vi and {P, }is

essential
Khetan-Soprunov 05
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Elements of non-zero residue?

m Toric jacobians
Cox 96, Cattani-Dickenstein 97
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Elements of non-zero residue?

m Toric jacobians
Cox 96, Cattani-Dickenstein 97

m Discrete/combinatorial versions
Cattani-Cox-Dickenstein 97 — D-Khetan 05 —
Khetan-Soprunov 05
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Elements of zero residue?
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Elements of zero residue?

Work in progress
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General idea

If dim ((C[Xl,...,X/\/]/<f0,...,fn>)p >
1, 3J:dim(D e, Po) =[J] <n
Any polynomial of the form p A has
residue 0 with

m deg(p) = ZjeJ O‘J'_deg(H/“e"J X;)
m A has residue 1 wrt {f;, i ¢ J}
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DETIIE
C[X07X17y07y1]7 X = Pl X Pl

deg(fy) =
deg(f) =
deg(fz)

kO)

0,1)

)
m+k—2 n+1—2)

/\/\A/\
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C[X07X17y07y1]7 X = Pl X Pl

deg(fo) = (k,0)

deg(fi) = (0, /)

deg(fz) (m, n)
=(m+k—-2n+1-2)

o™ il fo, £), XXty (R o) i
is a basis of Ker(resy)
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For ..., Iy with dim(P;) = [/},
maximal with respect to inclusion, [;
asetof me P}j’_ NZ" such that {x"m}

is Li. in (Clx]/(F, i € 1)) .




Work in Progress

For /1, Ceey /g with dlm(P/J) = |IJ’,
maximal with respect to inclusion, [;
asetof me PO NZ" such that {x"m}

is |.i. (<C[><,]/< i /->)p then

{x“mAJ\UEF 1<j<€}|s||
Ker(resf)

D-Dickenstein-Soprunov

Carlos D’Andrea, Alicia Dickenstein, lvan Soprunov

An Algorithmic Approach to Codirr on Theorems for Complete Toric Varieties



Improved lower bounds

Carlos D’Andrea, Alicia Dickenstein, lvan Soprunov

An Algorithmic Approach to Codimension Theorems for Complete Toric Varieties



Improved lower bounds

The codimension is at least

1+ 325 dime (Chol/(Fi, i€ 1))
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Improved lower bounds

The codimension is at least
1+, dime (Clx)/(Fi, i € 1))
and also
1+ Hdim(Pj)zl (#(PNZ") —1)

/j

D-Dickenstein-Soprunov
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Construction of

m Obtained when {P:,i ¢ |} has
codim 1
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Construction of

m Obtained when {P:,i ¢ |} has
codim 1

m Sresg(x?) for deg(x?) = p

mress(x?) = j:—Sresf(xa)

Elim(f)
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m Obtained when {P:,i ¢ |} has
codim 1

m Sress(x?) for deg(x?) = p
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Construction of

m Obtained when {P:,i ¢ |} has
codim 1
m Sress(x?) for deg(x?) = p

nresr(x’) = R

mElim(f) = ), c,Sres¢(x?)
mA =) cx°
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m Obtain “canonical’ elements of
non-zero residue in any situation
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m Obtain “canonical”’ elements of
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Further work

m Obtain “canonical”’ elements of
non-zero residue in any situation
m Compute bases of

(Cll/(Fi i€ 1))
m Describe

dim@ (C[Xl, ce ,XN]/<f07 sy fn>)p

in combinatorial terms
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Last but not least

MATEMAX

Computational Algebra, Algebraic Geometry and Applications II
Buenos Aires, Argentina, December 15-17 2025

Celebrating Alicia Dickenstein's contributions to Math and beyond

TOPICS OF THIS CONFERENCE INCLUDE BUT ARE NOT LIMITED TO
Algebraic Geometry, Toric Geometry, Tropical Geometry, and their Applications to Biology
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