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Quantitative equidistribution
of Galois orbits of small points
in the N-dimensional torus
Carlos D'Andrea, Marta Narvaez-Clauss and Martin Sombra
‘We present & quantitative version of Bilu's theorem on the limit distribution
of Galois orbits of sequences of points of small height in the N-dimensional
slgebmic torus. Our result gives, for  given poiet, an explicit bound foe the

disesepancy between its Galois orbit and the uniform distribution on the compact
subtorus, in terms of the height and the generalized degree of the point
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“The” general question

Given a polynomial

f(xi,...,x:) € R/Q[x, ..., X




“The” general question

Given a polynomial

f(xi,...,x:) € R/Q[x, ..., X
How can we certify if f > 07
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In one variable...

f(t) >0Vt e R «<—




In one variable...

f(t) >0Vt e R «<—
(%) = )% + B(x)?
fi(x), h(x) € R[x]

V\/m)

X




Rational coefficients?

Carlos D'Andrea

Effective Pourchet’s Theorem



Rational coefficients?




Rational coefficients?

f(t) >0Vt e R «—
fx) =
A(x)*+ () +(x)* + fa(x)* + ()’
Pourchet — 1971




Is 5 optimal?

Carlos D'Andrea
Effective Pourchet’s Theorem



Is 5 optimal?

X>+7=x>+22+12+12+12
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This talk — Effective Pourchet

m Input:
f(x) € Qx]|, f(t)>0VteR




This talk — Effective Pourchet

m Input:
f(z) € Q[x], f(t) >0Vt eR

m Output: fi(x),..., f5(x) € Q[x],
f(x) = A(x)*+ ...+ f5(x)°
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Pourchet’s original approach

f(x) = A(x)°+ ...+ f(x)? —
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Pourchet’s original approach

f(x) = A(x)>+...+ f(x)? <=
f(x) = fip(x)* + ... + fip(x)’
Vpe {2, 3,5, ..., U{oo}

m Local-Global Principle

(Hasse-Minkowski)




Pourchet’s original approach

f(x) = A(x)>+...+ f(x)? <=
f(x) = fip(x)* + ... + fip(x)’
Vpe {2, 3,5, ..., U{oo}

m Local-Global Principle

(Hasse-Minkowski)

m Non algorithmic
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An algorithm?

p = o0

f(t) >0 < y{ +y5 = f(x) has a
solution in R[x]




An algorithm?

p =00
f(t) >0 < y{ +y5 = f(x) has a
solution in R[x]

Proof:
x?+ax+b=(x—c)P+d*ifa®>—4b<0




An algorithm?

p =00
f(t) >0 < y{ +y5 = f(x) has a
solution in R[x]

Proof:
x?+ax+b=(x—c)P+d*ifa®>—4b<0
(x — 2P = ((x — )Y + O




An algorithm?

p =00
f(t) >0 < y{ +y5 = f(x) has a
solution in R[x]

Proof:
xX*+ax+b=(x—c)?+d*ifa>—4b <0
(x —a)? = ((x — a))? + 02

W2+22) = a? + (2
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Almost all

Any f(x) € Q,[x] is a sum of at
most four squares if p ¢ {2, oo}




Almost all

Any f(x) € Q,[x] is a sum of at
most four squares if p ¢ {2, oo}
Five squares are enough if p = 2
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Sums of 4 squares are computable

(F +x5+x5+x)0f +y5+yi+yi)
= (z+2z +2z5+7)




Sums of 4 squares are computable

2 2 2 2 2 2 2 2
(4 +x5 +x5+x)01 +y5 +y5 + ;)
= (2 + 2+ 23+ 2)
Theorem (Pourchet, 71)
f(x) =R+ 5+ 7+ inKx]
mlc(f) = a2 + a5 + a3 + a3 in K, and
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Sums of 4 squares are computable

(6 + G + 3 +x5)(vi + 55 +y3 + i)
= (2 +2 +2+2)
Theorem (Pourchet, 71)
f(x) =R+ 5+ 7+ inKx]
mic(f) = a3 + a3+ a} + a; in K, and
m Vp(x) prime divisor of f(x) with v,(f) odd,
there is a non trivial solution of
x2+ x5+ x5 +xi = 0in K[x]/(p(x))
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Useful criteria

X2 +7=(x—a) (x+a)en Qyfx]




Useful criteria

X2 +7=(x—a) (x+a)en Qyfx]
= ¢ >, Qx]*




Useful criteria

X2 +7=(x—a) (x+a)en Qyfx]
= ¢ >, Qx]*

ue Qs —
u=2%@8b+1),acZ, becZ




Algorithm

Pourchet’s theorem in action: decomposing univariate
nonnegative polynomials as sums of five squares

Victor Magron Przemystaw Koprowski Tristan Vaccon
CNRS LAAS & Institut de University of Silesia in Katowice, Université de Limoges; CNRS, XLIM
Mathématiques de Toulouse Institute of Mathematics UMR 7252
Toulouse, France Katowice, Poland Limoges, France
victormagron@laas.fr przemyslaw.koprowski@us.edu.pl tristan.vaccon@unilim.fr

ISSAC 2023
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Sum of two squares

Algorithm 1 Computing a decomposition of a polynomial as a
sum of two squares

Input: A polynomial f € Q[x], which is a priori known to be a
sum of two squares in Q[x].
Output: Polynomials a,b € Q[x] such that a® + b% = f.
1: Construct the quadratic field extension Q(i)/Q.
2: Solve the norm equation

le(f) = Ng(iy/Q(x)
and denote a solution by a + bi € Q(i).
3: Factor f into a product of monic irreducible polynomials

F=le(f)-p - pik.

4 for every factor pj, such that the corresponding exponent e;

is odd do
s5:  Factor p; over Q(i) into a product p; = gj - hj with gj,hj €
Q()[x].
6 Set

<

1 1
api= 5 (g5 +h). == hy).

7. Update a and b setting:
a:=aaj+bb; and b:=abj - ba;.
8: Update a and b setting:
a=a- l_[pjz.ll’/ZJ and b:=b- l—lpjz.b/d.
<k <k

return a,b.
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Sum of three or four squares

Algorithm 3 Initial solution: modular sum of squares

Input: An irreducible polynomial f € Q[x], which is a priori
known to be a sum of 3 or 4 squares.
Output: Polynomials hand g1, .. ., g4 in Q[x], such that degh <
degf—Zandfh=g%+---+gi.
1: Construct the number fields:

K=Q[xl/(f) and L=K().

2: Solve the norm equation
-1=Np/k(x)
and denote the solutionby & = g;+g,i, where g1, g2 € Q[x] are
polynomials of degree strictly less than deg f and g; denotes
the image of g; under the canonical epimorphism Q[x] - K.
3: Setgs := 1,94 :=0and let h := (gi+ - +gD) .
4 return h, g1, g2, 93, g4.
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How to use this for 5 polynomials?
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How to use this for 5 polynomials?




How to use this for 5 polynomials?




Algorithm 6

et's Theorem



Algorithm 6

Algorithm 6 Reduction to a sum of 4 squares: odd valuation case

Input: A positive square-free polynomial f = cp + c1x + -+ +
cdxd € Q[x]. The 2-adic valuations of the coefficients of f are
kj := ordacj for 0 < j < d. Ensure k; is odd. It is assumed
that f is not a sum of 4 squares.

Output: A polynomial h € Q[x] such that f — h? is a sum of 4 (or
fewer) squares.

1: Find a positive number ¢ such that

£<inf{f(x) | xeR}.

2: Setly := [—1/2 -lg E].
3: Set Iy == [=k/2] + 1.
4: Set

I3 := |[max

{jkd—dkj
2d — 2j

|0<j<a'}

5. Initialize [ := max{ly, Iz, l3}.
6: while ged(d, 2] +kg) # 1 do
7. l:=1+1.

s return h:=2"1.

Carlos D'Andrea
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Sum of 6 squares

Algorithm 8 Decomposition of a nonnegative univariate rational
polynomial into a sum of 6 squares

Input: A nonnegative polynomial f € Q[x].
Output: Polynomials fi, ..., fs € Q[x] suchthatf12+‘ ~+f62 =f.

] o i o

=

= S

I

: if f is a square then

returnfl::\/f,fzzzuj%::().

. if f is a sum of 2 squares {Use Observation 8 to check it} then

Execute Algorithm 1 to obtain fi, f € Q[x] such that flZ +
2 _

riturn fi,fpand fz:=---f5 :=0.
if f is a sum of 4 squares {Use [36, Theorem 17.2] to check it}
then
Execute Algorithm 5, to obtain fi,..., fs € Q[x] such that
fi+wfE=f.
return fi,...,fzand f5:= fz:=0
Compute the square-free decomposition of f = g - h?, where
g,h € Q[x] and g is square-free.

. Execute Algorithm 7 with g as an input to obtain g1, g2 € Q[x]

such that g — g? - gg is a sum of 4 squares in Q[x].

- Execute Algorithm 5 to decompose g — g% — g2 into a sum of 4

squares in Q[x]. Denote the output by g3, ..., ge.

: return fi = g1h,..., fo == geh.




Conjecture

Algorithm 9 Reduction to a sum of 4 squares

Input: A positive square-free polynomial f = co+c1x+ - ~+cgx? €
Q[x].
Output: A polynomial & € Q[x] such that f — h? is a sum of 4 (or
fewer) squares.
1: if fis a sum of 4 squares then
2 return h:=0.
3 Set fy i=cqg+cgogx+---+ cox?.
4: Find a positive number ¢ such that
e<inf{f(x) |[x€R} and e<inf{fi(x)|xeR}.

s: Initialize [ := [-1/2- lge].
6: while True do
7. if f— 272 js irreducible in Qz[x] then

8: return h =270
9. if f - 272x4 is irreducible in Q; [x] then
10: return h:=2"x%

1 l=1+1.
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Our results

(CDDHM)
m [he conjecture works if

deg(f(x)) = 4k




Our results

(CDDHM)
m [he conjecture works if
deg(f(x)) = 4k
m It does not work for this family:
4 22k+1) 4\ 2kt1 4 4
fin(x) = N2

k=0,..., NEN odd,N > 64
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Extension of the method

Theorem

If f(x) € Q[x] of degree

d =22k +1), ke N,/ € N such
that 7(t) - (2 +t+1)*2 >0Vt eR




Extension of the method

Theorem

If f(x) € Q[x] of degree

d =22k +1), ke N,/ € N such
that 7(t) - (2 +t+1)*2 >0Vt eR

then 7(x) - L(®+x+1)%*x* e ¥, QX

if £(0) ¢ Q3
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Missing case

What if £(0) € Q2?




Missing case

What if £(0) € Q2?
f(a) € Q3 Va € Qy => f € Q[x]*?




Missing case

What if £(0) € Q37?
f(a) € Q3 Va € Qy => f € Q[x]*?
Ax° 4453 +9 = (1+2x°)* + 8




Missing case

What if £(0) € Q37?
f(a) € Q3 Va € Qy => f € Q[x]*?
Ax° 4453 +9 = (1+2x°)* + 8

Conjecture

If f(x) € @Qy[x]| is square-free and
f(Q3) C Q3 then it is a product of
irreducibles of even degree in (Q,[x]
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In general...

You do not need 2 or 5 polinomials to
certify nonegativity:
>0 < =" F

/




In general...

You do not need 2 or 5 polinomials to
certify nonegativity:
F20 < =31 F
m Semidefinite optimization (R[x])
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In general...

You do not need 2 or 5 polinomials to
certify nonegativity:
F20 < =31 F
m Semidefinite optimization (R[x])
m Over Q[x]
(Baldo-Krick-Mourrain 2025)
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It is harder in more variables

Positivity vs sums of squares
f(x1, %) =1+ x2x35(x?+x5—3) >0
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It is harder in more variables

Positivity vs sums of squares
f(x1, %) =1+ x2x35(x?+x5—3) >0
but this polynomial is not a sum of
any number of squares
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It is harder in more variables

Positivity vs sums of squares
f(x1, %) =1+ x2x35(x?+x5—3) >0
but this polynomial is not a sum of
any number of squares

( k. .\\ 4 !

Hilbert's 17 Problem
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4OX0 + 8x0 x1 — 32x0 X1Xo + 64x0 X1X3
+16x0x2 + ].6XOX2X3 + 32x3x5 + 2x;
+8x1 x2 + 8x1 XpX3 + 16x1x2x§
+8x5x5 +8x3 = P+ 15 + 5 +




4OX0 + 8x0 x1 — 32x0 X1Xo + 64x0 X1X3
+16x0x2 + ].6XOX2X3 + 32x3x5 + 2x;
+8x1 x2 + 8x1 XpX3 + 16x1x2x§
+8x5x5 +8x3 = P+ 15 + 5 +

over R




4OX0 + 8x0 x1 — 32x0 X1Xo + 64x0 X1X3

+16x0x2 + ].6XOX2X3 + 32x3x5 + 2x;

+8x1 x2 + 8x1 XpX3 + 16x1x2x§

+8x5x5 +8x§ = 7+ 17 + 7 + 7

over R but cannot be written as any
sum of squares over (Q
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