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“The” Question

Given a polynomial
f (x1, . . . , xn) ∈ R/Q[x1, . . . , xn]

How can we verify/certify if f ≥ 0?
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Univariate case

f (x) ≥ 0 ∀x ∈ R ⇐⇒
f (x) = f1(x)2 + f2(x)2
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Univariate rational case?

f (x) ≥ 0 ∀x ∈ R ⇐⇒
f (x) =

f1(x)2+f2(x)2+f3(x)2+f4(x)2+f5(x)2

Pourchet – 1971
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Five is sharp

x2 + 7 = x2 + 22 + 12 + 12 + 12
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Effective Pourchet

Input:
f (x) ∈ Q[x ], f (t) > 0∀t ∈ R
Output: f1(x), . . . , f5(x) ∈ Q[x ],
f (x) = f1(x)2 + . . . + f5(x)2
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Pourchet’s original proof

f (x) = f1(x)2 + . . . + f5(x)2 ⇐⇒
f (x) = f1p(x)2 + . . . + f5p(x)2

for all p ∈ {2, 3, 5, . . . , } ∪ {∞}
Local-global principle

Highly non-algorithmic
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Towards an algorithm...

p =∞
Theorem (Easy)

f (x) ≥ 0 ⇐⇒ y 2
1 + y 2

2 = f (x) can
be solved in R[x ]

Proof:
x2 + ax + b = (x − c)2 + d2 if a2 − 4b < 0

(x − a)2k = ((x − a)k)2 + 02

(u2 + v 2) · (w 2 + z2) = α2 + β2
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Almost all p

Any f (x) ∈ Qp[x ] is a sum of up to
four squares if p /∈ {2, ∞}

five squares is enough if p = 2
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Up to 4 squares can be computed

(x2
1 + x2

2 + x2
3 + x2

4 )(y 2
1 + y 2

2 + y 2
3 + y 2

4 )
= (z2

1 + z2
2 + z2

3 + z2
4 )

Theorem (Pourchet, 71)

f (x) = f 21 + f 22 + f 23 + f 24 in K [x ] ⇐⇒
lc(f ) is a so4s in K , and

for all prime divisor p(x) of f (x) of odd
multiplicity, there is a nontrivial solution of
x21 + x22 + x23 + x24 = 0 in K [x ]/(p(x))
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A criteria

Theorem (Pourchet, 71)

Let f ∈ Q[x ] \ {0}. TFAE:
1 f is a so4s in Q[x ]

2 f > 0 and in Q2[x ] every prime
factor of odd multiplicity has even
degree
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Useful

x2 + 7 = (x − α) · (x + α) in Q2[x ]
=⇒ it is not a so4s in Q[x ]

u ∈ Q2 is a square⇐⇒
u = 22a(8b + 1), a ∈ Z, b ∈ Q2
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Algorithmic approach

ISSAC 2023
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Sums of 2 squares
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Sums of 3 or 4 squares
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How do you tackle 5 polynomials?

f (x) > 0 . . . f (x)−
(

1
2`

)2
> 0

for `� 0

f (x)−
(

1

2`

)2

= f 2
1 + f 2

2 + f 2
3 + f 2

4 ??
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Algorithm 6
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Sum of 6 squares
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Conjectural Algorithm
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Our contributions

(CDDHM)

The conjectural algorithm works if
deg(f (x)) = 4k
Fails for this family:

fk ,N(x) =
4x2(2k+1) + x2k+1 + 4

N2

k = 0, 1, . . . , N ∈ N odd,N > 64
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An extension

(CDDHM)

Theorem
If f (x) ∈ Q[x ] of degree
d = 2(2k + 1), k ∈ N, ` ∈ N such
that f (t)− 1

22`(t
2 + t + 1)2kt2 > 0∀t,

then f (x) − 1
22`(x

2 + x + 1)2kx2 is a
so4s iff f (0) is not a square in Q2
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Work in Progress

What to do if f (0) is a square in Q2?
4x6 + 4x3 + 9 = (1 + 2x3)2 + 8
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In general...

You do not need 5 or 6 polynomials
to test positivity:

f ≥ 0 ⇐⇒ f =
∑N

i=1 f
2
i

semidefinitive optimization (over
the reals)

over the rationals
Baldo-Krick-Mourrain 2025
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Multivariate case is way harder

Not true anymore:
f (x1, x2) = 1 + x2

1x
2
2 (x2

1 + x2
2 − 3) ≥ 0

but not a sum of finite squares

Negative solution to Hilbert’s 17th
Problem
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Reals versus racionals

40x4
0 + 8x2

0x
2
1 + 32x2

0x1x2 + 64x2
0x1x3

+16x2
0x

2
2 + 16x2

0x2x3 + 32x2
0x

2
3 + 2x4

1

+8x2
1x

2
2 + 8x2

1x2x3 + 16x1x2x
2
3

+8x2
2x

2
3 + 8x4

3 = f 2
1 + f 2

2 + f 2
3 + f 2

4

but cannot written as a sos with
polynomials in Q[x0, x1, x2, x3]
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Thanks!
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