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The Implicitization Problem

o: T ——> T+l
T = (¢o(T), ..., Pu(T))

Conpute (equations of) the Zariski closure

of the Image of ¢

o T" = (K*)", K afield (of characteristic zero)
® ¢z(t17 ,tn) - K(tl, ,tn)VZ =0,....n




Expected

P(Xy, Xq,...,X,) irreducible such that

P (¢(71)) = 0 for aimost all 7




Generic Implicitization

L ZCLE.AZ‘ uaita

¢z’ (t) .

® U,;, Vp Indeterminates

o Ay,.... A, By, ..., B, C N"finite sets




Tropical Generic Implicitization

Given
Ao, ..., A, By, ..., B, C N"finite sets
compute
dand N(P) C R

the Newton Polytope of the implicit equation




Tropical Implicitization

e B. Sturmfels and J.-T. Yu (1992)

e |.Z. Emiris and |.S. Kotsireas (2003-2005)
e B. Sturmfels, J. Tevelev and J. Yu (2006)

e B. Sturmfels and J. Tevelev (2007)

e Khovanskii and Esterov (2007)

e |.Z. Emiris, C. Konaxis and L. Palios (2007)

e P. Huggins, B. Sturmfels and J. Yu (2007)




Beézout's Theorem

/

The number of solutions of a generic system of n
polynomial equations in . unknowns of degrees

dy, ..., d, equals the Bézout Number d; ... d,




Bernstein-Ku snirenko’s Theorem

The number of solutions of a generic system of n
polynomial equations in . unknowns of supports
Dy,..., D, C Z" equals the Mixed Volume
MVgn(Dy, ..., D)




TFAE

e Im(¢) is a hypersurface in T" "

AN

o MVrn(Co,...,Ci,...,C,) > 0for at least one
i €40,...,n}

e There exists a unique essential subfamily of {C; }i—o... »

Ci .= .A@ UBi




P(Xo, ..., X,)

e In particular, d = # (unique essential subfamily) =

440 MVia(Co, ..., Ciy...,Cp) >0}




Example 1

(7_1 7_2) - U1071 U1171 W1271+UQ2
! VooT2 ) V2172’ V2272

o Cy=0C = {(17 0)7 (07 1)}
Co = {(Oa O)v (17 0)7 (Ov 1)}

e The unique essential subset is {Cy, C1 }

P (X, X1) = voou1 Xo — uiova1 Xy




Example 2

(71772) =

9 9 2 2 9 9
(W + W17y + UggTs, Ugy + U117 + U175, Uge + Uo7 + UaTs

o Co=C1 =Cy = {(0,0),(2,0),(0,2)}

e The lattice generated by the C,’s has index 4 in Z>.

(U—OO_XO Ujg 1120\
P(X07X17X2):idet Up; — X7 Uj; Uy

\1102—X2 ui2 1122)




Corollary

degy (P) = MVL(C)ic\ ()

e ./ is the set of indexes of the unique essential family

e L is the lattice generated by Z]EJ

e VM Vy is the normalized mixed volume in [L




What about deg(¢)?

(U()Tl -+ VO; UlTl =+ le UQTQ y oo 7Un7_7?n)

.az,...,anEN

o P(XO, Xl) — U1X0 — UOXl + VlUO T U1VO

o deg(¢) = az...a,




There exists D € N such that

deg(¢) = D

D = [Z" : L] if{C;}o<i<n is essential




Sketch of the Proof

™ — Tn—l—l N T"

T o= o(r) — (¢1(T),...,/j(7\),..-,¢n(7))

e The degree of the composition is deg(¢) degy,(P)

o degy (P) = MVL(Ci)ien 5

e The number of solutions of Bi(T)X@' — Ai(T) i # ]
equals M Vg~ (C;)i—o




The Newton Polytope of P

N (P) equals the mixed fiber polytope » | _(Cy, ..., Cy)
associated with {C; }

(Sturmfels & Tevelev — Khovanskii & Esterov )




Computation of N(P)?

Problem posted by

B. Sturmfels and J.-T. Yu (1992)

Use of the Newton Poltyope of the resultant

|.Z. Emiris and |.S. Kotsireas (2003-2005)
|.Z. Emiris, C. Konaxis and L. Palios (2007)

Tropical Geometry

B. Sturmfels, J. Tevelev and J. Yu (2006)

P. Huggins, B. Sturmfels and J. Yu (2007)




Mixed Volumes and Weighted Degrees




Theorem

(D-Sombra)

deg,,(P)

MVR2n+1(A,...,A,DO,...,Dn) | Z -y
deg(¢) - Lo<O T
oD, :=B; x{o;e;} UA, CZ" x Z"
e A:=1{0,eq,...,e,} C Z""!
o [j = MVL(Ci)ic\(5)




Sketch of the Proof

(1,2)—(7,27)
—

™ x Tt o> @G

L L
T+t > V(P

e G:=G((1,1,...,
e P(X7)isreduced

o deg,(P) = deg (P(X7)) = deg (V(P(X?))) = 25,0 il




Applications

e If there is 7 such that A; = B; then
n+1
N(P) = [T;Z,[0, 4]

e If there is 7 such that . A; C B, then

N(P) D TT2p00,45] x {6} x T35, [0, 4]

ldea:

Study the differentiability of
MV (o) | o
dega(P) — deg<(¢)) | Zai<0 oil; = <07 pa>




Rational Parametric Curves

e p(t),q(t),r(t), s(t) are supported in the integer points
of [p()apl]a [QO7 Q1]7 [T07 Tl]a [307 Sl]




Computation of the Mixed Volume

\\




o lfo; > 0,09 >0:

MV (o) =
max (<0'; (517p1)>7 <07 (317 Q1)>7 <07 (Tlv Q1)>) +
max ({(, (—Sg, —po)), (7, (—S0, —q0)), {7, (=79, —qo

®lfo; <0,09>0:
MV (o) =
max ((o, (—s1,q1)), (0, (=51,p01)), (0, (=71,P1))) +
max (<0, (So, —(Jo)>, <0, (50> —p0)>, <(77 (TO; _p0)>)




“Visualization” of the cuts




Possible configurations

4 A
D I 4




Theorem

(D-S)

N (P) is a (possibly degenerated) hexagon made by

cutting two edges: (s1 — 71, p1 — ¢1) and

(So — T0o,Po — Clo)




Polynomial parametrizations







Future Work

e Surfaces

e Understanding the structure of mixed fiber polytopes

e What else can we say about the shape of N (P)?

— Whenis N(P) = H?’i& 0,¢4;]7

— Which is the class of polytopes that can be N (P)?




