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David Hilbert (1862-1943)

Nullstellensatz

German: “theorem of zeros,” or more literally,

“zero-locus-theorem”




Hilbert’s Nullstellensatz

(from Wikipedia)

IS a theorem which makes precise a fundamental
relationship between the geometric and algebraic sides of
algebraic geometry, an important branch of mathematics. It
relates algebraic sets to ideals in polynomial rings over
algebraically closed fields. The theorem was first proved by

David Hilbert, after whom it is named.




Ingredients of Hilbert’s Nullstellensatz

o A field K

® A sequence of polynomials
fl;---;fs - K[Qﬁl,...,l’n]

e An algebraic variety in K :

V(f17"‘7f8) L= {CE eKn : f@(x) :O,Z




Hilbert's Nullstellensatz

(weak version)

V(fi,... ) fo) =
I

g, ..., 4Gs EK[xla”wxn]

such that

glf1—|——|—gsf3:1




Effective Hilbert's Nullstellensatz

(degrees bound)

V(fl;;fs):@

0

1D = D(s,n,d) €N, g1,...,9s € K|y, ..., z,]

with and

gfi+...+gsfs=1




Nullstellensatz Effective Nullstellensatz

Algebraic Geometry Algebraic Geometry

l l

Commutative Algebra Commutative Algebra

l

Linear Algebra!




Height of a polynomial

f=>. cox® e Cx]

h(f) = logmax{|ca|}




Effective Hilbert's Nullstellensatz

(Arithmetic-geometric version)

V(fi,- o fs) =10

)
dD eN, Hye R, a € Z+# 0,
gl?"'agsez[ajlv"'axn]

guh+...+gfs=a




Applications

e Number Theory

® Theoretical Computer Science

e Diophantine Geometry

® Problems over finite fields




Effective Hilbert’s Nullstellensatz
(degree bound)

o D < 2(2d)*""

e D < min{n, s}nd™™ "} + min{n, s}d

o D < 2" over any field

o deg(g:fi) < max{3,d}"




A lower bound

shows deg(g1/f1) > d"




Effective Hilbert’s Nullstellensatz
(height-degree bound)

o Hy < sd" (hy+log s+ d)

e D < (2n+ 1)d*, Hy < AX(n)d®*(hy + log s + dlog d)
with A\(n) = O(e")

o D < (nd)™, Hy < (nc)™(hg+log s + d) with ¢ < 35

o D < (2n+ 1)d", Hy < X(n)d**?(hy + log s + dlog d)
with A\(n) = O(e")




Effective Hilbert’s Nullstellensatz
(height-degree bound)

D S 4ndn, H() S
dn(n 4+ 1)d"(hy + log s + (n + 7)log(n + 1)d)

deg(g; fi) < d™™5" T h(g;) + h(fi) <
d"1(shg + c(n, s)) with
c(n,s) < (3n+ 11)log(n + 2) + slog(n + 1)




A lower bound

. d . d—1 d
f1:=Hz{, fo :=x20 " — Hag, ...

_ d—1 d - d—1
Jn-1 1 =Tpoxy  —Hx! | fni=H—xz, 12

(X1, .., 2,) —

(}]1—|—d—|—...—|—dn_1tdn_l—l7 o th_l, t—l)

shows deg(gy f1) > d" and
ha) > ho(l+d+d*+...+d" )




Nullstellensatz over varieties

V C C" affine variety defined over (Q

o deg(V) := the geometric degree

e h(V) :=the “normalized” height

(measure of the bit complexity of the

Q-representation of V)




Nullstellensatz over VYV

V(fi,....fo)NV =10
)

gl,...,QSGK[l‘l,...,LEn]

such that

gfi+...+09sfs=1onV




Effective Nullstellensatz over varieties

V(fla---afs)mVZ@
0

Gifi -+ gufs =aonV
o deg(g:f;) < dmm(=n 1) deg(V)

e h(a), h(gi) + h(fi) <
dmints 1 (1 (V) + deg(V) (s




Mathematical tools

e Elimination theory “a la Grébner” (double exponential
bounds)

® Intersection and Elimination Theory in projective space
(Brownawell, Koll ar)

e Arithmetic IET + duality theory in Gorenstein Algebras
(Krick-Pardo-Sombra)

e Geometric Elimination in multiprojective spaces (Jelonek)

e Arithmetic and Geometric Elimination in multiprojective spaces
(D-Krick-Sombra)




Nullstellensatz “a la Jelonek”

Effective version of Perron’s Theorem

Effective Implicitization of hypersurfaces

|

Effective Nullstellensatz




Geometric Perron’s Theorem
(1927)

di,...,0n+1 € C[l’h .. ,.I’n] with deg(qz) < dz

There exists a nontrivial & € Clyy, . . ., yp11] with

E(Ql) s 7Qn+1) = 0 and

deg (E(T{", ...




Arithmetic-Geometric Perron

Qs oy Qni1 € Zlxy, ... x,] with deg(q;) < d;, h(q;) < h;

There exists a nontrivial ' = ) _n+1 QY® € Z[y1, - - ., Ynt1]

with

E(qi,...,qui1) =0and,if ay #0, a = (a1,...,0n11),
n—+1 n—+1

Z CLZ'CZZ' S H dj
g=1

1=1

n+1 n+1 n‘Hh
+Zazh< Hd <n+ ) log(n + 2) +Z >

=1




AG Perron for rational functions

P11y - s Pt Qnat € Zlxe, . .., x,] with
max{deg(p;),deg(q:)} < d;, log(|p:| + |a]) < by

There exists a nontrivial & € Z[y1, . . ., Ynt1] with

E(ﬂ ]ﬂ) — 0 and

q1’ ) Qn+1

degyi (E) <







Parametric Nullstellensatz

F=k(ty,...,t,), kany field

fisooos fo € K[ty ..ty m1,. .. 2], such
that Ve (f1, ..., fs) =0

There exist a € klt1, ..., )20, g1y, gs €

klti,... 1y, 21, ..., 2] such that
&(t) — gl(ta x)fl(ta Zlf) T gS(tv le)fs(t, I’)




Effective Parametric Nullstellensatz

(previous results by Smietanski 1993)
hi = degt(fi)a P degx(fz)
dy > dy > ...
Then

minis,n—+1 S L
)< (IS, ) o,




Example: the Sylvester Resultant

o fi =ty +tiw+tox?+ ... +tgah

o fo =1ty 1+ ta 0w +tox®+ .ty a1 7%

o = k(to, ... ta rdr1)

e (t) = Resultant( fi1, fo,z) = g1(t, x) f1+ g2(t, ) fo
e deg,(«), deg,(g;fi) = di + ds

o deg. (g;fi) =di +do — 1 < dids




Parametric Perron’s Theorem

iy ---sqn+1 € k[tl,...,tp,:cl,...,xn] with

There exists a nontrivial

E =75 cnni1 Qa(t)y® € klt1, ... tp, Y1y - oy Yngr) With
E(qi,...,qui1) =0and,if ay #0, a = (a1,...,0n11),

° Zn—l—l d < Hn—l—l
o dog,(B) + S aihs < ([0 dy) S5 B




Parametric Perron for rational functions

P1,4q1, - Pn+1,Gqn+1 € k[th ey by, L1, ,:z:n] with
max{deg,(p;), deg,(¢:)} < d;, max{deg,(p;),deg,(¢;)} < h;

There exists a nontrivial £ € klt1,...,tp, Y1, -, Ynt1]

withE(ﬂ,... M) — (0 and

di1 ! dn—+1

deg,, (E) < de7 deg,(E)
J#i




Example




Further Effective Nullstellensatz

e Strong Nullstellensatz

e Nullstellensatz for arbitrary ideals

e Sparse effective Nullstellensatz
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