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Complex local residues

ϕ(z) =
∑∞

j=−∞ aj(z − ξ)j

meromorphic in ξ ∈ C

Resξ
(
ϕ(z) dz

)
:=

1

2π i

∫
C+
ξ,ρ

ϕ(z) dz = a−1

The (local) residue of ϕ(z) dz at ξ
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Residue of rational functions

f (z), p(z) ∈ C[z ], ξ ∈ C
Resξ

(p(z)

f (z)
dz
)

=
1

2π i

∫
C+
ξ,ρ

p(z)

f (z)
dz

=



0 if f (ξ) 6= 0,
p(ξ)
f ′(ξ) if f (ξ) = 0 6= f ′(ξ)

lim
ε→0

∑
f (ξε) = ε
ξε → ξ

p(ξε)

f ′(ξε)
if not
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The global residue

Resξ

(
p(z)
f (z)dz

)
= 1

2π i

∫
C+
ξ,ρ

p(z)
f (z) dz

Resg
(
p(z)
f (z)dz

)
:=∑

f (ξ)=0 Resξ
(p(z)
f (z)dz
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∫
C+
ξ,R

p(z)
f (z) dz

is a rational function of the
coefficients of f and g
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Properties

Resg

(
p(z)
f (z)dz

)
=
∑

f (ξ)=0
p(ξ)
f ′(ξ)

Resg is linear in p(z)

Resg

(
f ′(z)
f (z) dz

)
= deg(f (z))

Resg

(
p(z)
f (z)dz

)
= 0 if f (z) | p(z)
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Euler-Jacobi Vanishing Theorem

If deg(p(z)) < deg(f (z)) − 1

then Resg

(
p(z)
f (z)dz

)
= 0
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How to do this in several variables?

f1, . . . , fn ∈ K[z1, . . . , zn]
V (f ) finite (K = K)

Bézout’s bound:

di := deg(fi) #V (f ) ≤ d1 . . . dn
with equality generically
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Algebraic residues

(char(K) = 0) Jf := det
( ∂fi
∂zj

)
,

p ∈ K[z1, . . . , zn], ξ ∈ Kn

Resξ
(p dz1 ∧ . . . ∧ dzn

f1 . . . fn

)
:=
∑
ξε→ξ

p(ξε)

Jf (ξε)

Resg
( p dz

f1 . . . fn

)
:=

∑
ξ∈V (f )

Resξ
( p dz

f1 . . . fn

)
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Properties

Resξ
(

p dz
f1...fn

)
=
∑N

j=1 cj
∂

ajp

∂z
aj1
1 ...∂z

ajn
1

(ξ)

Resg is linear in p

Resg
( Jf
f1...fn

)
= #V (f )

If the input has coefficients in
k ⊂ K, Resg

(
p dz
f1...fn

)
∈ k

Resg
(
p dz
f1...fn

)
is computable
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Moreover...

p =
∑n

i=1 fi gi ⇐⇒
Resg

(bj p dz
f1...fn

)
= 0 j = 1, . . . , `

with (b1, . . . , b`) a basis of
K[z1, . . . , zn]/〈f1, . . . , fn〉

=⇒ effective membership tests
Dickenstein-Sessa 1990
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Vanishing Theorem

Multidimensional Euler-Jacobi

If #V (f ) = d1 . . . dn and

deg(p) < d1 + . . . + dn − n

then

Resg
( p dz

f1 . . . fn

)
= 0
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How do you prove these results?

Compactifications and Stokes Theorem
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Algebraic “compactifications’

f1, . . . , fn ∈ K[z1, . . . , zn]
f h1 , . . . , f

h
n ∈ K[z0, z1, . . . , zn]

homogenizations
#V (f1, . . . , fn) = d1 . . . dn ⇐⇒
VPn(z0, f

h
1 , . . . , f

h
n ) = ∅ ⇐⇒

Jz0,f
h

1 ,...,f
h
n
/∈ 〈z0, f

h
1 . . . , f

h
n 〉 ⇐⇒

dimK
(
K[z0, . . . , zn]/〈z0, f h1 , . . . , f hn 〉

)
d1+...+dn−n

= 1
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Homogeneous residues

The map(
K[z0, . . . , zn]/〈z0, f h1 , . . . , f hn 〉

)
d1+...+dn−n

→ K[
Jz0,f h1 ,...,f

h
n

]
7→ d1 . . . dn

is the global residue of f1, . . . , fn
Obs: Resg

(
p dz
f1...fn

)
= Res0

(
ph dz

z0f
h

1 ...f
h
n

)
If deg(p) < d1 + . . . + dn − n

z0 |ph =⇒ Euler-Jacobi
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Limitations

#V (f ) = d1 . . . dn
is a very strong condition

“Sparse” philosophy: f =
∑

a∈A cat
a

A ⊂ Zn finite
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Newton polytopes

f1 = a + b x2y + c x3y 3

f2 = a′ + b′xy 2 + c ′x4y 2
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BKK-bound

If f1, . . . , fn ∈ K[t±1
1 , . . . , t±1

n ] and
V (f ) ⊂ (K×)n finite then

#V (f ) ≤ MV (N(f1), . . . ,N(fn))
with generic equality

the mixed volume
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Residues in the torus

f1, . . . , fn ∈ K[t±1
1 , . . . , t±1

n ]
V (f1, . . . , fn) ⊂ (K×)n finite

local and global residues are defined
as usual:

Resg
(

h
f1...fn

dt1
t1
∧ . . . ∧ dtn

tn

)
:=∑

ξ∈V (f ) Resξ
(

h
f1...fn

)
dt1
t1
∧ . . . ∧ dtn

tn
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Euler-Jacobi in the torus

If #V (f ) = MV(N(f1), . . . ,N(fn))
and

N(t1 . . . tn p) ⊂ (N(f1)+ . . .+N(fn))◦

=⇒ Resg
( p

f1 . . . fn

dt

t

)
= 0

Khovanskii 78 – Cattani-Dickenstein 1994
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“Homogeneous” polynomials

P := N(f1) + N(f2) + . . .N(fn) The
Cox ring is K[x1, x2, . . . , xN ]

(one variable per facet)

and a “homogenization” rule
fi 7→ f hi ∈ K[x1, . . . , xN ]
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BKK bound and Toric residues

#V (f1, . . . , fn) = m =⇒
∃f h0 : VXP

(f h0 , f
h

1 , . . . , f
h
n ) = ∅

There is a trace map(
K[x1, . . . , xN ]/〈f h0 , f h1 , . . . , f hn 〉

)
ρ
→ K

giving the global residue
Cox 96

Cattani, Cox, Dickenstein 97
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Toric jacobians?

Jf h0 ,f h1 ,...,f hn
∈ K[x1, . . . , xN ]

very special cases
Cox 96

Cattani, Cox, Dickenstein 97

“Combinatorial” jacobian
Cattani, Cox, Dickenstein 97

D, Khetan 2003
Khetan, Soprunov 05
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Dimension one?

1 ≤ dim
(
K[x1, . . . , xN ]/〈f h0 , f h1 , . . . , f hn 〉

)
ρ
≤ 1 + �

with � being described
combinatorially

Cox, Dickenstein 05

Carlos D’Andrea & Alicia Dickenstein
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Our questions

w/ A. Dickenstein

Is it true that
Euler-Jacobi ⇐⇒ #V (f ) = m?

Jf h0 ,...,f hn
∈ 〈f h0 , . . . , f hn 〉 ⇐⇒

V (f 0
h , . . . , f

h
n ) 6= ∅?
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Euler-Jacobi

Is it true that if #V (f ) < m? then
∃p : N(t1 . . . tn p) ⊂

(N(f1) + . . . + N(fn))◦

such that Resg

(
p

f1...fn
dt
t

)
6= 0?

Carlos D’Andrea & Alicia Dickenstein
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Answer: “complete” your system

dim
(
K[x1, . . . , xN ]/〈f h0 , f h1 , . . . , f hn 〉

)
ρ

could never
be one


f1 = 2− t1 + t21 + t2 + 2t1t2 + t22
f2 = 1 + t1 + t2
f3 = 2− 3t3 + t23

N(f1) = 2∆2 × {0}
N(f2) = ∆2 × {0}

N(f3) = {(0, 0)} × [0, 2]
has a monomial of nonzero global residue
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Only obstruction (so far):

D-Dickenstein 2025

Assume that N(f1), . . . ,N(fn) is
“completable”. If #V (f ) < m and
VX (f h) is finite (there are zeroes at

X∞)then ∃p : N(t1 . . . tn p) ⊂
(N(f1) + . . . + N(fn))◦ such that

Resg

(
p

f1...fn
dt
t

)
6= 0
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Second question

D-Dickenstein 2025

If generically
dim

(
K[x1, . . . , xN ]/〈F h

0 ,F
h
1 , . . . ,F

h
n 〉
)
ρ

= 1 but
∅ 6= VX (f h0 , f

h
1 , . . . , f

h
n )

and VX (f h1 , . . . , f
h
n ) is finite then

Jf h0 ,...,f hn
∈ 〈f h0 , . . . , f hn 〉
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Thanks!

cdandrea@ub.edu

http://www.ub.edu/arcades/cdandrea.html
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