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Sturm’s Theorem
~ 1829




Hermite’s Quadratic Form
~ 1850

Number of real roots of F'(x) related to the study of

symmetrical functions on the roots of F




James Joseph Sylvester
1853

On a theory of syzygetic relations of two rational integral
functions, comprising an application to the theory of
Sturm’s function and that of the greatest algebraical

common measure

(142 pages!)




“How charming is divine philosophy!
Not harsh and crabbed as dull fools suppose,
But musical as is Apollo’s lute,

And a perpetual feast of nectard sweets,

Where no crude surfeit reigns!” -COMUS




Sylvester’s work

Sturm’s Method Hermite's Method

Polynomial Remainder symmetrical functions

sequences of In the roots

F(x)and F'(z) of F(x)




General Idea
e Replace the pair (F'(x), F'(x)) with (F'(x), G(x))
for any G(x)

e Study symmetric functions in the roots of ~ F'(z) and

G(x).

e Which of these functions give prem(F'(x), G(x))?




Example: The Resultant
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Sylvester’s Double Sums

Z A'CA,B'CB
|A'|=p, |B'|=¢

Sylv” (A, B; )

R(CU,A/) R(ZC,B/) R(A",B") R(A\A",B\B’)

R(A7,A\A" R(B',B\B')

, 0<q<|B

:.—[uEU, vev(u o v)




f0 < p+q < min{|A|, |B|}, then

d
p

SylvP (A, B;x) = (—1)p(‘A‘_d) (

>Sresp+q(F, G)

Sres,,(F, G)isthe (p + q)-th subresultant of the
polynomials F'and GG

(one of the prem)




fp+q=|A| <|B], then

SylvPI(A, B; z) = (‘?)F(x)




fp+q = |A| = |B|, then

q P

SylvPI(A, B; x) = (‘A - 1>F(x)+(‘A - 1) G(x)




If |Al < p+q < |B| — 1, then

Sylv" (A, B;z) = 0




f|A| < p+q=|B|— 1, then

Sylv (A, B; x)

is a “numerical multiplier”  of F'(x)




What's left?
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The “antithetical relation”

SylvP4(A, B;z) « SylvA=PlAI=4(4 B: x)

Res(F,G) < F(x)G(x)

For every formof degree < |A|, there
s a sort of conjugate form between
|B| and |A|+ |B|




“To enter into a further or more detailed examination

of the values assumed by Sylv”?(A, B; x) for the

most general values of p, ¢ would be to transcend the
limits | have proposed to myself in drawing up the

present memoir.”




Generating functions for ~ Sylv”?
(DHKS 2007)
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Theorem
(DHKS 2007)

Forevery 0 < d < |A| + |B]| :

S (=1) @ (Al-p) SylyPd—p TlAl-p

p:

| Bl Al

(1, B)jaj+iB|-d | (T, A)|a+|B|—da | |AI+]B|—d
<I_taB>d <x_t7"4>d d

V(A)V(B)




Recovering Sylvester’s results (1)

| B Al

(L, B)ja+B-d | (T A) a1+ B|-d
<x_th>d <x_t7A>d

(=)W (A) V(B) sresq(F, G) TA=4(T — 1)¢

ifd < |A| <|B|ord=|A| < |B|




Recovering Sylvester’s results (1)

| B Al

(L, B)ja+B-d | (T A) a1+ B|-d
<x_th>d <x_t7A>d

if |A| <d < |B]—1




Recovering Sylvester’s results (1)

| B Al

(L, B)ja+B-d | (T A) a1+ B|-d
<x_th>d <x_t7A>d

+V(A)V(B) F(x) (T — 1)

f|Al <d=|B| -1




Recovering Sylvester’s results (1V)

| B Al

(L, B)ja+B-d | (T A) a1+ B|-d
<x_th>d <x_t7A>d

V(A)V(B)Res(F,G) F(x) G(x)

ifd = |A| + | B]




Remaining cases???

Al < |B] <d < |A] +|B|

o Sresy(F,G) = fy(x)F(x) + gq(x)G(x)
od =|A|+|B|—d




Theorem
(DHKS 2007)

| B A

<17B>\A\+\B\—d <T7A>\A\+\B\—d
(x —t,B)y (x —t, A)y

V(AWV(B) (fa-1(2) F(x) + Tga—1(2)G(2))
(T —1)41
if Al < |B| <d < |A| + |B|




Theorem
(DHKS 2007)

SylvP1( A, B; x)

+((5, ) Ea1(@)F () = (5 ,)) g1 ()G ()

t|A| < |B| < d < |A| +|B]
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